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GERARD RAUZY (1938 — 2010)

The French mathematician Gérard Rauzy was born in Paris on May 29, 1938.
He passed away on May 4, 2010, in Marseilles. At the time of his death, he was
Professeur Emérite of the Université Aiz-Marseille I1.

Gérard Rauzy began his primary education in Paris. Then his family moved
to Marseilles, and the young boy was admitted en cinquieme to the famous Lycée
Thiers with two years of advanced placement. He was brilliant in mathematics,
physics, and the natural sciences — in fact, in all subjects except history and ge-
ography, where he obtained catastrophic marks. He was just 16 years old when he
received his Baccalauréat degree Math’élem and began higher education in the
Classes Préparatoires of Lycée Thiers. He passed the most selective competitive
exam of the Ecole Normale Supérieure de Paris, rue d’Ulm (promotion 1957).
The young normalien devoted his third year to prepare and succesfully pass the
Agrégation de Mathématiques (1960). Later he received his master’s degree for
Mathématiques Approfondies in number theory, with a remarkable dissertation
on diophantine approximations [I] under the direction of C. Pisot and R. Salem.
At the same time, he attended the Séminaire de théorie des nombres of Paris,
created in 1959 by Charles Pisot, Hubert Delange and Georges Poitou. His first
talk [2] in this seminar prepared the way for a second one devoted to L-series
and Dirichlet’s theorem on the density of prime numbers in arithmetic progres-
sions [3]. He continued to participate actively in seminar sessions, giving talks on
diophantine approximation [, diophantine equations [f] and transcendence [@].

In 1963, G. Rauzy started research on sequences of integers satisfying linear
recurrences, and studied the periodicity of these sequences modulo an integer [].
Then he studied the following general problem: assume that a property P(n),
verified for all natural numbers, implies another property. Now, does this latter
property still hold if P(n) is assumed to hold only for the integers n lying in a
suitable subset J of N, the set of natural numbers? To achieve this program,
G. Rauzy introduced the notion of frequency «(J) for any subset J of N. By
definition, «(J) is the supremum (possibly infinite) of the set of real numbers
A > 1 with the property that for all g > 0, there exist x € N, z > x¢, such
that all integers in the interval [z, Az) belong to J. He obtained an impressive
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number of results |8, M, [0, [IT], which are collected in his Thése d’Etat [TZ)
written under the direction of C. Pisot and defended in 1965. Let us note two
significant corollaries of this work:

e Generalization of a classical result of G. Pélya: assume that f is an entire
function such that supycyon limsup, . +log|f(re)| <log2. If f(J) C
N for a subset J of N with a(J) = oo, then f is a polynomial.

e Generalizations of results of C. Pisot and R. Salem: let 6 be an algebraic
number 6 > 1. There exist a subset J of N with «(J) = oo and a real
number A # 0 such that

lim,e /|| A" =0

(where ||z|| = mingez |z — k) if and only if 0 is a Pisot number or a Salem
number. The case with only «(J) > 1 but A algebraic implies that 6 is a
Pisot number and X\ € Q(6).

Gérard Rauzy was associated professor at the University of Lille from 1965
to 1967. Then, he was recruited as a Professor by the Faculté des Sciences de
Marseille and from 1971, moved to the Université d’Aiz-Marseille 11, a newly-
formed university, where he played an important role in the creation of the
Centre International de Rencontres Mathématiques (1981). Later on, he managed
to obtain in 1992 the creation of the first Unité Propre du CNRS on Discrete
Mathematics and he became the director. After 1995, this laboratory extended
its research domains considerably and became the Institut de Mathématiques de
Luminy (IML).

Arriving in Marseilles, in 1967, G. Rauzy at once gave a strong research
impetus to the Séminaire de Théorie des Nombres de Marseille created by André
and Christiane Blanchard. At this time, he was particularly interested in two new
research subjects. The first one was in relation to some classes of meromorphic
functions stable on some set of algebraic numbers [I4}, [[5, [[8]. More explicitly
the problem is to define sets of algebraic numbers E such that a function f,
meromorphic at infinity taking values f(n) in E for sufficiently large integers
n, is an algebraic function and, even stronger, belongs to some pre-assigned
set of algebraic functions. In the case where f is already algebraic, a typical
result@ says that if P(X,Y) is a polynomial in two variables with rational
coefficients such that for any Pisot number « a root of the polynomial P(«,Y")
is also a Pisot number, then either P(X,6) = 0 for some Pisot number 6, or
there exists an integer m > 1 such that P(X,Y) is divisible by X™ — Y. The
second subject is related to uniform distribution theory, a research domain where
Rauzy’s contributions are particularly original and deep, involving ingenious

ITalk in Séminaire de théorie des mombres de Bordeaux, 1968-69, unpublished.
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constructions as well as various tools, opening new fields of investigations. Let
us consider some of them.

