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ON LEGENDRE SYMBOL LATTICES, II

KATALIN GYARMATI, ANDRAS SARKOZY, CAMERON L. STEWART

ABSTRACT. In Part I of this paper we constructed a two dimensional binary
lattice by using the Legendre symbol and polynomials of two variables, and we
studied its pseudorandom properties. We proved that if the polynomial is non-
degenerate then under certain conditions the lattice possesses strong pseudoran-
dom properties, while in the degenerate case it may occur that the lattice has
only weak pseudorandom properties. In this paper we continue our analysis of
the degenerate case and we will give both lower and upper bounds for the pseu-
dorandom measures of the lattices. We will also give an algorithm to decide if
a polynomial is degenerate. Finally, we shall construct a large family of non-
degenerate polynomials satisfying one of the sufficient conditions for which the
corresponding lattices have strong pseudorandom properties.

Communicated by Christian Mauduit

1. Introduction

First we recall some definitions, notation and results from Part T [3] of this
paper.

In 1997 Mauduit and Sarkézy [6] initiated a new, constructive approach to
the theory of pseudorandomness of binary sequences. Their paper was followed
by many other papers written on this subject (see the survey paper [10] and the
references in [2]). This theory has been extended to n dimensions by Hubert,
Mauduit and Sarkozy [5]. They introduced the following definitions:

Denote by I the set of n-dimensional vectors whose coordinates are integers
between 0 and N — 1:

Iy ={x=(z1,...,2n) : 21,...,2, € {0,1,...,N —1}}.
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This set is called an n-dimensional N-lattice or briefly an N-lattice. Here we
will extend this definition to more general lattices in the following way. Let
uj,Us,...,uy be n linearly independent vectors, where the i-th coordinate of
u; is a positive integer, and the other coordinates of u; are 0, so u; is of the
form (0,...,0,2;,0,...,0) (where z; € N). Let ty,t2,...,t, be integers with
0<ty,ta,...,t, < N. Then we will call the set

By ={x=ziu1+ -+ 2un: 0<uz;|w| <t;(<N)fori=1,...,n}

an n-dimensional box N -lattice or briefly a box N -lattice.
In [B] the definition of binary sequences is extended to more dimensions by
considering functions of type

ex =n(x): Iy —{-1,+1}.

If x = (x1,...,2y,) so that n(x) = n((x1,...,x,)) then we will slightly simplify
the notation by writing n(x) = n(z1,...,x,).

Such a function can be visualized as the lattice points of the N-lattice replaced
by the two symbols + and —, thus they are called binary N -lattices. Binary 2 or
3 dimensional pseudorandom lattices can be used in encryption of digital images.

In [5] Hubert, Mauduit and Sérkozy introduced the following pseudorandom
measure of binary lattices (here we will present the definition in a slightly mod-
ified but equivalent form):

DEFINITION 1. Let
n: Iy — {-1,+1}.

The pseudorandom measure of order £ of n is defined by

Qe(n) = |, max ;Bn(x +dy) (x4 d)|,

where the mazimum is taken over all distinct dq,...,d; € I3 and all box N-
lattices B such that B +dy,...,B+d, C I}.

Then 7 is said to have strong pseudorandom properties, or briefly, it is con-
sidered as a good pseudorandom lattice if for fixed n and ¢ and large N the
measure Qg(n) is small (much smaller than the trivial upper bound N™). This
terminology is justified by the fact that, as was proved in [5], for a truly random
binary lattice defined on I} and for fixed ¢ the measure @QQ;(n) is small. It is less
than N™/2 multiplied by a logarithmic factor.

In applications one needs large families of binary lattices with strong pseudo-
random properties. Constructions of this type have been given in [5], [7] and [8].
However, one would expect that, as in one dimension [I], [], [6], [LI], the most
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promising constructions can be given by using the Legendre symbol. Indeed, in
Part T [3] we presented the following construction of this type.

CONSTRUCTION 1. Let p be an odd prime, f € Fylx1,z2] be a polynomial in two
variables. Definen : I} — {—1,+1} by

) (Fel) i (fan,am),p) = 1,
n(xl,xz)—{f P ) ol feovon). (1.1)

In [3] we showed that there are many polynomials f € Fp[z1, 22| for which
the lattice n defined by (L)) has a very regular structure, so that it certainly
cannot be considered of pseudorandom type. All these polynomials belong to
the family described in the following definition.

