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DISTRIBUTION PROPERTIES OF CERTAIN

SUBSEQUENCES OF DIGITAL SEQUENCES AND

THEIR HYBRID VERSION

Roswitha Hofer—Heidrun Zellinger

ABSTRACT. This paper investigates the distribution properties of subsequences
of digital sequences and their hybrid version for the special case of finite-row
generating matrices and states new criterions on the index sequence which can be
used to decide the uniform distribution of the corresponding subsequence. These
criterions are related to earlier ones and they are applied to previously considered

examples. Furthermore, a detailed study of power residues in different congruence
classes is carried out, which together with the new criterions allows to give a full
classification of all finite-row generating matrices that yield uniformly distributed
subsequences if they are indexed by a sequence (np)n≥0 of fixed prime exponent.

Communicated by W.G. Nowak

1. Introduction

The study of the distribution properties of subsequences is related to chal-
lenging number theoretical questions and therefore an interesting task in pure
mathematics. In 1968 Gelfond [3] stated several open problems concerning the
uniform distribution of the sum of digits indexed by the sequence of primes or in-
dexed by polynomial sequences. The uniform distribution of those subsequences
was recently studied by Rivat and Mauduit for primes [15] and squares [14], and
for certain polynomials [2] in a joint paper with Drmota.

A further topic up to date in the theory of uniform distribution is the dis-
tribution of hybrid sequences. A hybrid sequence is built by concatenating the
components of two or more different types of sequences to a higher dimensional
sequence. One aim is to combine the properties of the component sequences
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which is, for instance, interesting for numerical integration based on quasi-Monte
Carlo methods where the elements of the sequence serve as sampling points. An-
other reason for building hybrid sequences is to obtain new types of sequences
which may have interesting distribution properties. Recent methods for the in-
vestigation of the distribution of hybrid sequences need information on the dis-
tribution of special subsequences of the component sequences. For example, for
a hybrid sequence with a Halton component sequence one needs to study arith-
metic subsequences of the component sequences. Recently, a series of papers was
devoted to the distribution properties of hybrid sequences (see, for example, [4]
and [12] and the references therein). Hybrid sequences, where one or more com-
ponent sequences are digital sequences, appear as particularly difficult to study
objects and the investigation of their distribution properties is still in its in-
fancy. One reason is, that the known methods need information about the finer
distribution properties of digital sequences, and the investigation of those needs
involved techniques.

In this paper we investigate the distribution properties of subsequences of
digital sequences and of their hybrid version. Throughout the paper Fq with q
prime denotes the finite field of residue classes modulo q which we identify with
the set of representatives {0, 1, . . . , q−1}. For two points a, b ∈ [0, 1)s the interval
{x ∈ [0, 1)s : a ≤ x < b}, where the inequalities ≤ and < are meant to hold
coordinatewise, is abbreviated to [a, b). Furthermore, (kn)n≥0 always denotes
a sequence in N0. Although (kn)n≥0 is not necessarily increasing we call the
sequence (xkn

)n≥0 a subsequence of (xn)n≥0.

A sequence (xn)n≥0 in the s-dimensional unit cube [0, 1)s is said to be uni-
formly distributed if for all intervals [a, b) ⊆ [0, 1)s we have

lim
N→∞

#{n : 0 ≤ n < N,xn ∈ [a, b)}
N

= λ([a, b)),

where λ denotes the s-dimensional Lebesgue measure.

A sequence (kn)n≥0 of integers is said to be uniformly distributed modulo an
integer r ≥ 2, if we have

lim
N→∞

#{n : 0 ≤ n < N, kn ≡ j (mod r)}
N

=
1

r

for all integers j ∈ {0, . . . , r − 1}.
���������� 1 (Digital sequence)� Let s ∈ N and choose s N0 × N0 matrices
C(1), . . . , C(s) over Fq, q prime. For the sake of simplicity we assume that the
matrices have finite columns, i.e., that each column contains only finitely many

nonzero entries. To generate the ith coordinate x
(i)
n of xn, represent the integer
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n in base q

n = n0 + n1q + · · ·+ nrq
r,

set

n := (n0, . . . , nr, 0, 0, . . . )
T

and

C(i) · n =:
(
y
(i)
0 , y

(i)
1 , . . .

)T
(mod q).

Further

x(i)
n :=

y
(i)
0

q
+

y
(i)
1

q2
+ . . .

We call (xn)n≥0 a digital sequence over Fq generated by C(1), . . . , C(s). (Note
that for the sake of simplicity we do not distinguish the residue classes of Fq

from their representatives {0, 1, . . . , q − 1}.)
���������� 2 (Hybrid version)� Let v ∈ N, s1, . . . , sv ∈ N, q1, . . . , qv be dis-
tinct primes and for each j ∈ {1, . . . , v} let C(j,1), . . . , C(j,sj) be N0 × N0 ma-
trices over Fqj . Then we define an (s1 + · · ·+ sv)-dimensional sequence (yn)n≥0

in [0, 1)s1+···+sv by
yn := (x(1)

n , . . . ,x(v)
n ),

where for each j ∈ {1, . . . , v}, x(j)
n denotes the nth point of the digital sequence

generated by C(j,1), . . . , C(j,sj). (Again we restrict to matrices having finite
columns exclusively for the sake of simplicity.)

