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CONVERGENCE AND MODULAR TYPE
PROPERTIES OF A TWISTED RIEMANN SERIES

T. RivoAL AND J. ROQUES

ABSTRACT. We consider the series ®(a) = > > # sin(27rm2a) cot(mma),
a twist of the famous continuous but almost nowhere differentiable sine series
defined by Riemann. In a slightly different but equivalent form, this series ap-
peared in the first author’s paper [On the distribution of multiple of real numbers,
Monatsh. Math 164.3 (2011), 325-360]. We pursue here the study of ®, which is
almost everywhere but not everywhere convergent. We first prove that & enjoys
a modular type property, in the following sense (with ®,, the n-th partial sum of
®): For all a € (0, 1], the sequence ®x(a) — a®|on|(—1/a) has a finite simple
limit Q(a) as N — +o0o. Using analytic properties of 2, we then prove that ®(«)
converges if and only if « is irrational and 3, log(g;+1)/g; converges (Brjuno’s
condition), where g; is the j-th denominator in the sequence of convergents to a.
This completes the results obtained in the above mentioned paper, where it was
proved that ®(«) converges absolutely under Brjuno’s condition.

Communicated by Yann Bugeaud

1. Introduction

This paper deals with the series

oo

O(a) = Z % sin(27rm?a) cot(mma). (1.1)

m=1
(The summand is defined for any real number o because sin(27wm?z) cot(rmz)
is an entire function for any integer m > 1.) It is a twist of Riemann series
> 5 sin(2rm2a). It appeared in a slightly different form in the diophantine
study in [I3] concerning the behavior of the quantity = > _ |[mnal|, where
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||z|| denotes the distance of x € R to Z. Riemann series is continuous on R
and nowhere differentiable, except at the rational numbers of the form p/q with
p and ¢ both odd and coprime (Hardy, Gerver, Itatsu; see [5, Chapitre VII]).
Duistermaat [6] showed that these facts are simple consequences of the following

modular type functional equation, where R(a) = Y °_, % and o > 0:

2 @
R(o) —e"™*a®?R(—1/a) = % +i7rei”/4\/a—iga— gei”/4/ VTR(—1/7)dr,
0

(1.2)
which itself can be deduced from the classical modular equation satisfied by the
theta series ) ., ei™m*  The latter was used by Jaffard [7] to compute the
multifractal spectrum of Riemann series. The important information in (L2])
is that the right-hand side is much smoother (differentiable with continuous
derivative on (0, +00)) than what is suggested by the left-hand side (continuous
but almost nowhere differentiable).

We address here two questions:
— When does the series ®(«) converge?

— Does the series ®(«) satisfy a modular type functional equation (like (I2]))
that provides some non-trivial analytic information?

Although both questions might seem unrelated, it turns out that our answer
to the second one is an important step to answer the first one.

We now make a couple of comments concerning the first question. On the one

hand, it is easy to prove that the series diverges for all rational number o = p/q
with (p,q) = 1. Indeed, in this case, for any integer J > 1,

i n(2rm2a cot(ﬁma)

m=1
q—1 J—1 J-1
= sin(27k?p/q) cot(rkp/q) Z +2 —
k=1 ]:1 jq

whence a logarithmic divergence of ®(p/q). On the other hand, it was proved
in [I3] that ®(«) converges absolutely for any irrational number « satisfying
Brjuno’s diophantine condition

i log(gj41) _ (1.3)

= U
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FIGURE 1. Plot of ®500 on [0,1]

where g; denotes the j-th denominator of the sequence of convergents to «. (ﬂ)

More precisely, the “absolute convergence” result proved in [I3] concerns the
s.eries of general term # >, cos(2mkma) but this does not change anything
since

cos(mm(m + 1)a) sin(rm?a)

1 m

— 21k =
m? ;COS( mhma) m? sin(rma)

_sin(2rm?a) cot(mma)  sin(rm?a)?

B 2m? a m? (14)

and the second fraction on the right of (T4) is the term of an absolutely con-
vergent series for any a. The proof uses the fact that [sin(2rm?«a) cot(rma)| <

[[m?a]

and then estimates in terms of the continued fraction expansion of «

[fma]

2
for the growth of the sums Zﬁzl %, inspired by the estimates found in
Kruse’s paper [9] for the sums ZZ:l m See also [14].

