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DISCREPANCY OF GENERALIZED HAMMERSLEY
TYPE POINT SETS IN BESOV SPACES WITH
DOMINATING MIXED SMOOTHNESS

LEV MARKHASIN

ABSTRACT. The symmetrized Hammersley point set is known to achieve the
best possible rate for the La-norm of the discrepancy function. Also lower bounds
for the norm in Besov spaces with dominating mixed smoothness are known. In
this paper a large class of point sets which are generalizations of the Hammersley
type point sets are proved to asymptotically achieve the known lower bound of
the Besov norm. The proof uses a b-adic generalization of the Haar system. This
result can be regarded as a preparation for the proof in arbitrary dimension.

Communicated by W.G. Nowak

1. Introduction

Let N be some positive integer and P a point set in the unit cube I¢ = [0,1)4
with N points. Then the discrepancy function Dp is defined as

1
Dp(z) =+ > lo.(x) = |Byl. (1)
zEP
By |Bz| = x1 ... zq we denote the volume of the rectangular box B, =
[0,21) X ... % [0,24) where & = (x1,...,24) € I? while 1¢_ is the characteristic

function of the rectangular box C, = (21,1) X ... X (24,1) for z € P.

Usually one is interested in calculating the norm of the discrepancy function
in some normed space of functions on I¢ which contain the discrepancy function.
A very well known result refers to the space Ly(I9). It was proved by Roth in
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[R54]. There exists a constant ¢; > 0 such that for any N > 1 the discrepancy
function of any point set P in I¢ with N points satisfies

(log N)“2"
N

The currently best known values for the constant ¢; can be found in [HMII].
Furthermore, there exists a constant co > 0 such that for any N > 1, there exists
a point set P in I¢ with N points that satisfies

(log N) 2"
N

This result is known for dimension 2 from [D56] (Davenport), for dimension 3
from [R79] (Roth) and for arbitrary dimension from [R80] (Roth). Only Dav-
enport’s result has been proved by an explicit construction while for higher
dimensions probabilistic methods were used until Chen and Skriganov found ex-
plicit constructions for arbitrary dimension in [CS02]. Results for the constant
¢z can be found in [FPPSI0].

Both bounds were extended to Ly-spaces for any 1 < p < co. In the case of
the lower bound the reference is [ST7] (Schmidt) while for the upper bound it is

[C80] (Chen).

As general references for studies of the discrepancy function we refer to the
recent monographs [DP10] and [NW10] as well as [M99], [KN74] and [BI1].

Until recently other norms than L,-norms weren’t studied a lot in the context
of discrepancy. Triebel started the study of the discrepancy function in other
function spaces like Sobolev, Besov and Triebel-Lizorkin spaces in [T10b] and
[T10a]. In [HI0O] Hinrichs proved sharp upper bounds for the norms in Besov
spaces with dominating mixed smoothness. Triebel’s result was that for all 1 <
p,qSooandrE]Rsatisfying%—1<r<%andq<ooifp:1andq>lif
p = oo there exist constants ¢y, co > 0 such that, for any N > 2, the discrepancy
function of any point set P in I¢ with N points satisfies

| Dp|La|| > 1

| Dp|La|| < c2

d—1
HDP|S;qB(Id>|| > Nr—l(logN)T’ (2)
and, for any N > 2, there exists a point set P in I¢ with N points such that
||D7’|S;QB(Id)|| < ca N (log N)(d_l)(%-Fl—r).

Hinrichs’ result closed this gap in the case d = 2, we will mention it later.

This note will closely orient itself on [HI0] in terms of structure and methods
of proofs. We mention some definitions from [T10a] which are most important
for our purpose.
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Let S(RY) denote the Schwartz space and S’(R?) the space of tempered dis-
tributions on R?. For f € S’(R%), we denote by Ff the Fourier transform of f.
Let o € S(RY) satisfy ¢o(t) =1 for [t| <1 and ¢o(t) =0 for [t| > 3. Let

o (t) = wo(275t) — o (277 11)
where k € N, t € R and

k() = ok, (t1) - - i, (ta)

where k = (kq,...,kq) € N4, t = (t1,...,tq) € R% The functions ¢y, are a dyadic
resolution of unity since
> px) =1

keNg
for all 2 € RZ. The functions F (¢ Ff) are entire analytic functions for any
f e S'(RY.
Let 0 < p,q < oo and r € R. The Besov space with dominating mixed
smoothness 7 B(R?) consists of all f € S'(R?) with finite quasi-norm

1
||f|S;qB(Rd)|| _ Z 2r(k1+...+kd)q ”f*l((pkff”Lp(Rd) Hq
keNg
with the usual modification if ¢ = co.
Let D(I?) consist of all complex-valued infinitely differentiable functions on
R? with compact support in the interior of 1% and let D’(I¢) be its dual space

of all distributions in I¢. The Besov space with dominating mixed smoothness
S;qB(Id) consists of all f € D’'(I?) with finite quasi-norm

7155, B1%)| = int {155, BEY]| - g € 3, BE, g

=1},

The spaces S B (R9) and Sy BU 4) are quasi-Banach spaces.

In [HIO] Hinrichs analyzed the norm of the discrepancy function of point sets
of the Hammersley type in Besov spaces with dominating mixed smoothness.
He proved upper bounds which are special cases of our results in this note. The
result from [HI0] is that for » > 0 there is a constant ¢ > 0 such that for any
N > 2, there exists a point set P in I? with N points such that

|1 Dp| S5, B(I?)|| < ¢ N (log N)7.

This result closed the gap of Triebel’s results in dimension 2. In this note we
prove the same bound for a larger class of point sets. Hinrichs used point sets of
Hammersley type. We use generalizations of these point sets.
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For any integer b > 2 and any n € N we consider the following mappings
S1y.-.,8n 0 {0,1,...,0—1} — {0,1,...,b—1}

which are either defined as s;(t) = tforallt € {0,1,...,b—1} oras s;(t) = b—1—t
for all t € {0,1,...,b— 1} for any 1 < i < n. Then we consider point sets

o tn tn—l tl Sl(tl) 52(t2) Sn(tn) .
Rn—{(€+ et e e v )

tl,...,tne{O,l,...,b—l}}.