It is well known that a digital sequence generated by C(1), . . . , C(s) is uni-
formly distributed if and only if the rows of the generating matrices C(1), . . . , C(s)

altogether are linearly independent over Fq, i.e., that any finite set of rows

of C(1), . . . , C(s) is linearly independent over Fq (cf. e.g. [1, Section 4.4.7]).
As pointed out for example in [9], for the investigation of the finer distribu-
tion properties of digital sequences and their hybrid version it makes a great
difference if the generating matrices consist of finite rows exclusively or not.
A row of a matrix can be denoted by (cr)r≥0 where cr are the entries of the row,
and it is said to be finite if there are only finitely many r ∈ N0 such that cr �= 0.
In the following we will use the notion finite-row matrix to indicate that it con-
sists of finite rows exclusively. The uniform distribution of the hybrid version
was investigated for the special case of finite rows in [8] and later for the general
case in [7]. Altogether it could be shown that the obvious necessary condition
for uniform distribution namely that the component sequences are uniformly
distributed is already a sufficient one.

In this paper we mainly restrict our investigation of the uniform distribution
of subsequences of digital sequences and of their hybrid version to the special
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case of finite-row generating matrices. The aims of the paper are to introduce
a new criterion on the index sequence that yields uniform distribution of the
subsequence of digital sequences and also one to decide the uniform distribution
of the hybrid version. Furthermore, we compare the new criterions with existing
ones on the index sequences by regarding some examples. Finally, we investi-
gate the finer structure of a power index sequence. More exactly, we explore a
detailed study of power residues in different congruence classes. This together
with the new criterion allows to give a full classification of all finite-row gener-
ating matrices that yield uniformly distributed subsequences that are indexed
by a sequence (np)n≥0 of fixed prime exponent.

2. The New Criterions

To state our criterions we will use the notion of admissibility of a weight
sequence for an index sequence defined as follows.

���������� 3� Let q be prime. We call γ = (γ0, γ1, . . . ) ∈ F
N0
q admissible for

(kn)n≥0 if

lim
N→∞

1

N
# {0 ≤ n < N : sq,γ(kn) ≡ d (mod q)} =

1

q

for all d ∈ {0, 1, . . . , q − 1}.
Here and in the following, by sq,γ(m) we denote the q-ary weighted sum of digits
of m with weight sequence γ, i.e.,

sq,γ(m) := γ0m0 + γ1m1 + · · ·+ γrmr,

where m = m0 +m1q + · · ·+mrq
r is the base q representation of m.

	
��������� 1� Let q be prime, s ∈ N and C(1), . . . , C(s) be s N0×N0 matrices
over Fq, and (xn)n≥0 be the digital sequence over Fq generated by the matrices

C(1), . . . , C(s). Then the sequence (xkn
)n≥0 is uniformly distributed if and only

if every nontrivial linear combination of any finite set of rows of C(1), . . . , C(s)

over Fq is admissible for (kn)n≥0.

	
��������� 2� Let v ∈ N, s1, . . . , sv ∈ N, q1, . . . , qv be distinct primes and
for each j ∈ {1, . . . , v} let C(j,1), . . . , C(j,sj) be sj finite-row N0 × N0 matrices
over Fqj . If the index sequence (kn)n≥0 satisfies for every j ∈ {1, . . . , v} that it

is periodic modulo qlj with period qlj for every l ≥ lj for some lj ∈ N, then the

hybrid subsequence ((x
(1)
kn

, . . . ,x
(v)
kn

))n≥0 is uniformly distributed if and only if

all component subsequences (x
(j)
kn

)n≥0 are uniformly distributed.
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For the sake of readability the proofs of the propositions above are given
in Section 3.

The distribution of subsequences of digital sequences and their hybrid version
in the special case of finite-row generating matrices was already studied in [8].
Therein a sufficient but in general not necessary condition on the index sequence
was given, namely: if the index sequence (kn)n≥0 is uniformly distributed modulo
(q1 · · · qv)d for every d ∈ N, then the subsequence of every uniformly distributed
hybrid version in the sense of Definition 2 generated by finite-row matrices is
uniformly distributed. In [8] there can be found several examples of index se-
quences satisfying the sufficient condition (cf. [8, Examples 4.6, 4.8]). Let us
briefly consider this sufficient condition for one component digital sequence, i.e.:
if the index sequence (kn)n≥0 is uniformly distributed modulo qd for every d ∈ N,
then the subsequence of every uniformly distributed digital sequence generated
by finite-row matrices is uniformly distributed. Basic linear algebra yields that
every nonzero finite row over Fq is admissible for an index sequence (kn)n≥0

which is uniformly distributed modulo qd for every d ∈ N. Hence our new cri-
terion applies easily to such index sequences. Additionally, it is applicable for
index sequences that are not uniformly distributed modulo qd for every d ∈ N.

In the following we list some (previously studied) examples of index sequences
for which our new criterions may be applied.


������ 1 (Arithmetic progressions)� Let (kn)n≥0 be an index sequence of the
form (an + b)n≥0 with integers a ≥ 1, b ≥ 0. If a satisfies gcd(a, q1 · · · qv) = 1
then it is easily seen that (an+b)n≥0 is uniformly distributed modulo (q1 · · · qv)d
for every d ∈ N and the subsequence (of the hybrid version) of a digital sequence
that is generated by finite-row matrices is uniformly distributed if and only if
the whole sequence is uniformly distributed (cf. [8, Example 4.6 (b)]).
In the general case where gcd(a, q1 · · · qv) > 1 one has to determine the ad-
missible rows for the index sequence: Let q ∈ P, μ := max{m ≥ 0 : qm|a}.
A row γ = (γ0, γ1, . . . ) ∈ F