We shall use some definitions and classical results from uniform distribution
theory. The interested reader not familiar with this theory is invited to consult
the three main monographs on the subject(H). We also recommend reading the
fascinating and original book of Rauzy [29] published in 1976, which contains
both classical results and frameworks for research investigations in uniform dis-
tribution modulo one, and more.

In 1968, Michel Mendes France introduced the notion of normal setf) and
proposed the problem of identifying such sets. Recall that a set E of real numbers
is said to be normal if there exists a sequence of real numbers A = () such that
x belongs to F if and only if the sequence zA is uniformly distributed modulo
one. The case where E is a subset of Z was solved by Francois Dress and M.
Mendes France. Using an ingenious construction of sequences by blocks, G.
Rauzy first showed that Q* is normal [[1] and dans la foulée (see [16]) proved
that normal sets E are characterized by the following two conditions:

(i) 0 ¢ E and gFE C F for all rational integers q # 0;
(ii) there exists a sequence of continuous maps f, : R — R such that
E ={z e R; lim, f,(z) =0}.

The method of blocks is also the cornerstone in [27] used to construct a real-
valued sequence (uy,)n>0 completely uniformly distributed modulo one with the
surprising properties that u has low discrepancy; more precisely

limsupy ND% (u)/log N < 1/log2

with Dy (u) := supg<,<1 | £card{0 < n < N; 0 < u, < a} — a|l. Going back
to normal sets, it is easy to prove that R* is normal, for example, by taking
sequences (k) (c positive and not an integer), but it is an interesting problem
to consider natural sequences that increase faster than any polynomial but slower
than any exponential growth. In [I9, 20, 21 23, 24], G. Rauzy investigated
sequences of the form f(n) where f is an entire function that increases slowly.
For example, he proved in [ZI] that if f is not a polynomial, such that f(R) C

R and limsup, 2618 M) o 5,4 with M(r) := sup|. <, |f(2)], then the

loglog r

sequences (Af(k))r (A € R*) are completely uniformly distributed. The proof

2Um'form Distribution of Sequences by L. Kuipers and H. Niederreiter, John Wiley and Sons
Inc. (1974); Sequences, Discrepancies and Applications by M. Drmota and R. Tichy, Springer-
Verlag Berlin (1997); Distribution of Sequences: A Sampler by O. Strauch and S. Porubsky,
Peter Lang Pub. Inc. (2005).

3Séminaire DPP, Théorie des Nombres, t. 9, No 2 (1967-1968), exp. No. 16, p. 1-4.
4Séminaire DPP, Théorie des Nombres, t. 10, No. 2 (1968-1969), exp. No. 17 p. 1-5.
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makes use of the Vinogradov method to estimate Weyl sums associated with
suitable approximations of f by polynomials.

With the international conference in Marseilles on Uniform distribution [24],
G. Rauzy began to study stability problems related to distribution of sequences
in connection with the notion of statistical independence [22), 25, 26, 2]]. Recall
that two sequences (uy)n>0 and (v,)p>0 in a compact metrizable space X are
said to be (statistically) independent if for all continuous maps f : X — R and
g: X — R, one has

limpy (% Zn<N f(un)g(un) - (% Zn<N f(un)) (% Zn<N g(u”))) =0.

Now let us mention a nice result to emphasize the creative spirit of G. Rauzy in
solving a question of M. Mendes Francef: let » be an integer greater or equal to
2 and let B(r) denote the set of real numbers that are normal in base r. Then,
introducing the notions of upper noise of a real number z = > ° ¢, /r"*! in
base r as the quantity

B(x) = limsup (hmsup( inf 1 Z inf{1,|c, — p(cnt1,- - ,cn+s)|})>
§—00 N—ooo $E€Es N ne<N

where F is the set of maps from R® to R, G. Rauzy showed in [28] that v € R
verifies v + B(r) C B(r) if and only if the upper noise of 7 is equal to 0. Such a
number y is also characterized in terms of dynamical systems. More explicitly,
let K. be the orbit closure of ¢ := (¢, ¢1, Cp, ... ) with respect to the shift on the
usual compact metrizable space {0,1,...,7 — 1}N. Then 8(y) = 0 means that
the entropy of any shift-invariant measure with support in K, is null. In other
words, ¢ is deterministic for the shift map. The notion of lower noise is also
introduced and normal numbers in base r are exactly those having the maximal
lower noise (which in this case is also equal to the upper noise, that is, (r—1) /7).

