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ON THE STATISTICAL INDEPENDENCE OF
SHIFT-REGISTER PSEUDORANDOM
MULTISEQUENCE OVER PART OF THE PERIOD

MORDECHAY B. LEVIN AND IRINA L. VOLINSKY

ABSTRACT. In this paper we construct a pseudorandom multisequence

(x(nl ..... nr)) based on kth-order linear recurrences modulo p, such that the dis-
crepancy of the s-dimensional multisequence (x(n1+i1 _____ n,,.+i,.))1§ij§sj,1§j§r
1<n; <Nj1<j<risequal to O((Ni---Np)~V/21nst37(Ny - -+ N,)), where
s=281--8, for all Nq,...,N, with 1 < Ny --- N, < pF.

Communicated by Sergei Konyagin

Dedicated to the memory of Professor N.M. Korobov

1. Introduction

Equidistribution and statistical independence properties of uniform pseudo-
random numbers can be analyzed based on the discrepancy of certain point sets
in [0,1)%:

Let x,, = (zp1,...,%ns), n=0,...,N—1, be a sequence of points in an
s-dimensional unit cube [0,1)% v = [0,71) X ... x [0,7s) a box in [0,1)°. The
quantity:

D))= s {0 N1 |xpe v} /N-ma] )
0<y1,..,7s<1
is called the star discrepancy of (x,)N_.

Let us consider pseudorandom numbers (abreviated PRN) obtained by means
of the shift-register method:
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Let p be a prime, let £ > 2 be an integer, and generate a kth-order linear
recurring sequence Yo, y1, ... € {0,1,...,p— 1} by

Yn+k = Qk—1Yn+k—1 + - + aoyn  mod p, n=0,1,..., (2)

where 1o, ..., yr_1 are initial values that are not all zero. The integer coefficients
ag, ...,ai—1 in () are chosen in such a way that, if they are viewed as elements
of the finite field F),, then the characteristic polynomial

k—1

flx)=2F —ap_1z .. —ag € Fylz]

of the recursion () is a primitive polynomial over F,,. Note that the characteristic
polynomial f has a root 3 in the extension field F, of F),, where ¢ = pF. Let
}T; = F, \ {0} be the multiplicative group of nonzero elerflents of F, and let
F,= {ﬂ € Fy | B—is a primitive root}. We see that #F, = p(q—1), where
¢ is the Euler’s function. Let T'r denote the trace function from Fj to Fj. It is
known (see, e.g., [Ni, p. 212]) that there exists an o € F}; such that

Yn = Tr(af™) for n=20,1,...

In the digital multistep method, the sequence yg,y1, ... is transformed into a
sequence xg, 1, ... of uniform PRN in the following way

k
xnzzyknﬂq/pj, for n=0,1,....
j=1

In a series of papers, Niederreiter (see the review in [Ni]) proved that there
exists a characteristic polynomial f such that

1 s+1
D*((xn,...,xn+s,1)ﬁ;01):O(‘/F(HTT)), for N=1,..,7,

where 7 is the period of the sequence of pseudorandom numbers.

This estimate is interesting for N > /7(log7)**!. In [Lel],[Le2], Levin de-
scribed a class of uniform PRN sequences (z,)n>0, having a nontrivial discrep-
ancy estimates also for a small part of the period:

D*((zny s Znss— 1)) = O(N"Y2In* 3 N), for N=1,2,... (3)

n=0

Our goal is to obtain a nontrivial discrepancy estimate similar to ([3) for a
small part of the period for multisequences of PRN based on kth-order linear
recurrences modulo p. The method of the proof is based on Korobov’s approach
[Ko2| (see also [Lel], [Le2], [NiSh]). Similar results can be obtained for the pseu-
dorandom sequences described in [Le2] and [Le3]. In this paper we will prove
the following theorem :

122
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Let r > 2, a = (ai,...,a;) € Fj, and B8 = (f1,...,53) € qu, n =
(n1,...,n,) and let

y(n, )= 3T (@O mod p, g, j) € 0p - 1], (4)

=1
where,
w(n) = Z Nws” "+ Z nws® ™2 mod s" ', (n) € (0,571,
well,l) we(l,r]

forl =1,...,r. Let s1, ..., 8-, N1, ..., N, > 1 be integers, and let s = s185...5,.. We
consider the following r-parametric sequence (X, ... .n,))0<n, <N, 1<w<, i0 the
s-dimensional unit cube, where

