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ON SEQUENCES INVOLVING PRIMES
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ABSTRACT. In this paper we give the set of distribution functions of f(pn)
mod1 for a special class of functions f(x). Also, we generalize a result on distri-
bution functions shown by O. Strauch and O. Blažeková to a multi-dimensional
case. Applying it, we prove that every uniform distributed sequence xn mod1
and log pn mod1 is statistically independent. By combining this and a result of
G. Rauzy we derive that the sequences pnθ+log pn and pnθ+pn/n are uniformly
distributed mod1 with irrational θ.

Communicated by Vladimı́r Baláž

1. Introduction

For a real number x, let [x] be the integral part of x, let x mod 1 = {x} =
x − [x] be the fractional part of x, and let ‖x‖ = min({x}, 1 − {x}). For x =
(x1, . . . , xs) ∈ R

s, let x mod 1 = (x1, . . . , xs) mod 1 = ({x1}, . . . , {xs}). Let cJ
be the characteristic function of the interval J ⊂ [0, 1)s.

A function g : [0, 1]s → [0, 1] is called a distribution function (abbreviated
d.f.) if g(x) = 0 for any x with a vanishing coordinate, g(1, . . . , 1) = 1, and g(x)
is non-decreasing, i.e.

∆
(s)
zs−ys · · ·∆

(1)
z1−y1g(y1, . . . , ys) = ∆

(s)
zs−ys(· · · (∆

(1)
z1−y1g(y1, . . . , ys))) ≥ 0

for any 0 ≤ yi < zi ≤ 1 (i = 1, 2, . . .), where ∆
(i)
hi
g(x1, . . . , yi, . . . , xs) =

g(x1, . . . , yi + hi, . . . xs) − g(x1, . . . , yi, . . . xs) for 0 ≤ yi ≤ yi + hi ≤ 1 (see [14,

p.1-61]). It is easy to show that ∆
(s)
zs−ys · · ·∆

(1)
z1−y1g(y1, . . . , ys) ≤ 1 for any 0 ≤

yi < zi ≤ 1 (i = 1, 2, . . .), and g(x1, . . . , xs) is non-decreasing with respect to xi
for i = 1, . . . , s. The d.f. g(1, . . . , 1, xi1 , 1, . . . 1, xi2 , 1, . . . 1, xim , 1, . . . , 1) is called
anm-dimensional face distribution function of g in variables (xi1 , xi2 , . . . , xim) ∈
(0, 1)m, m = 1, . . . , s− 1.

2010 Mathemat i c s Sub j e c t C l a s s i f i c a t i on: Primary 11K06; Secondary 11K36, 11K31.
Keyword s: Distribution function, uniform distribution mod1, prime numbers.

221



YUKIO OHKUBO

We identify two d.f.s g(x) and g̃(x) if
(i) g(x) = g̃(x) at every common point x ∈ (0, 1)s of continuity, and
(ii) g(1, . . . , 1, xi1 , 1, . . . 1, xim , 1, . . . , 1) = g̃(1, . . . , 1, xi1 , 1, . . . 1, xim , 1, . . . , 1) for
every common point (xi1 , . . . , xim) ∈ (0, 1)m of continuity in everym-dimension-
al face distribution function of g and g̃, m = 1, . . . , s− 1 (see [14, p.1-61]).

For two s-dimensional sequences of real numbers an = (an,1, . . . , an,s), n =
1, 2, . . . and ãn = (ãn,1, . . . , ãn,s), n = 1, 2, . . ., we define the empirical distribu-
tion by

FN (x) =
1

N

N
∑

n=1

c[0,x1)×···×[0,xs)({an,1}, · · · , {an,s}),

F̃N (x) =
1

N

N
∑

n=1

c[0,x1)×···×[0,xs)({ãn,1}, · · · , {ãn,s}),

for all x = (x1, . . . , xs) ∈ [0, 1]s.

If there exists an increasing sequence of positive integers Nk, k = 1, 2, . . .,
such that

lim
k→∞

FNk
(x) = g(x)

at every continuity point x ∈ (0, 1)s of g(x), and

lim
k→∞

FNk
(1, . . . , 1, xi1 , 1, . . . 1, xim , 1, . . . , 1)

=g(1, . . . , 1, xi1 , 1, . . . 1, xim , 1, . . . , 1)

at every continuity point (xi1 , . . . , xim) ∈ [0, 1]m of
g(1, . . . , 1, xi1 , 1, . . . 1, xim , 1, . . . , 1) for m = 1, . . . , s− 1, then the function g(x)
is called the distribution function (abbreviated d.f.) of the sequence an mod 1,
n = 1, 2, . . .. We denote as G(an mod 1) the set of all d.f.s of the sequence an
mod1, n = 1, 2, . . . (see [14, p.1-61]). The sequence an is said to be uniformly
distributed mod1 if

lim
N→∞

FN (x1, . . . , xs) = x1 · · ·xs

for all (x1, . . . , xs) ∈ [0, 1]s.

