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ON THE SYMMETRY OF FINITE PSEUDORANDOM
BINARY SEQUENCES

BALAZS SZIKLAI

ABSTRACT. K. Gyarmati introduced the symmetry measure in order to study
pseudorandomness of finite binary sequences. This paper focuses on the general-
ization of this measure. We will give upper and lower bounds for the generalized
measures. We will also give some examples which show that these generalizations
are indeed useful.

Communicated by Christian Mauduit

1. Introduction

Recently many improvements have been made to generate and study finite
binary sequences related to pseudorandomness. First in order to study pseu-
dorandom properties certain statistical tests were introduced which classify se-
quences pseudorandom or not [7]. This method has the disadvantage that it only
categorizes sequences, but it does not measure the quality of pseudorandomness.
In 1996 C. Mauduit and A. Sarkozy introduced new measures of pseudorandom-

ness [8].

Throughout the paper we write
En :{el, €2, .. ., eN} S {—1, —l—l}N.

The well-distribution measure is defined by

t
W(EN) :Iﬁg’j;(‘U(EN?t’a?b” = I(Eba;( z;ea_i_jb s
j:
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where the maximum is taken over all a, b, ¢ such that
a€Z,b,teN and 1<a+b<a+th<N.

While the correlation measure of order k is

?

Cr(ENn) = max |V(EN7 M, D)‘ = max
M,D M,D

M
E Cn4dy -+ Cntdy
n=1

where D = (dy,...,d;) € N¥, 0 < d; < --- < d and the maximum is taken over
all D and M such that M + di < N.

Beyond the above mentioned measures Mauduit and Sarkézy also studied
the Legendre symbol as a natural candidate for constructing pseudorandom se-
quences [8]. They introduced the following construction: for an arbitrary prime p

write n
En = (E) y Ep,1 = (61, .. .,epfl). (1)

It can be shown that both the well-distribution and correlation measure of
E,_1 are small. This construction can be further extended. Goubin, Mauduit
and Sarkozy constructed large families of pseudorandom sequences by replacing
f(n) for 1 <n < p—1in place of n in (@) (see []). Still E,_; has one bad
feature which makes it unsuitable for some applications. Namely, if p = 4k + 1

for some integer k, then
o) _ (p-a
()= (%)
() =-(5)
p p

making E,_; completely symmetric. To avoid this situation Gyarmati [5] intro-
duced the symmetry measure:

and for p = 4k + 3,

(.32]-1
S(En) = 1;1315)<|H(EN7%5)| = max Z;) €atj€h—j|- (2)
=

She also proved that the first p—;l elements of E,_; have small symmetry
measure. The symmetry property of finite binary sequences can be further stud-
ied. Every sequence {ej,es,...,en} € {—1,+1}" contains a large symmetrical
subset since both {e; : e; = exy_;} and {e; : e; = —en_;} are symmetrical
and one of them is large. This implies that symmetrical patterns can occur quite
frequently. Among the possible forms of these patterns only intervals have been
studied previously. In general, we do not want to consider any binary sequence
which shows some kind of symmetrical pattern as pseudorandom.
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There are several ways to generalize the symmetry measure introduced by
Gyarmati. The two most basic concepts - multiple symmetry centers and arith-
metically symmetric subsequences - are presented in this paper.

Let
A:(al,ag,...,at)eNt, B:(bl,bg,...,bt)ENt,
such that
1<a;<b; <N fori=1,2,...,t and a1 +0b; <ax+by <---<ay+b.

We write

[figei] -1

t

M(E = E e s

SM(Ey,t) IE?B?( - £ (eaq,ﬂebq, J) ) (3)
1= Jj=

where the maximum is taken over all possible A’s and B’s which satisfy the above
conditions. In this way SM (Ey, t) measures the sum of the ¢ largest symmetrical
subsequences with ¢ different symmetry centers. Note that in case of an N long
sequence there are 2N — 3 possible symmetry centers, therefore there is an upper
limit on ¢, namely ¢t < 2N — 3.

We define SD(Ey,d) by

{b;da-l -1

SD(EN, d) — max Z €a+dj€b—dj |, (4)
7=0

a,b

which counts the largest symmetric arithmetic progression of difference d € N
outgoing from a specific center (determined by a and b).

Note that
SM(En,1) = SD(En,1),

|SM(En,1) — S(EN)| = |SD(En,1) — S(En)| < 1

so indeed both measures are generalizations of the symmetry measure.

