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HYBRIDIZATION
OF VAN DER CORPUT SEQUENCES AND
POLYNOMIAL WEYL SEQUENCES

SHU TEZUKA

ABSTRACT. In this paper, we consider the hybridization of van der Corput
sequences and polynomial Weyl sequences, which includes the former as one ex-
treme of base polynomial of degree one, and the latter as the other extreme of
base polynomial of degree infinity. We show that between these two extremes the
hybridization provides one-dimensional low-discrepancy sequences for base poly-
nomial of any positive degree, and thereby leads to a new construction of digital
(0, 1)-sequences.

Communicated by Oto Strauch

1. Introduction

For a set of points Py = {Xo, X1,...,Xny_1} in the unit interval [0, 1], let
A(Pn;I) denote the number of points contained in a given interval I C [0, 1].
Then, the (star) discrepancy Dy is defined by

A(Pp: [0
DN: sup ( N){aa))_
0<a<l1 N

For more detail on the discrepancy theory and its applications, see [2, [l [7 [8], [9].
In this paper, we consider the discrepancy of a special class of infinite sequences
in [0, 1], the so-called digital (¢, 1)-sequences. First, we need the following defi-
nitions:
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DEFINITION 1. Let b > 2 be an integer. A b-ary interval E is defined by

a a+1
b= [b_d’ b—d>
with integers d > 0 and integers 0 < a < b.

DEFINITION 2. Let 0 <t < m be an integer. A point set Py of N = 0" points
in [0,1] is called a (t,m,1)-net if A(Py;E) = b' for every b-ary interval E of
length b=,

DEFINITION 3. Let ¢ > 0 be an integer. A (¢, 1)-sequence Xg, X1,..., in base b
is a sequence of points in [0, 1] if for all integers j > 0 and m > ¢, the point set
consisting of the [X,]pm with jb" < n < (j 4+ 1)b™ is a (t,m, 1)-net in base b,
where [X]p ,, denotes the b-ary m-digit truncation of X.

The s-dimensional generalization of (¢, m, 1)-nets and (¢, 1)-sequences is called
as (t,m,s)-nets and (¢, s)-sequences, respectively, whose comprehensive exposi-
tion can be found in Dick and Pillichshammer [2]. We have the following theorem
for the one-dimensional case.

THEOREM 1. For any N > 1, the discrepancy of the first N points of a (t,1)-
-sequence in base b satisfies

log N
Dy < ¢(t,b) Oif :

where c(t,b) is a constant depending only on t and b.

Note that ¢(t,b) < c(u,b) for any u > t because (t,1)-sequences are always
(u, 1)-sequences. Hereafter, we assume that b is a prime power. The standard
construction of digital (¢, 1)-sequences is described as follows:

DEFINITION 4. Let B = {0,1,...,b—1}. Denote bijections \; : GF(b) — B and
i : B— GF(b) fori =1,2,.... We assume that A\;(0) = ,;(0) =0, (i > 1). Let
¢ij, (1,7 > 1), be in GF(b). We define a sequence of points X,,n =0,1,..., as

[eS)

_ E —1

Xn— xnzb )
i=1

where
ni = i | Y cigti(a;(m))]
j=1

for i > 1. Here n = Zj‘;l aj(n)b’~1 is the digit expansion of n in base b.
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The matrix C' = (¢;;) is called the generator matrix of a digital (¢, 1)-sequence
in base b. Remark that the van der Corput sequence is identical to the sequence
whose generator matrix is the (infinite) identity matrix.

We denote

cm(l) = (Cmas-- - cmi1) € GF(D),
and let
C(d;l) ={cn(l) |1 <m <d}.
Define p(C;1) as the maximal integer d such that C(d;!) is linearly independent
over GF(b), where if ¢1(1) is a zero vector, then p(C;l) = 0. Then we have the
following result [1].