In the present paper, a modular type property of ®(«) is established and used
in order to understand more precisely the convergence properties of ®(«). For

cos(rn(nt1)a)sin(rn3a)
n2 sin(mna)
relation with ®(«) is given by Eq. ([C4). Furthermore, Brjuno’s condition is replaced in [14]
log(max(9;+1/9;:9)) . Tt was not stated in [14]
qj
that both conditions are equivalent: indeed, we have g;j4+1/q; < max(qj+1/q;,q;) < 2¢j+1 and

the series Zj log(q;)/q; is convergent for any irrational number . It is well-known that only

IThe results proved in [I3] concerns the series Doy and its simple

by the more complicated condition Zj

Liouville numbers may fail to satisfy Brjuno’s condition, which thus holds almost surely.

99



T. RIVOAL AND J. ROQUES

any integer N and any real number «, we denote by ®y(a) the N-th partial
sum of ®(a):

By (a) = i\f: sin(27rm20722cot(7rma).
m=1
We then consider
QN(Oé) = CI)N(Od) — Od(I)\_ocNJ (—1/06)

where | - | denotes the floor function. We observe that the limit of Qn () is a
priori defined almost everywhere on (0, 1] but not everywhere. The first part
of the paper is devoted to the proof of the following result, which in particular
shows that the limit of Qy(a) exists and is defined everywhere on (0, 1]. For
other instances of such a phenomenon, see [I} 2] 3] [15] [18].

THEOREM 1. The sequence of functions Qn has a simple limit Q on (0,1] as
N — +o00. Moreover,

= +Gn(a) (1.5)

N
1 Z sm 27rm a
T “—

where G has a simple limit G on [ 1] as N — +o0 and |Gy (a)| is bounded
by an absolute constant for all o € [0,1] and all N > 1.

In particular, the function

1 = sin(2rm2a)
Qa) - — m; — (1.6)
is defined and bounded on [0, 1]. The Riemann-like sine series in (L6 is continu-
ous and behaves like Tarlog(1/a) as a« — 0 (see Lemma [3). These facts will be
important for the proof of Theorem [2] stated below. We will provide explicit ex-
pressions for the limits G(a)) and Q(a) but they are not easy to study precisely.
Graphical experiments (see Figure 2) done with the computer algebra system
PARI/GP lead us to formulate the following conjecture:

CONJECTURE 1. The function G is continuous on [0, 1].

Fortunately, Theorem [I] provides us enough control on 2 and this conjecture
is not required for the proof of our next result.

THEOREM 2. For any irrational number o € (0, 1), the series ®(a) converges if
and only if Brjuno’s condition ([L3]) holds.
In case of convergence, we have

_ ZQT(Q) TN ) QT () (1.7)
§=0
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FIGURE 2. Plot of Q500 on [0.07,1]

where T*(a) denotes the k-th iterate of a by the Gauss map T(a) = {1/a}.

Remark. By the classical properties of continued fraction expansions (See Sec-
tion B.1]), we have T7(a) ~ # and aT'(a)---T7 7 a) = |gj—1a — pj_1] ~ q%'
Hence, since 2 has a logarithmic behavior at the origin, Identity (7)) can be
viewed as the quantitative version of the first (qualitative) part of Theorem

Similar expansions can be found in [I5] [16] for instance and implicitly in [I7].

As mentioned above, it was proved in [I3] that ®(«) converges absolutely if
Brjuno’s condition holds. Together with Theorem [2] this leads to the following
result.

COROLLARY 1. The series ®(a) converges if and only if it converges absolutely.

We observe here that ® could be related with “false” Lerch’ sums and “false”
theta functions (“false” means here that we replace summations over Z by sum-
mations over N* in the usual definitions of Lerch’ sums and theta functions).
For Lerch’ sums, we refer the reader to Mordell’s papers [11l [12] and Zwegers’
thesis [19] on mock theta functions. It would be interesting to know if an al-
ternative expression for €2 could be deduced from this relationship which would
prove Conjecture [I1

Beside Conjecture[I] let us conclude this introduction with a few other prob-
lems. Formally, the Fourier series expansion of ®(«) is

2 oo
S(®)(a) = % + Z % cos(2mna)
n=1

101



T. RIVOAL AND J. ROQUES

where

On = Z d* — 5 if n is a square, ¢, = Z d* otherwise.
d|n d|n

1<d</n 1<d<n

This is an easy consequence of (I4]). Two problems are to determine for which a’s
the Fourier series S(®)(a) converges (@) and for which ones we have S(®)(a) =
® (). In the spirit of Davenport-like problems (see [4, [I0]), the natural answers
would be “if and only if Brjuno’s condition holds” for both problems but we
don’t know what to expect here. It was proved in [I3] that S(®)(a) = ®(«) if
Z;io gj+1/ q]2~ converges, which is an almost sure condition but stronger than
Brjuno’s condition. Another problem is the determination of the minima of ¢
on [0, 1], which seems to be at a@ = @ and o = % Finally, it would be
interesting to know if our method can be adapted to study the convergence of
the series

i sin(2rm?a) cot(mma)

m=1 me
for any given s € (1,2). (For obvious reasons, this series converges, respectively
diverges, for every o € R if s > 2, respectively if s < 1.)

