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ON THE CLASSIFICATION OF SOLUTIONS
OF A FUNCTIONAL EQUATION ARISING FROM
MULTIPLICATION OF QUANTUM INTEGERS

LAN NGUYEN

ABSTRACT. We prove an open problem posed by Melvyn Nathanson concern-
ing the solutions of a functional equation arising from multiplication of quantum
integers. In this paper we give a complete classification of sequences of polynomi-
als whose coefficients are contained in fields of characteristic zero satisfying the
functional equation above.

Communicated by Jean-Paul Allouche

1. Introduction and Background

The aim of this paper is to study the solutions of functional equations arising
from multiplication of quantum integers described in [1]. In particular, we seek
to classify all sequences of polynomials, with fields of coefficients of characteristic
zero, which are solutions of these functional equations. This is Problem 2 stated
in [4] and also is one of Nathanson’s open problems stated in [1].

Let us give some background and main results from [1] and [4] concerning
quantum integers and the functional equation arising from multiplication of these
integers.

DEFINITION 1.1. A quantum integer is a polynomial in ¢ of the form

-1
{n}q::qn—1+_..+q+1:qq_17 (1.1)

where n is any natural number.
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From [1], quantum multiplication is defined by the following rule:

[m]g * [nlg == [mn]q = [m]q - [n]gm = [n]g - [m]gn, (1.2)
where * denotes quantum multiplication, multiplication operation for quantum
integers, and . denotes the usual multiplication of polynomials. It can be verified
that Equation (1.2) is just the g-series expansion of the sumset

{0,1,....m—=1}+{0,m,...,(n—1)m} ={0,1,...,mn — 1}.

Equation (1.2) leads Nathanson to the study of sequences of polynomials
I' = {fu(g)ln = 1,...,00}, with coefficients contained in some field, satisfying
the following functional equations:

£ @5 (@™) L 1@ (@) 2 frun(a) (1.3)

for all m,n € N. As in [4], we refer to the first equality in the above functional
equation as Functional Equation (1) and the second equality as Functional Equa-
tion (2).

REMARK 1.2. A sequence of polynomials which satisfies Functional Equation
(2) automatically satisfies Functional Equation (1) but not vice versa (see [4] for
an example).

Let T' = {f.(q)} be a sequence of polynomials satisfying Functional Equation
(2). The set of n € N where f,,(q) # 0 is called the support of T" and denoted by
supp{T'}. If P is a set of rational primes and Ap consists of 1 and all natural
numbers such that all their prime factors come from P, then Ap is a multiplica-
tive semigroup which will be called a prime multiplicative semigroup associated
to P. From [1], the support of I' is a multiplicative prime subsemigroup of N.

THEOREM 1.3 ([1]). Let I' = {fn(q)} be a sequence of polynomials satisfy-
ing Functional Equation (2). Then supp{T'} is of the form Ap for some set of
primes P, and I' is completely determined by the collection of polynomials:

{fp(@)lp € P}.

As a result, characterizing any sequence I' satisfying Functional Equation (2)
reduces to characterizing the sub-collection of polynomials with prime indexes
peP.

In the reverse direction, if P is a set of primes in N then there is at least one
sequence I' satisfying Functional Equation (2) with supp{I'} = Ap. One such
sequence can be defined as the set of polynomials:

Jm(q) = { [mlg if m € Ap;

0 otherwise.
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CLASSIFICATION OF SOLUTIONS

We say that a sequence I' is nonzero if supp{T'} # 0. If I" satisfies Functional
Equation (2), then T is nonzero if and only if fi(q) =1 (see [1]).

The degree of each polynomial f,(¢) € I' will be denoted by deg(f.(q)).
There exists a rational number tr such that:

deg(fn(q)) = tr(n—1)
for all n in supp{T'}([1]). This number ¢r is not necessarily an integer (see [4]
for an example of such a sequence). We will show in the subsequent part of this
paper that tr can only be non integral when the set of primes P associated to
the support of I" has the form P = {p} for some prime p.
For composition and multiplication of sequences of polynomials satisfying
Functional Equation (2), the following results are relevant to our work.

THEOREM 1.4 ([I]). Let T' = {f.(q)} be a sequence of polynomials satisfying
Functional Equation (2) and g(q) be a polynomial such that g(¢") = ¢g"(q) for
every r € supp{I'}. Then the sequence of compositions {fn(g(q))|n € N} also
satisfies Functional Equation (2).

In particular, the sequence {f,(¢")|n € N} satisfies Functional Equation (2)
if the sequence { f,,(q)|n € N} does. One important such example is the sequence
of polynomials of the form:

Fn(g") = [mlgr = ()" 44 (@) + 1,
for each m € N, which satisfies the Functional Equation (2) since the sequence
I' = {[m]4|m € N} does.

THEOREM 1.5. IfT'y, I's are two nonzero sequences of polynomials satisfying the
Functional Equation (2), then the sequence I'1 -T's also satisfies (2). Conversely,
if supp{I'1} = supp{T2} and 'y as well as T'y - T's satisfying (2), then I'y also
satisfies (2). The collection of all solutions of the functional equation (2) is an
abelian semigroup. Also for every set of primes P, the set of all sequences T’
satisfying (2) and having support Ap forms an abelian cancellation semigroup,
which will be denoted by T p.

REMARK 1.6. If Ty = {f,(¢)|n € N}, I's = {gn(¢)|n € N} are two nonzero
sequences of polynomials satisfying the Functional Equation (2). Then I'y - T’y is
defined as the collection {f,g,(q)|n € N} where f,9,(q) = fn(q)gn(q)-

Let P be a set of primes. The next result provides a general way to construct
a solution to the Functional Equation (2) with support Ap associated to P:

THEOREM 1.7 ([1]). Let P be a set of primes. Let I' = {f,(q)|p € P} such that:
for (@) - fo, (@) = f),(@) - £, (¢"2)
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forallp; € P (i.e, satisfying Functional Equation (1)). Then there exists a unique
sequence I' = {fn(q)ln € N} satisfying Functional Equation (2) such that
fo(@) = f,(q) for all primesp € P .

The aim of this paper is to study the solutions of Functional Equations (1) and
(2) arising from multiplication of quantum integers and to resolve, for the case
where the fields of coefficients of f,(g)’s are of characteristic zero, Nathanson’s
problems, whose details are stated in [1]. Specifically, this paper seeks to classify
all sequences of polynomials satisfying Functional Equation (2). In [6-7], we
resolve another problem of Nathanson by classifying all maximal solutions, those
which are not restrictions of solutions with strictly larger supports, to Functional
Equation (2) with support Ap for some set of primes P.

The classification of solutions in this paper is reduced, by the next result,
to the classification of sequences of polynomials whose constant terms are
equal to 1:

THEOREM 1.8 ([1]). Let T' = {f,(q)|n € N} be a nonzero sequence of polynomi-
als satisfying Functional Equation (2) with support Ap for some set of primes P.
Then there exists a unique completely multiplicative arithmetic function ¥(n),
a rational number t, and a unique sequence ¥ = {g,(q)} satisfying (2) with the
same support Ap such that:

Fala) = ¥ (n)g""Vgn(q)
and g,(0) =1 for alln € Ap.

As a result, in the rest of this paper, unless otherwise stated, all sequences
of polynomials which we consider are assumed to have constant terms 1.

2. Main Objectives and Results

2.1. Main Objectives and Preliminary Remarks

The following series of open problems are posed in Nathanson’s paper [1] and
also in our first paper on this subject [4]. They are our main objectives.

PROBLEM 1. If ¢t > 2, then there exist integers ¢;, u; such that tr = >, t;u;
and

for all n in the support of I'.
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CLASSIFICATION OF SOLUTIONS

PrROBLEM 2. If P is a set of rational primes. Determine all polynomial
sequences I' = {f,(¢)|n € N} satisfying Functional Equation (2) and with
support Ap.

PrROBLEM 3. Let P C P’ be two sets of prime numbers, and let I' =
{fn(q)|n € N} be a sequence of polynomials satisfying Functional Equation (2)
with support Ap. Under what condition(s) does there exist a sequence IV =
{fn(q)In € N} with support Ap: such that f,(q) = f,(q) for all p € P?

PROBLEM 4. Let T p be the collection of all solutions {I'} to Functional Equation
(2) having support Ap. Does every sequence of rational functions having support
Ap which satisfies Functional Equation (2) belong to the Grothendieck group
K(Tp) of Tp?

Recall that if T is an abelian cancellation semigroup, then there exists an
abelian group K(T) and an injective semigroup homomorphism i : T — K(7T)
such that for any abelian group G and « : T — G, there exists a unique group
homomorphism o' : K(Y) < G such that @ = oi. The group K(Y) is called
the Grothendieck group of Y.

A solution to Problem 1 is already given in ([4]) in the case where the field of
coefficients of I" is of characteristic zero. A solutions to Problem 2 is one of our
main results, again in the case where the fields of coefficients of the sequences
of polynomials I'’s are of characteristic zero, given in this paper. Solutions to
Problem 3 and 4 are given in [2] and [3] respectively.

First let us discuss briefly the general structure of the subsequent part of this
paper. Then we make some remarks concerning some important details needed
for the set up of the proofs.

Initially, we intended to include the solution of Problem 2, 3 and 4 in this
paper. However, it turns out to be longer than we expected. As a result, we only
include the solution to Problem 2 in this paper.

For a sequence T of polynomials satisfying Functional Equation (2), the small-
est field K which contains all the coefficients of all the polynomials in I is called
The Field of Coefficients of I'. We are only concerned with sequences of
polynomials whose fields of coefficients K are of characteristic zero. The case of
positive characteristic fields of coefficients will be reserved for our future papers.
Unless stated otherwise, we always view I' as a sequence of polynomials with
coefficients in a fixed separable closure K of K which is embedded in C via
a fixed embedding ¢+ : K < C. Thus every element f(q) of I' can be viewed as
a polynomial in C[g]. We frequently view the polynomials f(¢)’s in T" as elements
of the ring C[q] throughout this paper. Thus whenever that is necessary, it will
be assumed.
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For the problem treated in this paper, we generally divide the proofs into two
parts as far as the fields of coefficients are concerned; one part treats the case
where the field of coefficients is Q and the other part covers the case where Q is
strictly the prime subfield of K.

We also differentiate between the cases where tr is integral and where it is
non-integral.

2.2. Main Results

Our main results in this paper is a solution to the Problems 2 in the case where
the fields of coefficients of the sequences of polynomials are of characteristic zero.
For some of these problems, our results are stronger and more extended than
what is conjectured. We will mention them when such situations occur. Again,
we only consider sequences of polynomials whose constant terms are equal to 1.

THEOREM 2.1. Let I' = {f,(q)|n € N} be a sequence of polynomials satisfy-
ing Functional Equation (2) whose field of coefficients is of characteristic zero.
Suppose that the set of primes P associated to the support Ap of I' contains at
least two primes. Then there ezists a sequence I'" = {f) (q)|n € N} satisfying
Functional Equation (2) with field of coefficients Q such that f,(q) divides f],(q)
for all n. Furthermore, tr, — tr € NU {0} and supp{I"} = supp{l'}. In fact,
there is a unique sequence I such that tr, — tr is minimal.

Let T' = {f.(¢)|n € N} be a sequence of polynomials satisfying Functional
Equation (2) whose field of coefficients is of characteristic zero. Let I be the
sequence of polynomials, satisfying Functional Equation (2) with field of coeffi-
cients Q such that f,(q) divides f/ (q) for all n and tr, — tr is minimal, which
is associated to I' in the manner of Theorem 2.1. Then we say that I is the
sequence over Q associated to T' (in the sense of Theorem 2.1).

COROLLARY 2.2. Let I' = {f,(q)|n € N} be a sequence of polynomials satisfy-
ing Functional Equation (2) whose field of coefficients is of characteristic zero.
Suppose that the set of primes P associated to the support Ap of I' contains
at least two primes. Then tp is an integer.

The following result is one of the important consequences of Theorem 2.1,
whose proof can be found in [4] where it is given as a conditional result with the
condition being the above theorem.

CoROLLARY 2.3. If I' is a sequence of polynomials satisfying Functional
Equation (2) with field of coefficients of characteristic zero and tr non-integral.
Then the set of primes P associated to the support of I' must have the form
P = {p} for some prime p.
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CLASSIFICATION OF SOLUTIONS

Before stating our next theorem, let us recall from [4] the definition of a
minimal collection and polynomials of the same form.

DEFINITION 2.4. Let {(a;,b;)|a; > 1}; be a collection of finitely many ordered
pairs of integers. {(a;,b;)la; > 1}; is called a minimal collection if a; # a;
whenever i # j.

REMARK 2.5. For any collection of finitely many ordered pairs of integers
{(ai, bi)]a; > 1},

it can be verified that there exists a minimal collection {(a’
following conditions:

al;, b;)}; satisfying the

(1) For each j, a’; = a; for some 4.

(2) For each j, b; = >y, lai=a,} bi-

This minimal collection is called the minimal version of {(a;,b;)|a; > 1},.
It can also be verified that for each collection of finitely many ordered pairs
of integers {(a;,b;)|a; > 1}; and its minimal version {(a,b’)};, the rational

functions [[;([p]qe: ) and [T,([p] a{) i are equal.

DEFINITION 2.6. (1) Two collections {(a;,b;)|a; > 1}; and {(¢j,d;)|c; > 1},

of ordered pairs of integers are said to be equivalent if they have the same
minimal version.

(2) Let {(a;,b;)|a; > 1}; and {(¢;j,d;)|c; > 1}; be two minimal collections of

ordered pairs of integers. Two rational expressions [, ([plge: )* and [T, ([r]4es )%
are said to be of the same form if the following conditions hold:

]’ ])

(1) For each i, a; = ¢; for a unique j and vice versa for each j.
(2) For each i, b; = b; whenever a; = ¢;.

It can be verified that being equivalent in the sense above is an equiva-
lence relation. For any collection of finitely many ordered pairs of integers
{(a;,bi)|a; > 1};, we denote its equivalence class by |[{(a;,bi)|a; > 1};].
It can also be verified that each such equivalence class contains exactly one
minimal collection.

DEFINITION 2.7. (1) Let I'y and I's be two sequences of polynomials, satisfy-
ing Functional Equation (2) with fields of coefficients of characteristic zero and
support Ap for some set of primes P. If there exists a sequence I'” which is the
sequence over Q associated to I'y and I's in the sense of Theorem 2.1, then we

say that I'; and I's are linked by IV and denoted by I'; N Ts.
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(2) Let IV be a sequence of polynomials, satisfying Functional Equation (2)
with fields of coefficients Q and support Ap for some set of primes P. The
collection of all sequences of polynomials satisfying Functional Equation (2),
with fields of coefficients of characteristic zero and support Ap, which are linked
by I'" is denoted by [[{T'}||r.

The relation of being linked by a sequence IV over Q above is an equivalence
relation on the collection of all sequences of polynomials satisfying Functional
Equation (2) with fields of coefficients of characteristic zero and support Ap.
Thus [[{T'}||rs is an equivalence class for each I, and it is immediate that we
have a disjoint union:

TP = |_| ||{F}||F’7

where the disjointness comes from the uniqueness of IV in Theorem 2.1.

Since all sequences of polynomials satisfying Functional Equation (2) with
fields of coefficients of characteristic zero and ¢r non-integral are characterized
in [4], we are only concerned with the cases where ¢tp > 1 integral. In the case
where |P| = 1 and tr is integral, we classify completely all such sequences. In the
case where |P| > 2, we classify all such sequences up to an equivalence relation
whose equivalence classes have finite cardinalities. Our results are summarized
in the following theorems.

Let P = {p1,...,pi} be a collection of distinct primes with [ > 1 which may
be finite or infinite.

THEOREM 2.8. Let I' be a sequence of polynomials satisfying Functional Equa-
tion (2) with field of coefficients of characteristic zero and support Ap. Suppose
|P| =1 and tr integral. Let P = {p} and Yp be the collection of all sequences
of polynomials satisfying Functional Equation (2) with fields of coefficients of
characteristic zero and support Agpy. Let A := {f(q)} be the collection of all
polynomials whose coefficients are contained in fields of characteristic zero and
with deg(f(q)) = t(p — 1) for some integer t. Then there exists a bijection

A — Tp,
fl@) — Ty,
where
L) = {for (@)|f1(0) =1, fola) = f(¢),n € NU{0}}
and fyn(q) = fp(@)fpn-1(¢?) for all n > 0.

THEOREM 2.9. Let I' be a sequence of polynomials satisfying Functional Equa-
tion (2) with field of coefficients Q and support Ap. Suppose that |P| = 2.
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CLASSIFICATION OF SOLUTIONS

Let Tpg be the collection of all sequences of polynomials satisfying Functional
Equation (2) with fields of coefficients Q and support Ap. Let Q be the col-
lection of equivalence classes of sets of finitely many ordered pairs of integers
II{(ai,b;)}:|| defined earlier and also in Theorem 2.1 of [4]. Then there is a bi-
jection between Tpg and Q:
TP’Q — Q,
I — [{(as, bi)}illr,
where ||{(a;, b;) }i||lr is such that
fala) = [J(Ilge)"
il

for any collection of ordered pairs {(a;,b;)}i in ||{(ai, b;) }illr and alln € supp{T'}
(we may assume that {(a;, b;)}; is a minimal collection and refer to ||{(a:, b;)}4||r
by this representative collection.

THEOREM 2.10. Let ' be a sequence of polynomials satisfying Functional Equa-
tion (2) with field of coefficients of characteristic zero and support Ap. Suppose
that |P| = 2. Let Yp be the collection of all sequences of polynomials satisfying
Functional Equation (2) with fields of coefficients of characteristic zero and sup-
port Ap. Let | Y p|| denote the collectwn of all equivalence classes of Y p with

respect to the equivalence relation ~ for each T € YTpg. Let Q be as in (a).
Then there exists a surjective map

Tp i) TP,Q ~Q,

r — I,
which induces the bijective map

v
Tpl —
{TH] +— Fﬁ{r}”,

where Fh{r}” is the sequence of polynomials over Q associated to any sequence

I' in |[{T'}||. Moreover, the cardinality of each fiber |[{I'}||r of each T" € Ypg
is finite.

These Theorems give a solution to Problem 2 described earlier.

3. Proof of Main Results

Let us recall the following theorem, Theorem 2.1 of [4], since it is crucial in
our work subsequently.
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THEOREM 3.1 ([4]). LetT' = {f,.(q)|n € N} be a sequence of polynomials satis-
fying Functional Equation (2) and whose field of coefficients is of characteristic
Zero.

(1) Field of coefficients is Q: Suppose that deg(f,(q)) = tr(p—1) with tr > 1
for at least two distinct primes p and r, which means that the set P associated
to the support Ap of I' contains p and r and the elements f,(q) and f-(q) of T
are nonconstant polynomials. Then there exist ordered pairs of integers {u;, t;};
withi=1,...,s such thattr =3_,_, uit; and

S
Fala) = T (Inlge)"
i=1
for all n in N.

(2) Field of coefficients strictly contains Q: There is no sequence of poly-
nomials ', with field of coefficients strictly contained Q, satisfying Functional
Equation (2) and the condition deg(f,(q)) = tr(p — 1) with integral tr > 1 for
all primes p. The latter condition means that the set P associated to the support
Ap of I contains all prime numbers and the correspondent elements f,(q) of '
are nonconstant polynomials.

The decomposition of fn(q) into a product of quantum integers as above
is unique in the sense that if {a;,b;} is another set of integers such that
tr=>25-1,..nasb; and

h
Fala) = [ (Inlges)™
j=1
for all n € supp{T'}, then for each w;, there exists at least one a; such that
u; = a;. Moreover, if I C {1,...,s} and J C {1,...,h} are two collections of
indexes such that u; = a; exactly for alli in I and j in J and nowhere else, then

D ti=) b

el jeJ
and the above relation between any such set of integers {a;,b;}; and the set
{u;,t;}; is an equivalence relation. However, if the condition deg(f,(q)) =
tr(p — 1) with integral tr > 1 for all primes p is not imposed on I", then there
exist sequences I'’s of polynomials with fields of coefficients strictly greater than
Q satisfying Functional Equation (2).