THEOREM 2. The sequence given in Definition [} is a strict (t,1)-sequence in
base b, where

t =sup(l — p(C;1)).
1>1

This result tells us that in order to construct low-discrepancy sequences, we
need a generator matrix C' such that p(C;1) is as large as possible for all I > 1.
The optimal case is t = 0, i.e., (0, 1)-sequences. The van der Corput sequence is
an example of (0, 1)-sequences because [ = p(C;1) for all [ > 1.

One approach to the construction of (¢, 1)-sequences is based on the formal
Laurent series expansions over finite fields. Denote S(z) € GF{b, z} by

S(z) = Z xiz 7,
j=w

where all ; € GF(b) and w is an integer. Hereafter, we use the following no-

tations: [S(z)] means the polynomial part of S(z) € GF{b, z} and [S(2)],(2) dof

[S(2)] (mod p(z)) with 0 < deg([S(2)]p(z)) < deg(p). We denote the discrete
exponential valuation of S(z) by v(S). If S(z) is a polynomial, we have v(S5) =
deg(S). We define the e x e Hankel matrix H,(S) for a formal Laurent series
S(z) =322 x;277 in the following way:

j=1
€7 T2 €3 Te
X2 zs3 Xy ot Tetl
He(S) =
Te—1 Te Te+1 et T2e—2
Te Tet1 Tet2 "0 T2e—1

We define
7(He(8)) = max (1= p(H.(9):1)).

1<I<e
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Larcher and Niederreiter [4] first defined and investigated the polynomial
Weyl sequence, whose generator matrix is given by the Hankel matrix Hoo(S),
where S(z) is an irrational formal Laurent series as a given parameter for the
sequence. (To be precise, they considered a more general case, i.e., the polyno-
mial analogue of Kronecker sequences, which are the multi-dimensional version
of Weyl sequences.) They proved the next lemma, which is useful for proving
our main result later.

LEMMA 1. Let p(z) and q(z) are polynomials over GF(b) with deg(q) < deg(p)
and ged(p,q) = 1. Let the partial quotients in the continued fraction erpansion

over GF(b) of q(2)/p(2) be g1(2), ..., gx(z), that is,
9() _ 1

e 91(2) + .

Let dy, = Zle deg(g;) for k=1,...,K and dy = 0. Then we have

dg., if d, <1 <dgs1 for some 0 < k < K;
di, otherwise.

p(Hoo(q/p);1) = {

Note that dig = deg(p).

This lemma implies that if a pair of polynomials (¢(z),p(z)) satisfies that the
degrees of partial quotients in the expansion of ¢(z)/p(z) are all ones, then we
have 7(H.(q/p)) = 0, where e = deg(p). In this context, Fibonacci polynomials
over GF(b) were defined as follows [9]:

DEFINITION 5. A polynomial F},(z) over GF'(b) is called a Fibonacci polynomial
of degree n over GF'(b) if there exist degree-one polynomials ¢1(2), . .., gn(2) over
GF(b) such that

F,(Z) = gi(z)Fi_l(z) + Fi_Q(Z), 1<i<n,

where
F_1(2)=0 and Fy(z)=1.

2. Main Results

We define a class of infinite sequences in [0, 1] based on the radical inverse
function with respect to polynomial arithmetic over GF(b).
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DEFINITION 6. Let n be a nonnegative integer whose digit expansion in base b
i8S n = am41(n)b™ + -+ 4+ a2(n)b + a1(n), where m = |log, n]. Denote v, (z) =
Ny 2™+ - 4n1z+ng, where n; = 1;41(a;+1(n)), fori = 0,1, ..., m. Let p(z), the
so-called base polynomial, be an arbitrary non-constant polynomial over GF'(b).
Then v, (z) can be represented in terms of p(z) as follows: Let e = deg(p) and
s=|m/e].
vn(2) =7s(2)p(2)" + -+ 11(2)p(2) + ro(2),

where ri(2) = [vn(2)/p(2)]p(2),0 < i < s. Note that e > deg(r;) forall 0 < i < s.
We define the following function ¢, , : GF'[b, 2] — GF{b, z}:

@nehe L @@ |, MGG
Sl =T T T e T s

where ¢(z) is a polynomial with deg(q) < deg(p) satisfying ged(p, q) = 1.