We will frequently work with analytic functions A on an open subset 2 of C
defined as the quotient of analytic functions h = f/g on Q. For any z € €, the
quotient f(z)/g(z) (which is not well defined if g(z) = 0) will mean h(z). This
will be implicit in the whole paper. We will still denote by |-] a modified floor
function: on [0, +00) it coincides with the usual floor function while on (—o0, 0)
it is set to zero. We will also often treat labels given to certain quantities as
mathematical expressions; for instance, if (10.1) and (10.2) are such labels, we
will freely write things like |(10.1)] < 1 or (10.2) = 0 when the meaning is
obvious.

Acknowledgement. We warmly thank the referee for his careful reading
and his pertinent comments. Both authors are supported by the project ANR-
2010-JCJC-010501.

2Since ® € L2(0,1), S(®) converges to ® almost everywhere by Carleson’s theorem.
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2. Proof of Theorem [I]

2.1. Strategy of the proof; a basic identity
Let f:R — C be amap. For all N € Nand all « € R\ Q, we set

\I/N(Oé) = D)

Z]i:l f(27rm2arilcot(7rma) .

(The value of an empty sum is set to 0.) Using the classical expansion

cot(mz) = — + 2z Z o

which is valid and uniform on any compact subset of C\ Z, we get, for all
M,N € N and all « € (0,+00) \ Q,

al m? 2 M opi o2
W (o) - 0y (~1/a) = - 3 TET) | 0F §n (22w
m=1 m—1

f(2mm2a) f(=2mn?/a) 1
faa >y (L) SRy L
m=1n=1
f(2mmia) (2mm2a) 9 1 —2mn? f(=2mn*/a)
+2a Z > ez 20 Z > ! fes),
= n=M-+1 = m=N+1

If f is the restriction of an analytic function vanishing on 27Z, then the above
equality is meaningful and valid on (0, 4+00). Therefore, in the particular case
f = sin, we obtain, for all o > 0,

Qn(a) = % mZ: 7Sin(2£§n2a) - a; g 7Sin(2ﬁmrg2/a) (2.1)
+ 2, i Laz]\fj (sm (2mm?a) N Oésin(27;n2/a)) m2a21_ - (2.2)
m=1 n=1
R e
m=1"" n=|aN]|+1
+ 202 L§J % io %”_2/7;) (2.4)
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In order to prove Theorem [ it is sufficient to show that the three se-
quences ([22)), (23) and ([24) converge as N tends to 400 and that their moduli
are bounded by an absolute constant for all a € [0,1] and N > 1. This will be
proved in Sections [2.2] and 2.4] respectively.

2.2. Study of [22)
PROPOSITION 1. The double series

sin(2mm?a) + asin2mn’/a) (2.5)

m n

converges and defines a bounded function of a on [0,1]. Therefore, 22)) con-
verges as N — +oo and its modulus is bounded by an absolute constant for all
a€[0,1] and all N > 1.

Proof. For all integers m,n > 1, for all « > 0, we have
1 (sin(27rm2a) N asin(27m2/a)>
n2

202 — m n

B ( 1 a) sin(2mm?2a) n asin(27m2/oz) + sin(2rm?2a)

m

m  n) (m2a2 —n?) (m2a? —n?)n
n—am sin(2rm?a) cos (m(m2a — n?/a)) sin (r(m2a + n?/a))
 mn (m2a? —n?) (m2a? —n?)n

Therefore, for all a > 0,

n—am
Z3a) < 2.6
=a Z mn(m2a2 — n?) (2.6)
m,n>1
sin (m(m?a + n?/a))
+ 202 (2.7)
m%l (m?2a? —n?)n
1 1
We first study (2.6). We have | —-—| < ONCTTR So
moa —n Va
mn(m?2a2 —n?)| =~ 2(mn)3/2’

It follows that (Z0) is bounded in modulus by an absolute constant for all
a € 0,1].
In order to study (Z71)), we use:

D) < 202 Z

m,n>1
[ma—n|<1/2

(2.8)

