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ON SEQUENCES INVOLVING PRIMES

Yukio OHKUBO

ABSTRACT. In this paper we give the set of distribution functions of f(pn)
mod1 for a special class of functions f(z). Also, we generalize a result on distri-
bution functions shown by O. Strauch and O. Blazekova to a multi-dimensional
case. Applying it, we prove that every uniform distributed sequence x,, modl
and log p, modl is statistically independent. By combining this and a result of
G. Rauzy we derive that the sequences p,60+log p, and pn0+ py /n are uniformly
distributed mod1 with irrational 6.

Communicated by Viadimir Baldz

1. Introduction

For a real number x, let [x] be the integral part of x, let x mod 1 = {z} =
x — [x] be the fractional part of z, and let ||z|| = min({z},1 — {z}). For x =
(x1,...,25) € R® let xmod 1 = (z1,...,25) mod 1 = ({x1},...,{zs}). Let ¢
be the characteristic function of the interval J C [0, 1)°.

A function g : [0,1]° — [0,1] is called a distribution function (abbreviated
d.f.) if g(x) = 0 for any x with a vanishing coordinate, g(1,...,1) = 1, and g(x)
is non-decreasing, i.e.

A AD gy =AY (AN g p0) 2 0

Zl*ylg Zs—Ys Z1—U1

forany 0 < y; < 2z <1 (i =1, 2, ...), where A;Lii)g(xl,...,yi,...,xs) =
9@,y + hiy o ms) = g(w1, i, ws) for 0 <y <y 4+ hy <1 (see [14]
p.1-61]). It is easy to show that Aii)—ys e A(Z?_ylg(yl, conyys) < 1 for any 0 <
yi <z <1(i=1, 2, ...),and g(x1,...,xs) is non-decreasing with respect to z;
fori=1,...,s. The d.f. g(1,...,1,2;,1,... 1,24, 1,... L2 ,1,...,1) is called
an m-dimensional face distribution function of ¢ in variables (x;,, zi,, ..., i, ) €
O, )™, m=1,...,s— 1.
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We identify two d.f.s g(x) and g(x) if
(i) g(x) = g(x) at every common point x € (0,1)° of continuity, and
(i) g(1,..., Las, 1, 2y, 1,000 ) =g(L, .o L2y, 1,0 Ly, , 1,00, 1) for
every common point (z;,,...,x;, ) € (0,1)™ of continuity in every m-dimension-
al face distribution function of g and g, m =1,...,s — 1 (see [14, p.1-61]).

For two s-dimensional sequences of real numbers a,, = (an,1,...,0n,s), N =
1,2,...and &, = (Gn1,...,0n5),n = 1,2,..., we define the empirical distribu-
tion by

N
1
= N Z CO,x1)><~~~><[0,zs)({an,1}; Tty {an,s})7
n=1
1 N

Fn(x) [
FN(X) = N Z C[O,x1)><~~~><[O,;c,;)({a’n,l}a Ty {dn,S})v

n=

1

—

S

)

for all x = (21,...,25) €

If there exists an increasing sequence of positive integers N, k£ = 1,2,...,
such that

lim Fy,(x) = g(x)
k—o0
at every continuity point x € (0,1)* of g(x), and
lim Fy, (1,...,1,2;,1,... 1,2, 1,...,1)
k—o0
=g(1,..., a1, . 1, ay,1,..., 1)
at every continuity point (z;,,...,z;, ) € [0,1]™ of
g(l,... L@y, 1, 0. a, ,1,...,1) for m=1,...,s — 1, then the function g(x)
is called the distribution function (abbreviated d.f.) of the sequence a,, mod 1,
n = 1,2,.... We denote as G(a,, mod 1) the set of all d.f.s of the sequence a,,

modl, n = 1,2,... (see [14, p.1-61]). The sequence a, is said to be uniformly
distributed mod1 if

lim Fyn(z1,...,25) =21 X4
N —o00

for all (z1,...,x5) € [0, 1]°.

In [12] O. Strauch and O. Blazekova showed the following theorem.