DEFINITION 2. A polynomial f € Fp[x1,x2] is called degenerate if there exist
AeF,, (71,61),...,(7s,05) in Fp x Fp, 01,..., 05 in Fplz] and ¢ in Fplzq, 2]
for which for all (z1,x2) in F, x F,

flar,z2) = A H(Pj(’ij1+6jx2) V(w1 @2). (1.2)

j=1
If f cannot be expressed in form (L2) then it is said to be non-degenerate.

Notice that under this definition f(x1,22) = ] + z2 is degenerate since
f(z1,22) = z1 + xo for all (zq,22) € F, x F,. We are interested in f as a
function as opposed to a formal polynomial. However if we suppose that f is of
degree less than p in z; and in x5 then the two notions coincide and we may
view (L2) as an identity of polynomials.

Our main result in [3] was that if f € Fp[zq, 22| is non-degenerate and one
of 5 sufficient conditions hold then the pseudorandom measures associated with
(1) are small.

Theorem A Let f € Fplz1,x2] be a polynomial of degree k. Suppose that
f(z1,22) cannot be expressed in the form ([L2) and one of the following 5 con-
ditions holds:

a) f(xy,x2) is irreducible in Fplzq, x2),

b) ¢ =2,

¢) 2 is a primitive root modulo p,

d) gFk+L < p,
)

e) ¢ and the degree of the polynomial in x1 (or in x2) are odd.
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Then for the binary p-lattice defined by (L) we have

Qe(n) < 11kLp*/?log p.

In this paper our goal is to continue the study of Construction 1. First we
will analyze the degenerate case. In Section 2 we will analyze the structure of
the degenerate polynomials f(z1,22), and we will introduce the notion of the
normal form and rank r = r(f) of such a polynomial. In Section 3 we will
prove that if f is degenerate, ¢ < r = r(f), n is defined by (LIl and one of four
specified conditions holds, then Q;(n) is small. We will also present an algorithm
for deciding whether a given polynomial f(z1,z2) is degenerate and, if it is, for
determining its normal form. In Section 4 we will show that here the upper bound
r cannot be replaced by 2". In Section 5 we will study the implementation of
Construction 1 and, in particular, we will construct a large family of polynomials
f(x1,x2) which are non-degenerate and satisfy the first sufficient condition in
Theorem A so that the binary lattice n in (ILI) possesses strong pseudorandom
properties. In particular its pseudorandom measures QQ¢(n) are small for ¢ not
very large. Finally, in Section 6, we construct families of polynomials for which
the bounds for the pseudorandom measures are essentially optimal.

2. Structure of degenerate polynomials

In this section our goal is to transform the representation ([L2]) of a degenerate
polynomial into another more useful one. We will need several lemmas.

LEMMA 1. If F is a field, then in Flxy, xo, ..., x,] every polynomial has a factor-
ization into irreducible polynomials which is unique apart from constant factors
and reordering.

Proof of Lemma 1. See, for example [9, Theorem 207]. O

LEMMA 2. Let g1,92 € Fplz,y] and f € Fp[z] be non-zero polynomials. Suppose
that for some (o, f) € Fp x Fp,

91(z,y)g2(x, y) = f(ax + By). (2.1)
Then there exist f1, fo € Fplz] such that
gi(x,y) = filax + By)
fori=1,2.
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Proof of Lemma 2. If (o, ) = (0,0) the result is immediate. Thus we may
suppose that («, 5) # (0,0) and, without loss of generality, we may assume that
a # 0. Put

2 =ar+ Py

1

so that = a™'z — o™ ! By. We may now define hq, hs in F,[y, 2] by putting

—1

hi(y,z) =gi(a” "z — oflﬂy,y) fori=1,2.

