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INTERSECTING LINES MODULO ONE

MARTIN N. HUXLEY

ABSTRACT. A straight line in the plane of gradient o reduces modulo the
integer lattice to a set of parallel lines across the unit square. When « is irrational,
these lines are dense in the unit square. Two straight lines with different irrational
gradients o and B give two dense families of parallel lines, whose intersections
are uniformly distributed in the unit square. The discrepancy bounds involve
continued fractions, or linear forms in « and .

Communicated by Werner Georg Nowak

1. Introduction

We consider a straight line in the plane of gradient «, reduced modulo the
integer lattice to a set of parallel lines across the unit square. When « is rational,
the same set of line segments is repeated, but when « is irrational, these lines
are dense in the unit square. Two straight lines with different irrational gradi-
ents o and [ give two dense families of parallel lines in the unit square, whose
intersections are also dense. We have not found in the literature the statement
that these intersection points are uniformly distributed in the unit square.

THEOREM 1. Let I and J be line segments in the plane of lengths k and ¢ with
different irrational gradients o and B respectively. As k and ¢ tend to infinity,
the pairs of points P on I and Q on J for which PQ is an integer vector tend
to uniform distribution modulo the lattice of integer points.

Theorem [] comes from a discrepancy bound whose statement requires more
notation. For particular line segments [ and .J, the vectors Pﬁ with P on [
and @ on J form a parallelogram Xy X; X3 X5 with sides XqX; and X5 X3 equal
and parallel to I, and XoX, and X7 X3 equal and parallel to J. The discrete
set of points P and @ in Theorem [I] are indexed by the integer vectors (m,n)
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in the parallelogram. A short calculation shows that P and @ have coordinates
of the form

e e

which reduce to the same point (u(m,n),v(m,n)) modulo one.

+ y0> . (1.1)

The number of intersections is unchanged when we reflect the two given
lines in the lines * = 0, y = 0, or y = xz. Hence we can suppose that § >
max(|al,1/|a|), and that the two given lines are oriented in the direction of
increasing.

Let N be the number of integer points (m, n) in the parallelogram XX X3X5.
For0 <k <1land 0 <\ <1,let N(k,A) be the number of integer points in the
parallelogram for which 0 < u(m,n) < k, and 0 < v(m,n) < A\. We estimate the
difference D(k,A) = N(k, A\) — kAN.

We use the standard notation [t] for the integer part of the real number ¢,
{t} =t — [t] for the fractional part, p(t) = 1 — {t} for the row-of-teeth function
and [|t|| for the distance of ¢ from the nearest integer, the ‘norm of ¢ modulo
one’. Let o and 8 have continued fractions [ag; a1, as,...] and [a);a),ab, .. .]
with convergents p,/q, and p’/q. respectively. We write the partial quotient
growth function as K

E(a,K):a1+~--+ar+q—, (1.2)
T
where r is the least index with ¢,41 > K, and we define E(f, K) similarly.
A term will be called O (E) when it lies between —BE and BE for some numer-
ical constant B which does not involve the parameters such as «, 3, k, £ and p
that describe the line segments I and J, and B could be calculated explicitly.

The number of lattice points in a polygon has been well studied [2 7}, [ [9] [10].

PROPOSITION 1. The number of integer points in the parallelogram XoX, X3Xo
18

_ (B —a)kt Yk /
i VI +a?)(1+ %) +O<E< ’\/1+a2) +E<ﬂ’ m))

+O(B —a). (1.3)

The first term in (L3) is the area of the parallelogram. To illustrate our
approach, we state Proposition 2], used in the proof of Theorem [Hl

PROPOSITION 2. Let g and h be integers, not both 0, and let
g+ ha

0(g. h) 5o
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Let H > 3 be an integer. Then
N k+/
Die N =0 X +0<_7>, L5
=0 =0(3) + 0o i

where the minimum is over —2H < g < 2H, —2H < h < 2H, with g and h not
both zero. The bound also holds with ||6(g, h)| replaced by ||560(g, h)]||.

THEOREM 2. Let H be a positive integer with

(6 - )?
2w (3.5 ) (16)

Let

0- 2(1+ ﬂ)H.

b —«

Suppose that neither o nor B is a rational number with denominator ¢ < Q.
Let A be a bound for the early partial quotients in the continued fractions for
a and B, with a,y1 < A whenever ¢, < Q and a,; < A whenever ¢, < Q.
Suppose that k and € are so large that the number of intersection points N
satisfies

(1.7)

(bl > A2, (1.8)
21+ B8)(2+ B)(k + €)H log” H
Then we have the discrepancy bound
N
D(k,\) = O(ﬁ) . (1.9)

Stronger discrepancy bounds can be obtained from stronger Diophantine ap-
proximation conditions on «w and . The most helpful condition is that of bounded
partial quotients.

THEOREM 3. Let o and 3 be distinct irrational numbers whose continued frac-
tion expansions

a = lag;ai,as,...] and B =[ay;al,ah,...]
have
a; <A and a, <A fori>1.
Then we have the discrepancy bound
AB(k+ ¢)Nlog N
D(m)_o<\/ al ;_)a o8 >+O(,32(k+£)log2N). (1.10)

The most interesting conditions involve bounds for linear forms.
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THEOREM 4. Let Let o and B be distinct real numbers. If the Linear Forms
Condition 1