In [12] O. Strauch and O. Blažeková showed the following theorem.Theorem A ([12], Theorem 1). Let xn and yn be two real sequences. Assume

that all d.f.s in G(xn mod 1) are continuous at 0 and 1. Then the zero limit of

fractional parts

lim
n→∞

(xn − yn) mod 1 = 0
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implies G(xn mod 1) = G(yn mod 1).

R. Giuliano Antonini and O. Strauch [3] extended this theorem to the case of
weighted distribution functions. In [3], the referee notes that if xn, yn ∈ [0, 1),
n = 1, 2, . . ., then the assumption that all d.f.s in G(xn mod 1) are continuous
at 0 and 1 can be omitted.

Let pn denote the nth prime. Applying Theorem A, O. Strauch and O.
Blažeková [12] proved that

G(pn/n mod 1) = G(log(n logn) mod 1).

Furthermore, by two methods they proved

G(log(n logn) mod 1) = G(log n mod 1). (1.1)

It is well-known that

G(log n mod 1) =

{

gu(x) =
ex − 1

e− 1
e−u + (emin(x,u) − 1)e−u : u ∈ [0, 1]

}

(1.2)

(see [6, pp.57-58], [14, 2.12]).

This paper is divided into three parts. The first part (Section 2) gives the set
of d.f.s of f(pn) mod1 for a special class of functions f(x) that is described in
O. Strauch and O. Blažeková [12, Theorem 5].

In the second part (Section 3) we give a generalization of Theorem A to
a multidimensional case. Applying it, we prove that every uniform distributed
sequence xn mod1 and log pn mod1 is statistically independent. By combining
this and a result of G. Rauzy [8] (see Lemma B), we derive that the sequences
pnθ + log pn and pnθ + pn/n are uniformly distributed mod1.

In the third part (Section 4) we give the proof of Theorem 2.

2. Distribution of f(pn) mod 1

Hadamard and de la Vallée Poussin proved the prime number theorem

π(x) = Li(x) +O(xe−A
√
log x),

for some positive constant A (cf. P. Ribenboim [9, p.226]). By integration by
parts

Li(x) =
x

log x− 1
−

x

(log x)2(log x− 1)
−

2

log 2
−

2

(log 2)2
+ 2

∫ x

2

1

(log t)3
dt.
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Since
∫ x

2

1

(log t)3
dt =

∫ x1/2

2

1

(log t)3
dt+

∫ x

x1/2

1

(log t)3
dt≪

x

(log x)3
,

we have

π(x) =
x

log x− 1
+O

(

x

(log x)3

)

.

Hence
pn
n

= log pn − 1 +O

(

1

log pn

)

. (2.1)

On the other hand, it is known that

pn
n

= logn+ (log log n− 1) + o

(

log logn

logn

)

(2.2)

(see [9], [12]). From (2.1) and (2.2) it follows that

log pn = log(n logn) + o

(

log logn

logn

)

+O

(

1

log pn

)

.

Therefore we have

lim
n→∞

‖ log pn − log(n logn)‖ = 0. (2.3)

Applying Theorem A with the continuity of g(x) ∈ G(log(n logn) mod 1) at
x = 0 and x = 1, we have

G(log pn mod 1) = G(log(n logn) mod 1).

Since G(log(n logn) mod 1) = G(log n mod 1) by (1.1),

G(log pn mod 1) = G(log n mod 1).

The d.f.s of the sequence log pn mod 1 was studied by A. Wintner [16]. For
a function f(x) that satisfies conditions of the following theorem, O. Strauch
and O. Blažeková showed some extension of the Koksma theorem [7] about
the sequence f(n) (see [12, Theorem 5]). They applied it to f(x) = log x and

f(x) = log(x log(i) x), i = 1, 2, . . ., where log(i) x is the ith iterated logarithm
log · · · log x. We prove the following result for the sequence f(pn) mod 1 by using
the methods of [16] and [12, Theorem 5].Theorem 1. Let the real-valued function f(x) be strictly increasing for x ≥ 1
and let f−1(x) be the inverse function of f(x). Suppose that

(i) limk→∞ f−1(k + 1)− f−1(k) = ∞,

(ii) limk→∞
f−1(k+wk)
f−1(k) = ψ(u) for every sequence wk ∈ [0, 1]
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for which limk→∞ wk = u, where this limit defines the function ψ(u) on [0, 1],
(iii) ψ(1) > 1. Then

G(f(pn) mod 1)

=

{

g̃u(x) =
min(ψ(x), ψ(u)) − 1

ψ(u)
+

1

ψ(u)
·
ψ(x) − 1

ψ(1)− 1
: u ∈ [0, 1]

}

.

P r o o f. First we show that the sequence {f(pn)} is dense in [0, 1]. For 0 ≤
a < b ≤ 1, a < {f(pn)} ≤ b if and only if there exists k ∈ Z such that
f−1(k + a) < pn ≤ f−1(k + b). For ξ > 0, let π(ξ) be the number of primes p
with p ≤ ξ. By the prime number theorem, we have

π(f−1(k + b))− π(f−1(k + a))

=
f−1(k + b)

log f−1(k + b)
−

f−1(k + a)

log f−1(k + a)
+O

(

f−1(k + b)

log2 f−1(k + b)

)

=
f−1(k + b)

log f−1(k + b)

(

1−
f−1(k + a)

f−1(k + b)

log f−1(k + b)

log f−1(k + a)

)

+O

(

f−1(k + b)

log2 f−1(k + b)

)

.