THEOREM A ([12], Theorem 1). Let z, and y, be two real sequences. Assume
that all d.f.s in G(x, mod 1) are continuous at 0 and 1. Then the zero limit of
fractional parts

lim (2, —y,) mod 1 =0

n—oo
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implies G(x, mod 1) = G(y, mod 1).

R. Giuliano Antonini and O. Strauch [3] extended this theorem to the case of
weighted distribution functions. In [3], the referee notes that if =, y, € [0, 1),
n =1,2,..., then the assumption that all d.f.s in G(z, mod 1) are continuous
at 0 and 1 can be omitted.

Let p, denote the mth prime. Applying Theorem [Al O. Strauch and O.
Blazekova [12] proved that

G(pn/n mod 1) = G(log(nlogn) mod 1).
Furthermore, by two methods they proved

G(log(nlogn) mod 1) = G(logn mod 1). (1.1)
It is well-known that
r_q )
G(logn mod 1) = {gu(x) = ee — et 4 (emin(@u) _ 1)eu gy € |0, 1]} (1.2)

(see [0l pp.57-58], [14], 2.12]).

This paper is divided into three parts. The first part (Section l) gives the set
of d.f.s of f(p,) modl for a special class of functions f(x) that is described in
O. Strauch and O. Blazekova [12, Theorem 5.

In the second part (Section B) we give a generalization of Theorem [A] to
a multidimensional case. Applying it, we prove that every uniform distributed
sequence z, modl and logp, modl is statistically independent. By combining
this and a result of G. Rauzy []] (see Lemma [B]), we derive that the sequences
pnb + logp, and p,0 + p,/n are uniformly distributed mod1.

In the third part (Section H]) we give the proof of Theorem

2. Distribution of f(p,) mod 1

Hadamard and de la Vallée Poussin proved the prime number theorem
7(z) = Li(z) + O(ze~AVIos ),

for some positive constant A (cf. P. Ribenboim [9, p.226]). By integration by
parts

Li(z) = - - o / LI
i(z) = — — - _
* logz—1 (logz)?(logz —1) log2 (log2)? 5 (logt)3
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Since
T W7 T
x
——dt = ——dt dt
f i =L Gt Lo G <
we have
x x
=—+0|—= |-
(@) logx — 1 + <(1ogm)3>
Hence
n 1

p——logpn—l—f—O( ) (2.1)

n log pp,
On the other hand, it is known that

log 1
Do logn + (loglogn — 1) + o (M) (2.2)
n logn
(see [9], [12]). From @I and 22 it follows that
log1 1
log p,, = log(nlogn) + o o808 +0 .
logn log pn

Therefore we have

ILm |l log py, — log(nlogn)|| = 0. (2.3)

Applying Theorem [A] with the continuity of g(z) € G(log(nlogn) mod 1) at
r=0and x = 1, we have

G(log p, mod 1) = G(log(nlogn) mod 1).
Since G(log(nlogn) mod 1) = G(logn mod 1) by (I,
G(log p, mod 1) = G(logn mod 1).

The d.f.s of the sequence logp, mod 1 was studied by A. Wintner [16]. For
a function f(x) that satisfies conditions of the following theorem, O. Strauch
and O. Blazekovd showed some extension of the Koksma theorem [7] about
the sequence f(n) (see [I2, Theorem 5]). They applied it to f(z) = loga and
f(z) = log(x log” x), i = 1,2,..., where log” z is the ith iterated logarithm
log - - -log 2. We prove the following result for the sequence f(p,,) mod 1 by using
the methods of [16] and [I2, Theorem 5].

THEOREM 1. Let the real-valued function f(x) be strictly increasing for x > 1
and let f~1(x) be the inverse function of f(x). Suppose that
(1) hmk%oo fﬁl(k‘ + 1) - fﬁl(k‘) = 00,

(i) limg_eo %2‘,3") =(u) for every sequence wy, € [0, 1]
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for which limy_, o w, = u, where this limit defines the function ¥(u) on [0, 1],
(iii) ©(1) > 1. Then