B(max(|m\, |n|))u

Ima +ngl > (111)

holds with some B > 2 and some pu > 2 for all integers in the range

58N pr=;
Vnmﬂ§<3w_ayw+@) : (1.12)

and if k and £ are sufficiently large in terms of o, § and B, then we have

1
B(58)" (k + O)N#\ i
D(k,\) = 1.1
v = o (2D (113)
If the Inverse Linear Forms Condition
m o n 1
— - . 1.14
a B~ B’(max(\m|7 \n\))’ ( )
holds with some B > 2 and some > 2 for all integers in the range
1
|| (3 + 2|a]) 32N \ #+1
< 1.15
bl < (o) (1.15)

and if k and { are sufficiently large in terms of a, 5 and B’, then we have

1
B'(3+ 2|a|) s Y (k + E)N“) ptT
D(k,\) = O 1.16
m =0 (FEEE S 140
Suppose that both conditions hold for
NH
WJMS?%V (1.17)

and that k and ¢ are sufficiently large in terms of o, 3, B and B’. Then we have

2u-1 50F3 1
D(k,\) =0 (D%+ﬁ)# N%“> +O<@Wk+@N“1ngy0,

(1.18)
where the coefficients D and D’ are constructed from o, 3, B and B’.
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This question arose in the study of the set of integer points inside a plane
oval curve [3, 4, 5] [6]. In [4] and [5] we consider the expected number of vertices
of the convex hull. After some simplifications, we need to sum the discrepancies
for a sequence of pairs of line segments in different orientations. I would like to
thank Professors A. Haynes, G. Larcher, R. Nair, J. Schoissengeier and R. F. Tichy
for suggestions and encouragement with this problem.

2. Weyl Sums

Our starting point is the Erd6s-Turéan-Koksma theorem in two dimensions
(Drmota, Tichy [I, Theorem 1.21]).

LEMMA 2.1 (the Erddés-Turan-Koksma Theorem). Let (x,,y,) be a se-
quence of N points in the plane, which reduce modulo the unit lattice to points

(up,vy) in the unit square. Let H be a positive integer. Let k and X be given in
0< k<1, 0<A<1. Then the number of solutions of the double condition

0 <u, <k, 0<wv, <A
can be expressed using bounds for the Weyl sums
S(g,h) = elgzu + hy,)

m
as

RAN 40 (%) e (er<g, mIS(s. h>|> ,
Il h

where the conditions * of summation are

—H<g<H, —H<h<H, eitherg=#0orh=#0,

and
1

L+ g))(X+ [R])’
We apply Lemma 2.1 to the set of N points

n—mpf a(n—mp)
ERNEN

r(g,h) = (

((m,n), y(m, n)) = (
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indexed by the integer points (m,n) in the parallelogram S, XoX;X35X5.
The Weyl sums are

=S Y () = Y ot ). 22

(m n)ES (m n)ES

in the notation (L4 of Proposition

The Weyl sums are linear in both summands m and n, but when we treat
them as repeated sums, the limits of summatiom for the inner sum (over n,
say) are ni(m) and no(m) dependent on the outer summand m. The sides
of the parallelogram S have equations of the form y = az + v, y = Bz + 7,
so in the different ranges for m, the upper limits of summation have the forms

na(m) = [am+~],  na(m) = [Bm+ 1], (2.3)
and the lower limits of summation have the forms
ni(m) = ~[—am -1,  ni(m)=—[-Pm -] (2.4)

Similarly if we make the summation over m the inner summation, the limit
of the sum over m are piecewise of the forms

ma(w) = [249], e = [ +4]. (25)

) == -2 4], () = - [—g—v]. (2.

We consider the indices g and h of the Weyl sum (22) as fixed, and write 0
for 6(g, h). Performing the inner sum over n explicitly, we have

na(m) )
3 el =) = g (0t 1 =) = oo ) - ).

(2.7)
where the denominator is

B(g,h)-e(@)—l—e<g+ha>—1—e<g+hﬂ>—1. (2.8)

Similarly if we perform the sum over m explicitly as the inner sum, then

ma(n)
Z e(@(n—mpB)) = % (e (G(n —ma(n)s — ,6’)) — e(@(n — ml(n)ﬂ))>,

m=m1(n)
(2.9)
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where the denominator is

B(g,h) = e(—B6) — 1 = e<—7(g + ha)ﬁ) 1= e<—7(9 +hB)a

T a ) —1. (2.10)

When the labels g and & of the Fourier coefficients are small with respect to k
and /¢, the lengths of the parallelogram sides, then we look for cancellation in the
outer sum as well. We dissect the parallelogram into regions in which the outer
sums take the form

> e(n(m)f —mpo), (2.11)
m
where we take n = ng, a constant, or ni(m) or na(m) + 1 as in (Z3) and (24,
and the inner sum is over n, and regions in which the inner sum is over m, and
the outer sum takes the corresponding form

Z e(nf —m(n)p0), (2.12)
n
where we take m = my, a constant, or my(n) or ma(n) + 1 as in (ZI) and (Z0).
The simplest cases are n(m) = ng in (ZI1]), when the outer sum in ([ZIT]) is
analogous to the inner sum in (Z9)), and m(n) = mg in ([2I2)), when the outer
sum in ([ZI2) is analogous to the innner sum in (Z7).
The next simplest cases are na(m) = [fm + ~] in (23), when

b(na(m) +1 = m8) =0 (p(Bm +) + - 3 ) (2.13)
and nq(m) = [—pm —~] in ([24]), when
f(ni(m)+1—mpB) =20 (—p(—ﬂm —7) +v+ %) : (2.14)

If 5 is not a rational number of small height, then the values of p(8m + )
are uniformly distributed in an interval of length 1. For # small, the numbers
in (ZI3) and ([ZI4) will be uniformly distributed in an interval of length |6].
When 6 is large, we get uniform distribution mod 1 to an accuracy O(1/6]).

However, when ny(m) = [am + 4] in (2.3), then we get

G(nQ(m)—l—l—m,B)—9<p(am+”y)+am+’y—%—ﬂm)

_9<p(am+’)’)+’)’—%> = (9 + ha)m.

This is the difference of two sequences which are uniformly distributed except
for certain values of g and h. We avoid this case, and the similar case when

ni(m) = —[—am — ] in (Z4).
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When we sum over m first, then in (2.3])

+}ﬁ+ + <ﬁ+>—1
N=g+r+e(5+7) -3

n

maln) = [ﬂ

T o (Be)sre2)

with similar formulae when mq(n) = —[—vy —n/f] in (Z0]). These sums replace
B by 1/5 and 6 by 6. Although there is symmetry between o and 3, with the
argument in (Z2) as
g+ ha)n=mB) _(g+hB)n=ma)
pB—a pB—a
taking the point P rather than the point @ in (1.1) distinguishes between «
and S once we sum.