From (i) it follows that limx→∞ f−1(x) = ∞, thus limk→∞
f−1(k+b)

log f−1(k+b) = ∞. (ii)

implies limk→∞
f−1(k+a)
f−1(k+b) = ψ(a)

ψ(b) < 1 and

lim
k→∞

log f−1(k + b)

log f−1(k + a)
= lim
k→∞

(

1

log f−1(k + a)
log

f−1(k + b)

f−1(k + a)

)

+ 1 = 1.

Therefore, π(f−1(k + b)) − π(f−1(k + a)) → ∞ as k → ∞. Hence, there exist
k and n such that f−1(k + a) < pn ≤ f−1(k + b). So it was shown that the
sequence {f(pn)} is dense in [0, 1].

Since the sequence {f(pn)} is dense in [0, 1], for 0 ≤ u ≤ 1 there exists a
sequence of positive integers nj such that uj = {f(pnj)} → u as j → ∞.
For ξ > 0, put N(ξ) = #{n ≥ 1|f(pn) < ξ}. For 0 ≤ x ≤ 1 and m ≥ 1, put
φ(m;x) = 1

m#{k ≤ m|{f(pk)} < x}. Then we have

N(ξ)φ(N(ξ);x) =

[ξ]−1
∑

k=0

(N(k + x)−N(k)) +N(min(ξ, [ξ] + x))−N([ξ]).

The prime number theorem implies

N(ξ) = #{n|pn < f−1(ξ)} = π(f−1(ξ)) + c(ξ) ∼
f−1(ξ)

log f−1(ξ)
, (2.4)
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where c(ξ) = 0 or 1.
Hence, we have

φ(nj − 1;x) = φ(N(f(pnj ));x)

=
1

N(f(pnj ))

hj−1
∑

k=0

(N(k + x)−N(k)) +
N(hj +min(uj, x))

N(f(pnj ))
−

N(hj)

N(f(pnj ))

=

∑hj−1
k=0 (N(k + x) −N(k)

∑hj−1
k=0 (N(k + 1)−N(k))

·
N(hj)−N(0)

N(hj + uj)

+
N(hj +min(uj , x))

N(hj + uj)
−

N(hj)

N(hj + uj)
,

where hj = [f(pnj )]. Let 0 ≤ x ≤ 1 be fixed. Since N(n) is strictly increasing
and tends to infinity, Cauchy-Stolz lemma implies

lim
n→∞

∑n
k=0(N(k + x)−N(k)

∑n
k=0(N(k + 1)−N(k))

= lim
k→∞

N(k + x) −N(k)

N(k + 1)−N(k)

= lim
k→∞

N(k + x)/N(k) − 1

N(k + 1)/N(k)− 1
.

From (2.4), we obtain

N(k + x)

N(k)
∼

log f−1(k)

log f−1(k + x)
·
f−1(k + x)

f−1(k)
.

Furthermore, (i) and (ii) yield

lim
k→∞

log f−1(k)

log f−1(k + x)
= lim
k→∞

(

1

log f−1(k + x)
log

f−1(k)

f−1(k + x)

)

+ 1 = 1.

Thus, we get

lim
k→∞

N(k + x)

N(k)
= ψ(x),

and so,

lim
j→∞

∑hj−1
k=0 (N(k + x)−N(k))

∑hj−1
k=0 (N(k + 1)−N(k))

= lim
n→∞

∑n
k=0(N(k + x)−N(k)

∑n
k=0(N(k + 1)−N(k))

=
ψ(x)− 1

ψ(1)− 1
.

Using (ii) with whj = uj , wk = u otherwise, we obtain

lim
j→∞

f−1(hj + uj)

f−1(hj)
= ψ(u), lim

j→∞

log f−1(hj)

log f−1(hj + uj)
= 1.
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and hence

lim
j→∞

N(hj)

N(hj + uj)
= lim

j→∞

log f−1(hj + uj)

log f−1(hj)
·

f−1(hj)

f−1(hj + uj)
=

1

ψ(u)
.

Let u < x < 1 be fixed. Since min(uj , x) = uj for sufficiently large j, we obtain

lim
j→∞

N(hj +min(uj , x))

N(hj + uj)
= 1.

Let 0 ≤ x < u be fixed. For sufficiently large j, we have

N(hj +min(uj , x))

N(hj + uj)
=

N(hj + x)

N(hj + uj)
∼

f−1(hj + x)/f−1(hj)

f−1(hj + uj)/f−1(hj)
·
log f−1(hj + uj)

log f−1(hj + x)
.