Furthermore, let us also recall some key concepts from [4] which will be used
throughout this paper.

Let u be any positive integer and p be any prime number. The polynomial
denoted by P, ,(q) or P,,(q) is the irreducible cyclotomic polynomial in Q[q]
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whose roots are all primitive up-roots of unity. P, ,(¢) is sometimes denoted by
P,,(q) or P,(q) where v = up. For a primitive n-root of unity « in C, which

2miw

can be written in the form @ = e™»  for some primitive residue class w modulo
n, we always identify «, via the Chinese Remainder Theorem, with the tuples
(ui)i, where [[,(p;)™ is the prime factorization of n and u; € (Z/(p;)™Z)* for
each i such that u;, = w (mod p;"*). The readers should see [4] for more details.

DEFINITION 3.2. 1) Let P, ,,(¢) and P, ,(q) be the cyclotomic polynomials with
coefficients in Q of orders up and ur respectively. Let F, ,(¢) and F, ,(q) be two
polynomials dividing P, ,(¢) and P, ,(q) respectively. If F}, ,(¢) and F, »(q) sat-
isfy the condition that for each primitive residue class w modulo wu, all the roots
of P, (q) represented by the collection of tuples { (7, (wp,);)vp =1,...,p—1}
if p does not divide u (resp. by the collection {(wy, + t(p'), (wp,)jp,#p)[t =0, ...
..,p—1} if p'||u for some positive integer [ > 1) are roots F,, ,,(q) if and only if all
the roots of P, (q) represented by the collection {~,, (wp, )|y = 1,...,r—1}ifr
does not divide u (resp. by the collection {w,+s(r"), (wp, )jp,2rls =0,...,7—1}
if "||u for some positive integer h > 1) are roots F, ,(¢), then we will say that
F,p(¢) and F, ,(¢q) are compatible. For example, P, ,(¢) and P, ,(q) are com-
patible for any positive integer w, primes p and r, a fact which is proven in [4]
for the case where pr does not divide u as well as when either p or r dividing u.
2) Two polynomials f, ,(¢) and f, ,(¢) are said to be super-compatible
if fup(@) = [LEFG@)™ and fur(e) = TL(F(9)™, where Fi(g) and
Fyl(q) are polynomials which are compatible for all 7. In particular, P, ,(¢)" and
P, . (q)" are super-compatible for any nonnegative integer n. Thus compatibility
is a special case of super-compatibility.

REMARK 3.3. To understand the rationality of this definition, the readers can

consult [4]. The polynomials Fl(bf)g(q)’s in the definition of super-compatible are
not unique for any ¢, where O denotes either p or r.

Let p and r be any distinct primes in the support of I'. Define f,, ,(q) to be the
factor of f,(q) such that its roots consist of all the roots of f,(¢) with multiplic-
ities which are primitive pup-roots of unity. Then f,(q) = [T, ;>u, ;11 fus, (@)
in the ring Clg]. Similarly, fr(q) =[], >y, ., fu..(2). We call j (resp. i) or
interchangeably w, ; (resp. u,;) the j-level (resp. i-level) or uyp j-level (resp.
uri-level) of fy(q) (vesp. fr(q)) if fu,,(q) (resp. fu,,(q)) is a nontrivial factor
of f,(q) (resp. fr(q)). Define V' := {vp v k|Vprk > Vpris1} = {tpj}t; U {tri}i-
We refer to k or v, as the k-bi-level with respect to p and r or the vy, . -bi-
-level of fy(q) and f,(q). Note that level i of f,(q) or f,(g) is not necessarily equal
to the bi-level i of f,(¢) and f,(¢). Using V' and these product decompositions,
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we write Functional Equation (1) with respect to f,(q) and f,(q) as:

" v 1) v v
fvp,r,lap(q)s p,lfvp,r,lar(qp)s ot fvp,r,la'r(q)s T,lfvp,r,lap(qr)s Pl

S, S, k S, S,
Fommnd @55 fu (@) & f (@) fo (@)
fo(@) fr(q?) = fr(@) fo(q"),
where:

o s, = Lif f, , ,(q) nontrivially divides f,(q) (i.e., fo,, .p(@) = fu,p(q)
for some u;) and 0 otherwise.

o 5. = 1if f, . r(q) nontrivially divides f.(q) (i.e., fo,, ..r(@) = fuir(q)
for some u;) and 0 otherwise.

o [1i fop (@7 fo,,  (@P)7rk = fo(q) fr(gP).
hd Hj fvp,r,k,r(Q)Sv’"kfv,,,r,-,k(qr)sup’j = fT(Q)f;D(qT)'

e The symbol &) indicates the functional equation (1) at the bi-level j
(notes that the polynomial expressions on the left hand side and the right
hand side of +— at each bi-level are not necessarily equal).

Note that for every level k, where v, ., appears in the equation above, either
Spk=1or s, =1.

The above version of Functional Equation (1) will be called the Expanded
Functional Equation (1) with respect to p and r, denoted by EFE(1).
The EFE(1) above is said to be in reduced form (rf) if at each level k, where
pr does not divide vy, , the line

fvp,'r-,k’P(q)Svp’k fvp,r,kﬂ‘(qp)svuk — fvp,'r',k’r (q)svr’k fvp,r,k’P(qT)SUp’k
in EFE (1) is replaced by

s
f"’pmk p(@7) Pk

. v (k) v
(l> fvp,r,ka'r(qp)s RN fvp,r,k,’r<q)8 Tk e lf (T’ vp,ﬂk) =1

fvp,,,.ﬁk,p(Q) Pk
.. Sv. . fvp.'r', (g
(11) fvp,,.,k,,;l)(q) Pk f'vp%nkk,r(‘I)Sw’k
f'upyryk,p(qr)svp’k (k) fvp,r,k,'r'(qp)svy"k . -
(iii) Fo (@ YA Fo @ if (pr,vpr ) = 1.
(iv) The line f,(q) fr(¢?) = fr(q) fp(¢") is replaced by Qp.»(t) = Qp.r(t), where
Qp,r(t) is the product of all expressions of the left hand columns (or the right

hand column) after (i), (ii), (iii) have taken place, i.e.,

f (Q)fr(qp)
Q) = Tt f, (@ o0

I’)S""r,k

(k) s
foprp (@) "k 3 (P, Up k) = 1, o1
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= fr(@)fo(qd") .
Hi f”p,r,iur(q)sr’i(liép’i)fvp,r,i,P(Q)Sp'i(liér'i)

REMARK 3.4. (1) The product of all the rational expressions in the left hand
column and the product of those in the right hand column of the reduced form of
the EFE(1) are equal, and thus can be denoted by the same polynomial @, ,(t);
(2) Qp,r(t) divides fu, p(q) fu,,r(¢P) and thus fu, »(q)fu, p(¢"); (3) For each line
(i), the product of all expressions on both sides of <— remains equal after
(1), (4i) or (iit) have taken place. It will be shown below that all the rational
expressions above are actually polynomials when they occur, and that for each
of these rational expressions, its roots are primitive roots of unity of the same
order. Also, a reduced form of an EFE(1) is automatically in super reduced form
without rearranging if and only if pr does not divide v, ,; for all levels i.

If the factor(s) appearing in the left hand column and the right hand col-
umn of the reduced form of EFE(1) with respect to p and r can be rearranged
within their corresponding columns (without changing the order of the levels,

i.e., vp i > Vprit1 for all bi-levels ¢ occurring in EFE(1)) so that &) can be

replaced by @ at each bi-level ¢ < k , then we say that the resulting reduced

form is in k-super reduced form. If & can be replaced by @ at all bi-level
i, then we say that it is in super reduced form (see [4] for more details).

3.1. Proof of Theorem 2.1:

Let P be a collection of finitely many primes. Recall from [4] that there exists
a sequence of polynomials satisfying Functional Equation (2) and whose field of
coefficients is strictly greater than Q and support is of the form Ap. In fact, we
show in [4] that for any finite set P of primes of cardinality at least 2, there
exists a sequence of polynomials I" satisfying Functional Equation (2) with field
of coefficients strictly contains @ such that supp{I'} = Ap. Such a sequence
constructed in [4] is called a single-level sequence, i.e., there exists a unique
positive integer v > 1 such that if f,(¢q) is an element of I', then all roots of
fp(q) are primitive up-roots of unity. It is a special case of what we discuss
subsequently in this paper, i.e. multi-level sequences with field of coefficients
strictly greater than Q.

Let T be a sequence of polynomials satisfying Functional Equation (2) whose
field of coefficients is of characteristic zero. To prove Theorem 2.1, we may assume
that the field of coefficients of I' is strictly greater than Q since otherwise, we
may define IV := I" and the theorem trivially holds. For each p € P, let J, be
the collection of all levels u; of f,(¢) such that the coefficients of f,, ,(g) are
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not properly contained in Q. Then by our assumption, there exists at least one
prime in P, say p., such that 7, # 0.

PRrOPOSITION 3.5 (Key Proposition 1). Let p be any prime in P. Then J, # 0.
Let k be the smallest positive integer such that the coefficients of fo, , . ».(q)
are not properly contained in Q. Then k is also the smallest positive integer such
that the coefficients of f,, , . p(q) are not properly contained in Q.

Proof. Let V := {vp, p, 1} where v,, ;.1 appears in the EFE(1) with respect
to any primes p; and p; in P. If U is the set of all distinct prime factors of any
element of V', then U is a finite set by Key Proposition 2 of [4]. From the proof
of Key Proposition 2 of [4], there is one case remained to be proved; namely
both p and p. are in Y. We employ a similar method as in [4] for this case. Let
us assume that p and p. are in Y. For notational convenience, in the rest of
this proof, p. will be denoted by r. Consider the reduced form of EFE(1) with
respect to p and p. :=7r

fvp,r,l,T(qp)Sr'l
fv,,_r,- 1,r(q)sr’1 (1=9p.1)

fvpm‘kyr(qp)snk @ fUp 3 k,’r(q)s"'vk(sp,k fvpyhkap(qr).sp,k

(i a " Fopran(@) e (700

(@) fr(d") = fr(@) fo(q"),

where g ; is 1 if O divides vy, . ; and o ; is 0 otherwise, with O represents either
p or .

vap,r,l1p(q’r)spy1
(gq)ra(1=0rs)

10, (1 .
Fop )71 8 £yl

fvp,'r', 1,P

Fop a0 750"

If £ = 1, then this lemma follows from Key Proposition 1 ' of [4]. Hence
let us assume otherwise. Using the moving factors method in the proof of Key
Proposition 2 of [4], we obtain the (j — 1)-super-reduced form of EFE(1) with
respect to p and r for any bi-level j of EFE(1) with respect to p and r. Suppose
line (j) of the (j — 1)-super-reduced form has the form

L(Q) fo, .y (@) () o b
fvp rj,T‘(Q)S"’j(l_‘sruj) A fvp,r,j,r(Q) 130Ps

where L(q) = fu,,...p(¢) and R(q) = fu, . ..r(q), for some bi-levels m and n such
that m,n < (j—1) and vp r,m = vp ;7 as well as vp ., = Uy, ;p, Wwhich are moved
to line () by the moving factor process to obtain the (j — 1)-super-reduced form
of EFE(1) with respect to p and r (see the proof of Key Proposition 2 of [4]).

R(q)fvp,,,.ﬁj’p(qr)sp,j
(a5

fvp,r,jap(q)spd "
fvp,r,jap
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It can be verified that
L) foprsr (@) R(Q) foy0.0(a7)°7
fkuj’r(q)Sr,j(1*5;7,]‘) - fkuj’p(q)sp,j(1*5r,j)‘

From now on, we refer to factors such as L(g) and R(q) as the left and right

moving factors respectively for short to indicate such factors in the moving factor
process employed in the proof of Key Proposition 2 of [4] as well as here.

LEMMA 3.6. The coefficients of the polynomials L(q) and R(q) above are prop-
erly contained in Q.

Proof. If L(q) = 1 and R(q) = 1, then there is nothing to prove. Hence we
may assume that either L(q) # 1 or R(q) # 1. Let us consider line (k) of the
(k-1)-super-reduced form of EFE(1) with respect to p and r which has the form:

f ( )Sp,k57~,1 L(q)fvl’ﬂﬁk’r(qp) Sr,k,ép,k R(q)fvpﬂ',k’p(qr)ska
Up,r, kP q f’Up_r T (q)(l—(sp,k) fvp.'r' k’p(q)sp,k(l_ér,k) ’
where s, = 1 holds by definition of k. Thus

L(q)f“pmk’r(qp) _ R(q)fvp,r,k,p(qr)sp‘k
f”p r k,r(q)(liép'k) N f'Up r k,p(q)sp’k(liér'k) .

It can be verified from the analysis in [4] that for any bi-level i of EFE(1) with
respect to p and r, the coefficients of f,, , , o(q) are contained in Q if an only if
fvp,T,i,D(qA)
Foppi0(@)’a

polynomial, then so is the other).

CLAiMm.

(a) The coefficients of R(q) are properly contained in Q.
(b) The coefficients of L(q) are properly contained in Q.

(k)
> fvp,r,k ,T‘(q)

the coefficients of are contained in Q (hint: if one is a cyclotomic

Proofofclaim. (a) If R(¢) = 1, then there is nothing to prove. Thus let
us assume that R(q) # 1. Therefore, R(q) = f,, . ,.r(q) for some bi-level i such
that v, ,.; = vp,.kp (see the moving factors process in [4]). Hence v, i > vp .k
and thus i < k. By definition of &, the coefficients of f, . ..(¢), and thus those
of R(q), must be contained in Q as required.

(b) Again we may assume that L(q) # 1. Thus L(g) must possess at least
one root, say c. Hence it can be deduced that L(q) = f,, ., p(¢q) for some
bi-level ¢ such that 6,; = 1 and v, ,; = vp,xr from the moving factor pro-
cess in the proof of Key Proposition 2 of [4]. Thus vp,; > vp,k and ¢ < k.
If the coefficients of f,  .,(q) are contained in Q, then we are done.
Otherwise, the coefficients of f, , , ,(¢") are also not properly contained in Q.
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On the other hand, the coefficients of f, .. .(¢) and thus those of f, -(¢")
are contained in Q. It can be verified that line (7) of the (¢ — 1)-super-reduced
form of EFE(1) with respect to p and r has the form

L’L (Q)fvpyryi’r(qp)s,,.ﬁi
f’Up_,,, i,T(q)Lg’"i(l_ér),i)

61},1 Ri(q)fvpm,iyp(qr)sp,i
fv,,,,,.ﬁi’p(q)sp,i(l—&,.’i)

B 0
fvp‘r'i’p(q)spﬁﬁm é fvp,r,i,r(Q)sr’L
with

Li(q)f“p,r,iﬁ(qp)sr’i _ Ri(‘])fvp,r,i,ﬂ(qr)sl)’i
For @50~ Fy - (g)eer 05

where L;(q) and R;(q) are the left and right moving factors respectively. By the
assumption on k, the coefficients of R;(q) are contained in Q. From the moving
factor process, Li(q) = fv,. .p(q) and Ri(q) = fu,..,.~(q) for some bi-levels z < i
and y < ¢ such that v, ., = vp ;7 and vy, = vp . ;p. The argument can then
be repeated at bi-level  and so forth obtaining the sequence i1 =k > ... > i,
where either i, = 1 or i, is the first bi-level of EFE(1) in this sequence, where
the coefficients of L;_(¢) are contained in Q and s;, pd,,, = ... = 8;_ p0r;. = 1.
By the definition of & and Key Proposition 1’ of [4], the coefficients of f, ., »(q)
are contained in Q and

fvp'r‘l’r<qp) — f“p,r,hp(qr)
f”p,r,lﬂ”(q)(liép'l) - fvp,,.g,p(Q)(l*‘srvl) ’

Therefore, L1(q) = 1 (whose coefficient is in Q) for i, = 1. Now let us reverse

the process. From line (i) of the (i, — 1)-super reduced form, the coefficients
Liz (q)f'u 17.((11’)57‘,1;2

of 7 ’()SZ =5,y are contained in Q by definition of k£ and i,. From the
'UI)’.,.,,I"Z , T q ™tz "tz
definition of k and the moving factor process, we know that the coefficients of
Jop i, p(2)

R(i.(q)) are also in Q. Therefore, the coefficients of 5 are in

Fop iy w(@0m02
Q. Hence so are the coefficients of f,, . »(q) = Li,_,(g). Similar as above,
this implies that the coefficients of fvp,r,iz,l,p(q) are in Q. By repeating this
argument, we must have the coefficients of L(q) = Li(q) are contained in Q.
The claim is thus proved. O

N
Hhee L(Q) fopi (@) R(Q)fopp(d)

Fopraorr (@000 fo |y p(q)ses(=0ms)”

fo o ,r(qp) . . .
% are not contained in Q, neither do the
Vp kT \d ’

fvpﬁ,.,k,p(qr)sp'k

(16,1
f"’p,r,k m(q)sp,k( rk)

and the coeflicients of

coefficients of

by the above claim. Therefore, the coefficients

64



CLASSIFICATION OF SOLUTIONS

of fu,,.p(q) are also not contained in Q. Furthermore, this also implies that
sp.k = 1 (sy1 = 1 by the assumption on r = p.).
O

(1) Single-level sequences: Let P = {p;} be a collection of finitely (or infin-
itely) many primes such that p; — 1 is divisible by some positive integer v > 1
for all i. For example P = {7,13} and u = 6. Let P, ,,(¢) be the cyclotomic
polynomial with coefficients in Q of order up;. Then its roots are represented by
the collection of tuples {(wp,, u*)|1 < wy, < p; — L;u* € (Z/uZ)*} (see [4]).
Let A be any nonempty subset of (Z/uZ)*. Then the collection of polyno-
mials P, , (q) dividing P, ,,(g), whose roots are represented by the collection
{(wp,, w*)|1 < wp, < p; —1;w* € A} satisfies Functional Equation (1) by Key
Proposition 1 in [4]. By Theorem 1.7, the collection {(P;, ,.(¢))"|p: € P} deter-
mines a unique non-trivial sequence I'4 , of polynomials satisfying Functional
Equation (2). If A is a nonempty proper subset of (Z/uZ)*, then the field of
coefficients of I'4 ,, is strictly greater than Q for each n € N. For each n € N,
the collection {(P, p,(¢))"|p; € P} is a nontrivial sequence of polynomials sat-
isfying Functional Equation (1) with field of coefficients Q. For each n € N,
let I, ,, be the sequence of polynomials, satisfying Functional Equation (2), in-
duced by the sequence {(Pyp,(q))"|p; € P} in the manner of Theorem 1.7. It
can be verified that I, |, satisfies the desired requirements of Theorem 2.1 with
Nu{0} > tr, ~—tr,, minimal It can be verified from [4] that all sequences I
of polynomiafs satisfying the hypothesis of Theorem 2.1, which are single-level,
must be of the form I' = [] 4, ,,. ['a; n, for some collection of finitely many or-
dered pairs I = {(A;,n4)}, ie., fn(q) =11, fa,m: (@) with fa, n,(q) € T4, n, for
all f,(¢) € I'. Suppose that A; UA; C (Z/uZ)* with n; < n; for some i, j. Then
we can replace I'4; », and I'a; 5, by T'as ,; and FA;,n; in the above product,
where

o Al = A; U Aj with n] = n;, and

[} A; :Aj with n; :’I’Lj 7
with U’ denoting the union which takes into account multiplicity (e.g. {1} U
{1,2} = {1,1,2}), since it can be verified that I's, n,I'a;n, = Tar 0L as pr - By
iterating this process, we may assume that I' = [, . T'a, n, where A; U 4;
is not a subset of (Z/uZ)* for any i # j. Then the corresponding sequence
I'" = [1a,.n, I'a; n, satisfies the requirements of Theorem 2.1 and thus is the
associated sequence to I' over Q. Therefore Theorem 2.1 is proven for this case.