We arrange the sums so that the second case in (Z3), 24), ZX)and (28]
occurs with a linear term in 8n or Sm, and the first case occurs with a linear
term in an or am. There are various cases, depending on the ordering of the
coordinates (x;,y;) of the vertices X; of the parallelogram of summation. For
example, when § > a > 0, ¢ < 1 < x5 < x3 we introduce extra endpoints P; =
(z1,%0), Po = (x2,ys3) outside the parallelogram, and Q1 = (x1,x3 + f(x1 — x0))
on the side Xo X5, Q2 = (22, 23— 3(x3—x2)) on the side X; X3. For 2o < m < 1
we sum n over yo < n < ng(m) (triangle XoP1Q1). For 21 < m < x5 we sum n
over n1(m) < n < ng(m) (parallelogram X1Q2X2Q1). For zo < m < z3 we
sum n over na(m) < n < ys (triangle PoQ2X3). We must correct by subtracting
sums over the triangles P; X X; and P> X5 X3. In these triangles we sum over m
first. For yo < n < y1 we subtract the sum over m in ma(n) < m < x; (triangle
P XoX1). For y2 < n < y3 we subtract the sum over m in o3 < m < mq(n)
(triangle Py X5X3).

There is another possible dissection with P;Q; and P> horizontal, P; on
the line = g and P on the line x = z3. In this case we sum over m first in the
parallelogram X;Q2X2(@)1 and over n first in the triangles P; X X7 and P> X5 X3,
and subtract the sums (over m first) in the triangles P;@Q1 X and PoQ2Xs.

LEMMA 2.2 (outer sums). Let
k 1 ak 24

+ s L/ = — = + .
Vi+a2  \/1+ 52 RV V1+ B2
Let g and h be given, with 0 = 6(g,h) non-zero in ([Z2). Then the outer

sums ZI0)) with n(m) = na(m)+ 1 in ZI3) and with n(m) = ny(m) n 2ZI4)

8

L:$3—$0:
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have size

o(%) + o( 0[E(3, L)L) . (2.15)

Similarly the outer sums (ZI2) with m(n) = ma(n) + 1 and m(n) = mi(n)
taking the second choices in (Z0) and ([20) have size

O(B%I) +O<\/BG|E<%,L’> L’). (2.16)

Proof. To discuss the sum in (2I1]), we pick an integer f > 3. We put T = |0
The bound in (ZI0) is trivial when 7' < 1, so we may assume that 7 > 1.
In this proof let I be the integer with I —1 < fT < I. We cover the unit interval
(—1/2,1/2] with I subintervals

U. — _1 + ﬂ _l + L
O\ 2 fT’ 2 fT|’
The last interval U extends outside the interval (—1/2,1/2]. We replace the
right-hand endpoint of Uy by 1/2. When p(8m + ) lies in U;, then

O(p(Bm+7)+7—1/2)
lies in a corresponding interval V; = 6(U; + v — 1/2). Here Vi,...,V; are con-
secutive intervals, all but the last of length 1/f. Let V; be the reduction modulo
one of the interval V;, so that V; = V;j for i+ f < T —1.
The summand m in (ZTIT]) runs through some interval of £’ < L consecutive
integers. Let N; be the number of values of m in the sum for which p(Sm + )
lies in U;. The trivial estimate is

k/
N =0 ). 2.1
o(77) 247
The Ostrowski discrepancy bound (Lemma [B1]in the next section) gives
k/
N; = — E(B, K 2.1
7+ OLB(B.K) (218)
fori=1,...,1—1, and
/ I—1 /
Ny=k(1- 7 )t O(E(B,K)). (2.19)

For p(fm + ) in the interval U; we have
(s D)oo ) o)

—e<:|:% +0(7—1)> +O<%>,
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where the + sign is taken from the sign of #. This approximation depends only

onimod f. Fori=1,..., f — 1 we have
I %
(T — K
g +0(1)) (fT+O( (8, >))
j=imod f
_K + O( K ) +O(TE(B,K)) (2.20)

7 T , : :

For i = f the last interval is shorter, and ([ZI7) gives an extra error term

of the same size as the first error term on the right of ([2Z220). Hence (Z20) holds
for i = f also. The sum in 2T is

3 (g o0-n)o(5)) 3

= j=1
j=imod f

Ze(if +0(y —1)) (’; +o<j’f;) +O(TE(ﬁ,k’))> +o<} ?"T>

- —o( ) +aureeK) o).

since the main terms involve a full set of fth roots of unity, which cancels.
In the order of magnitude terms we use k&’ < L. The Ostrowski bound F(f,x)
is an increasing function, so E(S, k') < E(3, L). We choose

L
TEB, L)

unless TE(B, L) > 9L, when the bound (217 is trivially true.
The bound ZI0)for the outer sum is over n is proved similarly. O

f=

LEMMA 2.3 (bounds for Fourier coefficients). When 0 is not an integer,
then we have

S(g,h) = O(ﬁ) . (2.21)
When 60 is not an integer, then we have
L/
S(g, h) = ( ) 2.22
(9= O\ e 222

10
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When neither 0 nor 560 is an integer, then we have the bounds

S(g.h) = o(ﬁ (% + VIR, L)L)) + o(W) (223

and

1 ([ TN 1
3o k) = 0<m (W ! \/'ﬂ"’E<B’L>L>> +0(faraan) - @29

There are corresponding bounds in terms of o in which 6 is replaced by 50 and
we use |0+ h|| = [|0]] and [[a(6 + k)| = [|50]].