The main purpose of this paper is to give upper and lower bounds for the
newly introduced measures. Gyarmati obtained analogue results for S(Ey) in
the paper [5]. Lower bounds for the measures W(Ey) and Cy(Ey) have been
obtained in [, [3], and [6] and average values of the measures W(Ey) and
Ci(En) have been obtained in [2], [3], and [6].
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THEOREM 1. There is an integer Ngy such that for all En for which N > Ny
we have:

a) SM(En,t) > g <\/§— \/z?) , (5)

b) SD(Ex,d) > 2—1d (@— 1) (6)

In the next theorem we will estimate
SM(EN,t) and SD(Ey,d)
for ‘random’ binary sequences
Ey € {1,-1}"V

(i.e., we are choosing each Ex € {1,—1}" with probability 1/2%). In this way
the upper bounds hold only for the majority of sequences.

THEOREM 2. For all € > 0 there exits No(e) such that for N > Ny(€) we have:

a) P(SM(EN,t) < 3t(Nlog N)1/2) >1-e (7)
3 1
b) P<SD(EN,d) < ﬁ(NlogN) /2> >1—e o

for1<t<2N -3 and 1 <d<+/N.

2. Proofs

Proof of Theorem 1. We will use the same exponential sum in order to
prove both parts of Theorem 1, namely, let

EN = {61,62,...,6]\]}

be the usual N long binary sequence and

N
flz) = Z enz™
n=1

Throughout the proof e(«) will denote exp (2micr). By the Cauchy-Schwarz
inequality and the Parseval formula we obtain:

Kt /01 ‘f(e(a))rda > </01 ‘f(e(a))‘Qda)Q— N2 )
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On the other hand,

K= /‘f2 da—/l

2
2N

_ /0 3 3 enchon | e(ka)| da

k=2 \max{l, k—N}<n<min{N, k—1}

2

ZZenem n—l—m)) do

n=1m=1

= Z €nCh_n| - (10)

k=2 |max{1l, k—N}<n<min{N, k—1}

Now this sum can be estimated from above by both symmetry measures.
First for 2 < ky, ks,..., ks < 2N such that kq,..., k; are different we have
2

t
g E €En€k;,—n
=1 |max{1, k;—N}<n<min{N, k;—1}

2
t

<2 2 nhi—n
=1 |max{1, k;—N}<n<min{N, k;—1}
< (2SM(En,t) +t)%,

where the second inequality follows from the definition of SM (Ey,t). This yields

2N 2
N? <K= Z Z EnCk—n

k=2 |max{1l, k—N}<n<min{N, k—1}

< PN; 1} (25M (En, t) +1)°. (11)

Finally, we can conclude

SM(ENvt)>L_E>L_E>£ JN _ s
2,/[2=1] 2 g feNur 202 3
t t

which completes the proof of the first part of Theorem 1 (H]). Similarly, we can
estimate ([IQ) by using the definition of SD(Ex,d):
2

> enehn|<(2dSD(Ey,d) +1)2
max{1l, k—N}<n<min{N, k—1}
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So that
2
2N
N?<K<> > enehn|<(2N —1)(2dSD(Ex,d)+1)?
k=2 |max{1l, k—N}<n<min{N, k—1}
from which (6]) follows. O

Proof of Theorem 2. The following lemma has been used in the paper
of Cassaigne et al. [3], we shall need it as well. They omitted the proof, thus we
prove it here.

LEMMA 1. Let k be a positive integer such that k < t*/3. If t — oo, then

(2 +1) = (i) ex"<%k2 ! O@‘))

Proof of Lemma 1. We denote by A the fraction of binomials. We discuss
the case if ¢ is even, the proof goes essentially the same if ¢ is odd. We have

A= ([t/2t]+k) _ ((t/2)1)?
([t;Q]) (t/2 — K)(t/2 + k)!

241 —R)t/2+2—k).. (t/2+k—k)
t/2+1)(t/2+2) .. (t/)2+ k)

() () ()

It is clear from (I2)) that

k k
1—% <A< (11— 2k .
t t+ 2k

It is enough to prove that A - exp (%) = exp (O (’;—j)) when t — oco. We

n
use the facts that (1 + %)n < e® and (1 — nLﬂ) >e %ifn>1foral x > —n.