From (ZI)) we find that

hi(y, 2)ha(y, 2) = f(2). (2.2)
Write
hi(y, 2) = ua(2)y® + ta—1(2)y* " + -+ uo(2),
ha(y, 2) = vp(2)y" + vp_1(2)y" "+ - +vo(2)
and

hi(y, 2)ha (Y, 2) = Warp(2)y* T + wasp—1(2)y* 07+ -+ awp(2)

where u,(2),vp(2) are not the zero polynomial. Clearly we have

Watb(2) = ug(2)vp(2). (2.3)
But by ([Z2), h1(y, 2)h2(y, z) is a one variable polynomial in z, thus we have
Watb(2) = Wagp—1(2) = =wi(2) =0if a+b> 0. (2.4)

It follows from (Z3) and u,(2z) # 0, vp(z) # 0 that weyp(2) # 0. Thus by (Z4)
we have a + b = 0 whence @ = b = 0. Then h1(y, 2) = uo(2), ha(y, z) = vo(2)
which completes the proof of the lemma. a

We shall identify the elements of F,, with the p congruence classes modulo
p and shall denote the elements of F), x F,, by (a,b) with a and b integers rep-
resenting the congruence class of a and of b modulo p. Define the subset T' of
F, x F, by
T =1{(0,1),(1,0),(1,1),(2,1),...,(p—1,1)}.

LEMMA 3. Let f be a non-constant degenerate polynomial in Fy[xq,x2] of de-
gree less than p in x1 and in xo. Then there exist a non-zero A in Fp,, a non-

negative integer v, distinct elements (y1,01), ..., (Y, 0r) from T, v in Fplz, z2]
and squarefree non-constant polynomials ¢1, ..., ¢, in Fylz] for which
fr,ma) = M| [ @i(mn +65m) | 47 (@1, 22). (25)
j=1
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Further r is uniquely determined and the polynomials ¢;(v;x1 + d;x2) and
Y(x1,22) are unique up to constant factors and reordering of ¢1(y1r1 +
51x2)7 sy ()DT(’YTx]_ + 51&‘2).

We shall refer to a decomposition of f as in (23] as a normal form of f and
to r as the rank of f. Notice that since (v1,01),. .., (7, ;) are distinct elements
of T" we have

’7]‘(51‘ - (5]‘% 7& 0 fori 7§ ] (26)
Proof of Lemma 3. Let ¢ be a polynomial of largest degree for which 2
divides f in Fp[z1, x2]. Then since f is degenerate we may write f in the form
([C2) with ¢ as above and with (v;,0;) # (0,0) for i = 1,...,s. Further we may
suppose that ¢1,...,ps are squarefree polynomials in Fy[z] and that ¢q - - - ¢
is also squarefree.

Suppose that ¢ is in Fp[z] and (v,0) are in F, x F,\{(0,0)} and define ¢* in
Fy[z] by

. ~vyx) when vy # 0,
o () = p(yz) #
©(dz) when v = 0.
Then
(21 4+ 0y o if 0,
oy + 8) = <P*( 1 Y 2) : v #
©*(x2) if y=0.

Therefore we may write

e1(mw1 +0122) - s (V521 + I572)
as

e1(n@1 + 0122) -+ 9L (Vs¥1 + 0sw2)
where now (7;,9;) isin T for i = 1,...,s. We now collect and multiply together
the polynomials ¢} for which (v;,d;) are the same to get a representation for f

of the form (23]).
Suppose that, in addition to (21,

flzr,m2) =N\ H pi(O521 + Bjza) | U7 (21, 22)

j=1
with (61, 61),...,(0s, Bs) distinct elements of T, A; a non-zero element of I,
Y1 in Fp[z1, z2] and squarefree non-constant polynomials pq, ..., ps in Fp[z]. By

Lemma 1 ¢(z) is a constant times 1) () since ¥?(z) and () correspond to
the greatest square factor of f in Fj[z1, z2]. Next note that for each j from 1 to
s we may decompose p;(6;z1 + fjx2) into irreducibles and by Lemma 2

pi(0jz1 + Bjx2) = pj1(021 + Biw2) - - - pje(0521 + Bja2)
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where pj1,...,pj+ are irreducible polynomials in Fj[z]. Thus each irreducible
pik(0;x1 + Bjxe) occurs in the essentially unique decomposition of ¢, (ymx1 +
0mT2) into irreducibles for some m. Notice that if a polynomial g(z,y) = f1(11z+
Bry) = f2(yex + Boy) with fi, fo € Flz] and 7182 — 7281 # 0 then g(z,y) is a
constant. (Indeed, fix a, b, ¢,d € F,, and we will prove that g(a,b) = g(c, d). Since
Y182 — 281 # 0 the system of linear equations

Nz + 1y = v1a + b
Y22 + B2y = Yec + Pad

has a unique solution in z,y € F,,. Then

g(a,b) = fi(nia+ p1b) = fi(nmz + fry) = g(z,y) = f2(r2z + B2y)
= fa(y2c+ B2d) = g(c,d).)