G(f(pn) mod 1)
_ {gu(x) _ mln(w(x)vw(u)) -1 + 1 . w(x) -1 = [O7 1]}

) dlu) (1) —1-

Proof. First we show that the sequence {f(py)} is dense in [0,1]. For 0 <
a <b <1 a< {f(pn)} < bif and only if there exists k& € Z such that
Yk +a) <pn < f7H(k+D). For £ > 0, let 7(£) be the number of primes p
with p < €. By the prime number theorem, we have

m(f 7k +b) = 7(f~ (k + )
I e G e CERD) 7k +b)
~log fT(k+0b)  log f~l(k+a) o (bg2 f‘l(’f+b)>

[ k+D) [Nk +a)log fH(E 4+ D) fHk+0b)
~log fU(k+ D) <1 f—l(k+b)logf‘1(k+a)) O<1og2f1(k+b)>'

.\ . 1 - . FY(k+b) ..
From (i) it follows that lim, o f~'(2) = oo, thus limy_, oo oz FT(htD) = O°- (i)

implies limg_; oo % = ﬁ%‘;))

m —logf_l(k—i—b) = lim ( ! log J{_l(llz_tz;> +1=1.

<1 and

Kroo log f~1(k+a) k—oo \log f~1(k+ a) L

Therefore, 7(f~1(k + b)) — n(f~*(k + a)) — oo as k — oo. Hence, there exist
k and n such that f~'(k +a) < p, < f~'(k +b). So it was shown that the
sequence {f(py)} is dense in [0, 1].

Since the sequence {f(p,)} is dense in [0,1], for 0 < w < 1 there exists a
sequence of positive integers n; such that u; = {f(pn,)} — v as j — oo.
For £ > 0, put N(§) = #{n > 1|f(pn) < &}. For 0 < 2 < 1 and m > 1, put
p(m;x) = L#{k <m|{f(pr)} < x}. Then we have

[€]-1
N(©(N()s;z) = Y (N(k+ ) = N(k)) + N(min(é, [¢] + z)) — N([€]).

k=0

The prime number theorem implies

1)

N(&) = #{nlpn < f7HEO} = 7(f71(€)) + (&) ~ Tog L&)’

(2.4)
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where ¢(§) =0 or 1.
Hence, we have

o(nj — 1;2) = ¢(N(f(pn;)); )
1= N(h; + min(uj,z)  N(hy)

Ny 2 N+ 0) = N + == o — )

SRS Nkt @) - N(k) N(hy) — N(0)
Yie (N(k+1) = N(k)) N +uy)
N(hj + min(u;, z)) B N(h;)
N(hj + uj) N(hj + uj)’

where h; = [f(pn,)]. Let 0 < 2 < 1 be fixed. Since N(n) is strictly increasing
and tends to infinity, Cauchy-Stolz lemma implies

b (NG +a) =N _ | N(k+a) = N(b)

ntvoo S0 (N(k+ 1) — N(k)) koo N(k+1) — N(k
iy N+ NG
koo N(k+1)/N(k) —1°

From (Z4]), we obtain

N(k+ax)  logf~'(k) [ '(k+u)
N(k) log f=Hk+z)  f~H(k)

Furthermore, (i) and (ii) yield

log f7'(k) ) _
hroo log f~Y(k+x) hroo <logf—1(k—|—a:) log =4k —l—x)) =1
Thus, we get
. Nk+z)
i N (k) (=),

and so,
 Sio W+ 2) =N _ SNk +2) = N _ i) =1
= SN+ 1) = N(k) 7% Speo(N(k+1) = N(k)) (1) -1’

Using (ii) with wp; = uj, wp = u otherwise, we obtain

Ny ) : log fM(hy)
BT m) Y B ey )
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and hence

. N(hj) . logf Hhj+uy)  fTMR) 1
I Ny ) e g () T () 9w

Let u < x < 1 be fixed. Since min(u;, ) = u; for sufficiently large j, we obtain

lim N(h; + min(u;, x))

=1.
jmee N(hj + uy)

Let 0 < 2 < u be fixed. For sufficiently large j, we have
N(hj +min(uj,z))  N(hj+x) b +a)/f 1 (hy) log f () +uy)

Ny +u;) Nl +ug)  F 0+ u)/ () og f1(hy +a)
From (i) and (ii) it follows that

im 108 (b +uy) fH(hy +uy) _
]151010 log f=1(hj + z) ~ 5o log f~1(h; + ) log F(h; + ) +1=1

Thus, we get

N(h;j + min(u;,z)) _ P(z)

BT NGy Ty v
Therefore,
lim N(h; + min(u;, x)) _ min(¢(x), ¥(u))
jmee N(hj + uy) ¥(u)
Consequently,

i | min((), p) =1 | 1 ) =1

Ju(x) = lim ¢(n,;, — 1;2) = + . .