X(nl,.‘.,n,,.) = Xn = (Z(’I’L1 + i1, vy N + ir))Ogiw<sw, 1<w<r;

and

z(ny,...,ny.) = Z # (5)

1<j<k

Theorem. Let e € (0,1). Then there exist more than (1 —€)q" (p(q—1))" values
(e, B) € Fj x Fy such that, for any N; € [1,q], 1 <i<r,4<N=N;...N, <
q, and any si, ..., S, > 1, the bound

D*((Xn)0<ny, <Ny, 1<w<r) < spN—1 4+ e LeN—1V21n5+25" N 1n25" In N

holds, where s = s182 - -+ s, and the constant ¢ depends only on s1, ..., S;.

2. Auxiliary results

For the integer b > 2, let denote
A*(b,m)={H = (Hy,...,Hs) € Z° |0 < h; <b™ Vi} \ {0},
where H; = Zogjgm—1 hijbj, and Z is the set of integers. Let

Q;Valsh(bv H) = H Q;Valsh(b? HZ)’

i=1
where
1, if H; =0,

Q* als b7H’L):
Wlh( {m, if bgng‘<bg+1,gZO.
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Consider point sets for which all coordinates of all points have a finite digit
expansion in a fixed base b > 2. Let

wy, = (.. w®)el0,1)°, n=01,...,N—1, (6)

where, for an integer m > 1, we have
m

=Y w7, 0<n<N-1, 1<i<s,

Wlthw ;€{0,1,..,b—1 for0<n<N-1, 1<i<s, 1<j<m.
Theorem A. [He, Theorem 1, and Ni, Lemma 4.32, p.68] If P is the point set
(@), and m > [log, N| then

N-1

. sb 1
D(P)SN+ Z QWalshbH = Zzhw nj ’
HeA*(b,m) =0 =1 j=1
where e(x) = 2V 1z,
Lemma 1. [He, Corollary 4, and Ni, Lemma 5, p.18] Let s > 1 and m > 1 be
integers. Then

3

S Olvarn(b H) < (L22mInb + 1)°.
HeA* (b,m)

Lemma 2. (see e.g., [KoSh, p.9, p.13, ref. 3.3]) Let 5 € F,,
L, if B=0,
5(6) = { !

0, otherwise.
Then ) Tr(af)
r(a
§(8) = - Ze<7>.
q aclF, p

For proof of the following well known lemma see, e.g., [Ko, p.13], or [LeVo,
Lemma 7, p.156].
Lemma 3. Let N € [0,T — 1], T €[l,q] and x,, be a real (0 <n <T —1).

Then
T/2

1
< > =

m=—T/2

N-1

Z e(zn)

n=0

T

Ze(:l;n—f—%)

n=1

)

where m = max(1,|m|). It is easy to see that
T/2
> —<3+42mT. (7)
m
m=—T/2
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Repeating Lemma 3 r times, we obtain
Lemma 4. Let N; € [0,T; — 1], 1<i<r, whereT; € [1,q], 1<i<r, and
n=(ni,...,n.). Then

N;—1 T1/2 Tr/2 1
PORE Z oo 2
n1=0  n,=0 mi=——T1 /2 me=——Tn/2 "

T1—1
IZ Z (xn+ 1m1+...+n’;:z’”>‘.

n1=0 n,.=0
Lemma 5. Let r > 2, s1,...,s, > 1 be integers, s = s1 -+ - S,
p(n+1i) = Z (M + 10y)8Y 1 + Z (N +iw)s°"2 mod s"1,  (8)
we[1,1) we(l,r]

and p(n+ 1) € [0,s"71). Then for 1€ [1,r],

#{k(il—l—sm(n—}—i))—!—j ‘ 0<j<k, 0<i, <sy, 1/:1,...,7"} =ksi...8,
P,roof. I/t i/s enough to prove that there are no two vectors (iy,...,ip,5) #
(i%,...,i.,7) with

k(i + spu(n+1) + 7 = k(i) + spum+1)) + 5 . (9)

Suppose that (@) is true. We see j = j° mod k. Hence j = j/. By @), we see
i+ smm+i) =i+ spum+i) and i =4, mod s. (10)
Therefore i; = 4,. From ([0), we have that y;(n +1i) = m(n+1i). By @), we get