(1)

Then, a one-dimensional sequence in [0, 1] is defined as follows:
Xn =0(dp,q(vn(z))) for n=0,1,..., (2)
where o is a mapping from GF{b, z} to the real field defined by /(372 | 2;277) =
Z]=1 Aj ()b~ 7

We should remark that the (original) van der Corput sequence corresponds
to the special case of ¢, 4(v,(2)) with ¢(z) = 1 and p(z) = 2, and that polyno-
mial van der Corput sequences introduced in [10, [IT] correspond to the special
case with ¢(z) = 1 and any p(z). From the above definition, the next lemma
immediately follows, which shows that the function ¢, 4(v,(2)) has the linearity.

LEMMA 2. Let v,(z) = npm2™ + -+ +n1z+ng. We have

Pp.q(vn (2 Z 1i¢p.q

Proof. A ‘ ‘
For j =0,1,...,m,and ¢ =0,1,...,|j/e|, denote rz(])(z): (27 /p(2)"]p(2)- Then
we have

ri(2) =nmri™ (2) + -+ e (2) + no.

Thus,
[q(2)ri(2 )}p(z)

M.

Opq(vn(z)) =

i=0 p(z)

in U/FJ z)r }p(z)
J z 1

j=0 i=0 p( -
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m
Z 15 Ppq( Zj
j=0

The second equality comes from r(j)( y=0fori=|j/e] +1,...,s(=|m/e]).
The proof is complete.

Therefore, form = 0,1, ..., the coefficients in the formal Laurent series expan-
sion of ¢, 4(2"™) constitute the (m+1)-th column vector of the generator matrix
of the sequence (2)). The following lemma shows that ¢, ,(2™), m = 0,1,..
satisfy a certain linear recurrence relation.

*

LEMMA 3. For a given m > e, let s = |m/e|, and denote p(z)° = des2°® +
es—12°°7 1 4+ -+ + dg with des # 0. Then, we have

€es
Zdjqbp’q (zm_esﬂ) < —es.

j=0
Proof. From equation (IJ), we denote for m >0
I ) NN 16 [ ) M R L GOl i )
p(z) p(z)°® p(z)stt

where r( )( ) = [2"/p(2)]p), 0 < i < s, and s = [m/e]. Note that for
0 <i < s, wehave 2™ %p(2)* =0 (mod p(2)""1), ie., des2™ = —(des_12™ 1 +
<4 doz™7%) (mod p(2)"*1). Let h = m — es, then for 0 < i < s,

()™ oy = 10" /0(2) pee pes)

es—1

_ Z dazl 2" /p(2) ]p() (e

Ppg(2™) =

Thus, we obtain

_ 6521 d;gldj¢p,q(zm_es+j) - esil de_sldj i [q(z)[zh+j/p(lz)i}p(z)]1’(z)
gt = — p(z)z—H
s—1 (m)
@M @he | )
T i
A © o (0l 1 €)Y
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where e(z) = = 32570 do difa(2)[" 9 /p(2) T o) -

Since v((e(z) — [q(z)rgm)(z)}p(z))/p(z)sﬂ) < —es, the proof is complete. O
REMARK 1. From Definition [6] the elements of the m-th column vector of the
generator matrix form a linear feedback shift register sequence whose charac-
teristic polynomial is p(z)?, where i = [(m — 1)/e] + 1 for m > 1. The above
lemma implies that the characteristic polynomial of the elements of the m-th
row vector of the generator matrix is p(z)?, where i = [(m —1)/e|+1 for m > 1.
However, the generator matrix is not necessarily symmetric, contrary to the case

of q(z) =1 [10].
We give two examples of sequences defined in (2)):

EXAMPLE 1. Take p(z) = 2% + 2 + 1 and ¢(z) = z from GF[2,z]. Then, the
generator matrix is given by