(@) = g, olns — o) o) W) -1
Conversely, if g(x) € G(f(p,) mod 1), then there exists a sequence m; such
that lim; o ¢(m;;x) = g(x). The sequence m; + 1 contains a subsequence n;
such that lim; oo {f(pn,)} = u for some 0 < u < 1. Therefore, we have g(x) =

Gu(). O

As O. Strauch and O. Blazekové [12] applied Theorem 5 of [I2] to f(z) = logx
and f(z) = log(x log® x), i = 1,2,..., we can apply Theorem [ to the same
functions. In consequence, it is shown that the sequence log p,, and the sequences
log(pn log(i) Pn), © = 1,2,... have the same distribution as one of the sequence
logn. This solves the Open problem 1.3 in [13]. S. Akiyama [I] proved that the
sequence Zf;é ¢; 1og pr4i is not almost uniformly distributed modulo 1, where
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ci,1=20,1,2,..., are real numbers with Ef;é c¢i #0,iex ¢ G(Ee_é cilog ppyi)

1=

(see also [14] 2.19.8]). Akiyama [I] used the following estimation

—1 —1
S rlog s - (z ) logpn = o).
1=0 =0

Therefore by Theorem [A] (or Theorem (),

0—1 -1
G <Z ¢; log pp4+; mod 1) =G <<Z ci> log p,, mod 1) .

i=0 1=0
On the other hand, by Theorem [
e/ 1

G (clogp, mod 1) = {meu/c + (emin(z/c,u/c) _ 1)6771/5 cu e o, 1]} :

where ¢ = Zf:é ¢;. Hence, the sequence Ef;é ¢; log pp+; has the same distribu-
tion.

3. Distribution of the another type of sequence

We extend Theorem [A]l to a multidimensional case as follows.

THEOREM 2. Let a, = (an1s---,0n,s), 8n = (Gn,15---50n,s), B =1,2,...

be s-dimensional sequences of real numbers. Suppose that for every d.f.
g(z1,...,25) € G(a, mod 1), the face d.f. g(1,...,1,2;,1,...) is continuous at
i =0,1fori=1,....s If |lan: — Gnill = 0 (n = o0) fori =1,...,s, then
G(a, mod 1) = G(a,, mod 1).

The proof is described in Section [l We recall definitions and results on sta-
tistical independence.

DEFINITION 1 (see [8, p.91]). Let x,, and y, be two infinite real sequences. Two
sequences x, mod 1 and y, mod 1 are called statistically independent if

1 N N N
Jim (N > e hg{ya}) - (Z f({%})) (Z g({yn})>> =0

for every continuous real-valued functions f, g defined on [0, 1].
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LEMMA A (see [8 pp.97-98]). Let x,, and y, be two infinite real sequences. Two
sequences x, mod 1 and y, mod 1 are statistically independent if and only if

1 & 1 1
. . 2mi(hen+kyn) [ 1 2mihxy, - 2mikyn —
o (2 (v ) (3] o
n=1 n=1 n=1
for every integers h # 0, k # 0.

LEMMA 1. Letx,, n =1,2,3... be a real sequence. If x,, is uniformly distributed
mod 1, then x, mod 1 and log(nlogn) mod 1 are statistically independent.