From (i) and (ii) it follows that

lim
j→∞

log f−1(hj + uj)

log f−1(hj + x)
= lim

j→∞

(

1

log f−1(hj + x)
log

f−1(hj + uj)

f−1(hj + x)

)

+ 1 = 1.

Thus, we get

lim
j→∞

N(hj +min(uj , x))

N(hj + uj)
=
ψ(x)

ψ(u)
.

Therefore,

lim
j→∞

N(hj +min(uj , x))

N(hj + uj)
=

min(ψ(x), ψ(u))

ψ(u)
.

Consequently,

g̃u(x) = lim
j→∞

φ(nj − 1;x) =
min(ψ(x), ψ(u)) − 1

ψ(u)
+

1

ψ(u)
·
ψ(x)− 1

ψ(1)− 1
.

Conversely, if g(x) ∈ G(f(pn) mod 1), then there exists a sequence mi such
that limi→∞ φ(mi;x) = g(x). The sequence mi + 1 contains a subsequence nj
such that limj→∞{f(pnj )} = u for some 0 ≤ u ≤ 1. Therefore, we have g(x) =
g̃u(x). �

As O. Strauch and O. Blažeková [12] applied Theorem 5 of [12] to f(x) = log x

and f(x) = log(x log(i) x), i = 1, 2, . . ., we can apply Theorem 1 to the same
functions. In consequence, it is shown that the sequence log pn and the sequences

log(pn log
(i) pn), i = 1, 2, . . . have the same distribution as one of the sequence

logn. This solves the Open problem 1.3 in [13]. S. Akiyama [1] proved that the

sequence
∑ℓ−1
i=0 ci log pn+i is not almost uniformly distributed modulo 1, where
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ci, i = 0, 1, 2, . . ., are real numbers with
∑ℓ−1

i=0 ci 6= 0, i.e. x /∈ G(
∑ℓ−1

i=0 ci log pn+i)
(see also [14, 2.19.8]). Akiyama [1] used the following estimation

ℓ−1
∑

i=0

ci log pn+i −

(

ℓ−1
∑

i=0

ci

)

log pn = o(1).

Therefore by Theorem A (or Theorem 2),

G

(

ℓ−1
∑

i=0

ci log pn+i mod 1

)

= G

((

ℓ−1
∑

i=0

ci

)

log pn mod 1

)

.

On the other hand, by Theorem 1

G (c log pn mod 1) =

{

ex/c − 1

e1/c − 1
e−u/c + (emin(x/c,u/c) − 1)e−u/c : u ∈ [0, 1]

}

,

where c =
∑ℓ−1

i=0 ci. Hence, the sequence
∑ℓ−1

i=0 ci log pn+i has the same distribu-
tion.

3. Distribution of the another type of sequence

We extend Theorem A to a multidimensional case as follows.Theorem 2. Let an = (an,1, . . . , an,s), ãn = (ãn,1, . . . , ãn,s), n = 1, 2, . . .
be s-dimensional sequences of real numbers. Suppose that for every d.f.

g(x1, . . . , xs) ∈ G(an mod 1), the face d.f. g(1, . . . , 1, xi, 1, . . .) is continuous at

xi = 0, 1 for i = 1, . . . , s. If ‖an,i − ãn,i‖ → 0 (n → ∞) for i = 1, . . . , s, then
G(an mod 1) = G(ãn mod 1).

The proof is described in Section 4. We recall definitions and results on sta-
tistical independence.Definition 1 (see [8, p.91]). Let xn and yn be two infinite real sequences. Two

sequences xn mod 1 and yn mod 1 are called statistically independent if

lim
N→∞

(

1

N

N
∑

n=1

f({xn})g({yn})−

(

N
∑

n=1

f({xn})

)(

N
∑

n=1

g({yn})

))

= 0

for every continuous real-valued functions f , g defined on [0, 1].
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ON SEQUENCES INVOLVING PRIMESLemma A (see [8, pp.97-98]). Let xn and yn be two infinite real sequences. Two

sequences xn mod 1 and yn mod 1 are statistically independent if and only if

lim
N→∞

(

1

N

N
∑

n=1

e2πi(hxn+kyn) −

(

1

N

N
∑

n=1

e2πihxn

)(

1

N

N
∑

n=1

e2πikyn

))

= 0

for every integers h 6= 0, k 6= 0.Lemma 1. Let xn, n = 1, 2, 3 . . . be a real sequence. If xn is uniformly distributed

mod 1, then xn mod 1 and log(n logn) mod 1 are statistically independent.

P r o o f. Suppose that xn is uniformly distributed mod 1. By Weyl criterion we
have

lim
N→∞

1

N

N
∑

n=1

e2πihxn = 0. (3.1)

Therefore by applying Lemma A it is sufficient to show that

lim
N→∞

1

N

N
∑

n=1

e2πi(hxn+k log(n logn)) = 0. (3.2)

By Abel summation formula we obtain

N
∑

n=1

e2πi(hxn+k log(n logn))

=

N−1
∑

n=1

(

e2πik log(n logn) − e2πik log((n+1) log(n+1))
)

n
∑

m=1

e2πihxm

+ e2πik log(N logN)
N
∑

n=1

e2πihxn .