Proof. First we notice that in (Z.8)
[B(g; h)| = [e(0) — 1| = 2[sin 7] > 4]0,

and similarly in (ZI0)
|B'(g,h)| = le(—p9) — 1| == 4 80|

Treating the outer sums trivially, we deduce (ZZI) from (Z71) and (Z22)
from (229]).

Our main results ([223)) and (Z24) use the dissection of the double sum over
the parallelogram Xy X; X3X5. We continue to treat the case when § > o > 0
and zg < 11 < x9 < z3. In the first dissection given, the outer sums over m are
estimated by (ZIH) of Lemma 22l The outer sums over m on XoP; and P> X3
have the form

> e(bng — Bom) = o(ﬁ) . (2.25)

The inner sums over n are of the form [27), and of size

0(@) _ 0(@) . (2.26)

There is also part of the dissection where the inner sum is over m, estimated
as in (Z25), and the outer sums are over n on P;X; and XoPs, estimated
as in (220]).

Similarly in the alternative dissection, the outer sums over n on Xo@Q1, Q1 X5,
X1Q2 and X2Qs3 are all bounded by ([2I6]). The outer sums over n on X P; are
of type ([226]), and the part of the dissection with inner sums over n has outer
sums over m on P; Xy and XoP» of type ([223]). O

m

11
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LEMMA 2.4 (combining bounds). Let A = ||0||, A" = ||80]. If A and A" are
not both 0, then we have

S(g,h) = O(min (% %)) . (2.27)

If A and A’ are both non-zero, and h is non-zero, then

st =0(55) +0(37)

+0 (% 9L+ B0 g, 1y + B8, L))L) L (228)

b —«

If A and A’ are both non-zero, and g is non-zero, then

sto. =055 ) +0( 571)

n o(ﬂinggw (2(Er)+2 (L)) ) )

Proof. The first bound (Z27) follows at once from (ZZI) and from (Z22)
of Lemma

To obtain ([2:28)), we note that max(|0|, |0+ h|) > |h|/2. If the maximum is 6],
then we use ([223). If the maximum is |6+ h|, then we use ([Z23) with § replaced
by «, 0 replaced by 6 + h. We have

ol + Bl|

1
= — <
max((6], 0 + b)) = 5= max (lg + Bhl. | + ahl) < LT

B
We obtain ([Z29]) similarly from (Z.24]), using

1 < wmax (961,196 — gl) = 5 max(lag + aBhl. |8 + as).

LEMMA 2.5 (linear structure). Let
n=min||0(g, k)|, 7" =min||B0(g, R, (2.30)

with the minima taken over —2H < g < 2H, —2H < h < 2H, with g and h
not both 0. Then in the range —H < g < H, —H < h < H, the values of 0(g, h)
reduced modulo one are spaced at least n apart, and the values of B0(g,h)

12
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reduced modulo one are spaced at least ) apart, and in the notation of LemmalZ]]
we have

5 rleh) (L N el (L
;; 16(g, b))l _O<77>’ ;; 1860(g, 1) _O<n/>- (2.31)

Proof. Theidentity 6(g,h)—0(¢’,h') = 6(g—g’, h—h’) gives a relation between
the fractional parts of the form

{0(9.0)} —{0(g", 1)} ={0(g— g . h—h")} +c, (2.:32)

{ﬂe(ga h)} - {ﬂ@(gl,h,)} = {ﬂe(g - g/ah - h/)} + da (233>

where the integers ¢ and d are 0 or +1. For |g| < H, |h|] < H we have
lg —g'| <2H, |h— h'| < 2H, so the right hand sides of [232)) and ([2:33)) have

absolute values at least n and ', respectively. We deduce the spacing property
of Lemma.

The first sum in (Z37)) is largest when an ordering of the pairs (g, h) for which
l60(g, h)]|| is increasing is also an ordering for which (1+|g|)(1+|h|) is increasing,
so that r(g,h) is decreasing. In the ordering in which [|#(g, h)| is increasing,

the kth pair has
k+1 k77
0(g,h)|| > | —— —
o100 = |52 0= B2,
By the simple upper bound in Dirichlet’s divisor problem, for K > 2 there are
at most 4K (1 4 log K) pairs (g,h), not both 0, with (1 + [¢g])(1 + |h|) < K
Hence in the ordering in which (1 + |g|)(1 + |h|) is increasing, the kth pair has
1 1+ logk
> .
(1+1gD (A + [n]) 4k

Hence the first sum in (Z31]) is

2 1
2 1+logk O(l),
— kn 4k n

T(g, h) =

which establishes the first estimate in (Z31)). We establish the second estimate
similarly. 0

Proof of Proposition 2l We obtain Proposition 2l by substituting (Z.27)
of Lemma 24 and [237)) of Lemma 2.5 into Lemma [ZT] The lengths L and L’
in Lemma [24] are the projections of the parallelogram onto the x and y-axes,
both bounded by k + /. O

13
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LEMMA 2.6 (sums of Koksma coefficients). In the notation of Lemma [2]]
we have

Z Z r(g,h) < 25log? H. (2.34)
g h

For pn > 2 we have

ZZ (g, h) (max(|gl, |h]))* " < 6H* 'log H. (2.35)

Proof. When H > 3 we have

Zg)*;’"“‘” ZZ tEar 1+\h\ <1+22 )

< (3+2logH)?> < 25log® H.

Let K = max(|g|, |h|), k = min(|g|, |h|). Then we have

ZZ r(g, h) (max(|gl. |Al) 2ZK+1<1+2ZI§+1>

<2H* 1(2logH +1) < 6H" 'log H

O

3. Diophantine Approximation

Our first lemma is a standard result in the theory of {na} sequences. It is im-
plicit in Ostrowski [7]. This form of the bound corresponds to [I, Corollary 1.64]
by Drmota and Tichy. A precise bound is given by Sés [9].

LEMMA 3.1 (the Ostrowski discrepancy bound). Let a be a real number
with continued fraction expansion (finite or infinite) [ag; a1, as,...] having con-
vergents p,/qr. Then for any interval I containing K consecutive integers, and
for any real v, we have

> plam +) = O (E(o, K),
mel

where the partial quotient growth function E(a, K) was defined in the introduc-
tion.