The first estimate can be verified by taking the Taylor series of e*/" while the
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second is the reciprocal of the first. We have

2k? /(t+2k)

- ((“W)w) *

—2k2  2k2 2(1 1 3,2
< eTiF et — o2k (t— ) — Ok /)

Indeed, the above estimates together complete the proof of the lemma. [

Write L = %(Nlog N)'/2. Then we have

[(b—a)/2d] -1
P(SD(Ew,d) > L) =P | max 2% Catdjch_dj| > L
iz

[(b—a)/2d]—1

< ZP Z CatdjCb—daj| > L

a<b j=0

N [(b—a)/2d]—1
< (2) max P Z €a+dj€b—dj| > L] ,

a<b -
Jj=0

where a,b € N such that 1 < a < b < N. It suffices to show that for all such a’s
and b’s we have:
[(b—a)/2d] -1 %
P > eargiera| >L| < N (13)
§=0

Let I = [(b—a)/2d]. If | < L, then the probability in (I3) is zero so we may
assume that [ > L. Write

M < 3v2(1log1)1/? (14)
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and

[{j: 0<j<Il—-1, eapgier—aj = —1}| = h. (15)
Then we have

-1
D earger—ai=[{i: 0<j<l-1, earager-a; = 1}]
=0

—|{j: 0<j<i-1, eqragjer—q; = —1}|
= (I—h)—h=1-2h.
The number of 2I-long sequences for which (I3 holds is

(e ()

So the probability of (I3 is %(}ll) By the definition | = [(b — a)/2d] < N/2d.
It follows that M < L, therefore, it is enough to consider

-1

1/1 1 l
P Zeaerjeb,dj >M| = Z ? <h> = ? Z ( )
j=1 h: [l—2h|>M h: |h—1/2|>M/2

If N is large enough, so is [ since | > L. Using Lemma 1 we can estimate the
above sum.

h h—g;bM/Q <li> B Z (]ll)

hi |h—1/2]>3¥2 (1log1)1/2

A

l
l<[l/21 SENC 1ogz>1/2])

l 3v2 172 ‘1
l([l/Q]) exp | —2 (T(l log1)Y/ ) 7 +o(1)

l 2!
< l<[l/2]) exp(—9logl +o(1)) < e

IN

(16)
Finally, by (I4) and (I8) we conclude
-1 -1
P Z €atdjCh—di| > L) <P Z CatdjCh—dj| > M
Jj=0 j=0

12t 1 d_\ _ 2
2018 = I8 = \9NlogN ) =~ N?’
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which proves ([I3) and completes the second part of Theorem 2 (). The first
part immediately follows from the fact that

tdSD(Ey,d) > SM(Ey,t)

is true for every d. In particular, when d = 1

P(SM(EN,t) > 3t(N log N)1/2> < P(tSD(EN, 1) > 3t(NlogN)1/2> <e. O

3. Constructions

To justify the newly introduced generalized symmetry measures, we now show
a sequence which passes the usual statistical tests (i.e., it has small correlation,
well-distribution and symmetry measure) even though it has a deeply symmetric
structure.

THEOREM 3. There ezists a sequence for which S(Ex) is small, but SD(Ey, 2)
is big, that is
S(Ex) <54NY21og N,
N -1
{T—‘ < SD(En,2). (17)

Proof of Theorem 3. For the proof we will use two lemmas.

LEMMA 2. If p is a prime number, f(x) € F,[x] is a polynomial of degree k
such that it is not of the form f(z) = b(g(x))? with b € F,, g(z) € F,[z], and
X, Y are real numbers with 0 <Y < p, then writing

(%) for (n,p)=1,
0

Xp(n) =
p( ) for p|n,

we have

> xp(f(n)| < 9kp'/logp.
X<n<X+Y

For the proof see [8 p. 373]. Indeed there this result is deduced from Weil’s
theorem [9]. Also we need the following result of Gyarmati we mentioned previ-
ously.
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LEMMA 3. The first 712;1 elements of E,_1 have small symmetry measure.
That is

S(Equ) < 18p'/?1ogp,

o= ((5). () (252)

For the proof see [5].
Now we can construct a sequence which has the required property. We define

where

Ep_l:(61,62,...,ej,...,ep_1),
where
(£) ir1=j=et
e; = (%j) if %gjgp—l, j is even,

—(52) Bt <j<p-1, ) isodd

In this way the second part of the sequence is the reflection of the first part
except that we changed the sign of every second term. We will show that E,_;

has small S(Ep,l) although SD(Ep,l, 2) is huge. Indeed it is easy to check the
second statement. Using (] we obtain:

[(p—2)/41-1
p

)
> erpgjep 1| = {Tw < SD(Ep-1,2). (18)
=0

~

To prove the first statement we have to check that H(E,_1,a,b)
(defined by (2)) is small for every a and b such that 1 <a <b<p—1.