Thus, by Z8), (0, 3;) = (Ym,m). Repeating this argument with all the irre-
ducible factors of p; and all the irreducible factors of ¢, (Vmx1 + dma2) we find
that @, (Ymx1+0mz2)/pj(0 21+ Bjx2) is a constant. From this it readily follows
that r = s and the result follows. O

We remark that we may determine if a polynomial f is degenerate by first
replacing it with a polynomial f* of degree at most p—1 in each variable by using
the fact that 2P = « for all  in IF,,. We then factor f* and write f* as a product
of irreducibles multiplied by its largest square divisor. Each irreducible must be
tested to see if it is of the form g(yz + By) with g € F,[z] and (v, 5) € T. Given
(v,8) in T if suffices to check that the irreducible is constant on the lines in
F, xF, given by vz + By = c for c in IF,, and this is a finite process. Furthermore
T is a finite set. Either there is an irreducible not of the form g(yx + By) for any
g € Flz] and (v, ) in T in which case f* is non-degenerate or f* is degenerate
and we may produce the normal form as in the proof of Lemma 3.

3. The pseudorandom measures of small order in the
degenerate case.

We will show that if f(x1,z2) is a degenerate polynomial and the order ¢ of
the pseudorandom measure @)y is not greater than the rank of f then, for the
binary lattice n defined in (1)), Q¢(n) is small. In fact our estimates are the
same as in the non-degenerate case studied in Theorem A.

THEOREM 1. Let f(x1,x2) € Fp[z1, x2] be a non-constant degenerate polynomial
of reduced normal form X)) with degree k. Suppose that £, the order of the
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pseudorandom measure is not greater than the rank r of f(x1,x2), and one of
the following 5 conditions holds:

a) f(x1,x2) is irreducible in Fplzq, 2],

b) L =2,

¢) 2 is a primitive root modulo p,

d) (4k)¢ < p or (40)F < p,

e) £ and the degree of the polynomial f(x1,x2) in x1 (or in x2) are odd.

Then for the binary lattice n defined in (L)) we have

Qe(n) < 11k€p3/2 log p.

Proof of Theorem 1. The proof will be based on the following result.

LEMMA 4. Suppose that f € Fpz1,x2] s a polynomial such that there are no
distinct dq,...,dy € ]Ff, with the property that f(x+d1)... f(x+ d¢) is of the
form cq(x)? with ¢ € Fp, q € Fplr1,22). Let k be the degree of the polynomial
f(z1,22). Then for the binary p-lattice n defined in (ILI]) we have

Qe(n)| < 11kep*/? log p.

Proof of Lemma 4. This is Lemma 5 in [3] (note that we proved it by using
a consequence of Weil’s theorem [12]). O

In order to ensure the applicability of this lemma, we have to show that it
follows from one of the 5 assumptions in Theorem 1 that there are not distinct
dy,...,d; € F such that the polynomial

h(x) = f(x+d1)... f(x+de)

is of the form cq(x)? with ¢ € F,, ¢ € F[z1, z2]. Indeed, if this is proved, then
the assumption in Lemma 4 holds in each of these 5 cases thus the statement of
Theorem 1 follows from Lemma 4 immediately.

We will prove this by contradiction. Assume that
hx) = f(x+dy)- - fx+do)
is the constant multiple of a perfect square. Then we will prove
r+1<¢,

where 7 denotes the rank of f, which contradicts our assumption.
Write
d; = (d;, dy)

fori=1,...,L
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Suppose that f has the normal form

flav,es) = M filagan + Bjwa)e? (w1, 25)

j=1

with XA € F,\{0}, (a1, 61),. .., (o, By) distinct elements of T', f1,..., f, square-
free non-constant polynomials in Fp[z] and ¢ € Fp[z1, x2]. Then it follows that

1 fitajmi+Bima + ady + B;dY) fi(azy + Biwa + aydy + Bidy) - -
j=1

fj(ajxl + ,8ij + Oéjd% + ,Bjd2,> (31)

is a non-zero multiple of the square of a polynomial in I, [z, z2].

Now we will introduce an equivalence relation which is similar to the one used
in the proof of Theorem 1 in [IJ.

DEFINITION 3. Two polynomials p(x1,z2), Y(z1,22) € Fplry,za] are t-
equivalent (t for translation) if there are ai,as € F), such that

P(x1, 22) = p(x1 + a1, x2 + az).