N0
q is admissible for (an + b)n≥0 if and only if it

is linearly independent with the first μ rows of the unit matrix in F
N0×N0
q . A

periodic property of the index sequence as needed for applying Proposition 2 is
obviously satisfied. Hence Proposition 1 and 2 yield a complete classification of
all uniformly distributed arithmetic subsequences of digital sequences and their
hybrid version with finite-row generating matrices. Note that the case of arbi-
trary generating matrices was investigated earlier in [6] by a sophisticated study
of certain exponential sums. The study therein covers index sequences that can
be interpreted as solutions of certain systems of congruences.
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������ 2 (Primes)� Let kn be the (n + 1)th prime pn+1 and q be a prime.
From Dirichlet’s Prime Number Theorem (DPNT) for arithmetic progressions
one knows that the sequence of primes (pn+1)n≥0 is uniformly distributed mod-
ulo qd amongst all residue classes that are not divisible by q. DPNT together
with basic linear algebra yields that a nonzero finite weight sequence γ =
(γ0, γ1, . . . , γl−1, 0, 0, . . . ) with γl−1 �= 0 is admissible for the sequence of primes
(pn+1)n≥0 if and only if l ≥ 2. This together with Proposition 1 yields a classifica-
tion of all possible finite-row generating matrices such that the digital sequence
indexed by the primes is uniformly distributed. As it is known, the sequence
(pn+1)n≥0 does not satisfy periodic properties and for the distribution of the
hybrid version one has to study the common admissibility of finite rows over
different fields of residue classes. This was done in [6, Theorem 7]).


������ 3 (Squares)� In the recent paper [10] subsequences, that are indexed
by squares, of digital sequences generated by finite-row matrices were investi-
gated and all uniformly distributed ones were classified. In [10] it is shown that
a nonzero finite weight sequence γ = (γ0, γ1, . . . , γl−1, 0, 0, . . . ) with γl−1 �= 0 is
admissible for (n2)n≥0 if and only if q = 2, l even and γl−2 = γl−1 = 1 or if
q = 2, γ0 = 1 and γi = 0 for i ≥ 1. This together with Proposition 1 yields [10,
Theorem 1], i.e.: The subsequence (xn2)n≥0 of a digital sequence generated by

finite-row matrices over Fq is uniformly distributed if and only if (xn)n≥0 is uni-

formly distributed, q = 2, and the sum of any finite set of rows of C(1), . . . , C(s)

is either of the form

(γ0, γ1, γ2, γ3, . . . , γl−2, γl−1, 0, 0, 0, 0 . . . )

with γl−2 = γl−1 = 1 and l even, or of the form (1, 0, 0, 0, . . . ).

Note that due to Definition 3 admissibility of a weight sequence for an index
sequence is related to the distribution properties of the weighted sum of dig-
its. Hence Examples 2 and 3 are related to the weighted versions of Gelfond’s
problems for primes and squares.

In this paper we extend the investigation of the uniform distribution of subse-
quences of digital sequences and their hybrid version in [10] to subsequences that
are indexed by (np)n≥0 with fixed prime exponent. According to the criterion in
Proposition 1 we study the admissibility of finite rows for such index sequences,
and thereby we achieve first results for the weighted version of Gelfond’s problem
in the case of polynomial index sequences. To decide the admissibility we need
a detailed investigation of the distribution of powers with prime exponent in
the residue classes modulo prime powers. For the sake of readability this study
is carried out in Section 4. Altogether we arrive at the following astonishingly
concise result.
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����
�� 1� Let p ≥ 3 and q be primes. A nonzero finite weight sequence
γ = (γ0, γ1, . . . , γl−1, 0, 0, . . . ) over Fq with l ∈ N and γl−1 �= 0 is admissible for
(np)n≥0 if and only if p � |(q − 1) and l ≡ 1 (mod p).

����
� 1� As already mentioned in Example 3, in [10] it was shown that
nonzero finite weight sequences are only admissible for (n2)n≥0 in base q = 2
under certain conditions on l and the last two nonzero entries in the finite weight
sequence. It is interesting to note that for an index sequence (np)n≥0 where p
is an odd prime the admissibility of a finite weight sequences only depends
on the length l but not on the entries of γ, and we can determine admissible
weight sequences also in prime bases different from 2. Therefore it makes sense
to investigate the uniform distribution of the hybrid version as well.

Using Theorem 1, Propositions 1 and 2, and the fact that for every l ∈ N

(n+ kql)p ≡ np (mod ql) for all n, k ∈ N0, we are able to classify all uniformly
distributed subsequences indexed by (np)n≥0 with p ≥ 3 prime of digital se-
quences and of the hybrid version that are generated by finite-row matrices.

��
����
� 1� Let p ≥ 3 and q be primes, C(1), . . . , C(s) be finite-row ma-
trices over Fq. The subsequence (xnp)n≥0 of the digital sequence generated by

C(1), . . . , C(s) is uniformly distributed if and only if p � |(q − 1), and every se-
quence γ that is built by a nontrivial linear combination of any finite set of rows of
C(1), . . . , C(s) is nonzero and of the specific form γ = (γ0, γ1, . . . , γl−1, 0, 0, . . . )
where γl−1 �= 0 with l ∈ N satisfying l ≡ 1 (mod p).

Furthermore, the subsequence (ynp)n≥0 of a hybrid version of v digital se-
quences generated by finite-row matrices due to Definition 2 is uniformly dis-

tributed if and only if for every j ∈ {1, . . . , v} the sequence (x
(j)
np )n≥0 is uniformly

distributed.


������ 4� A matrix of the form⎛
⎜⎝ 1 0 0 0 0 0 0 0 ...

0 0 0 1 0 0 0 0 ...
0 0 0 0 0 0 1 0 ...