(m2a? —n?)n

sin (m(m*a + n?/a)) ‘
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(2.9)

1
+ 202 ’— .
m%1 (m2a2 —n2)n
|ma—n|>1/2

Let us first consider the integers m,n > 1 such that |ma — n[ < 1/2. Let us
assume that o is irrational. We set ¢ = a — 25 we have |¢] < 5-. Note that

m?a 4 n?/a —2mn = (m a—n/\/a) =m 52/a

Therefore,

sin (rm?e?/a)

, [sin (r(m*a +n?/a)) | _

n(m?a? —n?)

n(mao + n)me

mm?e? /o amme am

2n(ma +n)

2

n(ma + n)me - n(mao + n)

where we have used the inequalities |sin(z)| < |z| valid for all real number x
and mle| < 1/2. By continuity, this estimate remains valid if « is rational. We
now observe that

D T D1 (D DRy

m,n>1 n>1 m>1
[ma—n|<1/2 n—1/2 SmSn+1/2
and that
nt1/2
1 1 @ dt
2 < +
ma+n ~ 2n—1/2 n=1/2 ta+n
m>1 =

n—1/2 _  _n+1/2
o SmS =g

1
N S S £ S VoA -2
o —1/2 m—1/2) = 2n—1/2

It follows that the right hand side of (28] is bounded by an absolute constant
for all € [0,1]. Let us now study (Z9). We have

W—WZ%( POEREDY )’m

n>1 m2>1 m>1
m>3 e

On the one hand, for n > 1,

1 1 1
Z |m2a2 — n?| = |(%)2a2—n2| * Z m2a? — n?
«@

m> 2n+1 m> 2727,;1 +1

2a

105



T. RIVOAL AND J. ROQUES

ont1 1202 — n2 o dn + 1 2na

2a

<

+ d 4 I dn+1
/CO T og (4n )
4dn +1

On the other hand, for n > 2,

1 1 1
Z |m2a? — n?| = |(M)2a2—n2\ + Z n? — (ma)?

1<m< 221 1<m< 2211

2n—1

- 4 +/ 2a dz
T 4n—1 1 n2 — x2a?

4 1 n+ o
= — | log(4n — 1) —1
4n—1+2na<0g(n ) Og(n—a))

4 n log(4n — 1)
T 4dn—1 2no
Ifn=1and o > 1/2then21gm<%m:0~ Ifn=1and o <1/2
then arguing as above we get
1 4 log(4n — 1
Z i g( )

|m?2a? —n?| — 4n—1 2na

1<m<22=1

These inequalities show that (Z9) is bounded in modulus by an absolute constant
for all a € [0,1]. O
2.3. Study of [23)

LEMMA 1. The sequence ([2Z3)) tends to 0 as N — +oo for all o €]0,1[. Its
modulus is bounded by an absolute constant for all a € [0,1] and all N > 1.

Proof. We have

N_%_QJ 1 0 1
(@3] < 2a Z o Z 2~ a2m?| (2.10)
m=1 n=|aN]|+1
N oo

1 1
+ 20 > — Y ot (2.11)

m= LN7é72J +1 m n=|aN|+3

N laN |42

T D o

m= LN7é72J +1 m n=|aN|+1

sin(2mm?a) (2.12)

n? — a?m?

We now proceed to bound the three terms of the right hand side of this
inequality.
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We first study (ZI0). If N — 1/a —2 < 1 then ([ZI0) = 0. We now assume
thatN—é—ZZ 1. Consider 1 < m < LN—%—2J.For:L‘Z laN|, x — am >
laN] —a(N -1 -2)= —{aN}+1+2a > 2« and hence the map & — ——1—
is continuous, positive and decreasing on [|aN |, +00). Therefore,

[o/e]

1 o dx 1 laN]| 4+ am
E —— < = log( )
n? —a?m?| = [N 22 —a?m?  2am laN| —am
n=|aN |+1 @

- 1 2am - 1
= 2am |aN| —am  |aN|—am’
Consequently,
[v-4-2] ) lv=a-2)
2a 2 1 1
I < = e
- = m(laN]—am) |aN] mZ::l <am * |aN | —am)

L+log|N—21—2] 242 v 1

laN | | * laN | mZ=1 laN| —am’

(67

But, fory < [N — 1 —2|+1, [aN]—ay > [aN|-a(N-1-1) = —{aN}+1+
« > « and hence the map y — Wl—ay is continuous, positive and increasing
on (—oo, LN - é - 2J + 1]. Hence,

[v-3-2)

1 |[N-1-2]+1 dy
| [aN] —ay

m=1
1 aN| —« 1 aN
= a8 o] —aL(LNJ—é—QJ ) &log(L a : -1).
Therefore,
1+log [N —1 2] log (LN 1)
ZI0) <2« [al] + 2« [N]

It follows that (ZI0) tends to 0 as N — 4oo for any « € [0, 1]. Moreover, we
deduce the inequality
2a log(N — 1)

= log |aN |
(IZIEJ])SLO&NJ+2 T +2a7LaNJ

+2|alog af.