14
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Proposition [l which is also a standard result, is deduced immediately from
Lemma 311

LEMMA 3.2. Suppose that the Linear Forms Condition
1

|ma +np|| > B (max(ml, )" (3.1)
where B > 1 and @ > 2 are real numbers, holds for
Iml,In| <k +¢,
and
k+(>B. (3.2)

Then in Lemma [F 1] we have

E(o, L), E(3,L),E(a, L"), E(3,L') = O (Bi (k+0) n

If B1) holds for

[
N———
—
w
w
~

k+¢

.ol < 5+ 1, (3.4)
and if
., 2¥°B
k + E Z max ((43)“ 1, W) y (35)
then

1
1 =y
E(l,L>,E<l,L’>_O B (k—M+1> " (3.6)
! ! o]

There are corresponding bounds for E(1/8,L) and E(1/8,L"), where we change
a to fin B4), B3) and (B6).

There are corresponding deductions from the Inverse Linear Forms Condition
1

—+ > 7

o "B = B (max(iml, In))

in which we change o and B to 1/a and 1/8 or to 1/ and 1/« respectively

in B3), B4), BI) and B9).

Proof. Let p,/q. be a convergent in the continued fraction for . The condi-

tion (B]) gives

m n

(3.7)

1 - 1 > > 1
Z |\Pr — Qr&&| 2 =7
r1Qr  Qrt1 Bqy
so that
Gre1 < Bgt,  app1 < Bl (3.8)
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When ¢,1 < k+ £, we use

. /p
Gr+1 < min <ﬁ,Bq’r‘l> (BqTJrl) .
qr

Let gr be the denominator with
qr < k+0<qps1 < Bqh,. (3.9)
Then
ay+ -+ +ap_y < BY/* (CI;_l/M ot qn 1/“)

-0 (Bl/“(k+£)1’1/“). (3.10)
From (3.9)
k¢ 1/(p—1)
qRrR > (T) ’
k40 p=2 1 p—l
q—<Bu #=1 (k4 £) = 1_O<Bu(k+£) z ), (3.11)
R

by the condition ([B:2)) of the Lemma. The bounds (B.10) and (B11]) establish (B3)
for E(c, L). The other three bounds in (33)) follow, similarly.

Similarly if 1/a has the continued fraction [ag;af, a5, ...] with convergent
pl'/q!, then

ll

and when ¢, ; < k4 ¢, then m = p; satisfies ([3.4)), so that

1 1 q! a1
1" 1" 1 p,r,__T >B MzB |//| w’
i dl T G |al[p)] (g + |af)
and hence,
B(qy +|a)* B(gq, + |af)"
1 I8 1 I8
qr+1 = |Oé|u'71 5 ar+1 S |Oé|u'71qr .

When ¢/ < k + ¢, we use

1 1/p
6 B<q:f+|a|>“) _a/+ 1l (Bq:!:fl )

" :
o <o (G S @ \Tal

Let ¢% be the denominator with

Blgg + o))"

<k+£<qR+1§ |0¢|“_1

16
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Then
Bl/ 1—1 1—1
a/1/+...+a’1’%1<||171/(q// //l/+...+q// //L>

1 1
1 1
+ B'/#|a'/" <m+"'+m>
qs dr

1-1/p
oo () ) o). o

and the first error term absorbs the second by (B.3]).

From (B.8)

B /! l,l, l,l, 2B /1 'u,

Tol [ I T

9
so that

1
k+0+|al\r1 1 (k404 |a
) 2l G (T

n—1
Q3fz+0éza< ) 11]. @13)

2B 2B
and by BI3) and (35
1
k+0  k+0 2(2B) -1 1
e kalhla] 2@B)M Ly g
dr q, o]
L (0 -y
< Bn (%W) . (3.14)
(6

We deduce the inequalities of ([B.6) from (B12) and (3.14)). The same argument
gives the corresponding results involving [, since we have not used the condi-

tion 8 > .
We argue similarly from the Inverse Linear Forms Condition (371). O

LEMMA 3.3 (small denominators). Let A and A’ be real numbers with

: 1 o 1
A< — A< -, 1
0< _mm<3,8’ﬂ—a>’ 0< <3 (3.15)
Suppose that
|B(g, h)| < 2sinTA, |B'(g,h)| < 2sinmA’. (3.16)

Then there are integers ¢ and d and small real numbers 6 and € with |§] < A,
le] < A for which
d—g+e
c+h+d’

d+te

b=r5 (3.17)

17
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If ¢ =0, then d =0, and g and h must both be non-zero. If ¢ # 0, then
1

and if 1

(1+28)A+3A"°
then the lowest terms form of d/c is a convergent p’/q’ to the continued fraction

for .
If c=—h, then d = g, and g and h must both be non-zero. If ¢ # —h, then

1<|d < (3.18)

1
la(c+h) —d+g| < <§+|a|> A+SA’,

and if
1<|c+h|l<

1
1
(14 2/a))A + 347 (3.19)

then the lowest terms form of (d—g)/(c+h) is a convergent p/q to the continued
fraction for a.
Proof. We write

_gtha _ (g+ha)B
0=G =cHs p="o—

where ¢ and d are integers, and

—1/2<6<1/2, —1/2<e<1/2.

=d+e, (3.20)

Dividing these equations gives the expression for § in [BI7). Also

Oihecthio=IEMB gy g gy RO
f—a f—a
Dividing these equations gives the expression for « in ([BI7).

We have

(3.21)

|B(g,h)| = |2sinfe(0)| = 2|sin7d|.

The angle 74 is in the first or the fourth quadrant, so the first inequality in (3.10])
is equivalent to |§] < A. Similarly the inequality for B'(g, h) in [BI6]) is equiva-
lent to |e] < A.