So, the set R, contains exactly b" points. These sets are called generalized
Hammersley type point sets since they generalize original Hammersley type point
sets proposed by Hammersley in [HG60]. They were first defined by Faure in
[E81] and used in [FP09] and [FPPS10] to calculate their Lo-discrepancy. We
abbreviate s; = s;(t;) for all i.

The explicit constructions for the Ls-discrepancy by Chen and Skriganov
from [CS02] use b-adic constructions, similar to the b-adic generalizations of
the Hammersley type point sets for d > 2. One might conjecture that these
constructions could be optimal for the norms in Besov spaces with dominating
mixed smoothness for arbitrary dimension. Considering this aspect, one could
see the current paper as the preparation for the proof of this conjecture.

For any point set R,, we denote a,, = #{i = 1,...,n: s; = t;}. The main
result of this note is

THEOREM 1.1. Let 1 < p,g < oo and 0 <r < %. Then for any integer b > 2
there is a constant ¢ > 0 such that for anyn € N and any generalized Hammers-
ley type point set R, with a,, satisfying |2a, —n| < ¢ for some constant ¢y > 0,
we have

DR, IS5, BU)| < b~ ni.

REMARK. The constant cq is independent of n, securing that |2a,, — n| can be
estimated with the same constant for any n and any possible R,,. In [HI0| only
point sets with a, = L%J were used (with b = 2). So a possible value for cy in
that case would be 1.

In order to prove the result we will calculate b-adic Haar coefficients of the
discrepancy function.

The distribution of points in a cube is not just a theoretical concept. Its ap-
plication in quasi-Monte Carlo methods is very important. Quadrature formulas
need very well distributed point sets. The connection of discrepancy and the
error of quadrature formulas can be given for a lot of norms. In [T10al Theo-
rem 6.11] Triebel gave this connection for Besov spaces with dominating mixed
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smoothness. We define the error of the quadrature formulas in some Banach
space M (I4) of functions on I¢ with N points as

Erry (M (I%)) = inf sup
orman )1 pertf(14)

N
1
dr — —
OIS D INEN
k=1
where by Mg} (I?) we mean the subset of the unit ball of M (I?%) with the prop-
erty that for all f € M} (I?) its extension to I¢ vanishes whenever one of the
coordinates of the argument is 1.

THEOREM 1.2. Let 1 < p,q < o0 and % < r < 1. Then for any integer b > 2
there are constants c1,co > 0 such that, for any n € N and any generalized
Hammersley type point set R,, with a,, satisfying |2a,—n| < cg for some constant
co > 0, we have

(a=1)(d—1) (a=1)(d—1)
(logN) = r B(7d (logN) =

N < Errn(Sp,B(I%)) < ez N ,
Proof. This follows from (2) and Theorem [[I] in combination with [T10al
Theorem 6.11].

C1

O

2. The b-adic Haar bases

For some integer b > 2 a b-adic interval of length b=/, j € Ny in I is an

interval of the form
Lim =10, = [b79m, b7 (m + 1))

form =0,1,...,/ —1. For j € Ny we divide Iy, into b intervals of length b=i—1,
i.e. Ijlfm = Ijl?;: =Iit1,bm+ks K =0,...,b— 1. As an additional notation we put
I7{og=1I_10=1[0,1). Let D; = {0,1,...,0/ — 1} and B; = {1,...,b— 1} for
j€Npand D_; = {0} and B_; = {1}. The b-adic Haar functions h ¢ = hgmg,
have support in Ij,,. For any j € Ng, m € D;, £ € B; and any k =0,...,b—1
the value of hj,e in Ij’?m is e % We denote the indicator function of I_10 by
h—1,01. Let N.y = {—1,0,1,2,...}. The functions hjme, j € N_q, m € D;, £ €
B; are called b-adic Haar system. Normalized in Ly (/) we obtain the orthonormal
b-adic Haar basis of Ly(I). The proof of this fact can be found in [RW9S].

FOI‘j: (jl,...,jd) ENil,m: (ml,...,md) E]D)j ::]D)jl X...X}D)jd and £ =
(b1,...,Lq) € B :=DBj, x...xB,,, the Haar function hj,,, is given as the tensor
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product hjme(®) = hjymy ey (T1) - hjymy e, (7a) for © = (z1,...,24) € 1% We
will call I, = I}, m, % ... % Ij, m, b-adic boxes. For k = (k1, ..., kq) where k; €
{0,...,b—1} for j; € No and k; = —1 for j; = —1 weput I} = I]’ilml X.. .ij]ffmd.

The functions hjme, j € Ni,, m e D;, ¢ € B; are called d-dimensional b-adic
Haar system. Normalized in Lo (1¢) we obtain the orthonormal b-adic Haar basis
of L2 (Id)

For any function f € Lo(I?%) we have by Parseval’s equation

||f|L2||2 _ Z bmax(O,j1)+...+max(0,jd) Z ‘ijdQ. (3)
jGN‘il meD; ,LeB;
where
it = gt 1) = [ F@hsa(a) do (@
I

are the b-adic Haar coefficients of f.

Our goal is to combine the b-adic Haar basis method with Triebel’s theory
in Besov spaces. We generalize [T10a, Theorem 2.41] for b-adic Haar systems
in the d-dimensional unit cube. So we characterize Besov spaces Sy, B([ 1) with
dominating mixed smoothness.