Since N — L >3 and |aN] > 1, we get that (ZI0) is bounded by an absolute
constant for all & € [0,1] and all N > 1.
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We now study (ZII). We assume that [N —2 —2| +1 < m < N. For
x> |aN]+2, 2 —am > |aN| +2—aN = —{aN} +2 > 1 and hence the
map x = is continuous, positive and decreasing on [[aN | + 2, +00).

2—a2m
Therefore,

+o0

1 oo dx 1 laN] +2+am
Z In? — a?m?| = 22— a2m?  2am IOg(LaNJ +2—am)
n=|aN]|+3 laN]+2

1 2am 1

< = .
~ 2am [aN|+2—am |[aN]|+2—am

Hence,

N

1
Q1D < 20 Z m(laN]| +2 —am)

m=|N—-L_-2]+1
[N-2-2+

N

202 1 1
s Y (et
LaNJ_FQm:LNféJJH <am laN|+2 am)
1 log(N) —log(|N — 2 —2| +1)
SM(UV-&—%+1+ [aN] + 2 )
202 al 1
TlaN 2 N_Z};_%H [aN] +2—am’

But, fory < N, |aN|+2—ay > |[aN|+2—aN = —{aN}+2 > 1 and hence the

map y — [oNT3a=ay 1S continuous, positive and increasing on (—oo, N]. Hence,

N

1
- LNZQJ » |aN|+2—am

1 N dy
< + _—
|aN|+2—aN |N—L1-2]+1 l[aN|+2—ay
Nj+2-a(|[N-1-2]+1
<14 lpgloNH2-a(IN-g-2]+1)
« laN| +2—aN

1
<14 —log(3 + 2a).
a
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Therefore,
20 log(N) —log(|N — £ — 2] +1))
C < v—T g1 ™ LaEVJ+2 J
20(av + log(3 + 2av))
laN | +2
- 2 log(N + 1)  2a(a+log(3 + 2a))
T IN-L2-2]+1 N+1 laN| +2

It follows that (ZII) tends to 0 as N — 400 and that its modulus is bounded
by an absolute constant for all « € [0,1] and all N > 1. Finally, for any integers
m,n, we have | sin(2rm?a)| = |sin(2rm(n — am))| < 2x|m(n — am)|. Hence,

N N |+2

ez > =y

m=|N-1-2]+1 n=|aN]+1

n2 — a2m?2

2rm(n — am) ‘

N laN |42 1

= dam Z Z n -+ am

m=|N-21-2|+1n=[aN]+1

2N~ [N~ £ -2])

<darm
- laN]+ 1+«
(3 +3)
< 8am——FF— 2.13
LoeNJ +1+a (2.13)
It follows that (ZI2]) tends to 0 as N — +oo and that its modulus is bounded
by an absolute constant for all « € [0, 1] and all N > 1. O

2.4. Study of (24)

LEMMA 2. The sequence (Z4) tends to zero as N — +oo for any o €]0,1]. Its
modulus is bounded by an absolute constant for all o € [0,1] and all N > 1.

Proof. We obviously have

|laN|— 3

@3) < 202 Z Z — a2m2| (2.14)

m= N+1
[aN] +o00

1 1
2
R RIS DR~ B CEL)

n=|aN]-2 m=|N+1/a+1|+1
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laN| IN+1/a+1], . 2
1 sin(27n”/a)
2
MR DEED DI b e el (2.16)
n=|aN]-2 m=N+1

We now proceed to bound the three terms of the right hand side of this
inequality.

If aN < 4 then (ZI4) is zero. Assume that /N > 4 and consider 1 < n <
|aN|]—=3.Fory > N,ay—n > aN —(|aN|—3) = {aN}+3 > 1 and hence the
map y — m is continuous, positive and decreasing on [V, +00). Therefore,

“+o0

1 +oe d 1 aN +n 1
Z —_— < Y = log( ) < .
N la?m? —n?| — Jy  a?y?—n?  2an aN —n/ = a(aN —n)

Hence,
[aN]-3 1 LoeNJ -3
B <20 D Srn " v 2 ( azv_n)
Lt log(laN] - 3) o 0
- oV | N aN —n’

But, for z < [aN] =2, aN —x > aN — [aN| +2 = {aN} +2 > 1 and hence

1 . . el . .
the map = — —— is continuous, positive and increasing on (—oo, |[aN| — 2].