If ¢ = 0, then |d| = |80 — €] < 1 by BIH), so that d = 0 also, and € = 0.
From (BI5) we see that if c =d =¢ =0, then h =0, and if c = d = h = 0,
then g = 0. However the values of g and A in our sum are never both 0.

If ¢ # 0, then

2|c|

4c] 1 1
— <9 < — d| < |60+ = < —110].
i< iy <(o+3)l

18
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Hence

e —d) =

c(d+e) _d = ec —od
c+6 | c+6

1 /3., 1 e 3.
§a<§A |9+A<§+ﬂ> 9|> = <2+ﬂ>A+2A.

The condition |Sc — d| < 1/2|c| ensures that the lowest terms form p’/q" of d/c
is a convergent to the continued fraction for 5.

Arguing similarly from B21]), we see that if ¢ = —h, then d = ¢, and if
d=g=0, then h =0 also, or if c = h = 0, then g = 0 also, which is impossible.
If ¢ # h, then we use
(c+h)(d—g+e) - e(c+h)—d(d—g)

c+h+to I =T ¥ hrs

and we argue similarly. O

alc+h)—(d—g)=

LEMMA 3.4 (approximations to 0). Let g and h be fized. Let H and K be
parameters with |g| < H, |h| < H, and K so large that

KL K(k+20)
— A _— _—
o) = a < 52 < XD,
KL K(k+0)
o = A’ .22
ooy = & < B < BEED, (322)
where A and A’ satisfy the hypotheses B10) of Lemmal[3.3 For x > 1 let
(B—a)N
A = — 2. 3.23
@) = ST a2k + e (3.23)

Suppose that A(HK) > 0. Then in Lemma either ¢ = d = 0, or the low-
est terms form of d/c is a convergent p’./q. to the continued fraction for [3.
If the continued fraction does not terminate at pl/q., then the next partial
quotient al, , satisfies

T — — 2> A(HK). (3.24)

(2+B)qs(k +0)

Also either ¢ = —h and d = g, or the lowest terms form of (d — g)/(c + h)
is a convergent p,/q, to the continued fraction for c. If the continued fraction
does not terminate at p,/q,, then the next partial quotient a,41 satisfies

< N
=2 By (k+ OK

_ 2> A(HK). (3.25)

19
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Proof. In (3I8) and (BI9) of Lemma B3] we have
(14 2]a))A+3A" < (14+28)A +3A'
. K((1+2B8)L +3L) _ (@t 28)(k+ OK

N ~ , (3.26)
and
1 (1+8)H B (1+B)H _2(1+p8)H
<3+ 3 a <3-at e < Foa - 320
Hence
N 20+ B8)H 22+ B)(k+ 0K 2
le|((1+28)A +3A") < T N A(HK)+2_1,
(3.28)

since A(HK') > 0. Hence ([B.I8)) of Lemma [3.3 holds, and either ¢ = d = 0, or d/c
is a convergent to 3. The same bounds ([327)) and ([3:28) hold with ¢ replaced
by ¢+ h, so (3I9) holds, and either ¢ = —h, d = g, or (d — g)/(c+ h) is a
convergent to a.

Let p./q, and p,y41/¢-4+1 be consecutive convergents to «. In the case r even
we have

T T + T T
p_<10 p+1<a<10+1;
qr Gr + Gr41 qr+1
for r odd the inequalities are reversed. Hence
&_a’> Prtpri1 Pr| 1
qr Qr + Qr+1 qr QT(QT + QT+1)

1 1
P— > .
G((ars1 + Dgr + ¢r—1) — (arg1 +2)g2

If (d —g)/(c+ h) reduces in lowest terms to the convergent p,/g,, then

alc+h) —d+g| > |lag, —pr| > ————
et ) gl > |agr — py| R

By Lemma we have

1 3A/
gqr!a(c+h)—d+g!gqr<(5+ﬂ>A+ 5 >

Ar41 + 2

Substituting the inequality (B26) gives the first inequality in (B.23).
Using ¢, < |c + h| and substituting (.26, or more conveniently, ([3.28) with
¢ replaced by ¢+ h, gives the full inequality of ([8:28]). The corresponding calcu-
lations with the continued fraction for g give (3.:24)). O
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4. Proofs of the Theorems

Proofs of Theorems [ and @ We take K = Hlog®> H in Lemma 34
The two conditions in (8:22)) of Lemma [3.4] imply

11 N 201+ 8)(2+ B)(A(H?log? H) + 2)H
A" N T H(k+0)log?H B—a
2014 8)(2+ B)AH _ 21+ B)(2+ B)H
> >
b —« - 08—«
> max <3+3,8,B_—O‘>, (4.1)
|af

since A > 1, f—a < 23, and H satisfies (I.6]). The conditions ([3.13]) of Lemma[33]
follow from (E.J]). We recall the notation

204+v)H
o 20+)
b —«
of (IT). By Lemma B4 either d/c = p./q. for some convergent to S with
a,,, > A, so q, > @Q by the choice of A, or (d — g)/(c+ h) = p,/q, for some
convergent to o with a,+1 > A, so ¢, > @ by the choice of A. But when |g| < H
and |h| < H, then [B27) gives ¢ < |¢| < @, and its analogue for ¢ + h gives
¢r < |c+ h| < Q. Hence the conditions in ([322) cannot both hold under the

assumptions of Theorem 2, and
N

. 1
—— < .
o (A A’) H(k+ 0)log® H
By [Z2Z1) or (222) of Lemma 23] we have

N
S(g.h) =0 —2 ).
(9: 1) (Hlog2H>

By ([Z34) of Lemma 2.6 we have in Lemma 2711
' N
h h)y=0(=|.
S-S (.1) o(3)

Thus both error terms in Lemma 2] are O(N/H), which is the result of The-
orem [2I More precisely, there is a constant ¢4 which can be calculated from ¢y,
¢o and c3 such that |D(k, \)| < ¢4N/H under the conditions of Theorem 21