I Ifb < ’)2;1, we can directly apply Lemma 3 and obtain

H(E, 1,a,b)| < 18p'2logp. 19
e (Ep-1,a,b) p/~logp (19)
II. If a > p—;l, we have a very similar case, except here the sign of every

second term was changed. We denote the subsequence of the first (p—1)/2
element of £, by Ep_1 and the subsequence of the remaining (p—1)/2

element by Es1. Observe that for every given ¢ and d the magnitude of
2

the sum
R [(e=d)/2]-1
H(E%,c, d) = Z €ctj€d—j
j=0
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is the same as H(E%, p;l +1—d, p—;l + 1 —¢) up to sign. Hence,

~ -1, 1
H(E,,;l,c,d)‘—‘H(Epz_l,p —d, p +1—c)| < 18p21ogp. (20)

2

ITI. The remaining case is where a < p—;l and b > p—;l.

a) For a = p — b we have max ‘H(Ep_l, a,b)| <1 by construction.

a=p—>b
b) If a > p — b, then

[b52]-1 [b52]-1

Z €a+jCb—j| = Z €a+j€b— ]+ Z €a+j€b—j

j=0 ]*P—Hfa
b

< Z €atjCh—j + 18p? log p. (21)

j=0

In this way we split the sum into a first (outer) and a second (inner) part.
The inner part of the sum can be estimated by (20), so we only need to deal
with the outer part.

Z €a+;Co—j

j=0

B TZ_“ (a—i—j) <p—b+j)_ _Z_“ <a+j> <p—b+j>
5 p p T\ P p
[%_;}((H-Zk) (p—b+2k>

=0 p p

NEES 2](a+2k+1)(p—b+2k+1>
—0 p p

(]

_ g ((2k)2+(a—b>2k‘ab>
k=0 !
. (-4 ((2k+1)2+(a—b)(2’“+”_ab) :
k=0 g
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Let
fi(z) =42 +2(a — b)x — ab € F,[x]
and
fo(z) =42® +2(a—b+2)x —ab+a—b+1€TF,[z]
It is easy to check that both fi(x) and fo(z) can be written as

bi(g1(x))® and  ba(g2(2)),
respectively, if and only if @ +b = 0 (mod p). Now this is impossible since we
assumed that a > p — b. Applying Lemma 2 twice we get
[z (ei-g-4]

k=0 k=0 p

=l X x> xhK)

X1<k<X1+Y: Xo<k<Xo2+Y>

IA

18p'/?1log p + 18p'/? log p = 36p*/? log p. (22)

~

By @) and (22)) we obtain that maxb‘H(Ep_l,a,b)‘ < 54p'/?log p.
a>p—

c) For a < p — b we can repeat the previous argument by symmetry.
Again we split the sum. The inner part can be estimated by ([I9) and
for the outer part we obtain the same result as in (22]).

Now by (), 20) and 22)) we gather
S(Epfl) < 54p'?log p,
which together with (I8) completes the proof of Theorem 3. O

Now we show an example for a sequence Ey for which SD(Ey,d) is small
for every possible d.

THEOREM 4. If p is an odd prime and if we write

o= (5)-(2)- (4522))

SD(E(_1y/2.d) < 18p"/*logp

then we have

-1
for every 1 <d < P=.
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Proof of Theorem 4. By the definition

[(b—a)/2d] -1
SD(EPT—I 5 d) = max Z Catdj Cb—dj|-

a<b -
Jj=0

We have to estimate the sum for all possible a’s and b’s.

RS I i S () Y
at+djCb—dj| = —_— —
=0 =0 p p

[(b—a)/2d]—1

B —(dj)? + (b —a)dj + ab
= > ( ) . (23)

i=0 b

Let f(z) = —d?z? + (b — a)dz + ab € Fplz]. It is easy to see that f(z) is
the form of b(g(x))? if and only if a +b =0 (mod p). In the present case this is
impossible, since 1 < a < b < (p—1)/2. Applying Lemma 2 with 0 and (b—a)/2d
in place of X and Y we get

—(dj)? + (b —a)dj + ab

YoUM= >

[(b—a)/2d]—1
( ) < 18p*/?logp.

X<j<X+Y =0 p
(24)
From (Z3) and 4) we obtain S(E(,_1)/2) < 18p'/?log p which gives the desired
result. O

It seems plausible that similar constructions may work for SM(En,t), how-
ever proving it is much harder. It remains to be shown that there exist sequences
for which S(Ey) is small, but SM(Ey,t) is big.

Finally I would like to thank Katalin Gyarmati for the valuable discussions
and Andras Bir6 for the helpful advices.
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