. . .

⎞
⎟⎠ over Fq

generates a uniformly distributed one-dimensional subsequence that is indexed
by (n3)n≥0 whenever 3 � |(q − 1). From Dirichlet’s Prime Number Theorem
on arithmetic progressions we know that approximately half of the primes sat-
isfy this condition. Hence by juxtaposing such uniformly distributed component
subsequences based on such pairwise different primes we can build a uniformly
distributed hybrid version in any dimension.
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3. Proofs of Proposition 1 and 2

Proposition 1 is a generalization of [10, Proposition 1]. Its proof mainly focuses
on the matrix-vector product in the construction principle of the digital sequence
in order to relate the distribution of the digital sequence with the properties of
nontrivial linear combinations of matrix rows. Note that the following proof does
not use the finite row property and therefore Proposition 1 is valid for arbitrary
generating matrices.

P r o o f o f P r o p o s i t i o n 1. Assume first, that every nontrivial linear com-
bination of any finite set of rows of C(1), . . . , C(s) is admissible for (kn)n≥0. We

write C(i) =
(
c
(i)
j,r

)
j,r=0,1,...

and by c
(i)
j we denote the jth row of C(i) which is

given by the sequence (c
(i)
j,r)r≥0. To prove the uniform distribution of (xkn

)n≥0

it suffices to show that (xkn
)n≥0 is uniformly distributed in intervals of the form

I :=

s∏
i=1

[
bi
qdi

,
bi + 1

qdi

)

with di ≥ 0 and 0 ≤ bi < qdi .

In the following we make use of the base q representation of bi, which we
denote by

bi = b
(i)
0 qdi−1 + b

(i)
1 qdi−2 + · · ·+ b

(i)
di−2q + b

(i)
di−1.

Note that the row-vector products carried out in the construction of the nth
point of the subsequence can alternatively be denoted by s

q,c
(i)
j

(kn) (mod q).

Using the following basic exponential sum for integers a, b

1

q

q−1∑
u=0

e

(
u(a− b)

q

)
=

{
1 if a ≡ b (mod q)

0 else,

with e(x) := e2πix we can compute for the first N points of the subsequence the
relative number of points that are contained in I as follows.

1

N
# {0 ≤ n < N : xkn

∈ I}

=
1

N

N−1∑
n=0

s∏
i=1

di−1∏
l=0

1

q

q−1∑
u
(i)
l =0

e

⎛
⎝u

(i)
l

(
s
q,c

(i)
l

(kn)− b
(i)
l

)
q

⎞
⎠ .

Expanding the products, using basic properties of the exponential function,

exchanging the order of the sums, separating the summand given by all u
(i)
l = 0,
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and selecting terms depending on n and not depending on n yields

1

N
# {0 ≤ n < N : xkn

∈ I}

=
1

qd1+···+ds
+

1

qd1+···+ds

∑
∗

e

(
−1

q

s∑
i=1

di−1∑
l=0

u
(i)
l b

(i)
l

)
×

× 1

N

N−1∑
n=0

e

(
1

q
· s

q,γ((u
(i)
l ))

(kn)

)
.

Here ∑
∗

denotes

q−1∑
u
(1)
0 =0

· · ·
q−1∑

u
(1)
d1−1=0

· · ·
q−1∑

u
(s)
0 =0

· · ·
q−1∑

u
(s)
ds−1=0

but omitting the term where all u
(i)
l are zero. Furthermore, in the last sum we

used the linearity of the q-ary weighted sum of digits with respect to the weight
sequence, and the notation

γ
(
(u

(i)
l )

)
:=

s∑
i=1

di−1∑
l=0

u
(i)
l c

(i)
l .

Note that because of the setting “not all u
(i)
l = 0” the sequence γ

(
(u

(i)
l )

)
is

a nontrivial linear combination of finitely many rows of C(1), . . . , C(s), which is
admissible for (kn)n≥0. Using the famous Weyl-criterion for uniform distribution
modulo q we obtain

lim
N→∞

1

N

N−1∑
n=0

e

(
1

q
· s

q,γ((u
(i)
l ))

(kn)

)
= 0.

Altogether we arrive at the desired result

lim
N→∞

1

N
# {0 ≤ n < N : xkn

∈ I} =
1

qd1+···+ds
= λ(I),

and the uniform distribution of (xkn
)n≥0 follows.

To show the “only if” part of the proposition we assume that (xkn
)n≥0 is

uniformly distributed. This assumption implies that

lim
N→∞

1

N
# {0 ≤ n < N : xkn

∈ I} =
1

qd1+···+ds
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for every interval I of the form

I :=

s∏
i=1

[
bi
qdi

,
bi + 1

qdi

)

with di ≥ 0 and 0 ≤ bi < qdi . Note that for fixed d1, . . . , ds ∈ N0 there are
qd1+···+ds possible settings for (b1, . . . , bs). We use the same notation as in the
first part of the proof for the base q representation of bi, the matrix rows, and
the row-vector products, and we see; the condition xkn

∈ I is equivalent to the
fact that kn satisfies

s
q,c

(i)
l

(kn) ≡ bil (mod q) for every 1 ≤ i ≤ s and 0 ≤ l ≤ di − 1. (1)

The uniform distribution ensures that

lim
N→∞

1

N
# {0 ≤ n < N : kn satisfies (1)} =

1

qd1+···+ds
(2)

for all possible
∏s

i=1 q
di settings of (b1, . . . , bs). Computing a nontrivial linear

combination of the congruences in (1) yields

s
q,γ((u

(i)
l ))

(kn) ≡ b (mod q).

where

b := b
(
(u

(i)
l )

)
=

(
s∑

i=1

di−1∑
l=0

u
(i)
l b

(i)
l

)
(mod q)

and

γ
(
(u

(i)
l )

)
:=

s∑
i=1

di−1∑
l=0

u
(i)
l c

(i)
l .