From
∣

∣

∣
e2πik log(n logn) − e2πik log((n+1) log(n+1))

∣

∣

∣
≤ 2π|k|

logn+ 1

n logn

and (3.1) we obtain (3.2). �Theorem B (see [8, p.92], [4, Theorem 2]). Let xn and yn be two infinite real

sequences. Two sequences xn mod1 and yn mod1 are statistically independent

if and only if for every g ∈ G((xn, yn) mod 1)

g(x, y) = g(x, 1)g(1, y) a.e. on [0, 1]2.Lemma 2. Let xn, n = 1, 2, . . . be a real sequence. If xn is uniformly distributed

mod1, then G((xn, log pn) mod 1) = G((xn, log(n logn)) mod 1) = {xgu(y) :
u ∈ [0, 1]}.
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P r o o f. Let g ∈ G((xn, log(n logn)) mod 1). From Lemma 1, it follows that xn
mod1 and log(n logn) mod1 are statistically independent. Applying Theorem
B, we have

g(x, y) = g(x, 1)g(1, y) a.e. on [0, 1]2

Since g(x, 1) ∈ G(xn mod 1) = {x}, we have g(x, 1) = x at every continu-
ity point x of g(x, 1). We have g(x, 1) = x for all x ∈ [0, 1]. Since g(1, y) ∈
G(log(n logn) mod 1), by (1.2) there exists u ∈ [0, 1] such that g(1, y) = gu(y)
at every continuity point y of g(1, y). Since gu(y) is continuous, we obtain
g(1, y) = fu(y) for every y ∈ [0, 1]. It follows that

g(x, y) = xgu(y) for every (x, y) ∈ [0, 1]2.

By this and (2.3), Theorem 2 yields
G((xn, log pn) mod 1) = G((xn, log(n logn)) mod 1). �Theorem 3. Let xn, n = 1, 2, . . . be a real sequence. If xn is uniformly dis-

tributed mod 1, then xn mod 1 and log pn mod 1 is statistically independent.

P r o o f. Let g ∈ G((xn, log pn) mod 1). By Lemma 2 there exist
g̃ ∈ G((xn, log(n logn)) mod 1) such that g(x, y) = g̃(x, y) at every continuity
point (x, y) ∈ [0, 1]2. Since g̃(x, y) is continuous on [0, 1]2,

g(x, y) = g̃(x, y) (3.3)

for every (x, y) ∈ [0, 1]2. By Lemma 1 and Theorem B we have
g̃(x, y) = g̃(x, 1)g̃(1, y) almost everywhere. Hence from (3.3) it follows that

g(x, y) = g(x, 1)g(1, y)

almost everywhere. This and Theorem B complete the proof of Theorem 3. �Lemma B (see [8, p.96], [14]). Let xn and yn be sequences of real numbers such

that xn mod 1 and yn mod 1 are statistically independent, and xn is uniformly

distributed mod 1. Then the sequence xn + yn is uniformly distributed mod 1.

It is well known that pnθ is uniformly distributed mod1, for an irrational
number θ (see [15, Chapter 11]). By this result, Theorem 3 and Lemma B we
obtain the following result.Theorem 4. If θ is irrational, then pnθ+log pn is uniformly distributed mod 1.

Furthermore, we have the following result in same way as the proof of Theorem
4. If θ is irrational, then pn(θ + 1/n) is uniformly distributed mod 1.
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4. Proof of Theorem 2

In order to prove Theorem 2 we need some properties of monotone functions
of several variables in [2].Definition 2 (see [2]). Let F (x1, . . . , xs) be a real valued function defined on

the interval J = [0, 1]s. The function F is said to be monotone if F (x1, . . . , xs) is

non-decreasing with respect to xi for 1 ≤ i ≤ s, and if ∆
(k)
hk

(∆
(j)
hj
F (x1, . . . , xs)) ≥

0 for 0 ≤ xi ≤ 1 (i = 1, . . . , s), 1 ≤ j < k ≤ s, hj ≥ 0, hk ≥ 0, xj + hj ≤ 1,
xk + hk ≤ 1.Lemma C (see [2], Theorem 1). If F (x1, . . . , xs) be a monotone function on the

interval J , then there is a set R consisting of the points of a countable collection

(s− 1)-space xi = α
(j)
i , i = 1, 2, . . . , s, j = 1, 2, . . ., such that F is continuous at

all points of J −R.Remark 1. Since F (1, . . . , 1, xi, 1, . . . , 1) is non-decreasing with respect to xi,
it has a countable number of discontinuities xi = αij, i = 1, . . . , s, j = 1, 2, . . ..
The set R is the union of the sets in [0, 1]s: xi = αij , i = 1, . . . , s, j = 1, 2, . . ..Lemma D (see [2], Theorem 2). Let Fn(x1, . . . , xs) be a sequence of monotone

functions on J with |Fn(x1, . . . , xs)| ≤ A (n = 1, 2, . . .) for some A > 0. Then,
there exists a sequence of positive integers n1 < n2 < · · · and a non-decreasing

function F (x1, . . . , xs) such that

lim
k→∞

Fnk
(x1, x2, . . . , xs) = F (x1, x2, . . . , xs) on J.Lemma 3. Let g be a distribution function. If there exist yi,ni and zi,ni (ni =