Proof. Suppose that x;, is uniformly distributed mod 1. By Weyl criterion we
have

N
1 ,
li - 2mihxy, —0. 1
Noeo N Zﬂ ‘ 0 (8-1)

Therefore by applying Lemma [Al it is sufficient to show that

N
1 )
li ~ 2mi(hwn+klog(nlogn)) _ ) 92
NSeo N Zﬂ ‘ 0 (82)

By Abel summation formula we obtain
N
Z e27ri(hx”+k log(nlogn))

1

il

n
(eQWik log(nlogn) eQﬂ'ik 10g((n+1)10g(n+1))> Z eQWihxm

m=1

3
I
-

N
+ eQﬂ'ik log(N log N) § :eQTrihxn.
n=1

From
logn +1

nlogn

and [BJ) we obtain (32]). O

THEOREM B (see [8 p.92|, [ Theorem 2|). Let z,, and y, be two infinite real
sequences. Two sequences x, modl and y, modl are statistically independent
if and only if for every g € G((xn,yn) mod 1)

eQwiklog(nlogn) _ eQWiklog((n+1)log(n+1)) < 27T|k3|

g(x,y) = g(z, )g(1,y) a.e. on [0,1]2.

LEMMA 2. Let x,, n=1,2,... be a real sequence. If x,, is uniformly distributed
mod1, then G((xn,logpy) mod 1) = G((xy,log(nlogn)) mod 1) = {zg,(y) :
u € [0,1]}.
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Proof. Let g € G((xn,log(nlogn)) mod 1). From Lemmal[I] it follows that x,
modl and log(nlogn) modl are statistically independent. Applying Theorem
Bl we have

9(@,y) = g(w, 1)g(1,y) ae. on [0,1]?
Since g¢(z,1) € G(x, mod 1) = {z}, we have g(z,1) = = at every continu-
ity point x of g(z,1). We have g(x,1) = z for all x € [0,1]. Since g(1,y) €
G(log(nlogn) mod 1), by ([[2)) there exists u € [0, 1] such that g(1,y) = gu(y)

at every continuity point y of g(1,y). Since g¢,(y) is continuous, we obtain
9(1,y) = fu(y) for every y € [0, 1]. It follows that

9(z,y) = 2gu(y) for every (z,y) € [0,1]°.

By this and (Z3]), Theorem [ yields
G((xn,logpy) mod 1) = G((xy,log(nlogn)) mod 1). O

THEOREM 3. Let x,, n = 1,2,... be a real sequence. If x, is uniformly dis-
tributed mod 1, then x, mod 1 and log p, mod 1 is statistically independent.

Proof. Let g € G((xn,logpy,) mod 1). By Lemma [2] there exist
g € G((xn,log(nlogn)) mod 1) such that g(x,y) = g(x,y) at every continuity
point (x,y) € [0, 1]%. Since g(z,y) is continuous on [0, 1]2,

9(a,y) = 9(z,y) (3-3)
for every (z,y) € [0, 1]?. By Lemma [l and Theorem [Bl we have
g(x,y) = g(x,1)g(1,y) almost everywhere. Hence from B3] it follows that

g(x,y) = g(x,1)g(1,y)

almost everywhere. This and Theorem [Bl complete the proof of Theorem Bl [

LEMMA B (see [8 p.96], [I4]). Let x,, and y, be sequences of real numbers such
that x, mod 1 and y, mod 1 are statistically independent, and x,, is uniformly
distributed mod 1. Then the sequence x,, + y, is uniformly distributed mod 1.

It is well known that p,0 is uniformly distributed mod1, for an irrational
number 6 (see [I5, Chapter 11]). By this result, Theorem [l and Lemma [B] we
obtain the following result.

THEOREM 4. If 0 is irrational, then p,0-+1logp, is uniformly distributed mod 1.

Furthermore, we have the following result in same way as the proof of Theorem
[ If 6 is irrational, then p, (0 + 1/n) is uniformly distributed mod 1.
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4. Proof of Theorem

In order to prove Theorem [2] we need some properties of monotone functions
of several variables in [2].

DEFINITION 2 (see [2]). Let F(x1,...,x5) be a real valued function defined on
the interval J = [0,1]%. The function F is said to be monotone if F(x1,...,xs) is
non-decreasing with respect to x; for 1 < i < s, and if Ag?(Agj)F(xl, ce X)) >

Ofor0<uz;,<1(i=1,...,8),1<j<k<s h; >0, h >0, z; +h; <1,
g +hp < 1.

LeEMMA C (see [2], Theorem 1). If F(x1,...,z5) be a monotone function on the
interval J, then there is a set R consisting of the points of a countable collection
(s — 1)-space z; = agj), 1=1,2,...,s,j=1,2, ..., such that I is continuous at

all points of J — R.