Note that “nontrivial” implies that not all u
(i)
l = 0 and therefore for every such

setting of u
(i)
l exactly qd1+···+ds−1 settings of (b1, . . . , bs) map to a fixed value

b ∈ {0, 1, . . . , q − 1}. This together with (2) yields

lim
N→∞

1

N
#

{
0 ≤ n < N : s

q,,γ((u
(i)
l

))
(kn) ≡ b (mod q)

}
=

qd1+···+ds−1

qd1+···+ds
=

1

q

for every b ∈ {0, 1, . . . , q− 1} and therefore admissibility of the nontrivial linear
combination of the rows for the sequence (kn)n≥0. �

The following proof of Proposition 2 exploits the special finite-row property
of the generating matrices and the periodic structure of the index sequence. The
main tool will be the Chinese Remainder Theorem.
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P r o o f o f P r o p o s i t i o n 2. A uniformly distributed hybrid subsequence ob-
viously needs uniformly distributed component subsequences.

Let us assume the uniform distribution of the component subsequences (x
(j)
kn

)n≥0.

In order to prove the uniform distribution of the hybrid subsequence (ykn
)n≥0

we regard an interval of the form

I =

v∏
j=1

Ij with Ij =

sj∏
i=1

[
b(j,i)

qd
(j,i)

j

,
b(j,i) + 1

qd
(j,i)

j

)

with d(j,i), b(j,i) ∈ N0 and 0 ≤ b(j,i) < qd
(j,i)

j and deduce

lim
N→∞

1

N
#

{
0 ≤ n < N : ykn

∈ I
}
=

v∏
j=1

1

qd
(j,1)+···+d(j,sj)

j

. (3)

We define the length l of a finite sequence (γr)r≥0 by l =: max{r ∈ N :

γr−1 �= 0}. We introduce the quantity Lj = Lj(d
(j,1), . . . , d(j,sj)) that measures

the lengths of the row in C(j,1), . . . , C(j,sj) as follows. We choose Lj minimal
such that
the first d(j,1) rows of C(j,1) have lengths ≤ Lj ,

the first d(j,2) rows of C(j,2) have lengths ≤ Lj ,
...,
the first d(j,sj) rows of C(j,sj) have lengths ≤ Lj .

Note that this minimum exists because of the finite-row property of the gen-
erating matrices. The construction principle together with the definition of Lj

yield that the first Lj digits of kn in base qj , or equivalently the residue of kn

modulo q
Lj

j , determine whether x
(j)
kn

is included in the interval Ij or not.

Now we use of the assumption in the Proposition 2, namely that (kn)n≥0

satisfies for every j ∈ {1, . . . , v} that it is periodic modulo qlj with period qlj for
every l ≥ lj for some lj ∈ N.

We set μj := max{lj, Lj}. Note that from the assumption in the proposition
we have km+uqlj

≡ km (mod qlj) for m,u ∈ N0 and l ≥ lj. Obviously, the residue

of kn modulo q
μj

j determines the first Lj digits in base qj and therefore whether

x
(j)
kn

is included in the Interval Ij or not.

The uniform distribution of the component sequence and the periodic prop-
erty of the index sequence ensures that if we take the first q

μj

j points of the

subsequence (x
(j)
kn

)n≥0 we have exactly q
μj−(d(j,1)+···+d(j,sj))
j =: Wj points in the

interval Ij . We summarize that Wj values for n in the set {0, . . . , qμj

j −1} satisfy

x
(j)
kn

∈ Ij . We denote these values by r
(j)
1 , . . . , r

(j)
Wj

.
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Again using the periodic property of (kn)n≥0 we have x
(j)
kn

∈ Ij if and only if

kn ≡ k
r
(j)
wj

(mod q
μj

j ) for a wj ∈ {1, . . . ,Wj} or equivalently n ≡ r
(j)
wj (mod q

μj

j )

for a wj ∈ {1, . . . ,Wj}.
Obviously, for the subsequence (ykn

)n≥0 of the hybrid version we have ykn
∈ I

if and only if for every j ∈ {1, . . . , v} n ≡ r
(j)
wj (mod q

μj

j ) for a wj ∈ {1, . . . ,Wj}.
Finally, we have W =

∏v
j=1Wj different systems of congruences that are

by the Chinese Remainder Theorem uniquely solvable modulo M =
∏v

j=1 q
μj

j .

Hence regarding the hybrid version (ykn
)n≥0 there are exactly W residues mod-

ulo M, which we denote by r1, . . . , rW , such that: ykn
∈ I if and only if n ≡ rw

(mod M) for a w ∈ {1, . . . ,W}. This implies our desired result (3) since

W
M =

v∏
j=1

1

qd
(j,1)+···+d(j,sj)

j

.

�

4. Results on primepower residues

In this section we focus on the following quantity

Tγ,d,q,p := lim
N→∞

Tγ,d,q,p(N), where

Tγ,d,q,p(N) :=
1

N
·# {0 ≤ n < N : sq,γ(n

p) ≡ d (mod q)}
for primes q, p for finite weight sequences γ = (γ0, γ1, . . . , γl−1, 0, 0, . . . ) with
d, γi ∈ {0, 1, . . . , q − 1} and γl−1 �= 0. (Here and in the following l ∈ N is the
minimal index such that γi = 0 for all i ≥ l.)