1, 2, . . .) for i = 1, 2, . . . , s such that 0 < yi,ni < zi,ni < 1 (i = 1, 2, . . . , s),
limni→∞ yi,ni = 0, limni→∞ zi,ni = 1, and

lim
ni→∞
i=1···s

∆
(s)
zs,ns−ys,ns

· · ·∆
(1)
z1,n1−y1,n1

g(y1,n1 , · · · , ys,ns) :=

lim
ns→∞

· · · lim
n1→∞

∆
(s)
zs,ns−ys,ns

· · ·∆
(1)
z1,n1−y1,n1

g(y1,n1 , · · · , ys,ns) = 1.

then

lim
ni→∞
i=1···s

g(z1,n1 , . . . , zs,ns) = 1 and lim
ni→∞
i=1···s

g(t1,n1 , . . . , ts,ns) = 0,

where tj,nj = yj,nj for some j and either ti,ni = yi,ni or ti,ni = zi,ni for i =
1, . . . , s.
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P r o o f. By induction on s we shall prove this lemma.
For s = 1, from limn1→∞(g(z1,n1)−g(y1,n1)) = 1 and 0 ≤ g(y1,n1) ≤ g(z1,n1) ≤ 1
we have

lim
n1→∞

g(z1,n1) = 1, lim
n1→∞

g(y1,n1) = 0.

For s > 1 we have

lim
ni→∞
i=1···s

∆
(s)
zs,ns−ys,ns

· · ·∆
(1)
z1,n1−y1,n1

g(y1,n1 , · · · , ys,ns)

= lim
ni→∞
i=1···s−1

∆
(s−1)
zs−1,ns−1

−ys−1,ns−1
· · ·∆

(1)
z1,n1−y1,n1

lim
ns→∞

g(y1,n1 , · · · , ys−1,ns−1 , zs,ns)−

lim
ni→∞
i=1···s−1

∆
(s−1)
zs−1,ns−1

−ys−1,ns−1
· · ·∆

(1)
z1,n1−y1,n1

lim
ns→∞

g(y1,n1 , · · · , ys−1,ns−1 , ys,ns) = 1.

Set

g0(y1, · · · , ys−1) := lim
ns→∞

g(y1, · · · , ys−1, ys,ns),

g1(y1, · · · , ys−1) := lim
ns→∞

g(y1, · · · , ys−1, zs,ns).

It is shown that gk(y1, · · · , ys−1) is a d.f. for k = 0, 1. Hence we obtain

lim
ni→∞
i=1···s−1

∆
(s−1)
zs−1,ns−1

−ys−1,ns−1
· · ·∆

(1)
z1,n1−y1,n1

g1(y1,n1 , · · · , ys−1,ns−1) = 1.

From this and the induction hypothesis we obtain

lim
ni→∞
i=1···s−1

lim
ns→∞

g(z1,n1 , · · · , zs−1,ns−1 , zs,ns) = lim
ni→∞
i=1···s

g1(z1,n1 , . . . , zs−1,ns−1) = 1,

lim
ni→∞
i=1···s−1

lim
ns→∞

g(t1,n1 , · · · , tns−1,s−1 , zs,ns) = lim
ni→∞
i=1···s

g1(t1,n1 , . . . , ts−1,ns−1) = 0,

where either ti,ni = yi,ni or ti,ni = zi,ni for 1 ≤ i ≤ s − 1 and tj,nj = yj,nj for
some j. Since g(x1, . . . , xs−1, xs) is non-decreasing with respect to xs,

lim
ni→∞
i=1···s−1

lim
ns→∞

g(t1,n1 , · · · , ts−1,ns−1 , ys,ns)

≤ lim
ni→∞
i=1···s−1

lim
ns→∞

g(t1,n1 , · · · , ts−1,ns−1 , zs,ns) = 0.

Thus
lim
ni→∞
i=1···s

g(t1,n1 , · · · , ts−1,ns−1 , ys,ns) = 0.

�
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We prove the two dimensional case of Theorem 2. The proof is analogous to
the proof of Theorem 1 in [12].

Since either ‖xn − x̃n‖ = {xn − x̃n} = (xn − [xn − x̃n])− x̃n or ‖xn − x̃n‖ =
1−{xn − x̃n} = x̃n − (xn − [xn − x̃n]− 1), we can assume that |an,i − ãn,i| → 0
for i = 1, 2.

Let g(x) ∈ G(an mod 1). There exists the sequence N ′
k such that

lim
k→∞

FN ′

k
(x) = g(x)

at every continuity point x ∈ (0, 1)2 of g(x).
By Lemma D there exists the subsequence N ′

kj
of the sequence N ′

k and g̃(x) ∈

G(x̃n mod 1) such that

lim
j→∞

F̃Nk′

j
(x) = g̃(x)

for all x ∈ [0, 1]2.
Thus there exists Nj such that

lim
j→∞

FNj (x) = g(x)

at every continuity point x ∈ (0, 1)2 of g(x), and

lim
j→∞

F̃Nj (x) = g̃(x)

for all x ∈ [0, 1]2.