3. Characterization for Besov spaces with dominating
mixed smoothness

THEOREM 3.1. Let 0 < p,q < oo and % —l1<r< min(%,l). Let f € D'(I4).
Then f € S;qB(Id) if and only if it can be represented as

f _ Z Z [ime bmax(O,j1)+‘.‘+max(0,jd)hjm£ (5)

jENL | mED;, LEB;

for some sequence (fujme) satisfying

Q=

; V(1
Z plrtetia)(r—5+1)a Z | jme|P < o0, (6)
jeEN? | meD;, LEB;

where the convergence is unconditional in D'(I?) and in any quB(Id) with
p < r. This representation of f is unique with the b-adic Haar coefficients

it = e ($) = [ F@himela)da.
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The expression ([@) additionally delivers an equivalent quasi-norm on S;qB(Id).

The definition of the spaces S, B(I 1) was dyadic therefore, making it difficult
to gain any b-adic results. Hence, we have to change the base first.
Let ¢ € S(R) satisfy ¢o(t) =1 for [t| < 1 and ¢o(t) = 0 for [¢| > EL. Let

er(t) = po(bFt) — o (b~ F1¢)
where t € R, k£ € N and

er(t) = ok, (t1) - - Pry(ta)

where k = (ky,...,kq) € N&, t = (t1,...,tq) € R% The functions ¢y, are a b-adic
resolution of unity since
> erlw) =

keNd

for all 2 € RZ. The functions F (¢ Ff) are entire analytic functions for any
feSRY). Let 0 < p,q < coandr € R. The b-adic Besov space with dominating
mixed smoothness S;qu(]Rd) consists of all f € S’(RY) with finite quasi-norm

H.ﬂST Bb Rd)H — Z br(kl—}—...—}—kd)q ||]:_1((Pk]:f)‘Lp(Rd)Hq

keNg

with the usual modification if ¢ = co. We will first prove that the b-adic norm is
equivalent to the dyadic norm. Then we will be able to apply Triebel’s ideas for
the proof of the theorem. To prove the equivalence, we prove the equivalence of
the b-adic and the (b+1)-adic norms. Let the functions ¢, be a b-adic resolution
of unity and the functions v, a (b+ 1)-adic resolution of unity. We observe that

supp i C [_bk-i-l’ —bk_l} U [bk_l,blﬁ—l}

and

supp ¢, C [=(b+ 1) —(b+ MU0+ D) (0 + DF.
Now we check that for every j € Ny there are at most 2 such k£ € Ny that
(P10 C [(b+ 1)1 (b + 1)/, But this is easy since (b+ 1)771 < pF~1
and b**1 < (b + 1)77! is equivalent to

. log(b+1) . log(b+1)
—1)——————+1<k< 1)——— —
G-1) ogh) 115 k<(@+1) 0 (7)
The fact that the cardinality of the set of such k is at most 2 follows from
log(b+1)

—2<2
log(b) =
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which is equivalent to

log(b+1)

log(b)

which is equivalent to 0 < > — b — 1 which is clearly satisfied since b > 2.
Therefore, we know that for every j there are not more than two k such that,
supp ¢ C supp ¢;. For every j € Ny we denote by A(j) the set of such k that
supp ¢ Nsupp ¢; # (. The cardinality of such sets is at most 6 and for sure they
are not empty. Conversely, for every k € Ny there are at most 3 such j € N_;
that supp ¢x Nsupp ¢; # 0. We denote by (k) the set of such j. Additionally,
we put for j € Ngl

<2

A(j) = A(j1) % ... x A(ja)
and for k € N%,
Q(k) = Qk1) x ... x Qkg).
Hence, for all z € R? we have
<,0k Z %
JEQ(K)

and

i) =vie) Y er().

keA(H)
Now let j, k € N& then we have

F N erFf)= Y F ' (enF (F (W F)))

JEQ(K)
and
S FH= >, F F e F 1)) -
keA(y)
Let [ > m — 1. From [Hnl0, Proposition 2.3.3] for M = ¢; and f; =
bRit2 By = bFet2 we get (with a constant ¢ > 0) that

|F 71 (ouF (FH W F 1)) | Lp(RY)|
< cHapk pER R SEW (R || (| F T (0 F )| Lp(RY) |

< e T[lon G2 W@ | |7, F PR

i=1

Since ¢, € S(R) there exists a constant ¢ > 0 such that, for all ¢ we have

[ on, (0" P2 )WER) || < ca.
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Consequently, we get
1771 (or (F @ F 1)) 1 RY| < e[| 771w, F )Ly (RY)|

for j € Q(k) and analogously (using [HnI0, Proposition 2.3.3] with by = (b +
)2 by = (b+1)74t2)

|77 (s F (FH onF D)) LpRY| < e[| 7 (erF )Ly (R
for k € A(j). So we have proved for every k € NZ that

|F~ (enF ) ILpRY| < e > | F W FHILRY] .
JEQ(K)

Multiplying with b"(*1+--+ka)e and summing over k will give us on the left side
H S0 Bb(R9) H On the right side we get at most 3 identical summands which we
can incorporate into the constant. The norming factor can be easily estimated
with a constant since the difference of j and k is limited by (). Conversely, we
have for every j € Nd

|F W F O ILy R < e > || F enF NHILpRY]|.
kEA)

Multiplying with (b4 1)7(1++i4)4 and summing over j will give us on the left
side ||-\S;qu+1(Rd)||. On the right side we get at most 6 identical summands
which we can incorporate into the constant. The same applies again to the
norming factor.

Now we can prove the theorem following closely the original proof from [T10a].
First, one assumes for max(%, H-1<r< min(%, 1) that the function f is given
in the form

f _ Z bj1+---+jd Z jm Xjm (8)
jENE meD;,

where Xjm, j € Ng,m € D; are the characteristic functions of the b-adic boxes
Iy, and the sequence p;,, satisfies

k2
Q=

Z b(j1+---+jd)(rf—+1)q Z | jm P < 0.