The following theorem lists the values of Tγ,d,q,p for all settings of γ, d, q, p,
which are needed to prove our result in Theorem 1 about the admissibility of
rows for subsequences indexed by primepower sequences (np)n≥0. Note that the
case p = 2, which can be found in [10, Theorem 2], is not covered in the following.

����
�� 2� Let p, q ∈ P, p ≥ 3, l ∈ N.

Case 1: If p = q, then for d = 0 we have

Tγ,0,q,p =
1

q
+

⎧⎪⎨
⎪⎩
0 if l ≡ 1 (mod p)

f(l,0)
q1+�(l−1)/p� if l ≡ 2 (mod p)

q−1
q2+�(l−1)/p� else,
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and for d ∈ {1, . . . , q − 1} we have

Tγ,d,q,p =
1

q
+

⎧⎪⎨
⎪⎩
0 if l ≡ 1 (mod p)

f(l,d)−1
q1+�(l−1)/p� if l ≡ 2 (mod p)

−1
q2+�(l−1)/p� else,

where f(l, d) := #{i ∈ {1, . . . , q−1} : c0(i
p)γl−2+c1(i

p)γl−1 ≡ d (mod q)}
with c0(i

p), c1(i
p) ∈ {0, 1, . . . q−1} satisfying c0(i

p)+c1(i
p)q ≡ ip (mod q2)

(i.e. they are the first two digits of ip in base q).

Case 2: If p �= q and p � |(q − 1) and therefore gcd(p, ϕ(ql)) = 1, then for d = 0 we
have

Tγ,0,q,p =
1

q
+

{
0 if l ≡ 1 (mod p)

q−1
q2+�(l−1)/p� if l �≡ 1 (mod p),

and for d ∈ {1, . . . , q − 1} we have

Tγ,d,q,p =
1

q
+

{
0 if l ≡ 1 (mod p)

−1
q2+�(l−1)/p� if l �≡ 1 (mod p).

Case 3: If p|(q − 1), then for d = 0 we have

Tγ,0,q,p =
1

q
+

{
0 if l ≡ 1 (mod p)

q−1
q2+�(l−1)/p� if l �≡ 1 (mod p),

and for d ∈ {1, . . . , q − 1} we have

Tγ,d,q,p =
1

q
+

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−1
q2+�(l−1)/p� if l �≡ 1 (mod p)

p−1
q1+�(l−1)/p� if l ≡ 1 (mod p) and

γl−1c ≡ d (mod q) for one c ∈ C
−1

q1+�(l−1)/p� if l ≡ 1 (mod p) and

γl−1c �≡ d (mod q) for all c ∈ C,

where C = {1 ≤ c ≤ q − 1 : c(q−1)/p ≡ 1 (mod q)}.
We will present the proof of Theorem 2 after some auxiliary results. The

proof will be mainly based on the following proposition that gives a detailed
classification of all odd primepower p residues modulo prime powers ql and the
number of solutions for the different settings of p, q, l.
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��������� 3� Let p, q ∈ P, p ≥ 3 and l ∈ N. Let L be the number of incon-
gruent solutions of xp ≡ a (mod ql) with x ∈ {0, 1, . . . , ql − 1} for a given power
residue a. Then we have

L = ql−�(l−1)/p�−1 for a = 0.

Case 1: If q = p we have

L = q(p−1)u+1 for a = qpu · b
with b ≡ c(ip) (mod q2) for a 0 < c(ip) < q2 satisfying c(ip) ≡ ip (mod q2)
with i ∈ {1, . . . , q − 1} and u ∈ {0, . . . , �(l − 2)/p	}.
If l ≡ 1 (mod p) we additionally have

L = q(p−1)·(l−1)/p for a = ql−1 · b
with b ∈ {1, . . . , q − 1}.

Case 2: If p �= q and p � |(q − 1) and therefore gcd(p, ϕ(ql)) = 1 we have

L = q(p−1)u for a = qpu · b
with b ∈ N such that gcd(b, q) = 1 and u ∈ {0, . . . , �(l − 1)/p	}.

Case 3: If q ∈ P with p|q − 1 we have

L = p · q(p−1)u for a = qpu · b
with b ≡ c (mod q) for a 0 < c < q satisfying c(q−1)/p ≡ 1 (mod q) and
u ∈ {0, . . . , �(l − 1)/p	}.

Other pth power residues a than those given above do not exist for q ∈ P.

P r o o f. Note that in all three cases it suffices to prove that there are at least
as many incongruent solutions as listed, since the total number of all solutions
for the different values of a equals ql. The value of L if a = 0 can be found
in [5, Proposition 1, p.65]. Thus it remains to verify for the listed power residues
a �= 0 the corresponding values of L.

At first we will list some basic assertions we need for the proof:

(1) Let q, p ∈ P and l, b ∈ N. The number of incongruent solutions of the
congruence xp ≡ qpub (mod ql) with p � |b and qpub < ql is given by

q(p−1)uB,

where B is the number of incongruent solutions of yp ≡ b (mod ql−pu)
(compare, e.g., [5, Proposition 2, p.65]).
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(2) If m ∈ Z
+ possesses primitive roots and gcd(a,m) = 1, then a is an nth

power residue mod m iff aφ(m)/d ≡ 1 (mod m), where d = gcd(n, φ(m)). If
xn ≡ a (mod m) is solvable, there are exactly d solutions (compare, e.g.,
[11, Proposition 4.2.1] or [5, Satz 2, p.67]).