(2) Multi-level sequences: First let us show the existence of a multi-level se-
quence of polynomials T" satisfying Functional Equation (2) whose field of coeffi-
cients strictly contains Q. Suppose that P = {p;|j = 1,...,t} is a set of primes.
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Let u; > 1 and ug > 1 be two distinct positive integers such that u; and wus
divide p; — 1 for every prime p; in P. For example take P = {7,13}, u; = 3
and ug = 6. Let Uy and Us be subsets of (Z/u1Z)* and (Z/usZ)* respectively.
Let Ty and T's as well as '] and T be the sequences of polynomials obtained
as in (1) with u being replaced by u; and ug respectively. Let I' := [, ., I'i
and T := [],<;<, I} be the associated sequence to I' over Q. Then T' and I"
are the sequences of polynomials whose supports are of the form Ap, where
P = {p,lj = 1,...,t}, satisfying the requirements of Theorem 2.1 and having
two levels. This is the simplest kind of multi-level sequences. In fact, it can be
seen from [4] and the subsequent parts of this paper that more general multi-
level sequences of polynomials, with support of the form Ap for some set of
primes P, whose fields of coefficients are of characteristic zero.

Suppose I' = {f.(q)|n € N} is a sequence of polynomials satisfying Func-
tional Equation (2) with field of coefficients of characteristic zero and support
of the form Ap for some set of prime P. Since it would be trivial otherwise, we
may assume without loss of generality that the field of coefficients of I" strictly
contains Q.

Now we begin the construction of the sequence of polynomials

I":={f.(g)n € N},

with support being of the form Ap and satisfying Functional Equation (2),
associated to I' such that f,, (q) divides fz’)j(q) for each p; € P, the field of
coefficients of TV is Q and N > ¢ — ¢r minimal. Let p be any prime in P.
As in [4], we can write:

fola) = H fuip(@),

(2

where f,, »(q) is the nontrivial factor of f,(¢) whose roots are all roots of f,(q)
which are primitive u;p-roots of unity for some positive integer u;. By our as-
sumption on the field of coefficients of I', we see from the introduction that I"
is not a constant sequence. Thus there exists at least one prime p; € P such
that f,,(q) is not a constant polynomial, which in turns means that fuipl p(q)is
nontrivial for some positive integer u;, . By [4], this implies that for each p; € P,
there exists some integer Ui, such that fuipj .p; 1s nontrivial. Thus without loss
of generality, we may assume that each factor fy, ,,(q) appearing in the product
fp; (@) = T, fui.p,(q) is nontrivial for each p; € P.

For each i, let n; be the smallest positive integer such that f,, ,(¢q) divides
(Pu, p(q))™, where P,, 5(q) is the cyclotomic polynomial, with coefficients con-
tained in Q, of order u;p.
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Construction Algorithm: This algorithm is designed to construct a se-
quence of polynomials I'* = { fr.(@) lpj € P} whose coefficients are contained in
Q, satisfying Functional Equation (1), of minimal degree such that f,, (q) divides
f;‘j (q) for each p; € P. This is equivalent to constructing a sequence of polyno-
mials of the form [, ([p;]qe: )b satisfying Functional Equation (1), of minimal de-
gree such that f,, (¢) divides IT;([p;j]ge: )" for each p; € P by Theorem 2.1 of [4].

Step 1: For each p; € P, define f; (q) = [[;(Pu;p;(q))"" where nj; is
the smallest positive integer such that f., ;. (¢q) divides (P, p,(q))"*. Then the
coefficients of f (q) = [[;(Pu;p;(¢))"" are contained in Q. If the sequence
I = {f;,(a)lp; € P} satisfies Functional Equation (1), then the algorithm stops
since there exists a unique sequence of polynomials IV = {f/ (q)|n € N} with
support of the form Ap where fz’,j (q) = f (q) satisfying Functional Equation
(2) by Theorem 1.7. Furthermore, the sequence I"” also satisfies requirement of
Theorem 2.1 concerning the minimality of ¢/ — tr since fz’)j(q) has coefficients
contained in Q if and only if f;, , (¢) does for all i (see [4]) which in terns implies
that f; , (¢) must be a power of Py, ;,(q) for each i (also see [4]). Otherwise
we proceed to Step 2.

Step 2: By Theorem 2.1 of [4], f; (q) = [I;([plge: ;)b for some collection
of finitely many ordered pairs of 1ntegers {(aij;,bij)|a;; > 1}; for each p; € P.

Since we are going to build the sequence IT” of polynomials satisfying Functional
Equation (1) in a series of successive steps, we denote f;j (q) = I1([p]4eis )bis by

)
f(o)( ) =1L(p] a@))bg? for each p; € P. By assumption, I'" = {f} (¢)|p; € P}
q"%

does not satisfy Functional Equation (1). By Theorem 2.1 of [4], there must
exist two primes, say p1 and py in P (re-indexing P if necessary), such that

(0)( ) =1L ([pﬂ (o>) % and f(o)( ) =1L ([pg} (0))b52) does not have the same

form, where ¥ = {62, 60)ja > 1}, and B = (@962 > 1,
are minimal collections. By re-indexing, we may assume that a;; > a(; 1)1 and
@i > a(;41)2 for each i. Hence there exists at least one index [ where (1) either

al(?) # a(o) or ag) # ag(l)) for all 4, or (2) there exists an index ¢ such that

l(?) = agg) but bl(?) # bg or al(g) = ag(l)) but bl(g) # bg?). Note that the index i
in (2) is unique, if it exists, by the minimality of the collections ¥y, ¥5. Since

(1) can be viewed as a special case of (2), we include (1) in (2) and treat only
case (2). Let A be the maximal collection of indexes [ where a( ) = aig) but

bg?) # bgg) or al(g) = ag(l]) but bl(g) # bl(.(l)) for some 4. For each [ € A, we denote
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such ¢ by 4; since it is unique by the minimality of the collections ¥y, Ws. A can
be partitioned into four disjoint sub-collections:
i) A1 C A consisting of indexes [ such that a9 = a©® and 89 > % for
11 12 11 72
some 7; with bl(? ) >0, and A C A consisting of indexes [ such that ag) ) = aglo2)
and bl(?) > bg)Q) for some 7; with bl(?) < 0.
ii) A3 C A consisting of indexes [ such that a9 = % and »© > b® for
12 i1 12 il
some 7; with bl(g) > 0, and A5 C A consisting of indexes [ such that ag) = al(.?l)
and bl(g) > bglol) for some 7; with bl(g) <0.
Let A3 be the maximal subset of A5 such that
0)

HleAl ([pﬂqagl
Ilica; ([Pﬂqa;g) )t

(0 0)
bzl)*bgﬂ

is a polynomial for some ¢; € {1,..., bgg) - bglol)} for each [ € A5. Note that A3
could be empty and in such a case, [[;c 4« ([p2] ) is defined to be 1.
2 qull

Define

B(O) _(®)
[Lie 4, ([p2] {,,l(gn) o
El (q) = 1 m(o) )
[liea; (p2] o)™
where mgo) is the greatest integer in {1,..., bg) - bi?l)} such that

5 _p0)
e, (2] o)~

(©)
HleA; ([Pﬂqag)) )™

is an integer for each [ € A%. Similarly, let A} be the maximal subset of A} such

that
p(©) _(®)

HzeAz([Pﬂqag?) 2
[Tica: (Ip1] L)%
1 ql2

is a polynomial for some ¢; € {1,..., bgg) - 55?1)} for each [ € A}. Note that A}
could be empty.
Define o
0)_;(0
( ) HleAg([pl}qal(g) )bl2 bill
Es(q) == _
HZGAT ({pl] (g))mz

qal
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where mgo) is the greatest integer in {1,..., b(o) - bglol)} such that

(O _p(©)
HzeAl([Pﬂ o)

Mies; (] 00 my”

is an integer for each | € Aj.

Next let us multiply the polynomial fz(,g)(q) =[L(p2] ,©@ )bﬁg) by the polyno-
q 2
mial E;(gq) and fz(,?)(q) = [L([p1] ”(o))bi(l)) by the polynomial E5(g) and denote
q i1
the results by fé;)(q) and féi)( ) respectively. Let

vV = (@), 6])aly) > all) 1) b

and

1 1 1 1 1
v = {(aly) b3)al) > all) )}

where f3(q) = TLi(lp1] )" and £ (@) = I, (] )" ' Again we re-

index so that a;1 > a(j11)1 and a;2 > a(41)2 for all i. Note that at this point, if
al(ll) = a( ) with either b( ) or b( ) 5 being nonnegative, then b(l) bgllg? This is a
direct consequence of the mlmmahty of the collections ¥y and Uy as well as the

disjointness of the subsets A; and A for i =1, 2.

Let By be the collection of indexes [, where al(ll) = a(lz) and b(l) < bg) < 0.
Let B be the collection of indexes [, where al(21) = aglll) and b(l) < b(l) < 0. Note
that By and By can be empty. Define
(1 _p(1)

Fi(g)=]] ([m]qugp)b 2

i€B;
and
b _pD)
R =] ([Pl] a0 0
1€ B2
If By or By are empty, then we let Fy(q) := 1 or Fs(q) := 1 respectively. Let
2 (q) = Fa(@) £ (q) and £ (q) = Fi(9) £ (q). If |P| = 2, then the algorithm
stops. Otherw1se go to Step 3.

Note that if we can show that f(Q)( ) and fz()g) (q) satisfy Functional Equa-
tion (1), then they induce a sequence I, by Theorem 1.7, satisfying Functional
Equation (2). We show later that in such case, I'V has all the requirements of
Theorem 2.1. Thus if |P| = 2, we are done.
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REMARK 3.7. Step 2 is in fact a necessary step in some cases (it is not difficult
to construct, using the work of [4], a sequence where Step 1 alone is not sufficient
for our purpose; we leave it to the readers).

Step 3. Let p3 be another prime in P distinct from p; and po. At this step we
already have f)(q) and féz)(q) from Step 2. Let us denote them by féf“’”)(q)
and fz()z”l’”)(q) respectively. Let us apply the process of Step 2 to the polynomi-
als fz(f”l’”)(q) and fz()g)(q). Let fz()f”l”’S)(q) and fg””’?’)(q) denote the resulting
polynomials. Let G(g) denote the polynomial obtained as a result of Step 2 such

2p1p 2p1,p2 )
that fy2" " (q) = G(g) fy" " (q). By Theorem 2.1 of [4], G(g) = [T, ([pa]en )
for some minimal collection of ordered pairs of integers {(c;1,d;i1)|ci1 > 1}

21) P " 2;; P
Let £5:717% (q) = [T, ([palgenn )%t £527072) (g).

Next we repeat Step 3 for each successive prime in P to obtain a sequence of
polynomials {fpf”l”’z)(q)\l < i <z} for 1 < z < |P| where |P| is either finite
or infinite. It will be shown subsequently that each such sequence satisfies all
the required properties and thus induces uniquely a sequence I', of polynomials,
with the same field of coefficients and support Ap, where P, = {p1,...,p.},
satisfying Functional Equation (2) in the manner of Theorem 1.7.

PRrOPOSITION 3.8. (Key Proposition 2)

Let z € {2,...,|P|} be a positive integer. Let TO := {fz()?””’z)(q)ﬂ <i<z}
be the sequence of polynomials resulting from Step 3 above. Then

(i) The polynomials in T'?, which have coefficients in Q, satisfy Functional
Equation (1). There exists an integer, denoted by tro, such that

2
deg(f5:" ") (a)) = tro(pi = 1)
for1 <i<z.
(i1) Let T, be the sequence of polynomials satisfying Functional Equation (2)
induced by T2 using Theorem 1.7. Then for any z > 1, T, satisfies Theorem 2.1,
with T replaced by T, which is obtained from I' by restricting the set of primes P

to P, = {p1,...,p.}, except possibly the condition tr, —tr, being an integer where

tr. and tr_ are the rational numbers such that deg( I(,?””’Z)(q)) = tr, (pj — 1) for

each 1 < j < z and deg(fp;(q)) = tr.(p; — 1) respectively. For each z > 1, tr, is
an integer.

REMARK 3.9. The existence of the integer ¢r above is guaranteed by [1] once

one can show that the sequence I'? = {f(2”1”’z)(q)\1 < i < z} satisfies Functional
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Equation (1). The condition ¢r, — tr, being an integer also holds and we prove
that in the subsequent propositions.

Proof. (i) Firstly it is immediate from the construction above that the co-
efficients of each polynomlal in 9 = {f(Qp1 pZ)(q)\l < ¢ < z} are contained
in Q since each fpi”1 pZ)( ) is formed by multiplying f; (¢) with polynomials
of the form [[,([pila,)%, where a; and b, are integers for each t.
Therefore by Theorem 2.1 of [4] and the properties of quantum integers de-
scribed briefly in the introduction, they satisfy Functional Equation (1) if and
only if they have the same form. Secondly, it can be verified directly that the
process in Step 1 and 2, which uses [4], constructs two polynomials féf“’”)(q)
and fp, (1, ”)( ) having the same form from two polynomials fé?)(q) and fISS) (q)
which may not be of the same form. Thus féf“ v2) (¢) and féf“ v2) (g) must satisfy
Functional Equation (1). The process being performed in Step 3 is an extension
of that of Step 2, in which it constructs successively a collection of polynomi-
als { f(z"1 e) (¢))1 < i < z} having the same form from a smaller collection of
21 pa_ )
polynomials of the same form {fp,"""* 1)(q)|1 < i < z—1} for each z > 2. By
similar reason as above, this new collection F? of polynomials also satisfies Func-
tional Equation (1). As a result, it induces a sequence I", with the same support,
having I'? as a subsequence and whose elements satisfy Functional Equation (2)
by Theorem 1.7. Thus there exists a minimal collection {(ay,bt)|a; > 1}; such
that f(fpl'“)(q) has the form [[,([pilge)’ for each 1 < i < z. As a result,

deg(fz(f””’z)(q)) = t(p; — 1) for some integer t, which we denote by tpo.

(ii) For each p; € P,, the polynomial fp e I’Z)(q) is a product of f; (q) of
It with some nonzero polynomials. Therefore, supp{I".} = supp{I'.} = Ap,
(see [1] for the last equality). It remains to be proved that I, is the unique se-
quence of polynomials satisfying Functional Equation (2) whose elements are of
minimal degree such that f,(q) divides f; (q) for each n in supp{T',} = supp{I",}.
It is sufficient for to us to show that T'? = {fz(,?””’t)(q)\l < i < z} is the
unique sequence of polynomials with minimal degree such that f,,(¢) divides
f(2”1 =) (q) for each 1 < i < z and for all z > 1. It is immediate from the con-
struction that for each 1 < i < z, f,,(¢) divides fp?”l”’z)(q) since fp?”l”’z)(q)
is obtained from f,, (¢) by multiplying to f,,(¢) some polynomial. For each
pi € P, fp.(¢) = 1l fu,p:(q) has coefficients in Q if and only if the coeffi-
cients of fy, p,(q) are contained in Q for each t. Thus by construction, f, (q)

is the polynomials with minimal degree having coefficients contained in Q such
that fp,(q) divides f; (q) for each p; in P. By basic field theory, if T'(q) is any
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polynomial in Q[q] divisible by f,(q), then T(q) must be divisible by £ (q).
Therefore, if the sequence {f, (q)|p; € P.} satisfies Functional Equation (1),
then it satisfies (ii). Now let us suppose {f, (q)|p; € P.} does not satisfy (i).
By [4] and by re-indexing as above, we may assume that f (¢) := [T, ([p1]qe: )"
and f* (q) := [1;([p2]4= )%, not of the same form, where {(a;,b;)la; > 1}; and
{(¢j,dj)|c; > 1}; are two minimal collections of ordered pairs of integers. By
Theorem 2.1 of [4], if T}, (¢) and T}, (q) are two polynomials in Q[q] satisfying
Functional Equation (1) which are divisible by f; (¢) and £, (q) respectively,
then they must be of the same form and there must exist a minimal collections
{(ui,vi)lui > 1} such that Tp,(q) = [[;([p1]qu:)* and Ty, (q) := [;([p2]qui )™,
which are divisible by f; (¢) := [1;([p1]ge:)" and £, (q) := 1, ([p2lges )% . It can
be verified directly from the process of Step 2 that the polynomials obtained
there, namely 7, (q) = fz(f””’z)(q) and T, (q) := fz()f””’z)(q), are the unique
polynomials of minimal degree having such properties, because they are built
by multiplying f; (¢) and f;,(¢) with the polynomials E1(q), E2(q), B1(q) and
Bs(q) which are uniquely determined by f,, (¢) and f,,(q) and which are of min-
imal possible degree having the required properties. Step 3 is just Step 2 apply

2 p
successively and the polynomial G, . (¢) is uniquely determined by fz()lpl'p] (q)

2p p
and f;lm'p] )(q) and is of minimal degree, a fact which immediate from the con-
struction. Therefore the same argument as above also holds. Thus tp — tr is
minimal. Thus the result follows.
O

If P contains finitely many primes, then this algorithm ends in finitely many
steps. If P contains all primes, then we have shown in [4] that there is no se-
quence satisfying Functional Equation (2) with field of coefficients of character-
istic zero strictly greater than Q and thus there is nothing to prove. In the case
where P contains infinitely many primes but not necessarily all primes, our re-
sults concerning the existence of a sequence of polynomials satisfying Functional
Equation (2) with field of coefficients strictly greater than Q whose support is
of the form Ap is affirmative and can be found in [5] which is in preparation.
As a result of the existence of such a sequence, it could mean that we may have
to apply Step 3 infinitely many times, one for each prime. Thus this shows that
there is a possibility that no sequence I'V with the required properties. However
the next result resolves this problem.

PRrOPOSITION 3.10. Suppose that there exists a sequence I' of polynomials satis-
fying the hypothesis of Theorem 2.1 with field of coefficients strictly containing Q,
and the set of primes P associated to the support of I' containing infinitely many
primes but not necessarily all primes. Then there exists a positive integer g such
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that the polynomial fp?pl‘“)(q) in {fpi?pl’“)(q)ﬂ < i < z} at the end of Step 3
is unchanged for all z > g.

Proof. For each p; € P, write f,,(q) = fu,,.p;(q) as above. By [4], ui; is
constant for all j. Since w;; < wy; for all ¢ and j, the collection U = {r}
consisting of all distinct prime factors of u;; for any u;; can only contain finitely
many elements. This also implies that the collection {u;j|p; € P} of distinct
levels of T' has finite cardinality. Therefore the result follows.

O

Thus this algorithm produces a sequence of polynomials I"={ f;j (q)lp; € P}
satisfying Functional Equation (1), whose field of coefficients @ and such that
fp;(q) divides fz’,j (q) for each p; € P. By Theorem 1.7, this induces the sequence
I'" = {f)(¢)|n € Ap} of polynomials satisfying Functional Equation (2) whose
support is the support Ap of T' (see the introduction) and whose field of coef-
ficients is Q such that f,(¢) divides f}(¢) for all n in Ap. The minimality of
trr — tr and the uniqueness of such I follow immediately from the minimality
of tr; —tr, and the uniqueness of I', for all z > 1 (we leave the details to the
interested readers). Therefore, it remains to be shown that ¢ — ¢r is a nonneg-
ative integer. We prove this by induction on the number of levels of f, (q) for
any p; € P, i.e the number of u;’s such that the factors fu, . (q) of fp,(q) are
nontrivial polynomials. Let p be the smallest prime in P. Let r be any other
prime in P. It is sufficient for us to prove that deg(f,(¢)) = t(p — 1) for some
nonnegative integer ¢. This is sufficient since deg(f,) = t(p; — 1) for any p, € P
by [1] (or see the introduction above). Unless stated otherwise, the prime p in
the rest of the proof of Theorem 2.1 has this minimal property.

DEFINITION 3.11. Let f(g) be a nonconstant polynomial with field of coeffi-
cients of characteristic zero and whose roots are primitive a-roots of unity for
some positive integer a. If n is the smallest positive integer such that f(q) di-
vides P,(q), the cyclotomic polynomial of order a with coefficients in Q, then n
is called the least power of f(q).