Z (N + )8V + Z (N + 0y )8V 2

we(l,l) we(L,r]
= Z(nw+z )s® T 4 Z nw+z mod "1
we(l,l) we(L,r]
Hence
Z (i — i,)s" ™" + Z (iw —iy)s” 2=0 mod s

we[l,l) we(l,r]

Thus
Z (iw —iy)s” 2=0 mod s ', for =1,
we[2,r]

and

(iy —iy) + o4 (i1 —ip_q)s 1
+ (G141 — i;+1)sl t ot (iper— i 1)s"2=0 mods"' for [ >2.
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. . . . R .
Bearing in mind that 4; = 4;, we obtain
’

!
—i,=0 mods, and i,=1 for w=1,..,r.

Tw w

Hence Lemma 5 is proved. U

Lemma 6. Let ¢ = p*, T € [4,4q]. Then there exists a constant ¢; > 0 such
that

L <c¢iInTlnlnT.
elg—1)
Proof. By [Sa, p.15, ref. 3a; p.9, ref. 2],
O nng + 2.0 , for n > 30.
©o(n) Inlnn
Therefore L melnl )
plg—1) q—1
Let f(z) = z/(InzInlnz). It is easy to see that f (z) > 0 for z > 30. Hence
T 4q
< f T > 30.
InTInlnT ~ In4glnlndqg or
Using (IJ), we have
kT B ( 4q IngInln(q — 1)) _o(1)
©(@—1)InTInlnT  ~ \In4qlnln4g g—1 n '
Thus Lemma 6 is proved. U

3. Proof of the Theorem

By (J), we obtain that the Theorem is true for Ny - -+ N,. < p with ¢ = 1. Now

let Ny---N. >p, s =818, T; € [N, q] be integer (1 <i <r), and
m = min(k, [log, Ty ... T;]). We see that
1.22mlnp+1<mblnp <5In(Ty---T}), (12)

and m > [log, N1 ... N,]. From @), ([B) and Theorem A, we get :

Ny--- NTD*((Xn)lgnw<Nw, 1§w§7‘) < sp+ Z Q%alsh(p’ H) ‘S(H)| ’

HeA*(p,m)
where
N1—1 N, — r s1—1 sr—1 m
SH)= 3 - Z ( DD DD M
n1=0 n,=0 l 1 i1=0 i,=0 7=1
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% T,r(alﬁlk(m-Fiz-FSM(n+i))+j—1)) .

Using Lemma 4, we get:

Ti/2 T,/2 .
SH, T, o, 3)
< P - @ @
SEI< 2, 2 my...my
my=—T1/2 my=—T,/2
where
T1 1
(HTOQB*‘Z Z taﬁ (13)
t1=0 t.=0
with
£t a,B)
Ly EShy k(ti+i+sp (t+i))+5—1 myt;
S E Sy
Hence,

Ny ... Ny D*((%n)o<n, <N, 1<w<r) < sp+T1 .. .TT[?TI,MT,, (a,8), (14)

where,

T1 .. .TrﬁTl,...,Tr (aa /6)

Ty /2 T./2
* S(H, T, [o ,6)
= Z QWalsh(pv H) Z s Z ﬁ
HeA*(p,m) mi=—T1/2  me=—Tn/2 1.e -t
It is easy to see that

Ty...T,D : 15

T Z; > T TDr,, om0, B) (15)
(o] ﬁ€F7
T1/2 T./2

= > > Y Gvas@EXM (. m,)

HeA*(p,m) my=—Ty /2 mp=—T,/2
where

X(T)=———= 3" Y SHT ap). (16)

—1))
q"(p(q pery ety

Lemma 7. Let

s1—1 sr—1 m

_ h k(t® fsviti)+i—1 k(D s (6D 41)) 451
- Z s Z Z U1t J \ Pl _/Bl .

i1=0 i,.=0 j=1
(17)
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Then

m<II Do @), (18)

=14Mefo,1,—1]

FrEn DI > (o) (19)

[3z€th(2)e[0TL 1] vi€[0,s71)

with
t(l)
Proof. Using the Cauchy - Shwartz inequality, (EIEI) and (I3) we get:

T -1
XQ(T)SﬁZ Z Z Z £t e, B)) ‘2

ﬁeF! aEF’ t1=0

T1—-1 T.—1

R D D D SR S

BeFr a€Fy (1) /g 4 4@

s1—1 s-—1 m r

( Z Z Zzhll, v (T,,« a Bk(t( )+ZL+SHL(1;(2)+1))+] 1)

110 =0 j=11=1

+

m(t? — 1) o m(” t£”>)
= )

W, 1) i
_T'F(Oélﬁlk(tl +igtsp (8 +1))+5 1))+

Using Lemma 2, we get
T -1 s1—1 Sp—1

NCERD I SN D ) t10 D0 o

BeFr i (g DD _gl=1 =0 i,=0

m (2) its (2) i - (1) its 1) i -
X E hilm‘,i,.,j( lk(tl +irtsp (82 1))+ 1_Blk(tl +irtsp (81 4+1))+j 1))
j=1
Xe(M+ Lt 1)
T T

It is easy to see that

Sl—]. 87.—1

T

2

X(T) < =y q—l DY [To(> . >t
BieF, tMeo,1,-1 tPelo, -1 =1 =0 =0
1=1,...,7r i=1,...,r i=1,...,r

m
B s (42 +i))+5—1 Bt i+ s (6D +i))+5—1
XY hiy i (B -6 ))

Jj=1
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We take a new variable v; instead of p;(t®) +1i), 1 = 1,...,r. Enlarging the
domain of the summation, we obtain from (7)) that:

e YD SO0 .

—-1))
ela /%eF tMefo,m—1] tPeo,1;—-1] =Lu€l0,s771)
i=1,..., T i=1,..., T i=1,..., r
By (@), we get (I8). Hence Lemma 7 is proved. O

Lemma 8. With notations as above

r 1/2
x(T) < H <Tl3srcl In7;Inln Tl> )
=1

Proof. Consider the equation ¢; = 0. By (1), we have:
t(z) Nt (1) s1—1 s-—1 m

y k(sv;+1i
Cl:ﬂl IBI 1, Where 72:2.”22}%1 ..... i l( 1+i)+i— 1’

i1=0  i,=0j=1
(20)

and
s1—1 sr-—1 m

3 S (1) 1
M= /Bl Z Z thl ..... i lk( 1sp (8 i) +5— 1 (21)

11=0 =0 j=1
It is easy to see, that

(1) < (G = (7)) +d(m)-
We derive from (IJ) and (IZ]I) that

W=ty Y% !

Bzqu t@ejo,m,—1) vi€0,s71)

(2) _ (1)
T, ) (1= 6(m)) + 6()).

x(3(8,
Hence
xe(t) < i (60) + (M), (22)

W= 3 Y 3 (T e )

BiEF, 1P e[0,1,—1] vi€[0,57 1)

< (1=600), and NE) =T 3T 3T Sl (28)
BleF VIE[0,s7 1)

Consider y;(t(")). We see that if v; = 0, then ){l(t(l)) = 0. By @3)) if 71 # 0 and

v2 = 0, then also y;(t™)) = 0. Now let 75 # 0 and ~; # 0. We fix /3, v; and t(1).

where

129



MORDECHAY B. LEVIN AND IRINA L. VOLINSKY

There exists an integer a, such that 5 = v1/72. Let (; = 0. Bearing in mind

that §; is primitive root, we get k(tl@) — tl(l)) =a mod (g —1). We see that

#{o<t® < |kt — ) =a mod pla— 1)} <1+ [T/ (pla—1)/k)]
<14k /e(q—1),
where k1 = ged(k, p(q—1)). By (23) and Lemma 6, we get
it < s A+ kT /p(g—1) < s Y1+ e InTynlnTy).  (24)

Now consider x;(t(). Let p = Zﬁleﬁq 0(v(B). By @), p is equal to the
number of solution of the following polynomial equation:

s1—1 sr—1 m

Z Z Z hll,...,z,,.’]ﬁk(“+s'u‘l(t(1>+l))+] 1

11=0 =0 j=1

h

Bearing in mind Lemma 5 and that max;, . ; ; >0, m < k, we get:

p < ks. Using (23], we have
(W) < ksTy/p(g - 1).
By 22)), [24) and Lemma 6 we obtain
Xl(t(l)) <s '+ InTynlnTy) +s"c;InTyInlnT; < 3s"c; InTyInln 7.
From (I8)), we have

U1y ry]

YA(T) < HTl?)sTcl InT;InlnT;.
=1
Hence Lemma 8 is proved. O

End of the proof of Theorem. Using (), we obtain
Ty /2 T, /2

o> (ml...mr)_lgﬁ(SJranﬂ).

m1:—T1/2 m,.:—T,./Q =1

Applying Lemma 1 and (I2), we have
Z Q?/Valsh(pa H) S (5 IH(T1 . TT))S .