(3) Let m ∈ N, q ∈ P and μ := max{k ∈ N
0 : qk|m}. Then we have for all

i ∈ N with
⌊
logq(i)

⌋ ≤ μ

qμ−�logq(i)	
∣∣∣∣
(
m

i

)
.

(This can be checked by regarding the prime factor q in the prime factor-
ization of i! and of m(m− 1) · · · (m− i+ 1).)

(4) Let q be an odd prime, and 0 < c < q2 with gcd(c, q) = 1. If c is a qth
power residue modulo q2, then c is also the qth power residue modulo ql

with l > 2. In particular, we have for such power residues c

c(q−1)ql−2 ≡ 1 (mod ql)

with l > 2. (The proof of this assertion uses the Binomial Theorem and
Assertions (2) and (3).)

(5) Suppose that a is odd, l ≥ 3, and consider the congruence xn ≡ a(2l).
If n is odd, a solution always exists and it is unique (compare, e.g., [11,
Proposition 4.2.2] or [5, Satz 3 and Satz 4 (3), p.67-68]).

(6) If q is an odd prime q � |a, and q � |n, then if xn ≡ a (mod q) is solvable, so
is xn ≡ a (mod ql) for l ≥ 1. All these congruence have the same number
of solutions (compare, e.g., [11, Proposition 4.2.3]).

We will give the main ideas of the proof for the most involved case q = p,
the other cases can be treated analogously. Note that although we prove the
case q = p we will use both variables in the following to be consistent with the
remaining cases.

Assume first that l≡1 (mod q) and consider a = ql−1 ·b with b∈{1, . . . , q − 1}.
From Euler’s Theorem and Assertion (2) we know that for each b the congruence
yp ≡ b (mod q) has a unique solution y in {1, . . . , q − 1} (and for different b’s
the solutions are different). This together with Assertion (1) implies that there
are L = q(p−1)(l−1)/p different solutions x for given b.

Consider now a = qpu · b with b ≡ c(ip) (mod q2) with c(ip) from Propo-
sition 3. Assume at first u = 0. For fixed i we abbreviate c(ip) as c in the
following. We have to prove that here exist L = q solutions for a = c+ q2k with
k ∈ N0. Because of Assertion (2) it is sufficient to prove that the congruence
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(c+ q2k)φ(m)/d = (c+ q2k)(q−1)ql−1/q ≡ 1 (mod ql) holds. The congruence holds
as

(c+ q2k)(q−1)ql−2

= c(q−1)ql−2

+

(q−1)ql−2∑
i=1

(
(q − 1)ql−2

i

)
c(q−1)ql−2−ikiq2i

and by Assertion (4) c(q−1)ql−2 ≡ 1 (mod ql) and by Assertion (3) the sum is
congruent zero modulo ql.
For the case u ∈ {1, . . . , �(l − 2)/p	} we apply Assertion (1). From the case u = 0
we know that the congruence yp ≡ b (mod ql−pu) with b = c + q2k, k ∈ N0

has q different solutions y1, . . . , yq ∈ {0, . . . , ql−pu−1} for fixed b. Therefore, the

number of different solutions for fixed b are L = q · q(p−1)u.

With an analogous case distinction between u = 0 and u > 0 one can verify
the values for a and L in Case 2 and Case 3 of Proposition 3. The case u = 0
follows for q = 2 by Assertion (5) (the cases l ∈ {1, 2} can easily be handled
separately), and for q �= 2 with gcd(p, φ(ql)) = 1 by Euler’s Theorem and As-
sertion (2) and (6). For p|q − 1 the result follows by the Assertions (2) and (3).
Proofs for u > 0 work in all cases analogously to the case q = p by applying
Assertion (1). �

Having verified Proposition 3 we are able to prove Theorem 2.

P r o o f o f T h e o r e m 2: Since for n ≡ m (mod ql) we have np ≡ mp (mod ql)
and therefore sq,γ(n

p) = sq,γ(m
p), we obtain⌊

N

ql

⌋
· ql · Tγ,d,q,p(q

l) ≤ N · Tγ,d,q,p(N) ≤
(⌊

N

ql

⌋
+ 1

)
· ql · Tγ,d,q,p(q

l),

hence Tγ,d,q,p = Tγ,d,q,p(q
l).

We restrict to the proof of Case 1, the other cases follow analogously. Assume
that p ∈ P, p ≥ 3 and q = p. We determine the pth power residues a from
Proposition 3 which are elements of the sets

Ad := {0 ≤ a < ql : sq,γ(a) ≡ d (mod q)}
with d ∈ {0, 1, . . . , q − 1}. Trivially 0 ∈ A0 and therefore 0 /∈ Ad for d �= 0.
Let us now determine the number of a ∈ Ad of the form

a = qpu · b with b ≡ c(ip) (mod q2) and u ∈ {0, . . . , �(l − 2)/p	}
(compare Proposition 3 Case 1).
Consider at first the special case that l ≡ 2 (mod q). Then for the maximal
value of u (i.e., u = (l − 2)/p) the base q representation of a is given by

a = (0 . . .0al−2al−1)q
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where al−2 = c0(i
p) and al−1 = c1(i

p). Here c0(i
p) and c1(i

p) denote the digits
of c(ip) in base q for i ∈ {1, . . . , q − 1}. Note that for this special case we have
a ∈ Ad if and only if c0(i

p)γl−2 + c1(i
p)γl−1 ≡ d (mod q).

For the other values of u the base q representation of a = qpu · b is given by

a = (0 . . .0 c0(i
p)c1(i

p)apu+2 . . . al−2al−1)q .