JENE meD;

Then analogously to [T10al Proposition 2.34] one proves that f belongs to
S;qu(Id) and therefore to S;qB(Id). To prove this let ¥y, ¥ p be real com-
pactly supported Lo-normed b-adic Daubechies wavelets on R analogous to
[T10al, (1.55-1.56)] and according to [RW98, Theorem 5.1]. We then expand
Xjimy (1)s -y Xjuma (Ta) into the wavelet representation according to [T10al
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(2.51-2.53)] and insert Xjm(x) = Xjym.(T1) - -+ Xjuma(2a) into (). We split
the resulting expansions as in [T10a) (2.56-2.60)]. Then we have 2¢ terms sorted
into the cases (j1 > ki,...,Ja > ka),-..,(J1 < k1,...,Ja < kq). The index
k= (ki,...,kq) is according to [T10al (2.51)]. We get a b-adic version of [T10al,
(2.54)] and [T10al (2.55)]. This guarantees counterparts of [T10al (2.62-2.66)]
and [T10al (2.73-2.74)]. This observation leads to the norm estimate of the
lemma and therefore prooves it. The next step is to estimate

SIS
Q=

[ £1S5, BUD || = c | D plrttil=saa N ()l

JjENT, meD;, LEB;

(9)

for all f € Sp,B(I") analogously to [T10al Proposition 2.37] (b-adic) where
Lime(f) is the sequence of the b-adic Haar coefficients. Finally, one gets a coun-
terpart to [T10al Proposition 2.38] therefore proving the theorem of this section.
To do so, we respresent

b—1
ZTrike
Pjme = E € XG4, bt ks
k=0

h_1,0,1 = Xo,0-

Then every function represented as in () can be represented as in (§) and there-
fore belongs to Sy B(I 4). Conversely, every f € SpaBU 1) gives the estimation
@) while the representability (Bl follows from the fact that the b-adic Haar sys-
tem is an orthonormal basis in Ly (I?). Therefore, one obtains the equivalence of
the norms. All further technicalities can be found in the proof of [T10al Theorem
2.9] and the references given there. The unconditionality is clear in view of (@)
The assertion can be obtained for 1 < p,q < oo with % —1 < r <0 as explained
in Step 2 of the proof of [T10al, Proposition 2.38]. It is also explained there how
to prove the generalization of the duality. [T10al Theorem 1.20] is here helpful as
well. The remaining cases with ¢ < co can be obtained by real interpolation as
explained in Step 3 of the proof of [T10a, Proposition 2.38] (with higher dimen-
sion not changing anything). All other cases 1 < p < oo, ]% —-1<r<0,g=x
can be solved by duality as well.
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4. The Haar coefficients of the generalized Hammersley
type point sets

Before we can compute the Haar coefficients we need some short calculations.
We omit the proofs since they are nothing further but easy exercises.

LEMMA 4.1. For any integer b > 2 and for any ¢ € {1,...,b— 1} we have

b—2 b-1

Zkel :2,”({ —ZZelT.

k=0r=k+1

LEMMA 4.2. Let f(z) = z125 forz = (z1,22) € I2. Let j € N>, m € D;,{ € B,
and let jme be the b-Haar coefficient of f. Then

(i) If j = (j1,j2) € N2 then

h—291—2j2—2
(622’161 _ 1)(62;)”62 _ 1) .
(ZZ) Ifj = (j1, —1) with j1 € Ny then

Hijme =

1 25-1
Hjme = 2, 1
(i1i) If j = (—1, j2) with jo € Ny then
1 p2271L
Hijme = im‘

LEMMA 4.3. Let z = (21,22) € I? and f(z) = 1c.(x) for x = (x1,22) € I*.

Let j € N2, m € D;,¢ € B; and let pjme be the Haar coefficient of f. Then

time = 0 whenever z is not contained in the interior of the b-adic box Ijy,

supporting the functions hjme. If z is contained in the interior of I, then

(i) If j = (j1,72) € N2 then there is a k = (k1, ko) with ki, ko € {0,1,...,b—1}
such that z is contained in I]’?m. Then

Hijme = bir—i2=2 l(bm1 +k+1-— bj1+1 6 kil + Z T1€1‘|
T1= k1+1

8 l(bmz Fhy + 1= b2t gy)e T et 4 Z et e] .
To= k‘2+1
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(i1) If j = (j1,—1) with ji1 € Ny then there is a ki € {0,1,...,b— 1} such that
z 1s contained in Ijkﬁl Then

Wjme = p—ii—1 l(bml 4k +1— bj1+1 7,?1(1 + Z r1€1] 1 _ 22)_
1= k1+1

(i11) If j = (=1, j2) with jo € Ny then there is a ko € {0,1,...,b— 1} such that
z 1s contained in Ijkfn Then

fijme = b 711 — z) l(me +hky+1—b2T12)e Hrhats 4 Z e ’”262]
To= k2+1

(iv) If j = (=1,=1) then pjme = (1 — 21)(1 — 22).

The following lemmas are the last step in the computation of the Haar coef-
ficients.

LEMMA 4.4. Let j € N3, m € D;, ¢ € B; such that j1 + jo <n —1. Then

> l(bml ki1 bty T b Z ”“]

2ERnNIjm ri=k1+1

(me + k2 +1— bj2+1 € Z”k2£2 + Z 7‘262‘|
To= k2+1
b"*jl*jQ + b]'1+j27n+2

= (eQLrigl - 1)(62:"[2 _ 1)
By the sign + in the numerator we mean either + or — depending on j.

Proof. Let z € Ij,,. Then there is a k € {0,1,...,b— 1}? such that 2 € I]’f;n.
We have 0 < m; < b, i = 1,2. Hence we can expand m; in base b as

m; = bji*lm(li) + bj”?m(;) + ...+ mgz)

Since z € R, N Il€ we have

t .
b 1(bm1+k1)<—+ L+ b oy + Ky 4+ 1),

b b2 bn
Inserting the expansion of m in the last inequality gives us
m§1)+mg”+ + gi)+ LT LT T
b b2 i b31+1 - b b bn
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L e
< b + 12 +...+ bin +bj1+1.
Analogously we have
. s s s ~
b2 (bmg + ky) < % + b—j ot g <O bma + ke + 1),
Hence
(2) (2) (2
my my M, ko 1, S2 Sn
b + b2 et biz +bj2+1 = b + b2 +”‘+b”
L e
So one gets a characterization of the fact that z € R,, NI ]km in the form
tn = m(11)7 ln-1 = m(21)7 RS tn—j1+1 = mgi)a tn—jl = kl
and
S1 = m§2)7 Sy = mgQ), sy Sy = mgz)’ Sjo41 = k2.
Hence t1,t2,...,t;, and t,,—j, 1, .., tn—1,t, are determined by the condition
z € Ry, N1y and t,—j; and tj,41 are determined by k& = (k1,k2) for which
z e Iy, while tj,yo,...,tn_j,—1 € {0,1,...,b— 1} can be chosen arbitrarily.