Starting from a particular substitution 7 on four letters (explicitly 7(1) = 142,
m(2) = 1422, 7(3) = 143342 and 7(4) = 14342) in a seminar talk [30], G. Rauzy
set up the main tools and guidelines for investigating symbolic sequences arising
from pertinent substitutions o on a finite alphabet, or from dynamical systems in
number theory. This required interactions with combinatorial and graph analysis
of the language of a fixed point u = uguqus - - - of o, distributions of frequencies
of letters occurring in wu, strict ergodicity of the symbolic dynamical system
built from u and the shift transformation, identification of such a system with
an interval-exchange transformation 7' or a similar geometrical transformation
that also constructed u by coding the orbit of a point under 7" with respect to a
specific partition, a renormalisation process from induced transformations, etc.

53éminaire DPP, Théorie des nombres (1973-74), exp. No. 7, 6 p.
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This research program, stimulated by the works of J.-P. Conze, T. Kamae, M.
Keane, M. Mendes France, and W. Veech, led to a series of papers related to
ergodic theory [27, 301, 31, B3| 35, 36, B4l B8, £2] or involving replicative symbolic
sequences and their complexity [B7, B, 40, 111, 43, @5, B0, BT, B2]. See also [1.

A subset A of a compact metrizable space X is said to be a bounded remainder
set for a given X-valued sequence (un)n>0 if supycard{0 < n < N; u, €
A} —aN < +oo for some a. The problem to find a non-trivial bounded remainder
set for a sequence such as n +— na in T? (d > 2) is studied in [@], but the key idea
in use emerged already in the seminal paper [40], where a link is set up between
the distribution of sequences (nn), modulo Z? where n = (11,72) are vectors
in R? such that {1,7;,72} forms a base of the module of algebraic integers in
the cubic field generated by the Tribonacci number 6 (the Pisot number root of
X3 —X? - X —1=0), and the fixed point w of the substitution 1 — 12,2 — 13
and 3 — 1.

Ny

Y
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L’ « échange de morceaux » T

défini sur Q par :
Le morcellement Tx=x+E
-’"(np Q,, ns)- (lnodulo Z’)

FIGURE 1. The Rauzy splitting (morcellement) associated with the Tri-
bonacci number @ and the translation T by &€ = (1/6, 1/6%) modulo Z? that
realizes an exchange of the three pieces 21, 22 and Q3 up to their bound-

aries.

The well-known Rauzy fractals appeared for the first time in this paper. They
are three pieces Qq, s and Q3 that constitute a splitting M of R? modulo Z?2,
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that is to say they satisfy the following properties: (i) each €2; is open, bounded
and connected; (ii) the sets Q; +Z? are mutually disjoint and their union is dense
in R?; (iii) each Q; is disjoint from translation Q; + g by any vector g # 0 with
integer entries. The main fact proved in [A{)] is that there exists such a splitting,
that permits one to identify the translation 7 : * — z + ¢ (mod Z?) (with
€ =(1/6,1/6?)) as an exchange of pieces built from the §2; (see Figure 1, selected
from [A0]). Also, by construction, the §2; are bounded remainder sets for (77(0)),
and w,, = k if and only if 77(0) € Q. In addition, the number of words of length
n occurring in w is p(n) = 2n+ 1. This kind of language complexity for minimal
symbolic sequences is investigated in [A1},[52]. Predicting future developments, G.
Rauzy wrote in the introduction of [A0]: le lecteur pourra constater que beaucoup
de raisonnements s’étendent a des situations plus générales. His remark could
be applied equally well to many other results that he proved.

G. Rauzy was also captivated by problems in the spirit of P. Erdds. Paper [54]
concerns sets of positive integers that contain no three terms in arithmetic pro-
gression and in [B5] a large family of non-decreasing sequences (ay)n>1 of pos-
itive integers is constructed such that the set of finite sums > Enay, With
en € {0,1} contains an infinite arithmetic progression.

neFr

We end this short overview by quoting in chronological order the names of
Rauzy’s students who defended their French Ph. D. thesis under his direction:
P. Liardet, A. Thomas, A. Cissé, E. Pouspourikas, C. Mauduit, Th. Tapsoba,
P. Martinez, S. Fabre, P. Gonzalez, M.-L. Santini, P. Alessandri, L. Vuillon,
N. Tchekhovaya, A. Messaoudi, and V. Canterini. All of then contributed by
extending in various directions the work of Gérard Rauzy.

We warmly thank Evelyne Rauzy for having communicated private informa-
tion on the life of her brother, Jean-Paul Allouche for his encouragements and
Jeffrey Shallit for his kind assistance in the writing.
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