Therefore,
[aN]|-3 laN|—2
1 dx aN —1
< =1 <1 N —1).
nZ::l aN—n_/l aN —z Og(aN—LaNJ+2>_Og(a )
Consequently,
1+log(|laN]| —3) log(aN —1)
14 <2 2 2.17
= [aN] * N (2.17)
1+ log(aN —1) log(aN —1)
<2 2 2.1
- aN —1 + N (2.18)

It is now clear that (ZI4) tends to 0 as N — 400 and that its modulus is
bounded by an absolute constant for all a € [0, 1] and all N > 1.

If aN < 1 then (ZI5) = 0. Assume that a/N > 1 and consider n € N* such
that [aN]—2<n<|aN|.Fory> |[N+1+1],ay—n>aN+1-[aN]|=

{aN} +1 > 1 and hence the map y m is continuous, positive and
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decreasing on HN + é + 1J , +00). Therefore, we have

oo

1 o dy
Z a2m? — n2 = A

202 _ 2
m=|N+L1+41]+1 N+i41| @Y"—n

1 a|N+L+1]+n
- (e
2an aLN—{—E—}—lJ—n

1 1 1
. < =
“a a|lN+1l/a+1l]—-n " «
Hence,
LaN] 1
< —
I <22 Y - (2.19)
n=|aN]|-2

It follows that ([ZI5) tends to 0 as N — 400 and that is modulus is bounded
by an absolute constant for all a € [0,1] and all N > 1.

Finally, for all integers m,n,

|sin(27n?/a)| = |sin(2mn(m —n/a))| < 2x|n(n/oa —m)|.
Hence,
laN | | N+L41] drn(n )
9 mm(n/a —m
e S M
n=|aN]-2 m=N+1
laN] |[N+Li+1]
=4
D S
n=|aN]—-2 m=N+1
N+Xl+1]-N 141

<12am—oa -
TtaN+1) = "I {a(Nt1)

It follows that ([ZIG) tends to 0 as N — 400 and that is modulus is bounded
by an absolute constant for all a € [0,1] and all N > 1.

The expected result follows. O

3. Proof of Theorem

The proof of Theorem [2] will be decomposed in many steps. Before that, we
recall some facts about continued fraction expansions.
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3.1. Basics of continued fraction expansions

We refer to [8] for more details and proofs.
Let us consider an irrational number « € (0, 1). We denote by [ag; a1, as,. ..

the regular continued fraction of «, where ag = 0. For all £ > 1, we have
k= [1/T*(a)| > 1 where T'(z) = {1/x} and {-} denotes the fractional part
function. For any k > 0, we denote by [ag; a1, az,...,ax| the k-th convergent to

a and by pr, = pr(«@) and g = gx(«) its numerator and denominator respectively
(note that po = 0 and qo = 1). It is convenient to set p_1 = 1 and ¢_; = 0. For
all k > 1, pr = agpr—1 + pr—2 and qx = arqr—1 + qx—2-

In the following proposition, we list a number of basic properties of continued
fraction expansions which will be used freely in this paper.

PROPOSITION 2. (i) For all k >0, q, > Fj, > 2k/2 where (Fx)k>0 denotes the
Fibonacci sequence defined by Foy =0, F1 =1 and Fyy1 = Fr—1 + Fj.

(13) Both sequences (pi)r>0 and (qr)k>0 are increasing.

(iii) For allk > 0, TF(a) = S-a—be— — |qk‘fli32§:[1| and oT () - - - T*(a)) =
(—1)*(gra — pr) = |qra — pk|

(tv) For all k > 0 < |gro — py
Tk(oa) = Ik
(

(@) TF(a) < —L-. and

qk+1

? QQk

+1’

9k+1
v) The series > po o o () T*(a) converges for all irrational number c.

2. An iterative procedure

Theorem [I] implies the following decomposition:

On(a) = A(a) + By (o) + Cn () (3.1)
where A(a) = A (a) + Az(av) with
1 X 27rm @)
L X TR ) =6,
1 X sin(2rm2a)
BN(Q)Z_E Z — 5 Cn(o) = Gy(a) — G(a).
m=N+1

We observe that |Cn(c)| is bounded by an absolute constant for all o € [0, 1]
and all N > 1, and that, for all a € [0, 1], limyn_,oc Cn () = 0.