O = = O =
— O, PO
O o oo
= O O
OO = OO =
OO R = = O

EXAMPLE 2. Take p(z) = 23 and ¢(z) = 22 + 1 from GF[2, z]. Then, the gener-
ator matrix is given by

101000
010000
100000

c-looo0o 101
0000T10
0007100

The next lemma plays an important role in proving our main result.
LEMMA 4. Let C be the generator matriz of a (t,1)-sequence. Then, we have
p(LCU;1) = p(C51)

forl=1,2,..., where L is any nonsingular lower triangular (infinite) matriz,
and U is any nonsingular upper triangular (infinite) matriz.
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Proof. Let A®) denote the upper-left I x I submatrix of an infinite matrix A.
Then, for [ =1,2,..., we have

(Lcu)® = LOWecWy®,

from the assumptions on L and U. Since L) and U® are nonsingular for all
[ > 1, the claim follows. O

We now present our main result:

THEOREM 3. The sequence defined in ([2)) is a strict (T(He(q/p)), 1)-sequence in
base b, where e = deg(p).

Proof. First, we should observe that equation () is rewritten as follows:

q(z)ri(z) | _1
Spalvn(e) = 3 {1 .
& Z PERBECE
where {S(z)} means the fractional part of S(z). Thus,
~ e ()] 1
Opq(2™) = ! -~ 3
where s = |m/e].
Let Py = 1. For s =1,2,..., we denote a nonsingular lower triangular matrix
P by
Ces 0 e 0 0
Ces+1 Ces - 0 0
P, = )
Ce(s+1) 1 Ce(s+1)—2 -+ Ce(s+1)—-3 Ces
where 1/p(z)* = 3% ¢z~ ". Also for s = 0,1,..., we denote a nonsingular
upper triangular matrix Ry by
b, b%i;Q . béi béi
0 b ... by b
R, = )
0o 0 ... 0 b
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where (T () = ) o=l 4 b0 2 4 b We should notice that com-
pared to the term at i = s of equation ([B]), Ps corresponds to 1/p(z)® and R
does to ri™(2), es <m < e(s + 1).

From Lemma [B] and Remark 1, by repeating elimination procedures in rows
as well as in columns of the generator matrix for the sequence defined in (2,
without any interchange of rows and of columns, we arrive at the following
matrix:

Wo O O
o W, O ...
O O W, ... | (4)

where the diagonal submatrices are defined by
W = PsHe(Q/P)R&

for s = 0,1,... Note that H.(¢/p) is nonsingular because gcd(p,q) = 1. Since
both P, and R, are nonsingular, from Lemmata [I] and [ as well as the definition
of 7, the proof is complete. O

We have the following corollary.

COROLLARY 1. If p(z) and q(z) are consecutive Fibonacci polynomials, i.e.,
p(2) = Fe(z) and q(z) = Fe_1(z), where e = deg(p), then the sequence defined
in @) is a (0,1)-sequence in base b.

Proof. From the definition of Fibonacci polynomials in Definition [, it follows
that the matrix in (@) can be further reduced, without any interchange of rows
and of columns, to the (infinite) identity matrix. O

3. Discussions

It should be emphasized that a polynomial van der Corput sequence with base
polynomial p(z) is a strict (¢, 1)-sequence with ¢ = deg(p)—1, while the hybridiza-
tion can produce (0, 1)-sequences regardless of the degree of base polynomial.
Since polynomial van der Corput sequences correspond to the hybridization with
q(z) = 1, the sequences produced by the hybridization can be viewed as polyno-
mial analogues of generalized van der Corput sequences (see, e.g., [3]). Therefore,
polynomial analogues of generalized Halton sequences can be constructed based
on the hybridization using distinct irreducible base polynomials, for which we
can exploit a nice theorem by Mesirov and Sweet [6] that for the most practical
case of GF(2) any irreducible polynomial is a Fibonacci polynomial.
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