Consider any two factors f;, (o, 21 + Bj, 72 + o, dy,, + By, dy) = f7 (o, 21 +
Bjrx2) and fj, (e, 1 + Bj, 22 + aj,diy, + B dyy,) = [, (aj,x1 + Bj,x2) With ji #
Jjo on the right hand side of (BIJ), factor them into irreducible polynomials,
and consider an irreducible factor ¢; of the former polynomial and ¢s of the
latter polynomial. Then by Lemma 2, these irreducible factors are of the form
e1(aj x1 + Bj,22), and @a(aj,x1 + Bj,22). Assume that these two polynomials
are t-equivalent, so that there exist a,b € IF, such that

p1(aj,z1 + B x2) = p2(ay, (21 + a) + Bj, (22 + b))

= p2((aj, 21 + By 22) + (aj,a + B,0)) = w3(ay,z1 + Bj,x2)
(3.2)

(where 3(2) = @2(2 + (aj,a + Bj,b))). Both the first and last polynomial in
(B2) are in normal form, and since the normal form is unique, we must have
(Oéj17ﬂjl) - (Oéjwﬂjz) whence ji = jo.

Thus if two factors f;, (o, 2148, w2+, d;, +B5,.d;) ) and f, (o, 21+ Bj, 20+
aj,dy,, + Bj,d;,) on the right hand side of ([B.I)) have t-equivalent irreducible
factors then j; = jo. But then the expression ([B.)) is of the form cq(x1,22)? if
and only if

filajry 4 Bjxa + ajdy + Bidy) - - - filajzy + Biza + ajdy + B;dy)
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is the constant multiple of a square for every 1 < j < r. Writing z = a;z1 + 3,22
and d;k(z) = Odjdg + ﬂjd;/ € F;’; we obtain fOI" 1 S ] S r:
fiGz+d; (1) fi(z +d5(2) - fi (2 + d; ()

is of the form cq(z)?. Let D; be the set of terms of the sequence (d5(1),...,d;(0))
which occur with odd multiplicity. If D; is not empty, then the one variable
polynomial

II ric+a

deD;
is also the constant multiple of a perfect square. By the proof of Lemma 2 in [I]
this is not possible (note that by Lemma 2, in case a) the one-variable polynomial
f(z) is also irreducible) since the polynomial f;(z) is squarefree. It remains to
consider the case when D; is empty for j =1,...,r. Then, for 1 <j<r, in the
sequence

(ojdy + Bjdy, ajdy + Bidy, ..., ajdy + B;dy)
every term occurs with even multiplicity, hence every term occurs with multi-
plicity at least 2. Then for every j, there is a number 2 < i(j) < £ such that

ajdy + Bidi = ajdy ;) + Bidy ;)

We will prove that 1,i4(1),4(2),...,i(r) are different numbers. It is clear that
none of i(1),4(2),...,4(r) is equal to 1. It remains to prove that

x = i(j1) = i(j2) (3.3)
is not possible. Suppose that (B3] holds. Then
aj,dy + B5,d] = a;,d) + B;,d,
aj,dy + B, d] = aj,dly + B, dl.

Thus
Qjy (dll - d;) - /le (dlll - dg) =0,
ay, (dy — dy) — By, (d] — dif) = 0. (3.4)

Since (dy,dy) # (d.,,d!) from ([B4) we obtain

B, — 85, =0,
from which j; = jo follows. Thus 1 < (1), i(2),...,i(r) < Land i(1),4(2),...,i(r)
are different numbers, so that
r+1</¢

which contradicts the conditions of Theorem 1 and this completes the proof of
the theorem. O
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4. The pseudorandom measures of large order in the
degenerate case

In Section 3 we showed that in the degenerate case if ¢ < r then Q(n) is
small. Now we will prove that Q(n) is large for some ¢ with ¢ at most 2".

THEOREM 2. Let f € Fplzy,z2] be a degenerate polynomial with rank r and
degree m and n in x1 and o, respectively. Then there exists a positive integer ¢
with £ at most 2" for which

Qe(n) > p? — 47“103/2 —20(m + n)p.