PROPOSITION 3.12. (Key Proposition 3)

Let T' be a sequence of polynomials satisfying Functional Equation (2) such
that:

e The field of coefficients of T strictly contains Q.
o Support{l'} = Ap, where P = {p,r} withp andr being two distinct primes.

73



LAN NGUYEN

x’p k> P(q) kp d Pupyhk,r(q)nkr
fvp,,ﬁk p(Q) fvpﬂ,.,k,r(Q)
are super-compatible, where ny, and ny, are the least powers of the polynomials

fvp,ryk,p(q) and fvp,r,k,r(Q) respectively.

Let k be the integer in Key Proposition 1. Then

Proof. From the definition of k, the assumption that the field of coefficients
of I' strictly contains Q and Key Proposition 1, sp, ; = s, = 1 and the EFE(1)
of the polynomials f,(¢) and f.(¢) in I" has the form:

51 Fopog o (@?)°m1 510 Fopoa o(a7)°P1
’U;I;,:,lapl (Q) For ;T(lq)”’l(lﬂsp'l) $—> fvp i 11: 1 )fvp,r,-:,pEQ;)Sp'1(176T'1)
5. Fop (@) k) o Fopopn (@)
vp,f,k,p(Q)W & vﬁ,f,k,r(Q)#W
fo(@) fr(qP) = fr(@) fpd")-

Then it can be verified that line (k) of the (k— 1) super-reduced form of EFE(1)
above has the form

67‘,k
fvp,'r-,kap(q) fvp Tk,r(q)(liép'k)

L(q) fo,,nn(d®) )

A fvp,r,k,r(q)ép'k

R(Q)fvp,r,k,p(qr)
f“p,r,k,P(q)(li(sr'k) ’

where

L(@)fo, (@) R(Q)fo,,.p(d")

fvp,r,k, ,T(q)sr'k (1=9p.k) fv,,,,-,k ,;D(q) (1=0rk)
and L(q) and R(q) are the left and right moving factors respectively defined ear-
lier. By definition of k, both L(q) and R(q) must have the form P, »(q)"*®
and P, . ,rp(q)" 7@ respectively for some integers np,(q) and ng(q) which are not
necessarily equal and where P, ,.-(q¢) = Py, .rp(q) is the cyclotomic polyno-
mial of order v, , x7p in Q[g]. Let my, and mp be the maximal integers such that

Payap @)™ and Puy_pq)™ divide L2onir @0y Foprsald)
Vp,r,kP,T q an Vp,r, kTP q 1vide f ( )(1 Sp. k) an f ( )(1*5r,k)
oo (4 S

respectively. Then np ) +mp = ng(g) + mr (see [4]). Thus if we divide both
sides of line (k) of the (k — 1) super-reduced form above by P, , ,.r(q) @ ™E
(which is equal to P, rrp(q)"®@T™" since P, ,pr(q) = Py, rp(q)), we
obtain

f (q)sp,kér,k ép,r,k,r(qp) (k) f ( ) ok qupmkyp(qr)sp,k
UpirdoP (@) UpirioT @i
with
vy @) (@)
ép,r,k,r(q)(liép’k) '{)p,r,kap(q)(176nk) ’

74



CLASSIFICATION OF SOLUTIONS

£ (") £ (a")
—_— OpirksP . -
where 17 PR and 7 () are polynomials dividing the poly-
LI —
. fop g (@) foprpep(@) . . .
nomials pr and porhl respectively which are maximal

fv,,,,,.ﬁk,T(Q)(lia ’ fvp,,,.ﬁk,p(q)(liar'k)
with respect to the property that 0 is the highest power of P,  ,r,(q) =
Foy (@) fo (@)

()T an T As a result, a similar

Pvp,r,kp,r(Q) dividing -
Vp kT

argument as in Key Proposition 1’ of [4] implies that the polynomials f, . (q)
and fq’)p ...r(q) are super-compatible. It is immediate that this is equivalent to
the desired result.

’
Fop o

O

Let O denotes either p or 7 and A denotes the other. From now on, we
call the polynomials f, . A(g) defined above the non-rational factor of the
polynomial f,, . A(q). Hence if k is the bi-level defined in Key Proposition 1,
then Key Proposition 3 shows that even though f, ., ,(q) and f, , (q) may
not be super-compatible, their non-rational factors (nontrivial for T' satisfying
hypothesis of Key Proposition 3) are.

ProPOSITION 3.13. (Key Proposition 4)

Let P be a set of primes with at least two primes. Let T' = {f,(q)|n € N}
be a sequence of polynomials satisfying Functional FEquation (2) with field of
coefficients strictly containing Q and whose support is Ap [see the introduction).
For eachp; € P, let f; (q) = [1;(Pu;,p; (@)™ as before where n;; is the smallest
positive integer such that f., ,.(q), the polynomial whose roots are all roots of
fp; (@) which are primitive u;p;-roots of unity, divides (Py,p,(q))". Then for
each p; € P, deg(f;.(q)) = tp;(pj — 1) for some integert,, .

Proof. Let p be as above (p < p; for any other primes p; € P) and r be any
other prime in P. To prove this lemma, it can be verified that it is sufficient if
we prove it for the case P = {p,r}. Furthermore, it is also sufficient if we can
show that deg(f,(q)) = t(p — 1) for some integer t. This is because there exists
a rational number tr such that deg(f,,(q)) = tr(p; — 1) for all p; € P by [1],
which means that ¢ = ¢p and thus degf,(¢) = t(r — 1) as well. We prove this
proposition by induction on the number of levels of f,(g). The case where f,(q)
has one level is demonstrated in (a). Let us consider the reduced form of EFE(1)
with respect to p and r

fvp,r,hr(qp)sr’l (1

10 flmu , (qT)SPJ
(Q)ST‘l(lf‘SPvl) <_2 f”bvr-,l’T(Q)S Aopt Vp,r, 15D

(q)ra(1=0ns)

fvrl,'r-,lap(q)spJénl

fvp,r,lar fvp,?‘,lyp

75



LAN NGUYEN

f’U T ,r(qp)sr,k (k) )
fv £ ’(kq)snk(l—ép,k) — fvp,r,k,,r(q)sr'k ook
p,r kT

fvp,r,k 7p(q7‘)sp,k
Foprp(@)or k= 0m0)

fvrl,'r-,kap(q)spkér,k

where

_ fo(@) fr(q?)

Hi fv,,,,.,i,T(q)sw(l_&p’i)fv,,,,.,i,p(q)sp’i(l_ér’i)
_ fr(Q)fp(qT)

IL foppiir(@)sri G000 £ o p(g)swi(0m0)

as in [4]. It is immediate from the definition of EFE(1) that either f, »(q) or
fo,.i,r(q) is different from 1 for any bi-level 4, i.e., either s, ; = 1 or s,.; = 1 for
any bi-level ¢ appearing in the EFE(1).

Qp,r(q)

DEFINITION 3.14. A period P; of EFF(1) with respect to primes p and r and
with initial level 7 is the minimal collection of bi-levels {i = i1, ...,4;} such that

H;zll vpri;op(@) and szll oy, r(q) satisfy Functional Equation (1).

REMARK 3.15. It is immediate that every bi-levels of EFE(1) belongs to some
period.

It is also sufficient if we can show that deg([[;cp, fo,.;»(@) = t(p — 1)
fr(@)

and
jery fop g0 (@)

for some integer ¢ since we can replace fy,(¢q) and f.(q) by I
fr(@)

I P
sult, 1vve mgiy assume without loss of generality that FFFE(1) with respect to p
and r has only one period, namely P;.

To prove this proposition, it is immediate that we only need to be concerned
with the non-rational factors f;, . 5(q) of fu, . ,,0(q) (instead of the whole factor
Ju,...,0(q)) at each bi-level i of EFE(1). Hence for the rest of the proof of this
proposition, we make the following notational convention:

e respectively and the proposition follows by induction. As a re-

e Two polynomials are said to be super-compatible if their nonrational fac-
tors are (it is straightforward to verify that the nonrational factors of two
super-compatible polynomials of the form we are considering are super-
compatible but the converse is not true).

e Unless otherwise stated, all the equalities concerning the polynomials of the

Fopopi,0(@™)°00
O (q)SD,i(1*5A,i)

forms f,, ., o(q)°® or in the proof of this proposition

Foprin
should be understood as equalities modulo the polynomials P, , ; o(q) or
P, . .n,o(q) respectively (i.e. we are only concerned with equalities of the
various nonrational factors).
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e sg; = 0 means that fq’)p ...o(@)®* =1 but not necessarily f,, . o(q)* =
1 for any bi-level i occurring in EFE(1) with respect to p and r.

® fu,.;0(q)* denotes the f) . 5(g)*, its nonrational factor (to reduce
the cumbersome notation) unless otherwise stated.

Let k be the integer in Key Proposition 1. From Key Proposition 1, s, =
1 = s, k. Together with the definition of &, this implies that the polynomials
Joprnp(@) and f, . -(q) are nontrivial in the new notational convention. It can
be verified from the proof of Key Proposition 1 that the moving factors L(q)

nE — P"p,r,k=”'(qp)nk

and R(q) can be written as L(q) = Li(q) = Pvp,r,kr,p(Q) =5 D

Vp, 7k T
rym
Pvp,,,.ﬁk,p(q )"

and R(q) = Ri(q) = Py, 1pr(@)™* = respectively for some

Py op()" R0k
nonnegative integers n; and my, such that
Py i (€)"F foprwr(@) L@ fo,,nr(@”)
Pvp,r,k,r(CI)nk(1_6”"“) fv,,,r,-,k,r(qp)(l_é”’k) fv,,,r,-,k,r(qp)(l_(s”’k’)
R(q) fo, . r0(d") Py, (@)™ foprnp(@")

fvp,'r-,k’p(qr)(l_éuk) a Pvp,r,k’P(q)mk(l_&mk) fvp,'r-,k’p(qr)(l_ér’k) .

Hence the polynomials P, ., -(¢)" fuo,, .r(q) and P, . ()" fu,. ..p(q)- the
polynomials f,, . »(¢) and f,, . r(q) denote the original polynomials (not their
nonrational factors)- are super-compatible in the original sense by the analy-
sis of [4]. Hence their nonrational factors, which are equal to the nonrational
factors of f,, . p(q) and f, . .(q) respectively since non-rational factors of
Joprip(@) and fo . .(q) are trivial for all i < k, are super-compatible. As a
result, f, . .p(¢) and f, . -(q) are also super-compatible in the sense of the
convention above. Since we only need to use for our proof the fact that the non-
rational factors of f, ., ,(q) and f, ., »(q) are super-compatible together with
the above notational conventions, we may assume without loss of generality that
k=1.

DEFINITION 3.16. If a line (j), for some j, of a reduced form of EFE(1) is
unchanged after the moving-factor process is applied to it to obtain the (I)-
super-reduced form for some [ > j, we say that line (j) is an independent
line.

If 6,1 = 0 = 0,1, then line (1) of the reduced form of EFE(1) with respect to
p and r has the form

fopra (@) @) fop00(d")
f,U[),r,-’l’T q) fvp,r,l’P(q)
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Therefore, it remains unchanged in the the moving-factor process, a process
which produces the super-reduced form from the reduced form of EFE(1) with
respect to p and r (see [4]). Thus (1) is an independent line.

By the super-compatibility of f, . ,(¢) and f, . -(q) together with the
assumption d,, = 0 = §,.1, we have '

deg(fu, ,...p(0) =t(p—1)
and

deg(fo,...r(q)) = t(r —1)

for some positive integer t (see [4]). Thus we may replace f,(q) and f.(q) b

% and ff"i(q)) respectively and the proposition follows by induction.
v r1 oD A

Furthermore, if there is an index j such that line (j) of the reduced form of
EFE(1) above takes the form

fvpyr,j,r(qp) () fvpm,p(qr)
Foprgr@  foprsw(@)’
then it is an independent line as well as f,, | »(¢) and f,, ., »(q) are compatible
and 6, ; = 0 = 0, ;. Therefore we may replace fy,(¢q) and f.(q) by ff‘i@() and

% respectively and the proposition follows by induction.

p,rj P4

R
Note that if line (j) of EFE(1) with respect to p and r is an independent line,
then f,, . »(¢q) and f,, . ,(q) themselves induce single-level sequences as in (1)
which have already been characterized. As a result, we may assume henceforth
without loss of generality that there is no independent line in EFE(1) with
respect to p and 7.

DEFINITION 3.17. Let O denote either p or r and A denote the other. The
polynomial f, .. .o(g) # 1 is said to be directly related to the polynomial

fvp,r,n,A(Q) # 1 for some n # m if fvp,r,m,D<Q) = fvp,r,n, (q) and

fUple ( )SA’ fvprly ( )SD’L
fv?” m.o(g )fvprly (q )SAl(l da.1) #fvl” AL )fvp”’ (q )Su,z(1*5A,l)

for for all [ > m, n such that vy, ;O = v, AD. The polynomial f, . . o(q) #1
is said to semi-directly related to f,,, , o(q) # 1 (or vice versa) if

f ( ) fvprny (qD)SA’n o fvp,r,n,\:‘(q&)
Ume’ fUana ( )QA,n(lfls\:\,n) B fvp T‘n’D(qA)éA,n‘

Suppose cither f,, . a(g) or f,, . (g) is nonrivial such that

vPaT:mD = 'Up,r,nA
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and

fopra.n(q”)2 foprs,o(g®)o
fvp 1~.L,A(q)SA’L(1_6D’L) fvp r1,0 (qA)SD’l(l_(SA’l)

for some bi-levels I > n,m. Then f, . . o(g) is said to be indirectly related
to the order pair of polynomials (fy,, ..2(q), fu,,,0(q)) (or fu,. . a(qg) is in-
directly related to the ordered pair (f.,, ...0(q), fu,,,0(q)))-

If two (or three in the case of indirect relation) polynomials satisfy one of
the related relations above, we refer to the levels, namely v, , »,, and v, ,, (and
vp 1 if applicable), of the polynomials involved as the related levels or as being
related. Similarly, we also refer to these polynomials or the lines of EFE(1) con-
taining the polynomials involved in such relations as being related polynomials
or related lines respectively.

fvp,r,rm,,\:‘ (q)

= fvpﬁ,.,",A (q)

From the definition above, we would like to make the following observations
(their verifications are straightforward and thus left to the readers):

e Let m and n be two related levels. If s # p,r is a prime dividing vy . m,
then s also divides v, ,,, and vice versa.

e Since p < r by assumption, if O = 7 in the definition above, then f, _  .(q)
can be neither indirectly (of either types) nor directly related to polyno-
mials of higher levels because vy, . > vprpn if m < n which means that
VprymT > Uprn® > Uprnp if m < n. If f,  o(q) is directly related to
Jo,.en,0(q) for some bi-level n, then if deg(f.,, .. ...0(¢)) = t(0—1) for some
integer ¢, then so is deg(f,, ,...A(q)).

DEFINITION 3.18. Let [ be a bi-level of EFE(1) with respect to p and r. Let
R = {i} be a collection of distinct bi-levels of EFE(1) with respect to p and 7.
Then R is called a chain (containing [) if it satisfies the following conditions:

(1) leR.

(2) R={i;0<j<n—1,i; <ijp1} (after some rearrangement if necessary)
with 4, = [ for some v € {0,...,n — 1} and for each j € {0,...,n — 2},
Up,ryi; = Pp,ri,., for some integer d.

(3) n is maximal with respect to (1) and (2).

(4) R #0.

REMARK 3.19. Condition (3) means that R is a chain if it is nonempty, satis-
fying conditions (1) and (2) and which cannot be enlarged.

First we need to show, for any given bi-level [ of EFE(1) with respect to p
and r, the existence of a chain of EFE(1) with respect to p and r containing [.
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Then to prove Theorem 2.1, it is sufficient for us at this point to verify the
following:

e Every bi-level of EFE(1) with respect to p and r belongs to at least one
chain.

o If R = {ij|0 <j <n—1}isachain, then 3, . deg(fo, ., »(q) = t(p—1)
for some integer t.

e If R := {R} is the collection of all chains of EFE(1) with respect to p and
r, then

I forix(@=folo.
i, RERER

We partition the rest of the proof of this proposition into the following series
of lemmas:

LEMMA 3.20. Let 1 be a bi-level of EFE(1) with respect to p and r. Then there
exists an integer n > 1 and collection of bi-levels C = {ij|j = 0,...,b — 1,
Jo =L,p|vp.rj,_o} such that j; related to jit1 fori=0,...,n—2ifn > 2.

Proof. Letbe a bi-level of EFE(1) with respect to p and 7 such that f,  , ,(q)
is nontrivial. If p does not divide v, then we may take n = 1 and C := {l}
satisfies the requirement of this lemma. Let us suppose otherwise, i.e. p divides
Up,r,1, Sy p*||vp,r,; for some positive integer v > 1. Let C; := {l}. As a result of
our assumption, line (1) of the reduced form of EFE(1) takes the form

s Fopernd)™
Fopraw(@)=0m0
There are two cases to consider: (i) s,; = 1 and (ii) s,; = 0.
If (i) occurs, then line (1) of the reduced form of EFE(1) has the form

fo .LP(Q)(ST’ZfU, (@) = fo, 0 (Q) fvp,r,z,p(qr)ér‘l .
P,Tyl> Pyl P,Tylo fvpyryl’p(q)(liér'l)

It can be deduced from EFE(1) that either f, ., (¢) is indirectly related to an
ordered pair (fy, .....p(q), fo,.,...p(q)) for some bi-levels m <1 < n such that

e cither f, . »(q)#1or

® fu, . nr(q) #1 (note that f, . ,(¢) may be trivial)

or fu,..r(q) is semi-directly related to f,, . r(¢q) # 1 for some bi-level n > I.
It can be verified that when the former occurs, then we can define C»

fvPvT,lap(q)éulfvp,r,lyr(qp)STJ = f’l)p,r,l,T‘(q)

to be either {I,m} or {I,m} respectively. Note that p®*~!|v, ., = 2= and
p* v = "=t If the latter occurs, then we let C» be {l,m}.
Again note that p®~![|vy, = 255
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If (ii) occurs, then it can be verified from EFE(1) that either there exist
bi-levels m < n < [ such that (fu, . ...»(q),fv,,.p(q)) is indirectly related
to fu,,...r(@) with fi (g # 1 or fvwrl’p(qy) is semi-directly related to
Soprmp(@) # 1 for some bi-level m < . In either case, we have p®~!{|vp y .

A finite number of iterations of the above argument (the details of which are
left to the readers) allow us obtain a collection C = {j;|i = 0,...,n — 1} of n
bi-levels (for some integer n > 2) such that jo = I, j; is related to j;4+1 for
0 <i<n-—2and with p°||lvp, ;. ,. A similar argument also applies in the case,
where f,, ., »(q) =1 (hence f,,, ,(q) # 1). Thus the result follows.

]

Two bi-level v and v’ of EFE(1) are said to be connected if there exists a
sequence of bi-levels {i,;]0 < j <n—1,iy = u,i,—1 = u'} such that i, is related
to i;41 for 0 < 7 < n — 2. In this terminology, ! and i,_; in the above lemma
are connected.

LEMMA 3.21. If m and n are bi-levels of EFE(1), then there exists a sequence
of bi-levels {1;]0 < j <n—1,m =iyp,n = i,_1} for some integer n such that i,
is related to ij41 for0 <j<n—2.

Proof. Let £ := {i;} be the collection of bi-levels of EFE(1) with respect to p
and r such that p°||v, ., for all i; € L. For each i; € L, let |i;| be the collection
of all bi-levels | of EFE(1) such that [ and i; are connected. From Lemma 3.21,
it can be verified that this induces an equivalence relation over the collection
of all bi-levels occurring in EFE(1) with respect to p and r whose equivalence
classes are {|i,||i; € L}. For each i; € L, we refer to |i;| as the equivalence class
of i; with respect to this equivalent relation. If 75 and i; are two bi-levels in £
such that [ € |is| and I’ € |i¢| are related, then we also say that |is| and |i;| are
connected. Let m and n be bi-levels of EFE(1), then there exist i, and i, in
L such that m € |iy| and n € |ip| by Lemma 3.21. If i, = i}, then the result
follows. Let us suppose otherwise. If there exists bi-levels m’ € i, and n’ € i,
such that m’ is related to n’, then there exists a sequence of bi-levels

. ! ! .
(2T U 1 RN ¢ S § SN ¢

such that any two consecutive bi-levels are related. Hence m and n are connected
(hence the terminology for |is| and |i;| being connected). Now let £, be a subset
of £ maximal with respect to the following properties

e i, € L.

o If i, # i, is any element of £, then there exists a sequence of elements of
L1 of the form

Teyevosia
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such that the equivalence classes of any two consecutive elements in this
sequence are connected.