HeA*(p,m)
By ([I3) and Lemma 8, we get
g = q q_ ) Z Z Tl TTDTl,...,TT(a7ﬁ)

acky ﬁEF’
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r 1/2
<11 <Tl3srcl InT; lnlnTl)
1

T1/2 T,./2

X Z Z Z gi‘,Valsh(p,H)(ml...mr)_l. (25)

HeA*(pym) mi==T1/2  m,==T,/2

Hence
T

1/2
< (5In(T SH (2+3InT)) <Tl3sT01 lnTllnlnTl) ) (26)
=1

Let T;, =47, j; =1,2,..., i=1,...,r, and let

Stynsr2l  1<j1,0j, <logy q
10g4 ij1+---+jrS10g4 4q

(In(4°T;,) In® In(43T},))
(5; +3)In?(s; + 3)

-1

i=1
where .
Rl(jvT’avﬂ) = Tj1 o TJTDle ----- Ty, (a,,@)

r

~-1/2
x (5. ;) * [[2+3mT;) " ( T;,,3s"ci In T, 1n1nle) L (28

=1
We derive from (7)) and (28), that
Ty, ... T;, Dy, .1, (ct, B)
(29)
r 1/2
=Ri(5,T,0,8)(5InT}, ... T}.)° H (24 3InT},) ( T;,35"c1InT}, lnlnle)

=1
R(o,3)(5InT}, ... T},)*

T In(43Ty,) In? In(4%T; i
<] B4 In n( ”_)1 (2+31nle)<sz35T01 InTj, lnlnTﬁ) '
i1 ((s:+3)In(s; + 3))

Using (25), (26) and (IQEI) we obtain
Z Z Rl jvT « ﬁ

acky ﬁeFr

q q—l

By (7)), we have

2. DR

q q—) weTy peiy
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T

1
= Z , Z H (si +3) In®(s; + 3) In(43T},) In® In(437},)

ERRN. sr>1 1<j1,...,jr<log, q i=1
log, p<ji+...+jr<log, 4q

Bearing in mind that

1 *© dx 1
Z 2 < — =7 <1,
(k+3)In"(k + 3) 3 zlnzxz In3

k>1
we get
7 (pla—1)" ;;22
o ,BEFT
T oo 1
<]] <1. (30)
i=1s;,ji= (sz +3) In® (si +3)(di +3) In® (i +3)
Let

Qe—{aquT,ﬁquT

Rla, B) < 1} = (el (31

€

Let us prove, that

v>1—e (32)
We see that ¢ - ¢(¢ — 1)(1 — ) is the number of @ € F,,8 € Fq, such that
R(a,B) > 1/6 From (B0) and (B1]), we obtain

1
2 oy 2 2 K oDy 2 Feh)

—1)
q (] acFy, ﬁEF (e, B)EQC
1 1 1 1
2 T T Z P T 7'_%/:{2g
ela—1)" i ¢ T(ela—1) e
1 1 11—~
= ——————(1=7)¢" (0 —1))" = ,
Tlplg Dy e~ NPl ==

The inequality ([B2) is proved
Now, let N; € [T},-1,Tj,) for some j; € [1,logy ql, i = 1,...,r, with T}, = 497,
From (I4)), (29) and (31)), We have for all (o, B) € €2 that
Nl cee NT‘D* ((Xn)OSnw<Nw, lgwgr) — Sp
<Tj...T;,Dr,,.1(c,) < '(5InTy, ... Tj,)°
In(43T},) In® In(43T5,)
=1 ((si +3)In*(s; +3))

T

1/2
M2+3mEJ@%%%ﬂnEJMnEJ .

Hence
Nl cee NT‘D* ((Xn)OSnw<Nw, lgwgr) — Sp
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<ele (T, T) P2 (T, T ) P (T, - T
<ele(Ny . N)Y2 ISt (N - N In? % In(NVy -+ N,)
with some ¢, co > 0. By (32)), the Theorem is proved. 0
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