Proof of Theorem 2 We may assume that » < p'/2/4 since otherwise the
theorem is immediate. Suppose that f(x1,z2) has the normal form

flar,x2) = M| filojan + Bjwa)ib (w1, 22)?
j=1
with (a1, 61), ..., (., B,) distinct elements from T. We distinguish two cases. In
the first case all of the «;’s are non-zero. In the second case one of the «;’s is zero
and in that case we may suppose, without loss of generality, that (a1, 81) = (0,1)
(since 1 and xo play symmetric role and if a; = 0, #; # 0,1 then writing
y = [1x2, T1, Ty can be replaced by the variables 1, %) There exists an integer
v with 1 < |y < p*/? 4 1 such that ;e is congruent modulo p to a positive
integer of size at most p/2 for i = 1,...,r in the first case and i = 2,...,7 in
the second case. To see this consider the first [p'/?] 4+ 2 multiples of a; in F,,.
Two of them have representations which differ by at most (p—1)/([p'/?] +1), so

by at most p'/2, and the difference gives the result. In the second case we may
take v1 =1 s0 1161 = 1.
Put

E={e=(e1,...,e,) withe; € {0,1} fori =1,...,7}
and for each € in E put
d(e) = e1(Br, —a)y + - +er(Bry —r )%
Notice that for each € in F, d(e) has coordinates represented by integers between
—r(p*/? +1) and r(p*/? + 1).

LEMMA 5.

[T rx+d(e)
eckE
is the square of a polynomial in Fp[z, xa).
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Proof of Lemma 5. Write
fi(@y, 22) = fi(ajay + Bjaa),
for j =1,...,r, so that
F60) = A Filer, 2)0° (21, w2). (4.1)
j=1

For each integer j with 1 < j < r we may split F into two disjoint sets E?
and E} where € in E is in EY if ¢; = 0 and is in Ej if e; = 1. For € in EY let
e! denote the element of E]1 with the same coordinates as € except for the j-th
coordinate which is 1. Then, for e in EY,

fitx+d(e)) = fi(x +d(e"))

and so
[[7ix+de) = [ (Fix+d(e)fi(x+d(e))
eer eCEy
2
= | II fix+d(e)
e€EY
The result now follows from (&) since |E| is even. O

Let D be the set of d = d(&) which occur with odd multiplicity among the
terms d(e) with € in F. It follows from Lemma 5 that if D is non-empty then

I rx+a (4.2)

deD

is the square of a polynomial in F, [z, z2].

We claim that (0,0) is in D. Certainly d(0,...,0) = (0,0). Further if € is in
E and d(g) = (0,0) then 1171 + -+ + 0,7y, = 0. Since «;7y; is congruent
to a positive integer of size at most p'/2 and r is at most p'/? /4 we see that
€1 = ++- = &, = 0 in the first case and that eo = --- = ¢, = 0 in the second
case. But in the second case we find that d(e) = (¢15171,0) = (¢1,0) so g1 = 0.
Therefore if € is in E and d(e) = (0,0) we see that € = (0,...,0) and this shows
that (0,0) is in D. Clearly, |D| = |E| (mod 2) and since |E| = 2" we conclude
that

2<|D| < |E|=2".
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Let d = (dy,ds) in D. Then d; and dy are integers between —r(p'/? 4 1) and
r(p'/? +1). Put
1 1
d; = Iin di, d;= min do
and
Then d — dg € Ig for d € D since r < p1/2/4. Next put
B={(x1,22) €I} |0<a; <p-— 2r(pt/? + 1) for i = 1,2}.

Notice that

IB| > (p—2r(p*/? +1))? > p* — 4rp*/%. (4.3)
Put
= [ fx+d—do).
deD

F(x) is the square of a polynomial in [z, z2] by [@2). Let £ = |D|. With
defined by (1) we find that

Qe(n) = Z H n(x+d —do)

xeBdeD

- T (D) ¥ Maxea-ay
x€EB xeB deD
F(x)#0 F(x)=0

> Z1—Z1>\B\—2Z1 (4.4)
xeB xEIF‘2
F(x)#0 F(x) 0 F(x)=0

It is easy to see that if a polynomial F' € [F, [z, z2] is of degree u and v in x4
and x,, respectively, then the number of its zeros x € IF% is at most (u + v)p.