Let Lo be defined similarly as £; with ¢, replaced by i,. If £1 N Ly # (), say
1w € L1 N Lo, then we have a sequence of elements of L:

P SN

where the equivalence classes of any two consecutive bi-levels are connected. By
applying a similar argument as above to each pair of consecutive bi-levels of
this sequence, it can be deduced that m and n are connected as desired. Let us
suppose that £1NLs = (. However, it can be deduced directly from the definition
of related relations that i, and i, must then belong to two distinct periods (we
leave the details to the readers). This contradicts the assumption that EFE(1)
with respect to p and r has exactly one period. Thus the result follows.

O

LEMMA 3.22. (1) Let P be the collection of all primes, distinct from p and r,
dividing vy, ;i for any bi-levels i occurring in EFE(1) with respect to p and .
Then [[,cp s divides all such vy ;.

(2) Let 1l be any bi-level occurring in a chain R of EFE(1) with respect to p
and r. Let P be defined as above. Then the prime factorization of vy,
has the form [[,cp sTsp i for some nonnegative integers A\, p and some
collection of positive integers {ms|s € P}.

Proof. (1) If P = 0, then this is trivial. Let us assume otherwise. Let m and n
be any two bi-levels of EFE(1) with respect to p . From Lemma 3.22, there is a
positive integer n and a sequence of bi-levels {i,;|0 < j < n—1[ig = m,i,—1 = n}
of EFE(1) such that i; is related to i;4; for 0 < j < n — 2. It can be verified
directly from the definitions of related relations that if m and n are related bi-
levels, then vy ., = p*rYv, ., for some integers (not necessarily nonnegative)
z and y. Hence if s is any prime distinct from p and r such that s°|jvp..m
for some positive integer 3, then s°|v,,, and vice versa. As m and n are
arbitrary, it follows that if s is a prime distinct from p and r such that s lvp,r1
for some bi-level [ of EFE(1), then s”| v, ,.; for all bi-levels i occurring in EFE(1).
As aresult, if P denotes the collections of all such primes s, then [T p sPs divides
Up.r; for any bi-level ¢ of EFE(1) with respect to p and r.
(2) This part follows immediately from (1).
O

From our definition of a chain, if R is a nonempty chain and if »7||v, ,.; for
any [ in R, then it can be deduced that r7||vy ,.; for all ¢ in R. Hence we may
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denote a chain R as Ry if 77||vp,; for any i € R when we need to emphasize
that aspect of R.

LEMMA 3.23. (i) There exists a unique chain R of EFE(1) with respect to p
and v of the form R,y with o mazimal.
(ii) Let R(a)

deg( 11 fo.0la ) > deg(fu,.,0(@) =tp—1)

.]ER(OA) .]ER(OA)

for some integer t.

Proof. (i) Let P be the collection of all primes distinct from p and r dividing
any bi-level of EFE(1) with respect to p and r. By Lemma 3.23, if [ is a bi-level
of EFE(1) with respect to p and r, then the prime factorization of v, ,; has
the form ] _p s™p”r? for some nonnegative integers v, and some collection
of positive integers {m,|s € P}. Let R(s) := {i;[r*||vpri,} be the collection of
all bi-levels of EFE(1) with respect to p and r such that
o= Jper b A=, man, W
where i ranges over all bi-levels of EFE(1) with respect to p and r.

CrAamM. R = R, is a nonempty chain of EFE(1) with respect to p and r.

Proof of claim. By the definition of «, there exist at least one bi-level i
such that r®|v,, ;. Thus R,y # 0. Let n > 1 be the cardinality of Ra).
By rearrangement if necessary, we write R(q) = {i;/0 < j < n — 1} so that
ij < ij41 (hence vy i, > vpry,,,) for 0 < j < n — 2. For each i; € R(q), let
[T,cp s™pY 7™ be the prime factorization of vy ,.;, where A; is a nonnegative
integer in {0,..., A(q)}, {7s} is some collection of positive integers, and P is the
collection of all primes distinct from p and r dividing any bi-level of EFE(1)
with respect to p and r. Thus

)‘(a) =X >--> N1 >0,
Let us consider line (ig) of EFE(1) with respect to p and 7:

fSP Jio Tplo ( ) fvp,r,io,r(qp)sr'io (40), fsr 1igOp, ZO( ) f”pvrvio 7p(qr)smo )
frmios fUp,r,vioaT(q)STYio(175p7i0) frmios f’Up,'r',io ’p(q)spﬂ;O(liéT'iO)

SuBcLAIM. Line (ig) of EFE(1) with respect to p and r must have the form
(

fv,,.,; r(q° (i0) 5 fv,,.f p(qr)
f rigs (q)‘s"wio e — 5 fo i aT(Q) Po e 5.\
ool Foprig (@) 0050) pro Foporig (@) 0mi0)

or equivalently, s, ;, =1 = s, ;,.
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Proof of subclaim. (a) Suppose s,;, = 1. Then line (i) of EFE(1) has
the form

) fv i ,r(qp)s"’io (i) fv . (qr)
fvpﬂ',ioap(q)(srﬂo B 2 p,ryig P

L ¢ fuppig (@) %P0 —
fvPvrvioﬂr(q)Shm a 617‘10) oo fUp,r,io 7P(q)(1 5“10)

Suppose that s,;, = 0, then it can be verified that one of the following three
possibilities must occur:

(i) There exists a bi-level [ < ig such that s,; = 1 and f, ,, »(q) is semi-
directly related to fy, ., p(g). If this was the case, then vy ;1 = vpr,7. There-
fore, 7*T1||v, ., which contradicts the maximality of . Thus this case cannot
occur.

(ii) There exists a bi-level [ < ig such that s,; = 1 and f, , »(q) is semi-
directly related to fy,, . -(¢). However, this cannot occur since s,4, = 0
(see the definition of semi-related relation earlier).

(ili) There exist bi-levels w < I < iy such that either s, ., = 1 or 5,; =1
and fvp,r,w,p(Q) is indirectly related to the ordered pair (fvpml’r(q), fvp,r,io 2(Q))-
A combination of the argument in (i) and (ii) above produces a contradiction.

Therefore, we have s, ;, = 1.

(b) Suppose that s, ;, = 1. Then line (ig) of EFE(1) has the form

fv;;,,-,io,r(qp) (1) £0p.ig fvp,r’io ’p(qr)sp,io
(1=3p.40) — fvp,rr-,zo,r(Q) 5
fvp’r’io ’T(q) oo f’Up,r,iO’p(q) Cah 0

If s, i, = 0, then again one of the following possibilities must occur:

i Or, i
f{jf,,,-?io ’PO (Q)

(i) There exists a bi-level [ < ig such that s,; = 1 and f, ,, »(q) is semi-
directly related to f,, . ,»(q). However, this cannot occurs since s.;, = 0
(see definition of semi-related relation).

(ii) There exists a bi-level I < iy such that s,; = 1 and f,, ., ,(q) is semi-
directly related to f,,, . (g). If this is the case, then vy, = vy i,p. Hence
p vy, which means [ is not in R,). Therefore, if  is such that r7|v,.,,
then v # «. This is a contradiction. Thus this case cannot occur.

(iii) There exist bi-levels w < [ < iy such that either s, , =1 or s,; = 1 and
fop rwp(@) is indirectly related to the ordered pair (fu, ,.,.r(¢); fo,.,..,.»(2))- Then
a combination of the argument in (i) and (ii) above also produces a contradiction.

Thus s, ;, = 1 as well and the subclaim is proven.

U

If 6,i, = 0, i.e. A\g = 0, then it is a straightforward verification from the
definition of a chain shows that R(,) := {i0} is a chain. Thus let us suppose
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that 0,4, = 1, i.e. Ag = 1 or equivalently p divides v, , ;,. Hence line (i) has the
form

fvp,r,v',O’P(qT)

()00

)
fvp,r,io 7P<q)5’1L0 fvp,r,ioyr(qp) <HO fvp,r,ioar(q)

fvp,r,vio sP
Thus it can be verified from EFE(1) and an earlier remark that there must exist
a bi-level [ > ig such that line (1) of EFE(1) has the form
fvp,r,z,r(qp) Sp fv,,,,.,l,p(qr)sp’l

fvp,rr-,hT(q)(l_(sp’L) fvp,'r',l7p(q)(1_5nl)

such that fy, .. .(q) is semi-related to the polynomial f,, ,, »(q). Hence v, =
U‘TO As ro|
over, it is immediate, from the equality vy ,; = , that pA°’1||vp’r’l. Hence

I =i1. If 6p1(= 0p4,) = 0 (i.e. Ao = 1), then it can be verified that R, :=
{ig,41} is a chain. If 6, ;(= d,,4,) = 1, then there are two possibilities:

X @)
fvp,r,zyp(q)sp’léhl > fvp,r,l,r(q)

Up,r.ig, We also have 7%||v, ;. Thus [ € R(4) by definition. More-

Up,r,ig

(1) There exists bi-levels g < iy < h such that f,, . ,(g) is indirectly-related
to the ordered pair of polynomials ( fv,,,,.,g,p(q), fop. w.p(Q)), or
(2) There exists bi-level a h such that f,, . ,(¢q) semi-directly related to the
polynomial f, ., (q).
If (1) occurs, then vy, gp = vpyiyr. Thus 7%t |v, .., which contradicts the
maximality of . Therefore (2) must be the case and the proof of the subclaim
is complete.
As a result, there exists a bi-level h of EFE(1) such that f,,, . (q) is semi-
directly related to the polynomial f,  , »(q). Line (k) of EFE(1) must then have
the form '

fvp,r,hyp(qr)sle
(@)1 =0rn)”

spndrn__ dvornr (@) ) 5
f'l)p,'r',h,’p(q) Bk 'hf = (hq)(175p,h) A fvp,r,;“?“(q) o
Up,r,hT

By the same argument as above, we have p*~2||v, .5, and thus h = i5. The
argument above can be iterated and can only stop when we reach the bi-level z

r

where p°||vp,,. , = ”;;0'1 . Line (z) must then have the form

fv,,.z,r q° z v rap@ )Pt
(@) @ oy, p(q(l)i5 ,
fvpﬂ,,z’r(q) fvp,ryz,p<Q) mE
This also implies that z = 4,1 and A\, = n — 1. A straightforward direct

verification shows that R, := {i;|0 < j < n — 1} satisfies all the conditions of
a chain. The claim is thus established.

fvp,r,hap

Fopren(@)°r=07

O
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The uniqueness of the chain R = R ,) above is immediate from its construc-
tion.

(#i) For this part, we divide the proof into four cases:

Case 1: \(,) = 0.
Case 2: \() = 1.
Case 3: \(,) = 2.
Case 4: \(,) > 3.

Case 1. Suppose Aoy = 0 (i.e. vpriy = ([[;eps™)r®). Then p does not
divide vy ,4,. Together with part (1), we have then R = {io} and line (ig) of
EFE(1) with respect to p and r has the form
fvp,r,v',o,?”(qp) ﬁ) fvp,'r',i07p(1q7‘6) :
fvp,r,io ’T(q) fv1,17~,110’p(q)( B 7.’10)

fvp,r,i,o ,p(q)

(since Sp iy = Srip = 1).

CrLAIM.
fvp'r*io’r(qp) — f’l)pyr,ioﬂp(qr)
f’Up,'r',iO ,T(q) fvp,r,io 7p(q)(175r,i0)

Proof of Claim. Let us suppose

fvp'r*i(ﬂr(qp) f’l)pyr,ioﬂp(qr)
f’Up,'r',iO ,T(q) fvp,r,io 7p(q)(175r,i0)

Then it can be verified that one of the following three possibilities must occur:

-

(i) There exists a bi-level [ < ig such that s,; = 1 and f, ,, »(q) is semi-
directly related to fu, ., p»(q). If this is the case, then vy, . = vp s i,7. Therefore,
p®TY v, -, which contradicts the maximality of o. Thus this case cannot occur.

(ii) There exists a bi-level [ < ig such that s,; = 1 and f, , »(q) is semi-
directly related to fu, .. »(q). Hence vy ;1 = vp s i,p and we have r<||vp ;. Thus
I € R(a) which contradicts the fact that R,y = {io} (note that v, ,; = vy, iop
implies that p* v, ,.; which means that [ can not be in R, by definition of
A(a), is independent of that fact that we know R(4) = {ig} in this case).

(ili) There exist bi-levels w < I < iy such that either s, ., = 1 or 5,; =1
and fu, ., p(q) is indirectly related to the ordered pair (f,, ,r(q); fu, .. .p(2))-
A combination of the argument in (i) and (ii) above produces a contradiction.
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Therefore, we must have

Joprigr (@) Fopirign(47)
f’Up,'r',iO T (q) f’l)p,rr-,io ’P(q)(1757“i0)

O

As a result of the analysis in [4] and the above claim, the collection of all roots
of fu, .. »(q), with multiplicities, can be represented by the following collection
of tuples of integers

U ((Z/p2)" x (ap,)i),
{(ap)i€By, | (@ =TL(@/p; """ 7))
where

o [[,(pi)°»r1" is the prime factorization of v, 1,

o (ayp,):’s are not necessarily distinct (see [4]) and ((Z/pZ)* X (ap,)i) =
{(ow, (ap,)i)|op € (Z/pZ)"},

By (@ = [1,(Z/p; »"*" Z)* means that the set By, ...
tuples determined by f,, ., ,(¢q) each of whose elements is an element of
Hi(Z/p:U”""’l'iZ)* but the set By,  (q) is not necessarily a subset of the
set Hi(Z/p:U”""’l'iZ)* (repetition rhay occur).

Since |((Z/pZ)*, (ap,)i)| = p — 1 for each (ay, )i, deg(fu,, . p(q)) = t(p — 1) for

some integer ¢ (see [4] for more details). Thus the proposition is proven in this
case.

Case 2. Suppose that A) = 1. Then R := R(4) = {i5/0 < j <n —1} where
n = Aa)+1=2 (thus n —2 = 0). A similar argument as in the above claim
(the details are left to the readers) also shows that

fvp,'r',i,nizar(qp) . fvp,r,v',,,,,Q’P(qT)
- 1—6,,; ’
f“PvTvinfwT(q) fvp,r,in,zap(q)( in2)

) is a set of

As a result, we have

H fv:’”7'=i7:,—j 7P(qr)sp’i”*j

j (1_67'#’17,,7]' )

1<j<2 fop i, (@)1

T)Sl’ﬂinfl
fvp,rr-,i,,L,I ’P(q

0,4, 1-06, :
fvp,r,inil:p(q)'s;’ 1 ( ip—1)

= fvp,r,i7172 (dP)
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Moreover, it can be verified directly from EFE(1) that

Fopm,r(@)*rin—1 0 700in1) =
fvp,m-ni1 7p(qp)87"'i'7l,71
f”Pvrvin,l p(q)min=1 (1=0p,ip )"
By part (i), line (i,—1) of EFE(1) with respect to p and r has the form

fvp,r,inil,r(qp) (n—1) fvp,r,i7171,p(qr)spﬂi"fl
— s (=6 )"
fvpyryinil,r(q) fvp,r,i7171,p<q) Piip_1 Ty 1

f ( )57‘,127172(51),727,(72)
Vp ey g7\

f (q)sp*infléhinfl
Up,ryi,_ 1P

Foprin_y r(a”)

From our analysis in [4], all roots, with multiplicities, of 7 @ can be
Up,ryig 1"
represented by the collection of tuples of integers of the form
U ((Z/pZ)" x (a,):)
Uar)i€Byoy, 0 | ra?) <I[L@/p, "7 )
where Hi(pi)evpv”n—l " is the prime factorization of Up,ri,_, T and Bf[ L ortam)
fvpﬂ‘,in,1 ,7‘(‘1)

Fopryiy_y (@)

——n=1 _ _ each of whose elements is an element of
Foprin (@

is a set determined by

eu,,,,,.’i"i i . L.
[L(Z/p; " ' 7Z)* but not necessarily distinct. As a result,

fU L%} T(qp)
deg MRCANAN ot Sl — t(p _ 1)
( Foprin_y (@)
for some nonnegative integer t. From part (i), we have vp i, D = VUpri,_»
as well as s,.;,_, = 1. Therefore, we have

Fonrinr (@) _ N R C
fv1’17'=i7:,—1’r(q) rmin2 f’l)p,'r-,infl’P(q)sl’vinfl(1_57'#"71)

r\Sp.i,
fvp,r,inilxp(q,) Prin—1

can be
N (1-6 )
f"’p,r,i,,,,l () Pin—1

TOryip 1
represented, with multiplicities, by the same collection as well. If all the roots

Fopri _ w(@)Pin=1 . g .
of - P, (ji ——s — can be represented, with multiplicity (different
'Up,r,infl’p 4 T N

which means that all roots of f,, . .(q)

Tt
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from the previous), by the collection of tuples of the form

U (Z/pZ)* x (ap,):)

{(ap,)i€B ryoPrin1 =[1,@/p, > Z)*}

fvpﬂ‘yin71 ,p(‘I

f (()ST’=i7x,71(175"'vin71>
U,y P

with B ry*Pin_1 is a set uniquely determined by the poly-

fopriy @

11)5[”"71,71( J’an71>

Pl 1 o (

f

pa—
Vp,rig 1 ,1)(‘1) Prin—1

()it :
T3 y each of whose elements is an element of

Tyl —1

Up,ryin 1P

nomial

€ D, T, i e""’).’r' i, T . . . .
the set [[,(Z/p; """ Z)*, where [[,p; """ is the prime factorization

of vpyi, ,v. B Spin_1 is defined to be the empty set if

fvpﬂ‘,in,1 ,p(‘IT)

Spa =5,
q)sl”ﬂ"'nfl( Oryin_1)

f

fvp,r,in,1 ,p(
() Pint

(1—5,.,,,1”71)) = t(p — 1) with

Up,rin 1P

Spi,_, = 0. Hence deg( Er—
Up,ryig 1 ,p(Q)

t - B T>Sp,i"71

fvpﬂ‘,in,1 ,p(‘I

f (()ST’=i7x,71(1757'=i71,71)
U,y P

.
Fogopin_y (@) 701

(€=

an integer. From our analysis in [4], each root of is

Pyip—1 Tyigy—1
- Q) n n

a primitive r-root of a root of f,, . ,(g)*"»=1. Therefore it can be verified
that all roots of f,, ..  ,(g)*»—t must also be representable by a collection
of tuples of the form

U (Z/pZ)* x (ap,)s),

e“p,r,in7 3 .
{(O‘pi)ies Spyip_1 =IL(Z/p; ! Z)*}

Fop riy, 42 (@

where vy 5, , = [L[;(pi)>m'»—1"" and the set B (q)in—1 is determined

f
by fu,,. .»(q)° =1 in the above fashion. Thus we have deg(fy,,, (7)) =
b(p — 1), where b = \Bf, , +(q) are

representable as the collection of tuples

U (Z/pZ)* x (ap,)s),

L@ 3IL@/p, 7T )y

Up,ryin 1 P

()i |. As a result, roots of f,, .,

{(ap,)i€By,,

DTy
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e .

where By, (q) 1s the set of tuples determined by [T, p, Prin=1™ the prime
L

DTy

factorization of vy, i, ,7 as above, and the polynomial f,, .. ,(g). This, to-
gether with the analysis in [4] applying to the case where p divides vp i, ,,
implies that the set of roots of f,, .. _ .(q") is representable as the collection
of tuples of the form