REMARK 1. Since F(1,...,1,2;,1,...,1) is non-decreasing with respect to x;,
it has a countable number of discontinuities x; = oy, 1 =1,...,5, j=1,2,....
The set R is the union of the sets in [0,1]°: x; = ay;, i =1,...,s, j=1,2,....

LEMMA D (see [2], Theorem 2). Let F,(x1,...,x5) be a sequence of monotone
functions on J with |Fp,(z1,...,25)| < A (n=1,2,...) for some A > 0. Then,
there exists a sequence of positive integers nqy < ng < --- and a non-decreasing

function F(x1,...,xs) such that

lim F,, (z1,22,...,25) = F(x1,29,...,25) on J.

k— o0
LEMMA 3. Let g be a distribution function. If there exist y; n, and z;n, (n; =
1,2,...) fori =1, 2, ...,s such that 0 < y;n, < zin, <1 (i = 1,2,...,5),
hmn7—>00 yt,Th = 0; hmTh—)OO Zi,n,; - 1; and

: (s) (1) —
n}lgnoo Zsne—Ysms T E1n, —yl,nlg(ylmu S Ysng) 1=
i=1--s
: : (s) (1) _
Jim e lim AT AL e, W Ysn,) = 1
then
n}gnoog(zl,nla R Zs,ns) =1 and n}gnoog(tl,nlv s 7ts,n5) =0,
i=1---5 i=1---5
where tjn, = yjn; for some j and either t;n, = Yin, 07 tin, = 2in, fori =
1 s
yeeey S
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Proof. By induction on s we shall prove this lemma.
For s =1, from limp, 00 (9(21,n,) —9(y1,n,)) = 1and 0 < g(y1,n,) < g(21,n,) < 1
we have

lim g(zlynl) =1, lim g(yl,nl) =0.

niy—oo nip—oo
For s > 1 we have
: (s) (1)
n}l_fgo Azs,ns ~Ysng An,nl —yl,nlg(yL"lv L Ysin,)
i=1---s
_ (s—1) (1)
= mhl)noo Azs_LnS,l—ys_l,ns,l ’ "Azl,nl—yl,nl
i=1---5—1
m g Yso1ng s Zan, )=
s
. (s—1) (1)
mhl)nw Azsfl,ns_l*ysfl,ns_l o 'Azl,nlfyl,nl
i=1---s—1
i g(yin e Yso1ne 1o Ysns) = 1.
s
Set

gO(ylf' : 7ys—1) = hm g(y17" : ays—lays,ns)a

ng—00

g1y, s ys—1) = lim g(y1, -, Ys—1, Zsyn, )-

Ng—00

It is shown that g (y1,--- ,ys—1) is a d.f. for £ = 0, 1. Hence we obtain

: (s=1) (1) _
n}l_I)IlOO Azs—l,ns,l—ys—l,né;,I T Azl,nl_yl,nl 91 (yl,nl, T 7ysfl,ns,1) =1
i=1---s—1

From this and the induction hypothesis we obtain

n}gnoo n}linoog(zq’n“ o 723_11ns—17zs7ns) = n}gnoo g1 (Zl7nl7 SRR Zs_lans—l) =1,

i=1---5—1 i=1---s
n}ll,noo nhinoog(tl’nl’ T 7tn571,571 ) Zsyns) = n1h—r>noo g1 (tl,nla s atsfl,nsf1) = Oa
i=l-s—1 ° i=1--s

where either ¢; ,, = yin, OF tin, = 2zip, for 1 <i < s—1and t;,, = y;n, for
some j. Since g(x1,...,Zs—1,Zs) is non-decreasing with respect to x,
A Hm gttty Yson.)
i=1--5—1 =
é n}gnoo n}gnoo g(tl,nlv e ;tsfl,ns,lazs,ns) =0.
i=1-s5—1
Thus
n%gnoog(tl,nu o 7t8—17ns_1 ) ys,ns) =0.
i=1---5
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We prove the two dimensional case of Theorem Bl The proof is analogous to
the proof of Theorem 1 in [12].