From now on, « is a fixed irrational number in [0, 1]. We define a sequence
(u;)j>—1 (that also depends on ) by u_; = N and u; = |u;_1(a)T7(a)] for
j >0, so that

uj =[N T(a)] - T(a)] .
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For any integer N, we define the integer ¢ (that depends on «) by
Iy = min{j eN | Uj; = 0}
It is clear that £y — 400 as N — +oo. Using ([B]), we get that, for all N > 1,

In
On(a) = Y al(e) T (a) AT/ (a)) (3.2)
j=0
In
+> aT(a)--- T (a)B,,_,(T’(a)) (3.3)
j=0
In
+> aT(a) - T (a)Cy,_, (T7(a)) (3.4)
j=0

where, for j =0, aT(a)---T77 () =1 and u;_1 = N.
We first remark that (B4]) converges to 0 as N — +oco: this follows from
Lebesgue dominated convergence theorem. Indeed, the sequence of elements of

?1(N, C) defined by

) aT(a)-- -Tj_l(a)C'uF1 (T7(a)) if j < Uy
J = e
0if 5 >N

tends simply to 0 and its absolute value is dominated by an element of ¢!(N, C)
(because |Cs(B)] is bounded by an absolute constant for all 8 € [0, 1] and all
N >1).

Moreover, we have | By (8)| < m for all 8 € [0,1] and all N > 1, where
the implicit constant is absolute. Hence,

1

(a)(uj—1+1)?
uniformly for all N > 1 and all j € {0, ...,{y — 1}. Note that this implies that,
for all j € N, By, ,(T7(a)) — 0 as N — +00. Moreover, for all integer j < lx,

B, (T ()] < =

Tj (Oé)Uj,1 2 1
because u; > 0. Thus,
B, (T?(a))] < 1
uniformly with respect to N € N* and j € {0,...,{y — 1}. Using Lebesgue
dominated convergence theorem as above, we get that

In—1

Y aT(a) T} (a) By, , (T’ (a))

J=0
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tends to 0 as N — 4o00.
Consequently, we obtain that

5N
¢n(a) = aT(a)- - TV Ha)A(T (o))
j=0

+aT(a)- - T Ha)Buy,, ,(T™(a)) +o(1) (3.5)
as N tends to +oc.
3.3. Some intermediate results
We need to prove simple analytic results.

LEMMA 3. We have

S — i

[eS)
n=1

for all 5 € [0,1] and for some absolute constant.

Moreover,
> O sros(1/s) (ko). B0t (1)
n=1
Proof. We have
=, | sin(n?B) S 1 - 1
M e E Y S
n—= n= n:LB71/2J+1
—1/2 1 1
<o) Ay s
< 58 (log(1/8) + 1)+ 8%/7 + (3.8)

and the first part of the lemma follows.
For any z > 0, we have z — % < sin(x), so that for any ¢ € (0,1), sin(z) >
(1 — &)z provided that 0 < 2 < \/e. Therefore, for any ¢ € (0, 1), we have

P D DI T S

n=1 1<n<el/4/31/2 n>el/4/B1/2

> (1- )8 (log(1/4/8Y/%) + 1) + O(8/21/2).
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Choosing ¢ = m, we get

n; Lngg 8) > %,Blog(l/ﬂ) - %ﬂ +8- (1 - m) : (1 - ilog(log(l/ﬂ»)
+O(Blog(1/B)"?)
= S Blog(1/8) + O(Bloglos(1/5)) (3.9)

as 8 — 07. Combining (38) and (33) provides the second part of the lemma. [J

LEMMA 4. There exists n € (0,1) such that for all N > 1 and all 5 € (0,7], we
have Ay (8) + By (8) > 0 and A1(B) > 0.