U («Z/pz)* +2(P) fo<2p1y X (O‘pi>i>‘

evpﬂ‘,’in,1 i
{(ap,;)i€By,, 2,,.(q)5Hi(Z/Pi Z)*}

DTy

As aresult, we have deg(fy,,.. . r(q?)) = (tp)(p—1) where t = By,

PiTyin 2"

@
since |((Z/pZ)" + z(p)){o<z<p—13| = p(p — 1). From part (i), it can be deduced
that )

Fopri_pp(@) Prin=2 (17 0rins)
Therefore the same argument as above applies at this bi-level, namely i, _o, and
can then be iterated.

fvp,r,in72 7T(qp) = fvp,r,in72 ,r(‘])

'r')“'ru"'rn,ﬂ

cannot
a=s )

Tylgy —

fvp,r,in71 YP(q

P—
f"’p,r,vi,,,,l ,IJ(Q) Pin—1

On the other hand, if the set of roots of

be represented by the collection of tuples

U ((Z/pZ)" x (a,):)

Vo g i
PiTyin 1

Cup,ri T . . .
for any set B < [[.(Z/p, """ Z)*, then it can be verified that the following
holds:
f111,17.7117,/71 11)(qT)Sp'i"71

5 oL with multiplici-

Prin_1 1700y,

e The collection of all roots of
Vi1 YP(q)

ties, must be represented by the collection of tuples of the form

U (A(api)i X (O‘m)i)a

v i i
Pryin_1 ™,
{(ap;)i€B Fo p(q,.)sp,in,1 =IL(Z/p; " Z)*}
PoTyip—1°

Spyig_1 T 0rin_1)

f'up,,,.’inil ,p(a)

where the set B is determined by the polyno-

o
; e Pint

yoPin—1 =brip 1)

Vo
PiTyin

fvpﬂ‘,in,1 ,p(‘I
T)Sl”vinfl
Cr— and A(q, ), is a subset of {1,...,p—1}

Sy i (1— i
f"’p,'r-,i",lvl”(q) Prip—1 Tylp—

for each (ayp,);.

mial Topiriin g 2@
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e The collection of all roots of f,, .  r(g), with multiplicities, must be
represented by the collection of tuples

U (A, 1) % (.):),

evpﬂ‘,in,1 i
{(Oépi)iegfvp, 2,r(11)jni(z/pi Z)*}

Tyl —

where By,

PiTyin 2"

subset of {1,...,p — 1} for each (aj, );.
r)sf’vi7:,71 ﬂ Bfu

a-=s )

Tin—1

(¢ Is determined by fy, . ,(q) and A7, ) is some

—2

o Foreach (ap,)i €8, iy (@) Ala,)i U

f ) Prin—1

Azocpi )i = (Z/pZ)*

o FEither A(am)i or A’(am)i

Vp,rig 1 ,p(a

must be (Z/pZ)* if (cy,); is in

(B Foppop.p (@) PR UBfuwyl,r(q)> - (B Fop g p (@) PR mer.,pN,y-(q))

; =5, m)

s 1-96, s,
vy pop (@) PO Fopppop(@°PoR

e Either A, ), or Aza,,,)f, must be a proper subset of (Z/pZ)* for at least
one (ay,); such that (ay,); € (B

fop oot 0 Bfupyryl,r(q))
p(qu,h(l*ﬁr,h)

Foprn:

By a similar analysis to that found in [4], it can be deduced that all roots
of fvp,r,in,z,r(qp)a with multiplicities, must be representable by the collection

of tuples

U ((“4'(a1,i)i + Z(p)){OSzSpfl}X(api)O’

e )
Vo i ri
PyTyin 1

{(O‘Pi)iEvapy Z,T({nﬁHi(Z/Pi B Z)*}

Tylgy —

where the sets By, ;) and AEa ), are defined above and z(p) jo<.<p—1} =
Pt -2 P/t =

{Oapa 2pa ey (p - 1)p}
If Rioy = {i;/0 < j <1} (i.e. n =2 and A\g = 1), then iy = i,,_» in this case.
Hence

fv,,_,,.ﬁi’ ’p(qr)sf’f'"n,—Q
fvp,r,in72,’r(qp> = Prtn—2

B 0,4, 1—0,4 )
f“p,r,in,gyp(qfl’ "72( > n—2)
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fo ; ,p(qr)sp’in*Q fo ; (@)
which means that p’””’im T = mrnt—— and that
e @) P2 O ra] T () s
Fop s p(a")
PyThip—2°
(=84, _

all roots of

> » must also correspond to the collection of tuples
Vp,riy o P q

U ((Alay,), +2(0))10z2p-13 % (ap,)i)-

U iy, g T .
{(ep)i€Br,, L an =L/, 2

Tylgy —

Now let us show that in such case,
deg(fo, i, ,.0(@) +deg(fo, .., (@) =1) =tp—1)

for some integer t. Let us rewrite the above union of tuples of integers as

U ((Aéapi)i +2(p)){o<z<p—1} X (ap,)i) =

Copriy T
{(D‘Pi)iEvap Z,T({nﬁl_[i(Z/Pi ! Z)*}

Tylgy —

( U ((Afay ), +2(0) r<=p1y % (09):)

{(al”L)'er,, Z)*}

Upiriin 1™
DTy —

) (@ 3IL(Z/p,

U( U ((Afay).) % (05.)7) ).

“Up,ring 1"
{(ep;)i€By, @ 3[LE/p;

It can be observed that

( U (Ao ) % (@310

{(ap)i€Bs, L @3IL(@/p, 72y

Py —

U( U ('A(%i)i X (api)i))

evp,r,inflr’i .
o )ieB i STLE/D, 7))

Up,rin 1P

f X (q)sp,'i,”,l(17‘57'@",1)
Up, i1 P

- U (Z/p2)" x (ap,):)-

{(OZI,L),G(B £ (q,.)sp,in71 UBf'upJ.J”72,'r'(‘I))}

Up,rin_1 P

f X (q)sp,'i,”,l(17‘57'@",1)
Uvav1n71 P

As a result, we obtain

U ((Z/pZ)* x (o))

Uvap, 2,7‘(‘1))}

ap. ) €(B Spi )
{(ap )il Fopryiy _q 2 (@) Piin—1 Ty —

; )Sp,inil(lf‘sr,in71>

Vp,rig 1 ,p(a
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=tg

fvp'T‘in—l 'p({ImSI)’i"L*l Uvapvr,in,Z ,r(a) (p - 1)
f"’p,'r-,i"71 ,p(Q)Sp'infl (=8, _1)
where
= °pyi uB =
Popiriig_y 2D " Fopri _por(aP)
°p,i (1—6,; )
fvP,r,in71 p(q) Prtn—1 g1

f

’B

,,,)517,72”,1 U vap,r,in,z‘r(qp)
aT=s
1

Vpriy, g P

¥ >5p,in7 T'infl)

Vpriy, P

is an integer. Furthermore, we also have

U ((-A/(api)i +Z(p)){1SzSpfl} x (O‘Pi)i)

CVprin 1T,
2,7‘(‘1)j1_[1',(Z/p1', ! Z)*}

{(Oépi)ielgfvpY

Tyl —

=gy,

DTy

5 or(aP) (p - 1)7
where

_ /
th,,,,,,,,.,i"i2 @ Z |A(api)i |

. )iEB
(@9)i€Byy, (@

is an integer.
Since all roots of the polynomial

fvp,'r',i"72 ’P(qr) fvp,r,ri,,,,,l ’p(qr)spri"il
fvp,r,i%Q,p(Q)(l_ér’i"’”) fvp,r,in,l,p(q)srj’i"*l(1_6“"71)

can be represented as

U ((Ala, ). +2(P)) foz<p-13 X (,):)

SUp, iy T
(Oépi)iEvapmin72,r(q)jnri,(Z/Pri, z)
U U (A(a,,i)i X (O‘pi>i)
Cop iy T
(Oépi)iEB i ( r)“'p,i,,,,l =IL(Z/p; ! z)
Vp, iy _q P (1
Fop i 1,p<q>sp'i"*1(176“'”*1>

= U ((Aéapi)i +2(p)) fr<z<p-13 X (ap,)i)

(ap,)i€B <[L,@/p, P 1" gy
ap;)i€By, , @312/, )

DTy
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U U (A, ) % (ap,)i)

(ap;)i€EB <[1.(2)p, P =1 g
Qp; )i €O fy, 2,7-(<Z)7Hi( /p; )

Py —

U U (Atap,)e X (0p,):)
(i )icB wyminoy SIL@p Ty
Vp iy _q P (4

Fop rin_1 p(a) Pin—1 (=0rin_y)
— /
= U ((A(api)i + 2(p)) {1<2<p-1} X (api>i)
SUprig g T
(Oépi)iEvapmin72 ,r(ll)jni(z/pri, ! Z)
*
U U ((Z/pZ)" x (ap,):)-
(ap;)i€(B Fopmin s Yp(qr)sruiu,fl UBf“p,r,in,g ,7‘(‘1))
Fop s ;;(Q)Sp’infl(liér’infﬂ
PiTyin 1

As a result, the cardinality of the set of roots of the polynomial
fvp,rr-,i",2 ’P(qr) f”p,r,ri,,,,,l ’p(qr)spﬂnil
1-6,: p,i 1-6,:
Fopri g @700 fo (@) O

is
t s — 1)+t —-1) =
B fvp i L 7p(qT)'ll’v‘nfl UvaP,T,infz’r(Q) (p ) Bf“p,r,in72v7‘(qp> (p )
i
oy i (@ Pin—1 0
PiTyip 1
= (tB . UB +1in p—1)=
( Fop iy, _qp(a™) Tl Fopyryin oo (@ Foprin_o 'T("))( )
o i (@ i1 i)
Piryin_1’

Fop iy (@) 72 Soprin_yp(@7) P in

_ deg( Up,r, 'n,72: : — )) i deg( Up,r, 7,,71: : — ))
fvp,r,in,Q 7p(q) Prin—2 g —2 fUp,r,in,1 ,p(‘]) Prip_1 Tyip 1
Let us show that deg(fo,,, . »(0)) +deg(fo,, .  p(@)""-1) =t(p—1) for
some integer t. Let vy, , = ]_[lpf‘*1 and vp i, = Hlp?*2 be
the prime factorizations of v, ,; , and vy, , respectively. From part (i),
€prin_1,i = €prin_q,i fOr all 7 except when p; = p, in which case ey, , i +1=
€p,rin_,i- From [4], it can be verified that the set of roots of f,, ..  ,(¢") can
be represented as the following union of collections of tuples

( U ()i x (2/r2))) |

CUprin gt
{(p)i€Ds,, L =TL(E/p, 2)*}

DTy
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( U (O‘pi)i)a

ey ) A
* Pyl 2 .
{(ap;)i €D ,p(q)jl—[i(z/pi n=2"7y.1

Up,ryig_o

Fop i, 0@

and that the set of all roots of T corresponds to

Vp,rig_o YP(q)

U ((ap,)s x (Z/rZ)"),

in—2% .\,
{(D‘pi)iE'vapy in72,p(‘1)jni(z/pi Z)*}

T

where the set Dy, is determined by f,, .  »(q), each of whose el-
DTyig 2 ST —

ements is an element of HZ(Z/p:‘”Z)*, and B% (q) 15 defined as

follows:
;;up,,,.’i"iz ,p(q) = vap,r,in,Q vP(Q) lf 5T7i7,,72 = 07
D* )= 1] otherwise.

Fopri, _o0(4

These unions can be rewritten as

( U (@)X Ay i) X (Z472)))

€y i i
PyTyip -2 .
o€y, | wSTL@/p " 2y

( U (09 Ay 1))

. e"’p,r,i,,{f K3 .
{(Oépi);EDf,:,; ) p(q)ﬁHQ(Z/Pi 2 7)%}
PyTyip 27
and
/ *
U ((p.)i X A((ap,)vin_) X (Z/TZ))
{op)ieD), ORI/, T2 )
Up,r,1n72vp

respectively, where

Cvp,ri )t . v JPyig gt * . .
o [1(Z/p, """~ " Z)* is equal to [[,(Z/p, """~  Z)* with the p; = p omit-
ted.

o (ap,); is (ap,); but with the component ay,—, omitted.
o (ay,) € D}Upmin# @ if and only if (ap,): € vapym_ni2 (@)
® Alap)pvin-2) S (Z/PZ)" (since pllvpri, _,)

! . .. * : /

Fopmis s (@) 18 defined similarly as D Top (@) but with D Fopmis s (@

replacing Dy,

Py 2 2@
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By similar reasoning, the set of all roots of f,, ..  p(g")"»-1 is representable

( U (ap ) % (/r2)")) U

CUp iy v .
{(ozpi)iE'D Spripg_1 ﬁHz(Z/P, z)*}
Fop iy g (D

( U (apz)i)

€ . i
* P17,
{(ap,;)i€D (@) Prin1 <I1,(Z/p, n=1"7ye}

Up,rin 1P

SNE- i
f“p,r,in,1 ,p(q7) Prip—1

[E2=r]

and the set of roots of — corresponds to the set

Fopiri_y (@) 7ot 70

( U ((ap )i (Z/TZ)*)>7

CVprin 100,
{((Xpi)iEDf n—1 =IL(Z/p, ! z)*}

b,
VP, Ty iy 1 (@)

where D i, 18 the set of tuples, which is defined to be the empty

Foprin_yp(@)™

set if s, _, = 0, determined by f,, . ,(g)* "1, each of whose elements is
Cvp,ri i .
an element of [[.(Z/p; """~ Z)* while
D*

f“p,r,in71 ,p(q) Prin—1

=D

Fopri,_y (@ i1

if 0,3, , = 0 and is the empty set otherwise. This union can also be rewritten
as

U ()i X A(ap, i) X (Z/TZ)")

€v i i
PyThip—1"
(Olpi)QED' )SPvin—l jH;(Z/pl n-t Z)*

Vp, g1 p(a

U U ((ap:)i X Ao, )vin1)

(ap, i €D" S, T

v ) Pin

PyTyip—1 p(

and

U ((O‘P:); X A((api),’i,infz) X (Z/TZ)*)v

€y ; i
PyTyig 1
(D‘pi):‘eD/ 1 51_[;(2/1’11 nt z)*

.
Pylp
Vp, iy g P (D

respectively, where
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Cvy i )4 . Cvy i X .
[L(Z/p; """ z)* is [[;(Z/p; """ Z)* with the component corre-
[ ,i
sponding to the prime p; = p omitted (hence H;(Z/pZ /A L
CVp gy gt
[/, " 2)").
(aup,)s is (o, )i with the component «,,—, omitted.

(ap,); € D/f"’p,r,hvl”(q)SPJL if and only if (ay,); € Dy,
pr— @'

o If s,;, , =0, then D'

‘f'”p,'r-,i",I ’P(q)sp‘inil
By construction, we have the following tautological bijections of sets:
1) (' @ X Z/rL)*) «— B

fvp,r,in72 P

P,r,h,p(q)sp,h .

”
Vp,rig o ,p(a”)
[E=r}

Tin—2

)

fvp,r,i,,(,z ,p(‘I)

/ * -
(2) (Df”p,r,inflvP(Q)SpJ"’*l % (Z/TZ) ) «—B Ty Prin—t1

fvpﬂ‘,in,1 ,p(‘I

Sy i 1-6,;
f (l)spv"n,fl( 57="7:,71>
Vp,ryig—q P

(3) (D*” X (Z[rZ)*) «— By,

Fop iy, (@D

4) (' x (Z/rZ)*) +— B

.
f"’p,r,vi,,,,l ,1)(‘]) Pin—1

Py 2 yp(q) .

f (@) in=t

vpri b

REMARK 3.24. The bijections agree on all the relevant overlap of domains.
For each ((ap,);, 7) in

(D/f"’p,r,i"72 ,[)(Q) X (Z/TZ)*) U (D}U

(@ UB

< (Z/rZ)"),

SpLig
pmin,lvp(q) Prin—1

let (ap,); be its image in Bf'vp,v-,i",z Y ryPrin_1 under the

fvpﬂ‘,in,1 ,p(‘I

Spa =6,
q)sl”ﬂ"'nfl( Oryin_1)

fvp,r,in,l p(

bijections in (1) or (2). Then it can be verified that for any 7 € (Z/rZ)*
[A (e, )1vin—12) | H A )i )| = !A<am),~,l+‘ (UOSZSp—l (Ala,, ) + Z(p))) ‘ =

= (A + M D+ S (A, ) +20) = o~ 1)

1<z<p—1

i

for some integer t. Therefore, we have

> [A((ap,)vin-a) 1T
, *,/ ’ Uprin_20t
{(api)iEvap,r,in,Zvp(q)jni(Z/pi Z) }
+ > [A((ap)tsin-)| =
€y ; K3
{(ap,),€D"’ spi o 2@/, T )y
Vpriy, g P (D n—1
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= S(p - 1) — deg(fvpyryiniz’p(q)) + deg(fvp,r,i7171,p(q)spy’inil) =

= deg (f“p,r,in,Q 7p(q)f7)p,7‘yinfl uP(Q)SP'i"’1 )

for some integer s as desired.

Case 3: Let A\(,) = 2. It can be verified from part (i) that in this case
Ry = {i;/0 < j <n —1} = {ig, 41,42}, where n = Aoy + 1 = 3. It can then be
verified from EFE(1) that

fvp’”"’"n,—g ’p(qT)Sp’i"*3 B
(q)°rin-s A=bri,_3)

fvp,r,ioar(qp) = f?)p,r,inigﬂ‘(qp) =
fvPvain,_gap
fvp,r,io ,P(qr)

P @) 050

As a result, we have

‘n—j3"
j (1_67'#'"7,,—]' )

II

12523 Jopri (@)1

g, 0(@) 7

n—j’

= fvp,'r',i"73 ’T(qp) H

Spyi, - (1=0p5 )"
1<5<2 fvPvTvin,j ,p(Q) P, n—]( ) nfj)
Similar to Case 2, it can be verified directly from EFE(1) that

fvp,'r',i,

n—j ’P(qp)syl’i'rt—j

(q)sr,inﬂ. (A=3p4, ;)

Sr.i . (5 i . )
= . in—(j4+1) VPt n—(541)7.
; s = o iy (@)
Up,ryip_ ;T

fvp,r,in,j P
for1 <j<2.
For this case, we proceed using what is known in Case 2. What makes Case 3
different from Case 2 is that we have

f”l}ﬂwv‘r,,,fz p(g")rin—2
(q)ST’=i7:,72 (1—57.,,,1"72 )

fvp,r,in,z ,r(qp) = fvp,r,in,g, ar(q)
fv1’17'=i7:,72’p

instead of
f’l)p,'r-,i"—z ’p(qT‘)Sp,zn,z

fUp,r,'ir,,,—Q ’p(q)sp,i"72 (1_57-@"72 )

fvp,r,in,Q ,'r(qp)

as in Case 2.
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From Case 2, we know that

fUp,r,in,1 :T(qp) f ( ) fvpv”"vin—l ,p(qr>31)1i"L71
= fu, (g —
fUp,r,in,1 1T(q) o 2 fvp,T,infl 7p(q>sp‘1n71 (1= 1)

and that the collections of all roots of f,, ..  ,(¢) and ﬁ,
e Upiryin 1"

multiplicities, are represented by the collections of tuples

U (api )Z

{(ep;)i€By, o0 =TLi(2/p; zZ)*}

Vi i
Pyryin 1"

and
U ((Z/pZ)* x (ap,)s),

l,r,-<q>5Hi(Z/p; Z)*}

{(an,)i€By, A

DTy
respectively, where the set By, ;) was defined earlier. Thus the collection
Pt —1"

of all roots of _
fogoi,_yp(@") Pt
(g et i)’

fvp,r,in72 77'(q>

fvp,'r',i",I P

with multiplicities, is represented by the latter collection. For the latter collection
of tuples, we have

| U (Z/p2)" % (0,):)

L@ 3TL@/p, T )

{(an,)i€By,,,

Tin—

B ( > 1)(P—1) =B, . @l=1)

CUp iy T
{(Ocpi)iEvap 1,T({,>5Hi(2/pi oz}

Tylgy —

We also know that the sets of all roots of f,, .. .(q) and fy, . ("),
with multiplicities, are represented by the collections of tuples

U (Alw, . % (ap,):)

e
- T,
Py 1

{(atlr,',)iEBf'up’,,.J”7217.(q)jni(z/pi - 7)*}
and
J ~ «AE%” +2(0) focacp1y X (%)z‘),
{(Ol;vi)iEBfup’T,i",iQ,r(q)jl—[i(z/pivp,r,inilr,zZ)*}
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respectively, where the sets By, (q) and A'(a ), are defined earlier and
PiTyin 2" Pi

where z(p)(o<:<p—1} = {0,p,2p,..., (p — 1)p}. Thus the collection of all roots
of
fvp""’i'nfz ’P(qr)sl)’l’nfz

0,4, 1—0,4 ’
f“p,r,in,gyp(qfl’ "72( » n—2)

with multiplicities, is represented by the latter collection. The latter collection
of tuples can be be rewritten as

U (At +20) 1oy * (@)

fvp,r,in73 ,T(Q>

{(p)i€Br,, o =TL@/p, " 2y
!
U( U (A(am),,, X (%n)i));
{(ap)i€By,  (=[L@/p, "7 m))
where
!
U ( (ap;)i (O‘pi>i)>
{(ap,)i€By, (=L@ /mp, "7 )y
Pyl —2

can be identified with the collection of all roots of f,, ..  »(q), with multiplic-
ities, in the obvious way and

U (a0 (1 cayony * 0):)

o =TL @/, "z

{(ap,)i€By, Pt

Py —

- ( Z |Aza,,i)i|>(p— 1).