Applying the second Helly theorem, we have

lim
j→∞

∫

[0,1]2
e2πi(h1x1+h2x2)dFNj (x1, x2) =

∫

[0,1]2
e2πi(h1x1+h2x2)dg(x1, x2),

lim
j→∞

∫

[0,1]2
e2πi(h1x1+h2x2)dF̃Nj (x1, x2) =

∫

[0,1]2
e2πi(h1x1+h2x2)dg̃(x1, x2)

for hi = 0,±1,±2, . . . (i = 1, 2).
Hence

lim
j→∞

1

Nj

Nj
∑

n=1

e2πi(h1an,1+hman,2) =

∫

[0,1]2
e2πi(h1x1+h2x2)dg(x1, x2),

lim
j→∞

1

Nj

Nj
∑

n=1

e2πi(h1ãn,1+h2ãn,2) =

∫

[0,1]2
e2πi(h1x1+h2x2)dg̃(x1, x2)
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for hi = 0,±1,±2, . . . (i = 1, 2).
Since

∣

∣

∣

∣

∣

∣

1

Nj

Nj
∑

n=1

e2πi(h1an,1+h2an,2) −

Nj
∑

n=1

e2πi(h1ãn,1+h2ãn,2)

∣

∣

∣

∣

∣

∣

≤
1

Nj

Nj
∑

n=1

|e2πi(h1(an,1−ãn,1)+h2(an,2−ãn,2)) − 1| → 0

as j → ∞, we have

lim
j→∞

1

Nj

Nj
∑

n=1

e2πi(h1an,1+h2an,2) = lim
j→∞

1

Nj

Nj
∑

n=1

e2πi(h1ãn,1+h2ãn,2).

Therefore we obtain
∫

[0,1]2
e2πi(h1x1+h2x2)dg(x1, x2) =

∫

[0,1]2
e2πi(h1x1+h2x2)dg̃(x1, x2)

for hi = 0,±1,±2, . . . (i = 1, 2).
By the Weierstrass approximation theorem, we have for any complex-valued
continuous function f on [0, 1]2 with period 1 in each variable

∫

[0,1]2
f(x1, x2)dg(x1, x2) =

∫

[0,1]2
f(x1, x2)dg̃1(x1, x2). (4.1)

For 0 ≤ y < z ≤ 1 and sufficiently small δ > 0, we define the function f
(δ)
yz

by f
(δ)
yz (x) = 0 (0 ≤ x ≤ y), f

(δ)
yz (x) = x/δ − y/δ (y < x < y + δ), f

(δ)
yz (x) = 1

(y + δ ≤ x ≤ z − δ), f
(δ)
yz (x) = −x/δ + z/δ (z − δ < x < z), f

(δ)
yz (x) = 0

(z ≤ x ≤ 1).

Since g(x1, 1) is non-decreasing with respect to x1, it has a countable num-
ber of dis-continuities α1j ∈ [0, 1], j = 1, 2, . . .. Similarly g̃(x1, 1) has a count-
able number of dis-continuities α̃1,j ∈ [0, 1], j = 1, 2, . . .. Since g(1, x2) is non-
decreasing with respect to x2, it has a countable number of dis-continuities
α2j ∈ [0, 1], j = 1, 2, . . .. Similarly g̃(1, x2) has a countable number of dis-
continuities α̃2j ∈ [0, 1], j = 1, 2, . . ..

Let R1 = (∪∞
j=1{(α1j , x2) : 0 ≤ x2 ≤ 1}) ∪ (∪∞

j=1{(x1, α2j) : 0 ≤ x1 ≤ 1}),

R2 = (∪∞
j=1{(α̃1j , x2) : 0 ≤ x2 ≤ 1}) ∪ (∪∞

j=1{(x1, α̃1j) : 0 ≤ x1 ≤ 1}), and
R = R1 ∪R2.

Let (y1, y2), (z1, z2) be in [0, 1]2 −R with 0 < yi < zi < 1 for i = 1, 2. Set

fδ(x1, x2) = f (δ)
y1z1(x1) · f

(δ)
y2z2(x2).
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By (4.1) we obtain
∫

[0,1]2
fδ(x1, x2)dg(x1, x2) =

∫

[0,1]2
fδ(x1, x2)dg̃(x1, x2). (4.2)