Since either ||z, — &, || = {zn — Tn} = (xn — [20n — Tp]) — Tn OF ||z, — T0|| =
1—A{xn —Zn} = Tn — (vn — [T — Tpn] — 1), we can assume that |a, ; — @] — 0
fori=1,2.

Let g(x) € G(a, mod 1). There exists the sequence N}, such that

lim Fi, (x) = g(x)

k—o0

at every continuity point x € (0,1)? of g(x).
By Lemma [D] there exists the subsequence N ,Qj of the sequence N; and j(x) €
G(Xy, mod 1) such that

lim FNk’ (x) = g(x)

Jj—o0
for all x € [0, 1]2.
Thus there exists N; such that

lim Fiy,(x) = g(x)

]*}OO

at every continuity point x € (0,1)? of g(x), and

lim F~‘Nj (x) = g(x)
j—oo

for all x € [0, 1]?.
Applying the second Helly theorem, we have

lim e27ri(h1x1+h2x2)dFN'_ (xl’ x2) _ / 627Ti(h1a:1+h2x2)dg(x1, LEQ),
3= Ji0,1)2 ’ [0,1]?
lim 627ri(h1x1+h2x2)dF~wN'_ (xlv 1'2) _ / e?ﬂ'i(h1z1+h2x2)d§(x1, (EQ)
3= Jio,1)2 ’ [0,1]?
for h; = 0,£1,£2,... (Z = 172)
Hence
Nj
lim 1 Zezm(hlan,1+hman,2) :/ e2rilhamithaza) go g g0)
j—00 ] — [0 1]2 ? )

lim — E 2mi(h1an, 14h2dn,2) :/ 627”(h111+h2I2)d§(x1’x2)
[0,1]
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for h; =0,+1,+2,... (i =1,2).

Since
N; N;
Z i(h1an,1+hoan2) _ Z eQWi(hlan,lJrhzavL,z)
n=1 n=1
N;

1 27 (h1(@n,1—@n.,1)+h2(@n 2—an.2))
SFZE 1(an1 1 2(an 2 2 _1|_>0

as j — oo, we have

N; N
lim — § 2777/(h1a71 1t+hean,2) _ lim — § 271'7,(h1(ln 1+haan 2)
j—oo N, j—oo NN

n=1 n=1

Therefore we obtain
[ e gty ) = [ e gy, )
[0,1] [0,1]2

for hy =0,£1,£2,... (i = 1,2).
By the Weierstrass approximation theorem, we have for any complex-valued
continuous function f on [0, 1]? with period 1 in each variable

/ f(z1,22)dg(z1, 22) = / f(z1, 22)dgi (21, 72). (4.1)
[0,1]2 [0,1]2

For 0 <y <z <1 and suﬂi(nently small 6 > 0, we define the function fy. (%)

by £if (1) =0 (0 <@ <), fid(@) = /5 —y/0 (y <z <y +0), fy2(a) =1
W+ <az<z2-08), f92@) = —a/5+2/6 (-6 <ax<2), ff)=0
(z<x<1).

Since g(x1,1) is non-decreasing with respect to z1, it has a countable num-
ber of dis-continuities a; € [0,1], j = 1,2,.... Similarly §(x1,1) has a count-
able number of dis-continuities &; ; € [0,1], j = 1,2,.... Since g(1,x2) is non-
decreasing with respect to s, it has a countable number of dis-continuities
az; € [0,1], j = 1,2,.... Similarly §(1,z2) has a countable number of dis-
continuities ao; € [0,1], 7 =1,2,....

Let Ry = (U3 {(anj,22) : 0 < o < 1}) U (U2 {(21,02;) : 0 < 21 < 1}),
Ry = (U?’;l{(&lj,xg) 0 <29 < 1}) U (U;‘)il{(xh&lj) 0 <21 < 1}), and
R=R;URs.