{(ap)i€Bs, @ 3IL@/p; "7 D))

As p?||vpri,, s, the collection of roots of fop i, (@), with multiplicities, can
be represented as the collection of tuples of the form

U (Adap)iin—s) % (@p)i),
o )i€Br,, o <TL@/p, " )y
where
° vap,r,in,;;’r(q) is a set determined by the polynomials f,, ., . (g), each

Cup ps i
of whose elements is an element of the set [[,(Z/p, """ 7Z)*.

® A((a,,).in_s) is some subset of (Z)p*Z)*.
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Therefore the collection of roots, with multiplicities, of f,, ,
f (") Pin=3
—— 5 — by the above) is represented as
» ) p(q) p,lnis( 7‘,7,77(73)
Piryig 3"
the collection of tuples of the form
2
U (A((O‘pi)i:inffi) +z(p )) {0<z<p—1} X (ap, )i

€y i i
Prin_1 T\,
3 ,r(‘I)jHi(Z/pi " z)

(¢P) (thus also

_3o7

o
PiTyin 3

of the polynomial

(O‘Pi )iervpY

Tyl —
which can be rewritten as

U (A((O‘pi)i:inff?t)+Z(p2)){]_gzgp_]_} X(O‘m)i

v i i
Prin_1 T\,
(api)iervp, S,T(‘I)jni(z/pi " Z)

Tyl —

U U (A((ocpi)i,infs) X (api)i)a

(ap; )iEBf”p,r,in,g 'T(‘l)jni(z/pi erin TYZZ)*
where
U (A((O‘pi)iainfl’)) X (apz)1)>
{((Xpi )iEvap,r,in73 YT(q)jni(z/pi’w;},r,in,*l "',12)*}
can be identified with the collection of all roots of f,, .. _ »(qg), with multiplic-
ities, in the obvious way and
(Ctp,i)'i,er,UpJ.’inis1,,.(q)jHi(Z/pi/'Up,r,i",*l"',12)*

(‘A((O‘pi)i:inf?:) + Z(pQ)){lgzgp—l} x (api)i

- ( Z ’A((O‘pi)iainﬁ})’> (p - 1)

{(a”i)iEBf'up,,-,i 73,,,.(q)51_[i(z/10i Z)*}

Vo g g 1
Piryip 1"

Assembling all this information, it can be verified that the collection of roots,
with multiplicities, of

11 Fopran, p(@)7 s

1<5<3 fop i,
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can be represented as the collection of tuples of the form

U ((2/pZ)* x (ap,)i) U

v i i
DTy 1 .
(api)iervp, l,r(‘l)jni(z/pi " Z)

Tyl —

!/

U ('Azapi)i + Z(p)){lgzgp_l} X (O‘pz)iU

evp,r,inflr’i .
(ap;)i€By,, 2,7-(q>5Hi(Z/Pi z)

DTy

U (A((am)i,in,fs) +z(p2)) {1<z<p-13 " (ap, )i,

(op; )iEBf'up - @ 31:(2Z/p;

Up, i —1 7',1',2)*
where | J* denotes the union which takes into account multiplicities. Therefore it
can be verified that the cardinality of the set of roots, with multiplicities, of the

fvp,r,infjvp(qr) Prin—j

is
Spin (=0, )
f"’p,r,i,,,,j 11}((1) Pyin—j T,

polynomials [[, ;3
<< vinj

|Bf“p,r,in71 ,T(Q) |((p - 1)+

+ > [Ala, ) (0 = D+

evpﬂ‘,’in,1 i
{(ep;)i€By,, o r@=31Li(E/p; z)*}

Tin—

+ Z [A((ap, )ivin_s) (P —1) =t(p—1)

{(ap;)i€By, 3,7'((1)51_[1',(2/1)72

Up,ryig 1 ™0 7)*}

PyTyig

for some integer t. Thus

f“p,r,i ,~,p<qr)sp'in7j
deg( 11 vy ,.(1—5,,.11,,”)) =

155<3 Jop i,y (@)

fUp,T,infj 7P(qr)sp'i"7j

By employing the same method as in Case 2, we also arrive at

deg( 11 f<q>) = dg(f<q>) — s(p—1)

1<5<3 1<5<3

-3 4 ;) =t - 1.

€g
1<5<3 Joprs

in—j"

for some integer s as desired.
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REMARK 3.25. We leave the last verification to the interested readers using the
method explained in Case 2. The hint for this is to note that the factor (p — 1)
comes from the cardinality of the p-components of various collections of tuples
and thus is independent of the changes in r-component which comes from taking
r-roots.

Case 4: Let A\(4) > 3. Then it can be verified that Ry = {i;|0 < j <n—1}
for n = A(q) + 1, where a is the maximal power of r dividing v, ,.; for any bi-
levels i occurring in EFE(1) with respect to p and r. By a similar argument as
in Case 3, it can be verified from EFE(1) with respect to p and r that

fvp,r,v',o,?”(qp) = fvp,'r',i, ),T(qp) =

n—(A(a)+1 -

T .
f“p'”nf@(uﬁl)’p(q )sp’z"*(*(u)“) Soporigp(d")
(1=5,00)°

Pt —51 =
- )+1>’P(q)3[’ "’7“(@“)(1 : 7,,7<A(a>+1>) fvp,,.,vxo,p((J)
fvp,,.,i, p p(qr)sp,iuij

n—j’ _
H (q)spvinfj(liérvinfj)

1< <0t Toprin s op

- fv”="'ﬂinf(>\0+1> ’T(qp) H

T‘)'Sp A
’ J
fvp,r,in,j 7P(q

i (1=6pi .
1<5<00 Tomrin_; p(g) =y 0y
and
. P ST*infj
fvp,r,lnfj,r(q )(1 - ;= Fomrn >T(q)sr,in—(j+1)(5Pvin7(j+l)).
f'Up Ty . T(q)sninfj TPin—j in—(41)?
Tl —j50
Fop i, (@) ini

n—j

p(@)°rn—s A0t ))

fvp,'r',i",j 5
for 1 S] S )‘(a)~

The rest of the proof is just iterations of the same argument as in Case 3 until
reaching the bi-level 7, _ Aay+1) = fo- The interested readers can carry out the
details.

The proof of part (i7) and thus of this lemma is complete.

O

LEMMA 3.26. Let a be the maximal power of r dividing any bi-levels of EFE(1)
with respect to p and r defined earlier. For eacht € {0, ..., a}, let Rq—y = {i;}
denote the collection of all bi-levels of EFE(1) with respect to p and r which
consists of all bi-levels i; occurring in EFE(1) such that the prime factorization
of vy ri; has the form [] cp sTspNir®Tt  where A; is some nonnegative integer
and {ms}sep is some collection of positive integers depending on i;. Then

103



LAN NGUYEN

(1) Ria—v) is a chain for each t € {0,...,a}.
(2) If 0 < t; #ta < v, then

Ria-tn) [ | Riamta) = 0-

Proof. (1) If ¢ = 0, then R(4—0) = R(s) is a chain by an earlier lemma,
Lemma 3.24. Let t € {1,...,a}.

CLAIM. R(q_y) # 0 for each t € {1,...,a}.

Proof of claim. As shown earlier, Ry # 0. Thus R,y = {50 < j <
n —1,i; > i;41} for some positive integer n. Moreover, we have also shown
earlier that sp ;, = 1 = s, ;,. Thus the reduced form of EFE(1) must contain the
line

Pl 0, o (g Lot
fv,,,r,-,io,r(q)(l 8piio) ¢ fvp,,.,r;,O’P(q)(l Orvio)

If 6,5, = 0, ie., r does not divide vy ,;, or equivalently o = 0. Thus
0 # R(a) = Ry and both parts of this lemma follow immediately (part (2)
is trivially true in this case). As a result, we may assume that ¢, ;, = 1 which
means that o > 1. Then line (ip) has the form

Fop @) L2z ()
Vp,rig P \4 (q)(1—5p,110)

fvp,'r',oio P (Q)

(i0) i
f : fvp,r,ioyr(q)(spwo fvp,r,io ,p(qr)‘
Up,r,igT

As a result, at least one of the following must be true:

(1) There exists a bi-level | of EFE(1) such that f,, . ,(q) is semi-directly
related to fo, ., »(q).

(ii) There exist bi-levels ip < g < [ of EFE(1) such that f,, . »(q) is indi-
rectly related to the ordered pair (f, . ,.r(q); fo,...p(Q))-

If (i) occurs, then it can be verified from EFE(1) that s,; = 1 (see definition
of semi-related relation) and vy ;7 = vp,,.4. Hence p® v, ., = 220 Ag a
result, [ must be in R(,_1), which means that R(,_1) # 0. If (ii) occurs, then
it can be verified directly from EFE(1), using the definition of indirectly-related
relation, that either s,; = 1 or if 5,; = 0, then s, 40, , = 1. This means that
either vy, ., = 220 or v, , o = 2208 regpectively. Hence either 79 |v,, .. 4 or
r* 1 |vp,ri. Therefore either g or I is in R(4—1), which means that R,_1) # 0.

Therefore, R(q—1) # (). If « = 1, then part (1) is done. Thus let us suppose
that a > 1. Let [ be the smallest bi-level in R(q—1). If s, = 1, then the
above argument for the case of R,y can be repeated and we have R(q_z) # 0.

Otherwise, we must have either 6,.; = 0 or s,.; = 1. If §,.; = 0, then r does not
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divide vy ,; or equivalently o —1 = 0 and we are done. Otherwise, o > 2 and
sry = 1. Then line (1) of the reduced form of EFE(1) must have the form

Foprir(@”) (0)  ¢6p,0 (q) Joprap(@")
fvprlar(q)(liép'l) R q fvprlyp(q)Sp’l(liéTvl).

As a result, at least one of the following must hold:

)
oo (@)

(a) There exists a bi-level g < [ such that s, , = 1 and f,,,  »(q) is semi-
related to f,, . ,.r(q). Thus v, ,.1p = vy, g.

(b) There exist bi-levels w < g < [ such that s., = 1 and f,,, (g is
indirectly related to the ordered pair (fu,, .,.»(q), fo,...r(q))-

In both cases, we have v,,;p = v, 4. Hence 72 ||v,, , which means
that g € R(q—2), contradicting the minimality of /. Thus s,; = 0. Therefore
R(a—2) # 0. This argument can be iterated and we have Ro_y # 0 for all
te{l,...,a}.

O

The rest of the verification showing that R(,_; is a chain for each t €
{1,...,a} is immediate from their definition given in the lemma.

REMARK 3.27. Though it is not necessary for our proof of Theorem 2.1, it is
true that Spi; =1 for at least one i; in each R(a,t), where 0 < t < « (the same
method found in the proof above can be used to prove this).

(2) This also follows immediately from the definition of R(q_y).
O

As a result of our work up to this point, Theorem 2.1 follows from the next
lemma.

LEMMA 3.28. Let R be the collection of all bi-levels of EFE(1) with respect
to p and r. Then
R=| R,
t

where « is the maximal power of r dividing any bi-level of EFE(1) and | | denotes
a disjoint union.

Proof. Let i be any bi-level of EFE(1) with respect to p and r. Then it has been
proven earlier that the prime factorization of v, . ; has the form [ _p s7 priret,
where 0 < A\; < Aand t € {0,...,a}. Then i € R,y by definition of R4_).
Thus the result follows immediately from the previous lemma.

O
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LEMMA 3.29. For each € {1,...,a — 1}, let R(gy be the corresponding chain
of EFE(1) with respect to p and r defined earlier. Then

> deg(foyin(@)*7) = dig)(p — 1)
1€ERB
for some integer dg.

Proof. Let a and A(,) be as before and A(,_1) be defined similarly with o —1
replacing a. From Lemma 3.24, we have

S ’in .
deg< H fvp,r,in(mfj,p(q) Pringe) J) =t(p—1)

1< <A (o)

for some integer ¢. In the rest of the proof of this lemma, we denote n(,_1)
denotes the number n in Rq—1) = {i;{0 < j <n—1}. Thus n—1) = Aa—1) +1.
Contrary to the case of R (), it can be verified from EFE(1) that in the case
of R(a—1), the following equalities need not hold

fvp,r,vto ,T(qp) = fvp,r,v:”(

(¢") =

a71>*<k(a71>+1>’r

'
5.
a71>*<k(a71>+1>’p(q ) Prin—(x(o_1)+D)

p.s 16, =
(q) 9‘”"((’71)*M(af1>+1>( Mg 1) 7()‘(0171)+1>)

fvp,r,-,i"(uil) ~Oa_1)tD P

_ fv,,,,,,ﬂio ’p(qr)
Fopopigp(@) 1 70ri0)
fvp,'r-,i, ] p(qr)sp,vi"fj

n—j’

(@) o)

o s

in—j°

[

1< <0t Toprin s op

= fv,,,r,-,i"fuo+1>,r(qp) H

1<5%00 foprin (@)=

a7

j (1_67'#’17,,7]' )

and

p)ST’infj
fvp,r,infj ,T(q

f () 00
Up,ryip T

) = fvP T, (q)sr'i”*(]'+l> (5p'in—(j+1>)_

n—(+1)°"

f“pminfj 7P(qp)sr’%7j

fv,,,,,.ﬁi’ . p(q)s"ﬁ"n,fj (1_6”“’17:,7]' )

n—j’

for 1 < j < A(a—1)- Therefore, some modifications to the previous method is
needed.
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Let us consider all lines (i) of the reduced form of EFE(1), where i € R(q_1) =
{2510 <j < -1y — 145 < ij41} for some positive integer n(—1):

Sp,i 1 i fg; :NO'L ’ ( ) (z )
fapiolrio (g >ﬁ &
forio *"(q)

Up,r,ig T

S
fsr ,i0 p i ( ) f’U;I: :‘O'LO 7p( )
UpT’LO7 gp’bo(l 57‘10)

fvp rig P (q)

S
na—1)-
a1y - 1070 ) Up,r, - ) 1’T(qp>

Up,r,i 5 q .
PN 1)~ P Srvln( ) (1= Pln( )71)

Up,ryig, 15T (q)

(7"'"(3;1;*1)

ng_qy—1
Upri(n( )1) 17p(qr)

Pring >1( ”“( )*1)

fvpmn( 1P (q)

Ey Op.i
Mg -1)=1 Ping

)71
UPvain({171)711T (q)

It can be verified that if sp, 6, = 1 for some i; € Rq), then fo, . »(q) is
either directly related to f,,,  (q) or semi-related to f, ., (q), or indirectly
related to the ordered pair (fo,, ,.r(q); fo,..,.»(q)), where g and [ are bi-levels in
R(a-1) (note that they can not be directly related ). As a result, we have

S5, r
i;0pi; ri;Op.i o m‘,p(Q)
( 11 f<q>>< | O O et v e
’ijER(a)

’ijER(a,l) f’Up rij .y (q)
Then the collection of lines (i), where i; € R(4—1) in the EFE(1) can be written
as

Spi ‘
farotnio () w0 ey o) o)

Fs'r',io (1=0p,iq) (q) Up,rig T

Up,r,igT

SPvio
Sr,i 5;,1 Sr,ig0p,i FU 7P(q> Sp,i
Foorio ()G o (q) 202G, (g)
f P,ig 10 ( )
Up,rig P q

S
S ,i~5r,i- F'Up r]z T (qp)
fv:m]r;,j ,;D] (q> Spi, (1— Op,i )

va.:;",j'i,j T " (CI)

Hyo () &2
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Fol rp(0)
Srij 0, i 8r,ij0p,i Vp,ri; 7o \d Sp,i;
Fo, 70 (0)G, Ll,r (Q)WGQ,@ ()
pai i
'Uprz P (q
Ting_1)—1 ( D
q*)
in (1) =107 (0 1)—1 Uporiin g _qy—10" T (1)1
fvp”"( —py-1P @) Sring 1)*1( “Opring 1)—1) Hv’””(a—l) 1’T(q)
A ()

(in(a71 71)

71( ) 1
STYin.<o<71>*15p'in(a71>71 (Q>GST%F°‘*1>*15p’i"(a—1>71 (q) Up'r’lnwfl)*lr’p(q)
Yprin g, _qy—1" Uprin o _qy-17" Sprip_1 (1*5r,in({kl),1)
Spyin —1
G ’ ”’.(afl)
where ¢ > z'j > ingy_1y—1 € R(a—1) and for all such i;:
gT’L gT’L 5pz Sr'L 5;77,
° va T 3T (q>GUp g 5T (q> = Vp, T 3T ( ) SuCh that
Sryi; Op.ij $p.ij0pi; | — GO Op,i;
VUp,r, ij T H f'Up i P ) - Up,r,ij T (q)
1] ER((,)
with (* %) denoting the greatest common divisor operator in C[g].
Sp, 7,
p,L-.7 () Sp,i; P, »(a@")
¢ g ) vprJl ,p(Q):—pL( 5——— such that :
W () 7, q
Up,T,Zj P Up,T,Zj P

Spi
Joplip 5 .
(W H f”P i ’P )s,, ER GU;,r{i]‘ »(q)

Up,r, ij sP (q) ZJER({X)
Spog. 57‘ i
'] ( P v
~(q") Sri, ~(a”)
Vp,ryi o H g o Up,rij .
b Sryij - (1=0p 4.) Up,r,ijar(q) - s, i (1— (spl ) SUCh that

J
F Yp, T T ( ) vp,r,ij’r

Sri;
b1 i Opi Sryi;
(W H f”p i ’P )SI ! = H“pvrfij’r(q)

fopdleyor ) i€R )
and ..
S"'vij - G'Up !JL ’T(qp>
UP‘T'ij’T(q) - Sp ij (1 517,1]) ’
Up,ryijHT ((])
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As a result, it can be verified from above that
Eore o(qP)

Up,r,igT

Sr,ig o
Fsr‘io (17617,1'0 ) (q) va,r,io ’T(q) -

Up,r,igT

Sri
Fome ey
P 1 =(Nam 1)*1)7 Sing 1= (A\(q—1)+D) ( )7

Spipg (1—=8,.4 Upimiin =Nyt q

e s

Sp,i,
a1 =N (qo1)tD) s

Sp,ig

,Upﬂ’l'”a—l7()‘(a—1)+1)r’p(q) FUpT’LO :p(q)

=y Ty o080 (g)
’U:l)n','l,”ail7()\(a71>+1>’p q

Sryi Sp,i
j+1 P Prij+1
F,) 'J+1’T(q ) Sryijy1 (q) = Sri; 5,,”( FUII,’V',ij+1T’p(q)
Vpirigpnm\d vprig o \4 Spvij+1(1*5Tvij+1)(Q)

Spis —0p,i;
Ja g (1 J+1)(q)

Up,roijiqoT

for 0 <j <nq-1)— 2 and

Up,r,ijy1P

Sri Spi

H fUprz T ( ) o H va T‘J’L T‘p(q) G'Sp,i]- ( )
Sryi (1— 6171) o gp%(l 5r1) vp’r'ij’pq
0<j<n(a-1)—1 fvp il (Q) 0<j<n(a-1)—1 fvp 7D (Q)
Fj::OL T (qp) Sr,i Sp,i
= s, i;(lf(sp io) Hv”;"?io’T(q)Gv;:fio’p(q)
F'Up:'r',io T 1 (q)
H FU:’JL- Tp(‘]) Gsp,ij ( )
oy () Gy (@)
1<j<n(a—1)—1 fvpm D (q)

Furthermore, we also have

Sp.i:Op i- 51: 0,4 Sp,i;
[ foealo™o = [ Grilr @G, o).