To prove Theorem [I] we must show that for any € > 0, we can take H > ¢4 /e

when k& and ¢ are sufficiently large. The choice of H determines K = H log® H,
and in (323) of Lemma 3.4 we have

r=HK = H*log? H.
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In Proposition [[, N grows like k¢. As a function of k and ¢ with z fixed, the
first term on the right of (23] grows like min(k, ¢). For min(k, ¢) sufficiently
large, A(H?log? H) is positive in (3:23)), and |D(k, A)| = O(eN). This establishes
Theorem [II O

Proof of Theorem Bl We use Lemma[33]to estimate the Weyl sums S(g, h)
in Lemma 2] We choose A and A’ as large as possible in ([3I0). If either in-
equality in ([3I6) is false, then

S(g,h) = o((@ + ﬂ‘—“) (k + e)) —O(B2(k+10)), (4.2)

|
by 2I7) of Lemma 241
When both inequalities in (316]) hold, then we write

A=¢€(c+h)—4d(d—g), = ec—dd.
There are two cases. When ¢ # 0, then d/c = p'/q¢’ in its lowest terms, with

d+e d| d| P’
c+d ¢ _"B_E _‘ﬂ q

1 1 1
> > >
= A+ 1)q? = 242 = 3Ac(c +0)|’

M
c(c—l—é)‘

so that 1
lu| > 1/34, and max(|ec|,|0d]) > A
In the second case when ¢+ h # 0, we have similarly
1
)|, 10(d — > .
max(le(e+ W, 18(d ~ 9)) > =

Now
g+ ho

gl bt 1

el = - B« 3’

]
and similarly,
1
o+ 80|, 1
b—« 3
5llgl + Ihal) , 1
B—a 3’
al(lgl + 81AD) _ 1
B—a 3

lc+ h| <
|d| <

|d—g| <

Hence either

]5]2min<i, f-a >— b—a )
447 12A8(|g| + Blh)) 12A8(|g| + BIh|)
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or
|€]>min<L __f-a )
B 4A7 12A(|lg] + BlRI) )
Then (Z.27) of Lemma 2] gives
stg.0 = o ALt AN+ 81
58—«
By ([Z34) of Lemma 2.6 the case ([@2]) contributes
O(B2(k + ) log® H)

to the sum over 7(g,h)S(g,h) in Lemma [ZI]1 By the case p = 2 in (2.35)
of Lemma [26] the case (1) contributes

0 ( ABH(k + () log H) (48)
b—«
to the same sum. If
(6 —a)N >9A8(k + ) log N, (4.9)
we choose
AB(k+0)logN |’
so the term O(N/H) and the bound (&8 both become
ABN log N
O<\/ BN (k +£) log ) . (4.10)
b —«
If (£9) is false, then the term ([ZI0) is at least as big as the trivial bound O(N).
]

Proof of Theorem Hl We rearrange the expression for 6 in (320) to get
(c+h)a—cB+g=06(8-a),

so if [6] < 1/2(8 — ), then
[(c+ h)a — Bl = (B — a)|d].

From (£3) and (&4

max (|c], e + hf) < GLFORL 1 lgl+ BURIL+2)

1
B -« 3 B -« ’
so that the Linear Forms Condition (LIT]) gives

_ 1 B-a g
=01 55— (pramis) - 60

23
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The expression raised to the pth power in (LI1)) is less than 1, so ([@IT]) holds
trivially when |6 > 1/2(5 — «).
For |g| < 2H, |h| < 2H with g and h not both 0, [LI1]) gives

1 B—a\"
ol =10(g,h)|| =n > :
5= 16600 > 0> 55— (5577 )
By ([Z21) of Lemma 2.3 and (Z31]) of Lemma 2.5 we have

* ) S rlgh) ) (ke
D NUE O(“‘“M);; II9<gvh>ll> o)

Ui

o)

1
J = ( (B— ) 'N )m
I\ B(6B)(k+ ) )
When J > 3 we choose H = J in Lemma 2] to obtain the bound (LI3)) of Theo-

rem @l When J < 3, then (LI3)) follows from the trivial bound D(k, ) = O(N).
We have used (LIT]) for

Let

68J 68N pt1
C|’C+hSIB_aS(B(,B—aV(k—%-E)) :

Similarly we rearrange the expression for 460 in ([3.20) to get

d_d-g_, dB-a)
« 58 aff
' ol
- 4.12
< g5, (412)
then
d d—gH (B —a)le
o B lalp
From (LX) and (4.0])
h 1 2 h
max(|d], [d — g]) < ﬂglﬁtzﬂ | ris ﬁ(lglﬂ;_)j; ||
The Inverse Linear Forms Condition ([£14) gives
_ a|p ( B-a )“
= ||80(g, h : 4.
= 1960:01 = 5057 = (5L g (413)
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The expression raised to the pth power in (£I3) is less than 1, so ([@I3)) holds
trivially when (£12) is false.

For |g| < 2H, |h| < 2H with g and h not both 0, [@I3) gives

o / ‘O“ﬂ ,3—04 .
By ([222) of Lemma 2.3 and (Z31)) of Lemma 25, we have
: S =of k+03 3 L) _o<k—+£>
22 rlo:MS(o.1) << 022 b, v

_ O(B(3 + 2|a| )L HA (K + E)) .

(B — )it

Let

J:

1
al(8— ) IN \ 7
BE+ k) |
When J > 3 we choose H = J in Lemma [2]] to obtain the bound (1G]

of Theorem @ When J < 3, then (LI6) follows from the trivial bound
D(k,\) = O(N). We have used (ILI4) for

1
d],|d — g < B+ 2aDBT < '0‘|(3+2la|>52N>> T

B—a B'(f—a)k+?

which is the range ([.T5]).