For apu+2, . . . , al−2 arbitrary the digit of al−1 is uniquely determined by the
condition a ∈ Ad. As there exist q − 1 different c(ip)’s the number of a ∈ Ad of
this form for given u is (q − 1)ql−pu−3.

In the case l ≡ 1 (mod q) we additionally have power residues of the form

a = ql−1 · b with b ∈ {1, . . . , q − 1},

i.e., a = (0 . . .0al−1)q with al−1 = b. Therefore we have q − 1 a’s of this form
and one such a ∈ Ad for each d �= 0.

Let e(l) := l−�(l − 1)/p	−1. Altogether we obtain by Proposition 3 for d = 0
(note that �(l − 2)/p	 = (�(l − 1)/p	− 1) for l ≡ 1 (mod p), (�(l − 2)/p	 − 1) =
(�(l − 1)/p	 − 1) for l ≡ 2 (mod p) and �(l − 2)/p	 = �(l − 1)/p	 for l �≡ 1
(mod p) ∧ l �≡ 2 (mod p))

ql · Tγ,0,q,p(q
l) =qe(l) +

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑�(l−1)/p�−1
u=0 q(p−1)u+1(q − 1)ql−pu−3

if l ≡ 1 (mod p),∑�(l−1)/p�−1
u=0 (q − 1)ql−u−2 + q(p−1)(l−2)/p+1f(l, 0)

if l ≡ 2 (mod p),∑�(l−1)/p�
u=0 (q − 1)ql−u−2

else.

As
∑�(l−1)/p�

u=0 (q − 1)ql−u−1 = ql − qe(l) we obtain

ql · Tγ,0,q,p(q
l) =

⎧⎪⎨
⎪⎩
ql−1 if l ≡ 1 (mod p),

ql−1 + qe(l) · f(l, 0) if l ≡ 2 (mod p),

ql−1 + (q − 1)qe(l)−1 else.
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The given values of Tγ,0,q,p in Case 1 follow immediately. For d �= 0 we have
analogously

ql · Tγ,d,q,p(q
l) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∑�(l−1)/p�−1
u=0 (q − 1)ql−u−2 + q(p−1)(l−1)/p

if l ≡ 1 (mod p),∑�(l−1)/p�−1
u=0 (q − 1)ql−u−2 + qe(l)f(l, d)

if l ≡ 2 (mod p),∑�(l−1)/p�
u=0 (q − 1)ql−u−2

else,

=

⎧⎪⎨
⎪⎩
ql−1 if l ≡ 1 (mod p),

ql−1 + qe(l) (f(l, d)− 1) if l ≡ 2 (mod p),

ql−1 − qe(l)−1else.

The values of Tγ,d,q,p in Case 1 follow.

We leave out the proofs for the values of Tγ,d,q,p in Case 2 and 3 which can
be carried out analogously and are even easier due to structure of the power
residues a given in Case 2 and Case 3 of Proposition 3. �

We close this section with Lemma 1 from which (together with Theorem 2)
we derive Theorem 1.

����� 1� Let q ≥ 3 be a prime and p = q.

(1) Let c0(i
p), c1(i

p) ∈ {1, . . . , q − 1} be the digits in the base q representation
of the c(ip)’s from Proposition 3 (i.e., c(ip) = c0(i

p) + c1(i
p)q), then we

have

c0(i
p) + c0

(
(q − i)p

)
= q for every i ∈ {1, . . . q − 1},

c1(i
p) + c1

(
(q − i)p

)
= q − 1 for every i ∈ {1, . . . q − 1}.

(2) Let f(l, d) := #{i ∈ {1, . . . , q − 1} : c0(i
p)γl−2 + c1(i

p)γl−1 ≡ d (mod q)}.
Then f(l, d) = 1 for every d ∈ {1, . . . , q − 1} and f(l, 0) = 0 if and only if
γl−2 �= 0 and γl−1 = 0.

P r o o f. It is easy to prove that c(ip) + c((q − i)p) ≡ 0 (mod q2) for all i ∈
{1, . . . , q − 1}. From that Part (1) follows immediately.
For Part (1) we assume that there exist γl−2, γl−1 ∈ {0, 1, . . . , q − 1} such that
f(l, d) = 1 for every d ∈ {1, . . . q− 1} and f(l, 0) = 0. Then for i ∈ {1, . . . , q− 1}
the following congruences must hold

c0(i
p)γl−2 + c1(i

p)γl−1 ≡ di (mod q)
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with di ∈ {1, . . . , q − 1} and di �= dj for i �= j. Obviously these congruences
cannot hold if γl−2 = γl−1 = 0. By summing up these q − 1 congruences and
using the relations between the digits given in Part (1), we end up with the
congruence (q − 1)2/2 · γl−1 ≡ 0 (mod q) and therefore γl−1 = 0 and γl−2 �= 0.
Conversely, γl−2 �= 0 and γl−1 = 0 yields the desired result since for q = p we
have {c0(ip) : 1 ≤ i ≤ q − 1} = {1, . . . , q − 1}.

�

P r o o f o f T h e o r e m 1: To decide the admissibility of a finite nonzero weight
sequence γ = (γ0, γ1, . . . , γl−1, 0, 0, . . .) with γl−1 �= 0 for (np)n≥0 we need

Tγ,d,q,p =
1

q
for every d ∈ {0, 1, . . . , q − 1}. (4)

Using the detailed results for that magnitude in Theorem 2 and the results in
Lemma 1 we see if p|(q − 1) (4) cannot hold and in the other cases (4) holds if
and only if l ≡ 1 (mod p). �
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