Then we calculate
bm1 + k1 +1-— bj1+1z1
=14+, + 0 o+ b1ty

— Wi, — b, — by
=1-b" My j_1—...— by
=1-b"1ty j1—...— bj1+j2_"+2tj2+2 — bj1+j2_n+1tj2+1 —€1
where
g1 =b1TRT T
and

bmg + kQ +1—- bj2+122
=1+ bj281 + bjzilsg + ...+ b8j2 + Sj,+1

—b2g) — b2 lgy — = b2
=1- b71$j2+2 — .= b'7277l+18n
_ -1 j1+j2—n+2 j1+j2—n+1
=1-0 Sj2,2 — ... bjl J2 Sn,j1,1 — bjl J2 Snfjl — &9
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where
9 = bj1+j2_nsn7j1+l + ..+ bjl—n+1sn
This means that
bmi 4+ kg + 1 — bty = ppirtiz—n+2 _ bjl+j2*n+17fj2+1 — €1

for h =1,2,...,b" 7177272 Tt is clear that there must be some permutation o
of {1,2,...,b6" 77179272} guch that

bmg + ko +1 — b2tz = U(h)bjlﬂ'r"+2 - bjﬁjrnﬂsn_j1 — &9.
We abbreviate X =n — j; — j2 — 2. Then

b—1
S Jomrnsi-psgrnn . § el

ZERnﬁIjm,

b—1
. 27 271
X l(me + ko +1— b]2+122)67k2£2 + E e ngQ]
T22k2+1

b
= Z l (hb~ A P —e1)e ikl 4 Z ”El]

1= k1+1

b—1
X l(o(h)b—X T — &) oFFthats | Z 62;:1,7,2£2‘| .

T22k2+1

After having expanded the product and changed the order of summation we
analyze the summands separately in a fitting order. We recall that s,,_;, depends
on k; and tj,11 depends on ky. Except the last two, all summands are equal to
zero because each has the sum of unity roots as a factor. The nonzero summands
are

b b—1  b— b— i
J1—J
T151 b 1772
IRCE RV EY
h:1k1:0r1 k1+1 kQ 01”2 k2+1

(by Lemma [£1]) and

bX b—1 b-—1

E E E b~ X— 1t]2+1b Sn _je b klﬁlefkgﬁg

h=1k1=0k2=0
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b—1 b—1
. s 27 27
— pirtiz—n E Sp_j, e b k161 E tiyp1e b kols

k1:0 k2:0
We know that ¢,_;, = ki and that either s; = ¢; or s; = b —1 — ¢; for all
t=1,...,n. Hence s,,_;, is either k; or b —1 — k;. Since
b—1 A
5 - nen —o
k1:0
we have
b—1 b
i
D spjet il = £ (10)

k1=0
using Lemma [Tl and the sign depends on j;. Also we know that s;,41 = k2 and
that either s;, 11 =t;,41 or s;, =b—1—1;,,. Hence

b—1 b
2‘rrik o
Z tj41€70 722 = + 2mip, 1
e 2 —
ko=0

and the sign depends on js. So alltogether our last summand is

2 j jo— 2
i bian b I

EFE-DEFE S (T e )
and the sign depends on j. Adding both summands which are nonzero gives us

the stated result. One can find a longer though straightforward version of the
calculation in [M12]

O
LEMMA 4.5. Let

b—1 n
Ty 1= Z Z b_jtj
1oty =0j=1
and

for any positive integer n. Then
1
and

1
Yo = 0"y = SHT " 1),
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Proof. Clearly, 1 = 5(b— 1) and inductively

n—1
:Z Z Zb—ftj+b— Z Zt
tn t1,..tn—1 j=1 t1,0tn—1 tn
b(b—1)
2

_pl (b”1 1)+ %(b—l)

=bx, 1 +b "L

Y S0 1),
One sees that y,, = b"“xn simply by checking that
n n n
Z biti _ bn+1 Z bi—n—lti _ bn+1 Z b_itn+17i‘
i=1 i=1 i=1
Summing over ty,...,t, will give us y, on the left side. On the right side it

will give us b"*1z,, although the order of the ¢; is reversed with respect to the
definition of the numbers x.,,.

O

We will use this fact that the order of the ¢; is irrelevant in further proofs.
But not only the order is irrelevant but even the concrete index of the ¢;. For

example the value of
b—1 n
S S

tntisstan=0j=1
is the same as the value of x,,.

LEMMA 4.6. Let

Zp = Z sz jtt

L1y tn=014,7=1
for any positive integer n. Then

1 n 1 n 1

= _p2ntl L Zgpnt2 _ gl . T pnoy g

=1 T 2 B 1
The proof is analogous to above.

LEMMA 4.7. Let z = (21, 22). Then

2(1—21)(1—22)—14—1) net Z sz Tt;s;.