Proof. Arguing as in Lemma [3] we see that, for any integer N,

1
1— s : < 1/4/31/2
N . .5 (L-e)8 Z n_O ifN <e/7/p
Z sin(n”f3) - 1<n<N N
3 = 1 L
=t M-8 > - XY N>V
1<n<el/4/B1/2 n>el/4/B1/2

where € = m. The result follows from the fact that

a-a98 S o S L= Lsis1/8) + 0(sl0glog(1/8))

n n3 2
1S"§51/4/51/2 n>€1/4/61/2

as B — 07 and hence is positive for 3 close to 0. O

For the proof of following proposition, we fix € (0, 1) such that:
o for all 8 € (0,n], Ai(8) + Bn(8) = 0 and A;(B) > 0;
e there exists ¢, co > 0 such that, for all 8 € (0, 7],

c1log(1/B) < A1(B) < ealog(1/B). (3.10)
The existence of such an 7 is guaranteed by Lemmas [B] and @l

PROPOSITION 3. Let (Ny)i>0 be an increasing sequence of integers. The follow-
ing properties are equivalent:

(7) Z;-V:’“O aT ()T a)A(T? () converges as k — +00;
(i7) Z;.V:’“O aT ()T a)A (T () converges as k — +00;

(iii) > o<jen, QT () TI7Ha)A1(T? () converges as k — +oo;
TI(a)<n

. oco log(g; «
(iv) ijo 7g(§j(+;)( ) < 0.
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Proof. The equivalence of (i) and (ii) follows from the convergence of the series

Y aT(a) TV () As(TV (a))
j=0

which itself follows from the fact that Ay is bounded.
The equivalence of (i7) and (7i7) follows from the convergence of

> aT(a) T (a)Ay(T?(a))

0<5 <Ny,
T3 (a)>n

as k — +oo, which itself follows from the fact that A; is bounded on [n, 1].
Inequality (B.I0) implies that

Y aT(a)---T7 @) A(T ()
79?(5)?77

converges as k — +oo if and only if

Y. aT(a)---T97!(a)log(1/T(a)

0<j<Ni
T () <1

converges as k — +oo. This is equivalent to the convergence of
1
> —loglgj+1/q5)
o<ien,
Ti(e)<n
(we use Proposition 2] here). This is also equivalent to the convergence of the

. log(q; .
series Z?.io %, as follows from the convergence of the series
- J

> i l0g(gj+1/4;)

0<j<N
T7 (a)>n

and 377 % (again by Proposition [2)). O

3.4. End of the proof of Theorem

log gjt1
q;

We can now complete the proof. Let us first assume that Z;‘io is

convergent. Proposition [3] ensures that the series

> aT(a)-- TP (o) AT (a))
§=0
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converges. Moreover, Lemma[Blimplies that | By (8)] < log(1/8) for all 5 € (0, 4]
and M > 1, and that | By (8)| < 1 for all 8 € (3,1] and M > 1. (In both cases,
the implicit constants are absolute.) Therefore,

aT(a) T "1(a) | Buyy (T ()

Uy —1
< ol () T (a)log (1/T () if T(a) < 3
al(a) - T La)if TW(a)>
< Jaglos(Ger) it T (e) <3
——if T(a) >3

qen

(3.11)

which tends to 0 as N — +oo. Eq. (1) ensures that ®(«) converges.

To prove the converse statement, we now assume that ®(«) is convergent. We
separate two cases.

a) We first assume that there exists ¢ > 0 such that, for all N large enough,

T (a) > c. Then log(qqfif\’m — 0 as N — +oo. So
"N

al(a) - T (a)By,, ., (T™(a))
tends to 0 as N — 400 (recall inequality (3.I1])). Hence, (0] ensures that

In
> aT(a)- - TI () ATV (a))
j=0

log(g;+1)

converges as N — +o00. This is equivalent to the convergence of Z;’io p
J

by Proposition Bl

b) We assume that a) does not hold, i.e. that there exists an increasing se-
quence of integers (Ng)g>o such that T (a) — 0 as k — +o0. Since

In
> aT(a) - T () Ay (T (@),
=0

converges as N — +oo (because Ay is bounded), ([B.5) ensures that

In—1

> (aT(e) 17 (@) 4y (1)

j=0
+aT (@) T (@) (A1(T™ (a)) + Buy, -, (T™ (a)))

is convergent as N — 4o00.
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But
> al(e)-- TV (o) AT (@)
0<j<tyn—1
17 (a)>n

converges as N — +o0o (because A; is bounded on [, 1]). Hence, setting

ze= Y al(a) T a)A|(T'(a))
0<j<tn, —1
T (a)<n

and
yp = aT(a) - T (a) (Al(TﬁNk (@) + Bka,l(TéNk (a))),

we obtain that x + yx converges as k — +oc. But for any integer j such that
T7(a) < m, we have A;(T7(«)) > 0 and, for all k large enough,

AT () + Bu,, _,(T™(a)) 2 0.

Ury, -

Therefore (z)r>0 is an increasing sequence of positive numbers and yj, is positive
for all large enough k. It follows that (z1)x>0 is convergent, providing the desired
result by Proposition Bl

This completes the proof of Theorem
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