When both Linear Forms Conditions hold, then we can use ([2.28) and (2.29))
of Lemma [2:4l We combine these bounds as

1 : 1 1
506.0 = O gygzgy ) + 0+ 0 (g g )
; O(neu \/ (gl + BIk) (Bl L) + E<ﬂ:L>>L>

58—«

oy 22 (L) () ) ) o

Each of these four terms has to be estimated carefully. In the first term we can
use Lemma [2.5] either on 7 = min ||#(g, h)|| or on " = min ||36(g, h)|| to obtain
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(L (BB5"(3+2la))rp H
ZZH@ ||||ﬂ9(g, h)ll O( ’>_O< al(B — a)?r2 )

m
(4.15)
by @II) and @I3).
In the third term in (£I4) we use Lemma[3.2] to bound the expression inside
the square root by
H _1
O(% Bﬂ(k—I—E) H)

Hence by (Z31]) of Lemma 25 and (£I1]), the third term in (ZI4) contributes
Bl+1/2u5u(5H)u+1/2(k + g)(Qufl)/%
O
()
towards the sum > >~ 7(g,h)S(g, h).

Similarly by the analogue of ([B.3) in Lemma B2l for the Inverse Linear Forms
Condition, we bound the expression inside the square root in the fourth term

in (@I4) by
(0 0SH ik b

Hence by the bound (£I3)) and (I?BII) of Lemma[Z7] the fourth term contributes
B+1/2e /1 oal ) gr—1/2 grt+1/2(f 4 p)(2u—1)/2p
O( VI H]0](3+ 2a)"8 (k+0) (417

|0 (B — a)p=t/

(4.16)

towards the sum Y >~ " (g, h)S(g, h). We combine the terms ([EI6) and (I7) as

o(@HuH/?(k + z><2ﬂ—1>/2u) , (4.18)
where
D= ( Bzngmge 4 B2+ |a)(3 + 2|al)? B\
|af? B —-a ’

The second term in ({.I4]) presents the most complication. Let K = max(g, h).

Then (£II) and [@I3) give

min< ! 1 )
b 10(g, 2)| " 19| 186(g, B

Byl + B0k +2)* BB (lgl + 2+ |ah])*
0 {min )

B—ap-1h " Jal(B —a)tg
_ B(3p8)" B'(2 + |a|)#prt u-1\ _ f 1
_O<Qﬂ—®“1+lﬂw—awl )K )‘”XDK )
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Hence by (Z35]) of Lemma 2.6 the second term in ({.I4]) contributes
O(D'H" ' (k +¢)log H) (4.19)

towards the sum Y > " r(g,h)S(g, h).
We choose H so that all the contributions ([@I5]), (LI8) and ([@I9) are O(N/H).

Let "
7 N2 2p+3
a (D(k +€>21/“)

As before, when J >3, we choose H=J in Lemma[2T]to estimate the term ([£.I8)
as

1
_1\ 2p+3

0 (DNQ"“(I{ +0) u) g (4.20)

When J < 3, then ([@20) follows from the trivial bound D(k, \) = O(N).

The bound (@I3) is of the form
1
D!2uA3 AR 2u+3

D"H?) = _ 4.21
o )=0 <D2#(k: +£)4u2> ' (4.21)

smaller than the estimate ({20) provided that

D2p,+1 1/(2p—1) "y
— +
vof ()" v,

which follows from the trivial estimate N = O((k + £)?) provided that k + ¢ is
sufficiently large in terms of «, 3, B and B’.
Let

1
Sy N m
I\ D'(k+0)logN

When H = J! the term ([I9) is O(N/H), which is

O((D’N’“l(k +0)log N)"/ “) : (4.22)
larger than (£20) when J’ < J, which occurs when
D/2;/,+3
N3 < Filt (k + 0)*(log N3, (4.23)

The inequality ([#23)) can hold when k and ¢ have different orders of magni-
tude in Proposition [l so we require the term ([@22). When H = J' < J,
then ([2T) still holds, so the term ([IH) is the smallest.
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We have used the Linear Forms Conditions for

REFERENCES

[1] DRMOTA, M.—TICHY, R. F.: Sequences, Discrepancies and Applications. In:
Lecture Notes in Maths 1651, Springer-Verlag, Berlin 1997.

[2] HARDY, G. H—LITTLEWOOD, J. E.: Some problems of Diophantine approxi-
mation: the lattice points of a right-angled triangle, Proc. London Math. Soc. 20
(1921), no. 2 , 15-36.

[3] HUXLEY, M. N.: Ezponential sums and lattice points III, Proc. London Math.
Soc. (87) (2003), no. 3, 591-609.

[4] HUXLEY, M. N.: The convex hull of the lattice points inside a curve, Period.
Math. Hungar., (to appear).

[5] HUXLEY, M. N.: The convez hull of the lattice points inside a curve II, (to ap-
pear).

[6] HUXLEY, M. N.—ZUNIC, J.: The number of configurations in lattice point
counting I, Forum Math. 22 (2010), 191-198.

[7] OSTROWSKI, A.: Bemerkungen zur Theorie der Diophantischen Approximatio-
nen, Abh. Math. Sem. Univ. Hamburg 1 (1921), 77-98, 250-251.

[8] SKRIGANOV, M. M.: On integer points in polygons, Ann. Inst. Fourier (Grenoble)
43 (1993), 313-323.

[9] SOS, V. T.: On the discrepancy of the sequence {na}, Topics in Number Theory, in:
(Proc Colloq., Debrecen, 1974), Collq. Math. Soc. Janos Bolyai 13, North Holland,
Ansterdam, 1976, pp. 359-367.

[10] WEYL, H.;: Uber die Gleichverteilung der Zahlen mod. Eins, Math. Ann. 77
(1916), no. 3, 313-352.

Received July 20, 2012 Martin N. Huxley

Accepted October 22, 2012 School of Mathematics
University of Cardiff
28 Senghennydd Road
Cardiff CF24 4YH
WALES, UNITED KINGDOM
E-mail: huxley@Qcardiff.ac.uk

28



	1. Introduction
	2. Weyl Sums
	3. Diophantine Approximation
	4. Proofs of the Theorems
	REFERENCES