ZERR t1,etn 4,5=1
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Proof. We first calculate for some z € R,

(1 — 2’1)(1 — ZQ) = (1 — b_ltn — ... b_nt1)(1 — b_lsl — ... b_”sn)
=1-bt — o ="t —b s~ b
+ Z bin#iijiltisj‘.
i,j=1

Now we sum over all z € R,, which corresponds to summing over all
t1,...,t, € {0,1,...,b— 1} and get

> (1—21)(1 — 22)

2ERANI(—1,-1),(0,0)

- ¥ (1—b‘1tn—...—b_”t1—b‘lsl—...—b_”
t1,..,tn
+b_n_1 i bi_jtisj)
ij=1
b—1 ' b—1 b—1
=pr —p ! Z ty — byt Z $p—...—bpt Z t—
t,=0 t1=0 t1=0
— b pnt an+b—” ! Z Z b It
t,=0 t1,.tn 4,5=1
1 1
—b”—2<b"2§(b—1)b+...+b1§(b 1) ) +p ! Z Z b It;s;

t1,etn 4,5=1

= (- DO D)+ Y Z b ts;

tyotn i j—1
n
=1+ p—t Z Z bzijtiSj

t1,etn 4,5=1

O

LEMMA 4.8. We consider a generalized Hammersley type point set R,,. Then

b—1 b2 1

12

> b ts; = b2"+1 b"+1 + b+(2an n) b

t1,..stn=01,5=1
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Proof. For better readability we write a instead of a,. We can assume that
S1=11,...,8¢ =ta,Sar1 =b—1—tar1,...,8, = b—1—1,. Otherwise we would
have to rename the ¢;. This assumption allows us to split the sum in a compact
way. So,

n

> b ts; = i b Itt +i i b Iti(b— 1 —t)+

ij=1 ij=1 i=1 j=a+1

+ i ib"—jtitj+ i Vi Iti(b— 1 —t5)

i=a+1j=1 'j—a+1

— Zbl Ttit;+(b—1) Z Z bt —za: Zn: bt

i,j=1 i=1 j=a+1 i=1 j=a+1

+ zn: Za:bi’jtitjnL(b—l) zn: zn: b It —

i=a+1j=1 i=a+1j=a+1

— Zn: zn: biijtit]‘.

i=a+1j=a+1

Summing over t¢1,...,t, and analyzing every term separately will give us
Pl s IR
Htn t,5=1

as well as using y,, = b" 'z,

> -1 Z Z bt = (b— 1)y, zn: Al
t1,eetn

i=1j=a+1 j=a+1

_ bn+1.’£a(b_a o b—n)7

and
PIDIDETED 3D 3D D SR
Lt i=1 j=a+1 Llg i=1 tat1,-tn j=a+1
=Yg Z b—® 2": ba*jtj = TqTn_ab,
tat1,--tn j=a+1
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since we have already seen that the indexes of ¢; are irrelevant. We also get with
a similar argumentation

P ZZWHJ*ZZ” > >

tn i= a+1] 1 cote j=1 tat1s--tn i=a+1
n
Z Zb T > b VT = 2ab"Yn—a = Taln—ab™T,
ta j=1 tat1se-ostn  i=a+1
n
RIS Db DECTEIUSIZED DD SEC SN S
tly---ytn z=a+1j=a+1 ta+17---7tnl a+1 _7 a+1

_ bayniabaa)—a o b—n) _ xn,a(bn-i_l _ ba+1)

and

}: }: }:b’%t__w > 2: E:b“w““ﬂtt—bzna

tn i=a+1j=a+1 tat1,-otn t=a+1j=a+1

So what we have is

b—1 n
Z Z bi_jtiSj

1 seenst iyj=1
= 0" % =02 + 2ab(D"TY = 1)+ 2oy g (D" — 1) 4 2y b (BT — 1).
Inserting the values of z,, z,,_q, T4, and x,_, and simplifying will give us the

stated assertion.
O

PROPOSITION 4.9. Let [tjme be the b-adic Haar coefficients of the discrepancy

function of R,,. Then

b -1
12

bt

1, 1
H(=1,-1),(0,0),(1,1) = Zb oy §b + (2a, —n)

Proof. Using the last lemma we have
b-1

oo 1 1 1
3, 3 6y = = 3 gk o)

t1,..tn=01,j=1

Hence using Lemmas [£.2], and [£7]

b2 —1
12

b".

. 1
.00 =0T Y (- a)(1-2) - 5
ZERy
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P

1 1 1 b2 —1
_ N —n—1 [ Z12n+1 _ ~in+l - o n o
=b <1+b <4b 2b +4b+(2an n) 3 b ))
b -1

12

bt

1 1
= 4b_2" + §b_” + (2a, — n)
]

LEMMA 4.10. Let j = (j1,—1) for j1 € Ng with j3 < n —1, m = (my,0) with
0<my <Vt and = (l1,1) with1 </l; <b. Then

b—1
Z l(bml +k+1- bj1+121)€2;;ik1£1 + Z ngi“el] (1 —2z9)
ZER"I'WIJ'"L T1:k1+1
_ b (1 — 2¢) F oL wj,
2(e°8 0 — 1) (e —1)2

where w;, s either el or —1, the sign of F depends on j; and we have
eIt < b,

An analogous result holds for j = (=1, j2) where jo € No with j» < n —1,
m = (0, mg) with 0 < mg < V2 and £ = (1,02) with 1 < ¢y < b.

Proof. Let z € Ry, N I,,. Then there is a k = (k1,—1), k1 € {0,1,...,b—1}
such that, z € R, NI ]km We use the methods from from Lemma F4] for the
proof. We have

bm1 -+ kl + 1-— bj1+12’1 =1- biltn_jl_l — ... bjlin‘kltl
which means that
bmy +ky 4+ 1 — 1y = gttt

for h = 1,2,...,b"71~1. The numbers t,,_j, +1,...,t, are determined by the
condition z € Ry, N Iy, and t,_;, = k1. All other ¢; can be chosen arbitrarily.
We also have

_ -1 j1—n+1 j1—n
1—22—1—b S1—...—b]1 Sn,j1,1—b]1 Sn—j, — €

where e = b1 """ 1s, i 1+ ...+ b "s,. Clearly, eb" 71 <b.
So there must be a permutation o such that

1 — 2y = a(h)pr ! — bjl_"sn,j1 —e.