ER (a) ER(a—1)
Hence
s, i;0p,i
tp — 1) —deg( II forw(@s )—
ZJER(Q)
’ST’L Sp,ij
deg( H vaT’L T ( )va,r],ijap(q)>
iJER((, 1)

for some integer t.

Sp,'i,j

CrAIM. dEg(HijeR(u,l) fopili, »(@)) = w(p — 1) for some integer w.
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m; €p,riin PR
. inio_1y—1 (a—1)
717“ p (a—1) | |sz be the

(note that Miy 0 = 0 but M,

Proof of claim. Let v, ,4
Piin 0 1)

prime factorization of Up,ryin_ 1)1 -1 may

be positive for t € {1,...,a}). By the analysis in [4], the collection of all roots of

the polynomial Gz[((;lj:ﬂ’(—l)fl (q) can be represented by the collection
of tuples of the form
U Al(@i)iving_yy-1) X (@i
(:i)i€B &, ; L Spin B j(Z/pj””""v"(“*”flHZ)*
T O

where B s, ; Sy
G iniq 1) =1 Pring_1y—1

vp‘r'in(a,n 7

. S"'ﬂin(afl)7161%%(0‘71)71 ms, 1k
nomial G (¢) and A((ai)i,in(u,l)ﬂ) C (Z)p Me-vTrT*

’Up,'r',i"(ail) _197

is a collection of tuples determined by the poly-
(@)

i

Therefore, the collection of all roots of Hi
tuples of the form

pri;r(q) 18 Tepresentable as the set of

U , A((ai)iain(u,l)—l)

ep
=(Z/p,
(q)

RS i
Ting_qy-1

(ai)i€B
G

S 5 i z)*
Ting—1) =1 Png_1)—1
e

vp‘r'i"(aﬂ) -1

where
A((ai)iyin({171)—l) = (A((ai)i’in(al)l) +z(p m(ul)l)) e X (o)
<z<p-—

which can be rewritten as

AU
U (("1',)1',7"'71,({171>—1)’

ep'T‘in(afl) 1t

(:)i€B o, Spi =(Z/p, Z)*
) "7”(0471)71 7,’,”(0471)71((1)
Py 1y —1""
U A(("v‘,)iv""'rx,((Xl)l)’Q)
ep,?‘,in B 717‘,i
(:)i€B ., 5p.i @/p, TV oz
’ g _1y—1 =”71,(a71)71(q)
”rf="wlr,L(a71)71”
where
A =(A in (o 1)1
(@)iringy_yy-1)1 = {Al@i)ising, -1 T2 ) x ()i
{1<2<p—1}
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and
A(@)ising_yy -2 = Allaising,_y)-1) X (@i
where
U _ A(('Xi)iwir,L(a71)71)’l
€p,Tiig EEREL
(a:):i€B =@/p, TV oz

Sy Sy i
Tvln(a71)71 p,ln(a71)71

Gy ; \T (q)
Ping_1)—1
=s(p—1)
for some integer s and the collection
A . 2
U _ ((‘Xi)'i,v"n(uil)—l)’
ep‘r'in(afl)*lhl
(ai):€B e, 1%pii, 1 =(Z/p; z)*

G (a—1) T (e=1) (a)

VBT (=17

can be identified in the obvious way with the collection of tuples representing
Sryig, _ g yim —
the collection of all roots of vamf::?r L (¢) given above. By a similar

argument, it can also be verified that, for each j such that 1o <i; <ip,_, -1 €
R(a-1), the collection of tuples of the form

U Aaiyiig) x ()i

ep,r,in 717‘,72
(@:)i€B o, 5, =@/p, TV )
(@)

Ty
[

Vo g -
Py

where B s, ; s is a collection of tuples which is determined by the poly-

STt Pij
. Sryi;Opig . i
nomial vaﬁ,{,,,jp/ (q) and A((ai);,@:) C (z/p™iZ)* where p™i||vp,i,. Therefore,
the collection of all roots of HU[’JT(q) is representable as the set of tuples of
the form
U A()iriy)
ep,?‘,in 717‘,i
(@i)i€B o, 5, 2@/, TV )

v, 3 :1? (a)

Py
where

Aaniiy) = (Aaniin +2(0™9)) (gcrep 1y X (i
which can be rewritten as

U _ A((O‘i)ivij)’]') U

e,

) ) <(Z/p,
Gsr’lj 617,7(]. (q)_( /pz

ST

0,7, i
Prtn g _1y—1

()i €B 7)*

Up,ryig
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( U A((O‘i)ivij)’2>
€p,

(a;)i€B o 5p g )-<(Z/p Vin(qo1) =1 z)*
where '
Aot = (i) +20™9) aaep1y X (@i
and
A2 = Ay X (@i)i
where

A it | tp—1)

(i)i€B &, ;.
'

for some integer ¢ and the collection

U A((‘Yi)v',vij)’Q

€p,

tn 1
((Xi)iEB 5 ‘<(Z/p (e=1~ Z)*
q

57‘7, pyij
pT’L] T

can be identified in the obvious way with the collection of tuples representing
5

Up , Z] T
Let us remark that it can be verified that we must have

the collection of all roots of Gy 7."}7 (¢) given above.

Sr,iy, _ g yim _
(a—1) "1 P (a1 1(q) -1

UP*T'in(Q,l) _1o7

in this case. Therefore, there are two possibilities:

. (51,’“( 1= 0, i.e. p does not divide Up,rin oy 1
Sryin 1517 in 1 Sryig 1 5p,in 1
(a—1)~ (a—1)—" a—1 a—1
® fopr (@) = G, ,( ) oy (q) -

71( —1)~ 1’ 71( —1)~ 1’
The difference between this case (as well as all the cases where R(o_) for ¢ > 1)
and the case of R(4) is that the latter possibility may occur, which means that

p may divide 7,__,—1. If the first case occurs, then we must have
8,
'L(u 1)~ 1P 71( )71 o
varL N(a—1)— 17 <q>_17

and hence we may proceed as in the case of R(,). It can be verified from above
that there must exist at least one i; € R(o_1) such that

Sr,i

G’Up7lpa7: ( )#1
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However, the modification of the lines i; € R(,—1) in EFE(1) with respect to p
and r given earlier together with the above identification provides exactly what
is needed for the method to work (the readers should verify this). If the second
case occurs, then the above identification also allows us to use the same method
as in the case of R(,) (note that the above identification should be taken into
account throughout the process).

By applying the above modification of the method employed in the case of
R(a) to this case, R(,—1), we have

deg( TI ol ) = ¥ deg(fv,,,t,p< i) =

’ijeR(a,1> i ER(

=tp—-1)
for some integer ¢. Also using the method in the case of R (), we have from the
above that

i O pyijOri
deg( H fvp i ap S[ ) Z deg <f'Up i ,;D( )S ) (p 1)
1 E€R (a—1) 1 €R(a-1)

for some integer s as desired. O

By using the known fact from above that
0yi; Ori s
D deg(fu,,.,p(@)5°7) = s(p— 1)
ij ER((,,I)
for some integer s, the same method applies to the case of R(,_2) giving
pyiiOrii\ priiOris)
deg( [T fopriyp@™5% )= 3" deg(fo,,, p(@)"55) = v(p—1)
i;€ER(a—2) i;€ER(a—2)

for some integer v. This method can then be iterated for each successive t €
{0,...,a}. Therefore for each t € {0,...,a}, we have

D deg(foy i p(@)57) = diy(p— 1)

ij ER(Q,L>

for some integer d(;). Thus the claim is established and the proof of the lemma
is complete.
O

By combining all the above lemmas, we have the proof of Key Proposition 4.
O

The following proposition completes the proof of Theorem 2.1:
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PRrOPOSITION 3.30. Let I be a sequence of polynomials satisfying the hypothesis

of Theorem 2.1. Let P be the set of primes associated to the support of I'. Let
2p1,p . .

Ffp‘ = {f; ! ‘P‘)\l < i < |P|} be the sequence of polynomials generated by the

algorithm constructed earlier where

o i < |P| is replaced by i < |P| if |P| = oo, and

2171113 . P1,P
o If|P| =00 and if | > g, then f;l ‘P‘)(q) 1s defined to be f,f g)(q) but
with p; replacing py where g is the integer defined in Proposition 3.10.
Then
(1) If |P| = oo, then limI'? = FIaPI where the limit is defined as follows:
Z—r 00

zlino”bo o = F‘ap‘ if for any positive integer n, there exist a sequence of integer

z=g=2z < 23...< zp such that FZ c...C F?n - F‘BP‘ where g is the integer
mentioned in above.

(2) Key Proposition 2 holds if T'? is replaced by Ffp‘.

(3) The sequence Ffp‘ satisfies Functional Equation (1) and induces the re-

quired sequence IV of Theorem 2.1. Moreover, IV is the unique such sequence
with ¢tr/ — ¢ minimal.

Proof. If |P| is finite, then most of this corollary is just Key Proposition 2
and Key Proposition 4. The only thing left is I is unique if ¢t/ — ¢r is minimal.
However, this is immediate from our construction of the sequence I".

Let us assume |P| = co. By Proposition 3.10, there exists an integer g such
that f;i“’”) (q) is the same for all z > g. Let 'Y = {f;jpl’pg)(q)\l <i < g}, which
satisfies Functional Equation (1) by construction, and I'y = {f,(¢)|n € Ap,} be
the sequence defined in Key Proposition 2 satisfying Functional Equation (2)
which is induced by Fg and has Ff; as a subsequence. By Theorem 2.1 of [4],
there exists a unique minimal collection {(aj,b;)|a; > 1} such that f,(q) =

: 2p1.n4) A
Hj([n]qaj )b3 for all n in supp{l',} = Ap,. Hence f,ﬁl )(q) = Hj([Pﬂq%‘)b’- By
our algorithm, this implies that fp?"l"'g)(q) = Hj([pi}qaj )bi for all 1 <4 < g. As

If””’g)(q) = g””’z)(q) for all z > g, we also have

ngmmz)(q) _ H({pi]qaj )bj

J

for all 1 <14 < z by our algorithm. Therefore,

(2p1.,pp) _ )
Ipi pre (q) = H([Pi}qaj )bJ for1 << ]P]
J
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and thus

ty = { [T o € P
i
is well-defined and Fg is a subsequence of T'? for all z > g which in turn is
a . The rest of (1) and (2) is straight forward and is left to the interested
readers. By Theorem 1.7, Ffp‘ induces a sequence IV having Ffp‘ as a subsequence

and satisfying Functional Equation (2). Therefore supp{l"lapl} = supp{I"}. It is
immediate from our construction that ¢, — ¢ is minimal and I is the only such
sequence. Thus the result follows.

O

Proof of Corollary 2.2. By construction, I'” is a sequence of polynomials
satisfying Functional Equation (2) with field of coefficients Q and support Ap
where |P| > 2. By Theorem 2.1 of [4], there exists a minimal collection of finitely
many ordered pairs of integers {(a;, b;)}; such that f,,(¢) = [[;([n]qe: )% for each
n in the support of I'. Hence deg(f,(q)) = t(n — 1) where t = >, a;b;. On the
other hand, there exists a rational number ¢p/ such that deg(f,(¢)) = tr(n —1)
for all n in the support of I by [1]. Thus ¢ = tr, is an integer. Since tp» — tr is
an integer by Theorem 2.1, tp must also be an integer.

O

Corollary 2.3 shows that the collection of all the sequences of polynomials "
satisfying Functional Equation (2) with field of coefficients of characteristic zero
and tr non-integral is strictly contained in the collection of all sequences of poly-
nomials satisfying Functional Equation (2) with fields of coefficients of charac-
teristic zero and support of the form Ap, where P = {p} for some prime p. The
former is classified completely:

THEOREM 3.31 ([4]). (a) If the parameter tr of a sequence of polynomials T' =
{fn(q)|n € N}, satisfying Functional Equation (2) and with field of coefficients
of characteristic zero, is non-integral, then the set of primes P associated to the
support Ap of I' contains exactly one prime.

(b) If T' = {fn(q)|n € N} is a sequence of polynomials satisfying Functional
Equation (2), whose field of coefficients is of characteristic zero and tr non-
integral, then I' is completely determined by the polynomial f,(q), where p is the
prime in the support of T'. In the opposite direction, for each triple (f(q),p,t),
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where p is a prime, f(q) is any polynomial with coefficients in the field of char-
acteristic zero, constant term equal to 1 and degree td where d is any divisor
of p — 1 such that (t, p%dl) = 1, there exists a unique sequence of polynomials

L = {fp(@)ln € N fy0(a) = 1, fyr(a) = f(a),tr € Q — Z)}, with the same field
of coefficients, which satisfies Functional Equation (2).

Therefore it constitutes an essential part of a solution to Problem 2 stated
in [4].
For completeness, we now sketch briefly the proof of Corollary 2.3:

Proof of Corollary 2.3. It is proved in [4] as a conditional result pending
Theorem 2.1 above, which is Theorem 2.3 in [4]. Since Theorem 2.1 is established
in earlier part of this paper, the proof of Corollary 2.3 is therefore complete.
Please see [4] for more details of the argument.

O

To give a complete solution to Problem 2 described in the introduction for the
case where the fields of coefficients are of characteristic zero, we need to extend
our classification to all sequences satisfying Functional Equation (2) with fields
of coefficients of characteristic zero, support of the form Ap where P is a given
collection of primes, and tr > 1 integral. What remains to be proven are the
following cases: (1) |P| = 1 with tp integral, and (2) | P| > 2 (which automatically
means tr integral by Corollary 2.2).

Proof of Theorem 2.8. Let P = {p} and Tp be the collection of all se-
quences I' of polynomials satisfying Functional Equation (2) with fields of coeffi-
cients of characteristic zero, support Ay,, and tp integral. Let A := {f(q)} be the
collection of all polynomials whose coefficients are contained in fields of charac-
teristic zero and with deg(f(¢)) = t(p — 1) for some integer ¢.
We need to show that the map

A BT,
flg) — Ltg)s

where

Lrig) = {fp”’(Q)|fl(Q) =1, fp(q) = f(g),n eNU {o}}

and fyn(q) = fp(q)fpn-1(g”) for all n > 0, is well-defined and bijective.
Let f(q) be any polynomial with coefficients in a field of characteristic zero.
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Suppose we define f(q) := f,(¢q) and for each n € N, let fyn(q) be defined by
the recursive relation

for (@) = fp(q) for—1(q).

Then it determines a unique sequence I' of polynomials satisfying Functional
Equation (2) with field of coefficients of characteristic zero, support Ap_y,; and
fp(q) = f(q) by [4] (particularly the proof of Theorem 2.5 there). We denote
this sequence by I'f(,). If deg(f(q)) = t(p — 1) for some integer ¢, then I'f,
is an element of YT p. Thus ¥ is well-defined. Let I' be any sequence in T p.
Let fy(¢q) be the polynomial in I' corresponding to p. Then it can be verified
that

U(fp(q) =Ty, =T.

Thus ¥ is surjective. For injectivity, suppose there exist two polynomials fi(q)
and f2(q) in A such that I'y, (4) = I'f,(q). Then tr, = tr,. Hence fi(q) = f2(q)
since

deg(f1(q)) =tr,(p— 1) =tr,(p — 1) = deg(f2(q)).

Therefore the result follows.

Proof of Theorem 2.9. Let P = {p1,...,p} be a collection of distinct
primes with { > 2 which may be finite or infinite. Let I' = {f,,(¢)|n € Ap}
be a sequence of polynomials satisfying the hypothesis of Theorem 2.1 with
field of coefficients equal to Q. Let Tpg be the collection of all sequences of
polynomials satisfying Functional Equation (2) with fields of coefficients Q and
support Ap. Let £ be the collection of equivalence classes of sets of finitely
many ordered pairs of integers ||{(a;, b;) }:|| defined earlier. Let I" be an element
of T pg. By Theorem 2.1 of [4], which is recalled at the beginning, there exists
a unique minimal collection of finitely many ordered pairs of integers {(a;, b;) };

such that
fnlq) = H({n}q“i)bi

for all n in the support of . Let ||{(a;, b;)}:|| be the equivalence class of {(a;, b;) };

in . Then f,(q) = [1;([n]ge:)" for any {(a;,b:)}i € [{(ai,bi)}ill. As [[{(ai, bi) }ill
is uniquely defined by I', we denoted it by ||{(a;, b;) }i|lr- Thus we have an injec-
tive map

TP’Q — Q
L= |{(abi)}illr
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On the other hand, for each equivalence class |[{(a;,b;)}:]| € Q, let us define a
sequence of polynomials

— b;
Digas byl = {H([n}q%)

i

ne Supp{r} }7

where {(a;,b;)}; is any element of ||{(a;,b;)};|| which we may assume to be the
unique minimal collection in ||{(a;, b;)}4||. Then I'j{(a,b:)},) i a well-defined
sequence of polynomials satisfying the hypothesis of Theorem 2.1 with field
of coefficients equal to @ by the properties of quantum integers listed in the
introduction and Theorem 2.1 of [4]. This gives an injective map

0 B Ypg

{(ai b))}l = Ty(caboy-

such that 19011 is an identity map on T p . Therefore there exists a well-defined
bijective map

Tro -5 Q
= [{las bi)ille
between T pg and 2. Thus we have the complete classification of all sequences
of polynomials satisfying Functional Equation (2) with fields of coefficients Q
and support Ap for the given set of primes P. O

Proof of Theorem 2.10. Let P = {p1,...,p} be a collection of distinct
primes with [ > 2 which may be finite or infinite. Let Tp be the collection of
all sequences of polynomials satisfying Functional Equation (2) with fields of
coefficients of characteristic zero and support Ap. Let I' be an element of Y p.
By Theorem 2.1 above, there exists a unique sequence IV € Tpg such that I
is the sequence over QQ associated to I'. Since Tpg C Y p, we have a surjective

map 4
Tp — TP’Q
r — T

Thus we have a surjective map

Tp % Q
L [{(aibi)}illr-

For any I'' € Tpg, let [|{T'}||r- be the collection of all elements I' of Y p such
that I is the sequence over Q associated to them, i.e. the fiber of ¢ above I".
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Let ||Y p|| denote the collection of all equivalence classes of Y p with respect to

the relation ~. Therefore, we have a bijective map

(RS — Q,

{THIr = {(ai,0i)}illr

Therefore this gives us a classification of T p up to the equivalence relation ..

Let IV be an element of Y p . Let I' be any sequence of polynomials in |[{T'}|r.
Let p be any prime in P and f,(¢q) and f;, be the corresponding polynomials in
I' and I" respectively. As before, f,(¢) can be written in the form

fol@) =[] fuin(@
i€l
where f,, »(q) is the nontrivial factor of f,(¢) whose roots are all the roots of
fp(q) which are primitive u;p-roots of unity and I is some finite set of indexes .
By construction, fy, »(q) divides f;. (g) where f, (q) is the nontrivial factor
of f,(q) whose roots are all the roots of f,(¢q) which are primitive u;p-roots of
unity. Thus there are a finite number of possibilities for f, ,(q). Since I is a
finite set, it is immediate that |[[{I'}||r- has finite cardinality. O
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