Thus it follows from ([{3) and (4] that
Qe(n) = p* = 4rp®? = 20(m + n)p

which proves Theorem 2. O

5. Generating a large family of suitable polynomials

In this section we construct a large family of polynomials which are non-
degenerate.
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THEOREM 3. Let f € F,[x1,22] be a polynomial of the form
fz1,20) = x’f + z1229(21, 22) + T2h(22) (5.1)
with g € Fplx1,z2], deg g < k—3, h € Fp[xs], deg h(za) < k—2 and x2 { h(x2).
Then for the binary lattice n defined in (1)) we have
Qu(n) < 11kep®/?log p. (5.2)

Proof of Theorem 3. We will need the following generalization of the
Schénemann-FEisenstein theorem.

LEMMA 6. If f(x) = apx™ + - - - + a, is a polynomial over an integral domain R
and a is a mazimal ideal of R with

ap #0 (mod a),
ag=--=a,=0 (mod a),
ap, #0 (mod a*)

then f(x) cannot be decomposed in R[x] into a product of non-constant factors.

Proof of Lemma 6. See, for example [9, Theorem 282]. O

R = Fp[z,] is an integral domain and a =< z5 > is a maximal ideal in it.
Then the conditions of Lemma 6 hold for the polynomial f(z1,z2) € R[z4] in
(1), thus f(xq,x2) is irreducible.

In order to use Theorem 1 we prove that f(z1,22) is not of the form (ZI).
Since f(x1,x2) is irreducible we have to prove that f(z1,x2) is not of the form

f(z1,22) = fi(arzy + Brza). (5.3)
Let h be the degree of f; and consider the terms of degree h in f1, so
filoazy + Brxa) = clonmy + Praa)" + falonmy + Braa),

where the degree of fo(anzy + fixe) is < h —1 and ¢ # 0 € F,. Clearly,
clarzy + Br22)" equals the sum of the terms of degree k of f(z1,22), thus by
the conditions of Theorem 2 we have

clonzy + ﬂ1x2)h = xlf

We may suppose that k is less than p since the result is immediate otherwise. It
then follows that h =k, ¢ = oy = 1 and $; = 0, thus from (B3]

fz1,22) = fi(21). (5.4)

On the other hand f(z1,z2) contains a power of zo, and this contradicts (5.4]).
Thus f(x1,x2) is not of the form (ZX). We have also proved that f(x1,z3) is
irreducible, and by using Theorem 1 a) we obtain the result. O
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6. A Legendre symbol construction with optimal bounds

As we remarked already in [3], our upper bounds are not optimal; in partic-
ular, in (B2]) the optimal upper bound would be, up to logarithmic factors, p
(with a factor depending on k and ¢). On the other hand this construction is
more natural than the ones using finite fields in [5], [7] or [§] (where the bounds
are sharper), and it can be implemented faster. However, we will show that for
a certain (rather special) family of polynomials the finite field construction pre-
sented in [7] is equivalent to a Legendre symbol construction of type (LII). Thus
in this case we obtain a family of binary lattices which combines the advantages
of the two constructions: as in [7] we have optimal bounds, and as a Legendre
symbol construction it can be implemented fast and easily.

Indeed, combining Theorems 1 and 2 of [7], we get the following result:
Theorem A. Let p be an odd prime, n € N, ¢ = p", and denote the quadratic
character of F, by v (setting also v(0) = 0). Consider the linear vector space

formed by the elements of F, overF,, and let vy, ..., v, be a basis of this vector
space. Let f(x) € Fy[x| be a polynomial of degree k with
0<k<p (6.1)

which has no multiple zero. Define the n-dimensional binary p-lattice n(x) :
I} — {—1,+1} by

n(x) =n((z1, ..., )

_ { Y(f(z1v1 + -+ xpvy))  for f(zivr+ - +x0v,) #0 (6.2)
1 for f(zxiv1 + -+ xpv,) = 0.
Assume also that £ € N with
4rk+0 <y (6.3)
Then we have
Qu(n) < ke (q1/2(1 +1logp)" + 2) . (6.4)

Our next result follows from Theorem A in the case that n = 2 and for a
special choice of v1,v9 and the polynomial f.