Hence

b—1
. 27 27
g (bm1+k1+1—bﬂ+1zl)e bkl g e b mh (1—29)
2ER,Njm ri=ki1+1
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41 + E 7‘141 X

T‘l—k‘1+1
x (a(h)pr " — s, s —¢)

—1 pn—J1—1

L
= > W
k1=0 h=1

We analyze the summands separately after having expanded the product and
changed the order of summation. A longer though straightforward calculation
can be found in [M12]. We have

b Jj1—1

Z hO’ b]1*n+1b]1*n+1 Z ekl — =0,

k1=0

e Jj1—1

j1—n+1lpji—n
n— ]1
g ht’ v E S 5

k1=0

T bj177l+1 + 1
=+ 2miy )
2(e™ 1 —1)

using the equation ([0 from the proof for Lemma [£.4]

pr— Jj1—1
_ 27i
— E Rt E e b Rf =
kl—
b”*JI 1 b—1 _ o
SRTOTEED o g
27 )
b 61
h=1 kl—OTl—kl-‘rl 2(6 ! 1)
n—j1—1
i ot 27 —eb
— e bl —
27
es -1
h=1 ki=07ri=ki+1
and
pri1—t b—1 b—1
-n 2mip, p
- E b E Sn—j, E e v
h=1 k=0 =k +1

For the last term we use the fact that s,,_;, is either ky or b —1 — k;. In the
first case we have
b—1

b—1 _
LIPS

k1=0 ri=ki1+1
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27 (k1+1)£1

1—e b

e

1 1 b1
#( ST (7_;@40_1_@@1))
et 1 e 1 —1

1 (B3 b
e 2 et — 1

(b—3)b b
207 —1) (el —1)2

In the other case we have

b—1 b—1 _
Sb—1-k) Y eFmh
k1=0 T1*k1+1
b—1 — b—1 b—1
b-1)>" Z ~ Nk Y e
k1=0ri=Fk1+1 k1=0 ri=k1+1
(=1 (b—3)b b
(e —1) 20eTh—1) (70 1)
b(b+ 1) b

= 2(6221£1 - 1) (62-Ir)ri£1 _ 1)2
So the last term is either
1 b—3
(e —1)2 2l —1)

or
b+1 1

_2(622—1‘£1 . 1) - (ngigl - 1)2

Now combining the results we get in the case s,_;, = ki

ST bma k1= b )T R Z b (1 - 2)

2ERn N jm ri=k1+1
b (1 — 2e) — bt el
= i} + 27mi
20T — 1) (et —1)2
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while in the case s,—;, =b—1—k;

b—1
Z (bmy + k1 +1— bjl“zl)e%klel + Z et (1—29)

ZeRﬂ,ijr",, T1:k71+1
B bn*jl (1 _ 25) + bj177l+1 1
B 20 — 1) (e —1)2

as stated by the lemma.

5. Proof of the main result

ProOPOSITION 5.1. Let R,, be a generalized Hammersley type point set and let
Wime be the b-adic Haar coefficient of the discrepancy function of R, for j €
N2,  m € D; and ¢ € B;. Then

(i) if j € Ng and j1 + jo <n —1 then

b72n

|ij€‘ = e2;r)rv1g1 - 1‘ 2miy ’

e 2 -1

(ii) if j € NE, j1+jo > n—1 and ji, jo < n then |ujme| < cb™"791792 for some
constant ¢ > 0 and
h—291—2j2—2

|ije\ =

27

ebEQ—l‘

271
e h —1’

for all but b™ coefficients [tjme,
(iii) if j € N3 and j; > n or jo > n then

=271 —2j2—2

|Mjm€‘ =

27mi

7
ebEQ—l‘

—
eFh _1’

(iv) if j = (j1,—1) with j1 € No and j1 < n then |wjme < b= for some
constant ¢ > 0,

(v) if j = (—=1,72) with jo € Ng and jo < n then |p;mel
constant ¢ > 0,

IN

cb™"7I2 for some
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(vi) if j = (j1,—1) with j1 € Ny and j1 > n then

1 p2nd
|pjme| = 5T zmig. o]’

es -1

(vii) if j = (=1, j2) with jo € Ny and jo > n then

1 b2t
’ij€| T 57 2mi,

2%t 1

(viid) 11,00y 00] = 1572 + (3 + (20 — )25 577,

Proof. Let j € N%l such that j; > n or jo > n. Then there is no point of R,,
which is contained in the interior of the b-adic box I;,,. Thereby (@), () and
(badl) follow from Lemma [£2] and Lemma [£3]

The set R,, contains N = b" points and, for fixed j € N2, the interiors of
the b-adic boxes Ij,, are mutually disjoint. Therefore there are no more than
b"™ b-adic boxes which contain a point of R,,. This gives us the second part of
(). The first part of () follows from Lemma and Lemma because the
remaining boxes contain exactly one point of R,,.

The part (i) follows from Lemmas 2] and (41

The last part is actually Proposition

Finally () (and analogously ()) follows from Lemma combined with
Lemma 2] and Lemma 3l We get

b (wy, — e b (75— 1)) L b
(e —1)2 2> — 1)

\tjme| =

where wj, is either e s ‘1 or —1. Clearly,

‘wjl —eb" (623”{1 -1)| <e

for some constant ¢ > 0 since eb” 7t < b. Hence

pjme| < 267771

Now we are ready to prove the main result.

Proof of Theorem [[LJl Let R, be a generalized Hammersley type point
set with a,, satisfying |2a,, — n| < ¢y for some constant ¢y > 0. Let j1;,,¢ be the

158



Q[

a

Z plirti2)(r—5+1)g Z | tjmel? < Cpr—Vpi

jGN%l me;, LeB;

for some constant C' > 0 establishes the proof of the theorem.

We use different parts of Proposition [B.1] after having split the sum by
Minkowski’s inequality. We have

Z plir+iz)(r—5+1)g Z | imel?