Let (y1,¥2), (21,22) be in [0,1]2 — R with 0 < y; < 2; < 1 for i = 1,2. Set

folar,ma) = £30 (1) - £, (x2).
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By (@I)) we obtain
/ fs(@1,22)dg(w1,22) = / fs(z1, x2)dg(z1, 2). (4.2)
[0,1] [0,1]
The left-hand side of (£2) is written in the form

/[071]2 fo(wr, ma)dg(ar, w2) = > /JliQ fs(x1, x2)dg(z1, z2)

Ji,J2

where > 7.7, Stands for the sum over all intervals

Ji S {[y’myz + 5]7 [y’L + 57 Zi — 5]) [Zt - 57 Zz]}7 1= 172

If J; # [y; + 0, z; — 0] for some i, then
lim fs(w1,22)dg(21,72) = 0,
d—0 J1 X Jo

for in the case of J; = [y1,y1 + ] we have
0< [ fleneadgCenen) < [ dglonn) = gln+8 )= gn,1) 0
J1><J2 J1><[0 1]

as § — 0, since g is continuous at (y1,1) by Lemma [Cl
Furthermore, since g is continuous at (z1,x2) with x; € {y;, 2}, i = 1,2, we
obtain

lim fa(a?l, 3?2)659(3?17332) = AZ AS (yhyz),
80 iy 16,21~ 8] x[y2+6,22—9] e
hence
lim fs(x1, 22)dg(z1,22) = A® AW 9(y1,y2).
550 [0,1]2 ? ? Z2—Y2" Z1—Y1 )

Similarly we obtain

I g A AL g :
51_1;% 012 f(s(xh xg)dg(l‘l, 1‘2) Zo—Y2 zlfylg(yla yQ)
Therefore from (€2]) it follows that
2) 1 2) 1y -
AD AL anye) = A8 AL Gy ps). (4.3)
Let (y,(lll),y,(i)), (zr(lll),z,(i)) be in [0,1]> — R for n; = 1,2,...(i = 1,2) with
0< y(z) (1) <1, limy, oo y( )= 0, and limy,, oo z,(fi) =1fori=1,2.

From Lemmalﬂ g(l7 1) =1, and g(x) = 0 for any x with a vanishing coordinate
we obtain
2) 1)
hm A((z) @ Ai(m (1)g(y5111)7 95122))

n "
7,=1,2 2 L
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From (£3) we have

(2) ) (1) (2
i A Sat g S ) = 1

Using Lemma [3] we obtain

: 1) @)y _ : (1) 4(2)
n}_&fl%og(zm 2y ) =1, n}_l_rfn%og(tnl sty ) =0,

where tﬁf} = yﬁl) for some j and either t%) = y(l) or t%) = z,(L) for ¢ = 1, 2. Since

g(x1,z2) is non-decreasing with respect to each variable, we have

Jlim gt ¢3)) =0, (4.4)

nl’ng
112

where tSij) = yﬁfj) for some j and either tgh) = y%) or tS) =z fori=1,2.

From (@3] we obtain
2 1 2 1
A A0 gl ) = A7 o AT a6l v,

Z2— yn Z1— Z2—Yn
SO
(21, 22) — §(21,y$2) — Gy, 22) + gy, yD)

=g(z1,22) — 9(z1,y$2) — g4V, 22) + g(y(), y (D).

By using (@) and continuity of g at (z1,0), (0, z2). we get
§(z1,22) = g(z1, 22).
Letting z1 — 1, we get
lim g(zla 22) = g(]-a ZQ); (45)
z1—1

because g is continuous at (1, z2).

Set 21 = zﬁlll), Yo = y%) in ([@3), then by letting ny — 0o, n2 — oo we have

lim g( ﬁzl)a ) g(ylaZQ) 29(1522) _g(thQ)-

ny—oo
Using (&3H]), we have
91, 22) = gy, 22)-
In the same way, we can show that g(x1,22) = g(x1,22) for x; € {y;,z:i} (i =
1,2). Therefore we obtain

G(a, mod 1) C G(a, mod 1). (4.6)

If we assume that g(x1,1) and §(1,z2) is continuous at x; = 0,1 for i = 1,2,
then (6] is shown in the same way, hence

G(a, mod 1) C G(a, mod 1).
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Thus we have
G(a, mod 1) = G(a,, mod 1).

This proof can be extended to the general s-dimensional case.
Acknowledgements. The author thanks an anonymous referee for a careful
reading of this paper and several useful remarks.
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