THEOREM 4. Let p be an odd prime and let r be a quadratic non-residue modulo
p. Then the polynomial x> — r is irreducible over F,; denote one of its zeros by
6, and consider the extension of F,, by 0: F,[0](= Fp2). Let k and £ be integers
which satisfy (€1)) and [©3), and assume that ai,as,...,ak,bi,ba, ..., 0y € F)
satisfy

a; + b0 # aj +b;0 and a; + b;0 # a; — b0 for 1 <i<j<k. (6.5)
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Put
k
fler, @) = [ (@1 = ai)* = r(z2 — b)) (6.6)
=1
and
_ _ _ (f(“’“)> if (f(z1,22),p) =1
_ — ’ - p el 6.7
1(x) = 7(x) = 7((z1, 22)) { ! | Fnea) (6.7)
For each positive integer £ with
420k < (6.8)

we have
Qe(7) < Ltk (p(l +logp)? + 2) .

Proof of Theorem 4. By the definition of § and Euler’s lemma, we have

o =027 0=r"7 0 =—0. (6.9)
We will use Theorem A with n = 2, ¢ = p?, v1 = 1, v, = 6, so that now
the elements of F, = [F,» are represented in the form x; + z20. Then by the
generalization of Euler’s lemma to Fy and (6.9), for 1 + 220 € F}, so with
(z1,%2) # (0,0), we have

p27 p 717 p—1
Y(z1 4 220) = (x1 + 220) 2 = (21 + :UQG) (1 4+ 220) =

p—1 p—
= ((x1 + x20)? ) T (21 + :Ug@) = (2f + xpep) (:U1 + xQG)Tl

= (11 — :UQG) (:E1 + :UQG) (xf 292) T = (x? — mc%)prl

B <x% —mc%)
5 :

By the multiplicativity of v and the Legendre symbol, it follows that writing

1131 + 11329 H xr1 + .%‘29 (ai + bze)) (610)
and defining n(x) = n((z1,22)) as in ([6.2) we have
k
n(x) =(f(z1 +220)) = (H((l‘l + 26) — (a; + bﬂ)))
i=1

Il
-
Il x>
._.z

v ((#1 + 220) — (a; + b0)) = Hv (21 — a;) + (22 — b;)0)
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k k

w1 —ai)? —r(ra —0)*\ [ ILL, (1 —ai)® = (22 — b:)?)
Hl< P ) - ( P )
(“““”) A(x)  (for f(z1 +220) £0) (6.11)

with the polynomial f and the lattice 7 defined by (6.8) and (B7), respectively,
and trivially we have

n(x) = 7j(x) for f(z1 + x20) = 0. (6.12)
By (63) and the definition of r, the polynomial f has no multiple zero, and now

[63) holds by (E8). Thus Theorem A can be applied, and then we obtain from
©4), (611) and ([EI12) that

Qu(n) = Qu(7]) < k (p(1 +logp)® + 2)

which completes the proof of Theorem 4.

We remark that the construction in Theorem 4 could be extended by also
considering higher degree factors in (G.I0). Even more generally, we may consider
polynomials f which are not given in a product form. In either case, we may
use the fact that if f(z1 + 220) = p(z1,22) + Og(x1,22) (With f(z) € Fplz],
p(x1,22), q(x1,x2) € Fplz1, 2] and 6,7 defined as above), then we have

2 2

AF o +22)) = ar,22) + (o, o)) = (PRI 2)),
However this would make the polynomial f in (B.6) in Theorem 4 much more
complicated.

Finally, we would like to discuss the implementation of the construction in
Theorem 4. The critical point of the implementation is to find a quadratic non-
residue r. If p is fixed, then it is known that the GRH implies that the least
quadratic non-residue modulo p is less than (logp)¢ (with some positive con-
stant ¢), and since the quadratic character of a given residue can be decided in
polynomial time (by using Jacobi symbols), r can be chosen as the least qua-
dratic non-residue modulo p which can be determined in polynomial time. On
the other hand, no algorithm is known for finding the least quadratic non-residue
in polynomial time without any unproved hypothesis. However, in most cases
one need not fix p, and this difficulty can be avoided. Namely, we may start
out from the fact that if p is a prime of the form 4k — 1, then -1 is a quadratic
non-residue modulo p. Thus it is worthwhile to make first a long sequence of
primes p1 = 3 < py < - -+ < py of the form 4k — 1 with say, p; < p;+1 < 2p;, and
if we need a prime p of size about N with p = —1 (mod 4), then we take the
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first prime from this sequence greater than N, and we take r = —1. (If we want
a large prime p of the form 4k — 1, then we may use the fact that the Mersenne
primes are of the form 4k — 1.)

(1]
2]
(3]

(4]

[9]
10]

(11]

(12]
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