JENG; j1+ja<n—1 meD;, LEB;

SIS

< e Z b(j1+j2)(rf%+1)q Z p—2np
JENZ; j1+j2<n—1 meD;
i
=c Z plldi+iz)(r+1)—2n]q

JENZ; j1+j2<n—1

n—2 %
= (Z pAr D =2nla(\ 4 1))

A=0

1
n—2 q
< Cln% (Z b[/\(r+1)2n]q>

A=0

< an% bn(r—l)

from (). From (@) we have (using the fact that % —r>0)

1S
Q=

Z b(]1+j2)(T—;1,+1)q Z ‘Mjmﬁ‘p

0<j1,J2<n; ji+je2=2n—1 meD;, LeB;

Q=

Z b(]’1+j2)(T*%+1)q pe p(—n—i1—i2)q

0<j1,72<n; j1+j22n—1

DISCREPANCY OF GENERALIZED HAMMERSLEY TYPE POINT SETS IN BESOV SPACES

b-adic Haar coefficients of the discrepancy function of R,,. Theorem Bl gave us
an equivalent quasi-norm on S, B(I 2) so that the proof of the inequality
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Q[

+cy Z b(j1+j2)(7‘*%+1)q plr+iz2) g p(—251-2j2)q

0<j1,j2<n; j1+j2=>n—1

— 4 Z pllar+i2) (r=3)+ % —nlq
0<j1,72<n; j1+j22n—1

+ ey Z b(j1+j2)(T*1)q

0<j1,j2<n; j1+j2>2n—1

2n %
=3 ( Z (2n— A+ 1)b[A(T;)+Z"]q>

A=n—1

1
2n q
+ ey ( > @n—-a+ 1)bA<’”—1>q>
A

=n—1
n+2 % n+2 %
_ Cgb%—n (Z )\b[(2n+1—A)(r—;)]q> +ey (Z )\b(?n+l/\)(rl)q>
A=1 A=1

1 1
n+2 q n+2 q
< C5bn(r—1)+n(r—%}) (Z )\b/\(%—r)q> +66b2n(r—1) (Z )\b)\(l—r)q>

A=1 A=1
< C5bn(r—1)+n(r—%})(n + 2)% b(n+3)(%}—r) + cq b2n(r71)(n + 2)% b(n+3)(1fr)

< e brh ni.

Part (i) gives us (using the fact that » — 1 < 0)

SIS
Q=

S ek [ 3

jeN%;jlsz meb;, LeB;

1

<es | YD oIS (22 ylir+i)
JENE; j1>n

=cg (Z()\ + 1)bA(T1)q>
A=n
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< an%bn(rfl)
and an analogous result for those j € N2 with j2 > n. From ([x]) we conclude

Z plir+iz)(r—5+1)g Z | imel?

0<j1<n; ja=—1 meD;, LeB;

Q=

< ¢10 Z plr+32) (=341 p(G1+52) § p(=n—j1)q
0<j1<n; jo=—1

q

n—1
=c b " E prrar

j1=0

< Cllbfnbnr _ Cllbn(rfl) < Cllbn(rfl)n%.

Analogously one estimates the sum for those j € N2, with j; = —1 and 0 <
J2 < n. From () we have

S0
Q=

POl il I D T

n<ji;je=—1 meD;, LEB;
1
q
< o 2 : pUr+i2)(r=3+1)a p(1+i2) § j—241q
n<ji;je=—1
1
o) g
= C13 g bjl(rfl)q
ji=n

< Clgbn(rfl) < Clgbn(rfl)n%

again with analogous results for the sum with those j € N2 | with j; = —1 and
n < jo. Finally, the last part gives us

1
l1h(=1,-1),00,0),1,1)| < c14db™" < 1™ Vna,

And the theorem is proved.
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6. Final remarks

The results from [T10al Chapter 6] allow us to get additional results for
Triebel-Lizorkin spaces with dominating mixed smoothness without any effort.
First we define the spaces. We use the notation from the introduction. Let
0 < p,q < oo and r € R. The Triebel-Lizorkin space with dominating mixed
smoothness ST F(R?) consists of all f € &'(R?) with finite quasi-norm

q

1£1Sp, FRY|| = ||| D 2rttthad| 7= o F£)()[1|  |[Lp(RY)
keNg

with the usual modification if ¢ = co. The space Sy, F'(I 4) can be defined anal-

ogously to S7 B(I%). In [T10a, Remark 6.28] and [Hnl0, Proposition 2.3.7] we
find the following embeddings

T d T d T d
Sp,min(p,q)B(I ) — Squ(I ) - SP:maX(PaQ)B(I )

and
T d T d r d
S FUY) = S, BUIY) = S, ,B(I?)
for 0 < po < ¢ < p1 < oo. Using the main result of this note and these embed-
dings we get the following theorem

THEOREM 6.1. Let 1 < p,q < oo and 0 < r < —3—. Then for any integer

max(p,q)

b > 2 there are constants c1,co > 0 such that, for any N > 2, the discrepancy
function of any point set P in I? with N points satisfies

| Dp|S), F(I9)]| = 1 N (log N)

d—1
q
)

and, for any n € N and any generalized Hammersley type point set R,, with a,,
satisfying |2a, — n| < co for some constant co > 0, we have

HD'Rn |S;qF(I2)H < ¢ bn(r—l) n%‘

The spaces Sy H(I%) := S7, F(I%) are called Sobolev spaces with dominating

mixed smoothness. It is well known that S} H (I 4) = L,(I%). We can conclude
the following.

THEOREM 6.2. Let 1 < p < oo and 0 < r < m. Then for any integer
b > 2 there are constants c1,co > 0 such that, for any N > 2, the discrepancy
function of any point set P in I? with N points satisfies

| Dp|SyHIY)| > 1 N™ ' (log N)

d—1
4 )

162



DISCREPANCY OF GENERALIZED HAMMERSLEY TYPE POINT SETS IN BESOV SPACES

and, for any n € N and any generalized Hammersley type point set R,, with a,
satisfying |2a, — n| < co for some constant co > 0, we have

Dy |STH(I?)|| < ¢y b1 pa
| Dr., Sy H (12|
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