The left-hand side of (4.2) is written in the form
∫

[0,1]2
fδ(x1, x2)dg(x1, x2) =

∑

J1,J2

∫

J1×J2

fδ(x1, x2)dg(x1, x2)

where
∑

J1,J2
stands for the sum over all intervals

Ji ∈ {[yi, yi + δ], [yi + δ, zi − δ], [zi − δ, zi]}, i = 1, 2.
If Ji 6= [yi + δ, zi − δ] for some i, then

lim
δ→0

∫

J1×J2

fδ(x1, x2)dg(x1, x2) = 0,

for in the case of J1 = [y1, y1 + δ] we have

0 ≤

∫

J1×J2

fδ(x1, x2)dg(x1, x2) ≤

∫

J1×[0,1]

dg(x1, x2) = g(y1+δ, 1)−g(y1, 1) → 0

as δ → 0, since g is continuous at (y1, 1) by Lemma C.
Furthermore, since g is continuous at (x1, x2) with xi ∈ {yi, zi}, i = 1, 2, we
obtain

lim
δ→0

∫

[y1+δ,z1−δ]×[y2+δ,z2−δ]
fδ(x1, x2)dg(x1, x2) = ∆

(2)
z2−y2∆

(1)
z1−y1g(y1, y2),

hence

lim
δ→0

∫

[0,1]2
fδ(x1, x2)dg(x1, x2) = ∆

(2)
z2−y2∆

(1)
z1−y1g(y1, y2).

Similarly we obtain

lim
δ→0

∫

[0,1]2
fδ(x1, x2)dg̃(x1, x2) = ∆

(2)
z2−y2∆

(1)
z1−y1 g̃(y1, y2).

Therefore from (4.2) it follows that

∆
(2)
z2−y2∆

(1)
z1−y1g(y1, y2) = ∆

(2)
z2−y2∆

(1)
z1−y1 g̃(y1, y2). (4.3)

Let (y
(1)
n1 , y

(2)
n2 ), (z

(1)
n1 , z

(2)
n2 ) be in [0, 1]2 − R for ni = 1, 2, . . . (i = 1, 2) with

0 < y
(i)
i,ni

< z
(i)
i,ni

< 1, limni→∞ y
(i)
ni = 0, and limni→∞ z

(i)
ni = 1 for i = 1, 2.

From Lemma C, g(1, 1) = 1, and g(x) = 0 for any x with a vanishing coordinate
we obtain

lim
ni→∞
i=1,2

∆
(2)

z
(2)
n2

−y(2)n2

∆
(1)

z
(1)
n1

−y(1)n1

g(y(1)n1
, y(2)n2

) = 1.
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From (4.3) we have

lim
ni→∞
i=1,2

∆
(2)

z
(2)
n2

−y(2)n2

∆
(1)

z
(1)
n1

−y(1)n1

g̃(y(1)n1
, y(2)n2

) = 1.

Using Lemma 3, we obtain

lim
ni→∞
i=1,2

g̃(z(1)n1
, z(2)n2

) = 1, lim
ni→∞
i=1,2

g̃(t(1)n1
, t(2)n2

) = 0,

where t
(j)
nj = y

(j)
nj for some j and either t

(i)
ni = y

(i)
ni or t

(i)
ni = z

(i)
ni for i = 1, 2. Since

g̃(x1, x2) is non-decreasing with respect to each variable, we have

lim
ni→∞
i=1,2

g̃(t(1)n1
, t(2)n2

) = 0, (4.4)

where t
(j)
nj = y

(j)
nj for some j and either t

(i)
ni = y

(i)
ni or t

(i)
ni = zi for i = 1, 2.

From (4.3) we obtain

∆
(2)

z2−y
(2)
n2

∆
(1)

z1−y
(1)
n1

g(y(1)n1
, y(2)n2

) = ∆
(2)

z2−y
(2)
n2

∆
(1)

z1−y
(1)
n1

g̃(y(1)n1
, y(2)n2

),

so

g̃(z1, z2)− g̃(z1, y
(2)
n2

)− g̃(y(1)n1
, z2) + g̃(y(1)n1

, y(2)n2
)

=g(z1, z2)− g(z1, y
(2)
n2

)− g(y(1)n1
, z2) + g(y(1)n1

, y(2)n2
).

By using (4.4) and continuity of g at (z1, 0), (0, z2). we get

g̃(z1, z2) = g(z1, z2).

Letting z1 → 1, we get
lim
z1→1

g̃(z1, z2) = g(1, z2), (4.5)

because g is continuous at (1, z2).

Set z1 = z
(1)
n1 , y2 = y

(2)
n2 in (4.3), then by letting n1 → ∞, n2 → ∞ we have

lim
n1→∞

g̃(z(1)n1
, z2)− g̃(y1, z2) = g(1, z2)− g(y1, z2).

Using (4.5), we have

g̃(y1, z2) = g(y1, z2).

In the same way, we can show that g̃(x1, x2) = g(x1, x2) for xi ∈ {yi, zi} (i =
1, 2). Therefore we obtain

G(an mod 1) ⊂ G(ãn mod 1). (4.6)

If we assume that g̃(x1, 1) and g̃(1, x2) is continuous at xi = 0, 1 for i = 1, 2,
then (4.6) is shown in the same way, hence

G(ãn mod 1) ⊂ G(an mod 1).
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Thus we have

G(an mod 1) = G(ãn mod 1).

This proof can be extended to the general s-dimensional case.
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