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ON TWO-DIMENSIONAL SEQUENCES COMPOSED
BY ONE-DIMENSIONAL UNIFORMLY
DISTRIBUTED SEQUENCES

JANA FIALOVA* — OTO STRAUCH**

ABSTRACT. Let xy, and yn, n = 1,2,..., be sequences in the unit interval
[0,1) and let F(x,y) be a continuous function defined on [0,1]2. In this paper
we consider limit points of sequence % 22;1 F(zn,yn), N = 1,2,... A ba-
sic idea is to apply distribution functions g(z,y) of two-dimensional sequence
(Tn,yn), n = 1,2,.... It can be shown that every limit point has the form
fol fol F(z,y)dzdyg(z,y). If, moreover, both sequences x, and y, are uniformly
distributed, then distribution functions g(z,y) are called copulas and we find
extremes of fol fol F(z,y)dzdyg(z,y) assuming that the differential dzdy F(z,y)
has constant signum and also for F(z,y) = f(z)y where f(z) is a piecewise linear
function.

Communicated by Werner Georg Nowak

1. Introduction

This paper is motivated by [PS09] where the sequence + 2521 |2y, — yn| was
considered and it was proved that if z, and y,, n = 1,2,... are uniformly
distributed (u.d.) in [0, 1), then

1 1
lim sup — Ty — < - 1
N N;‘ — B (1)
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Thus putting y, = xp41, » = 1,2,... in the above inequality the authors found
a new necessary condition

, 1 & 1
lim sup N Z |Zn41 — 2n| < B (2)

N —o0 p—

for u.d. of sequence z,, (for definitions consult, e.g., [KN0O6], [DT97] or [SP05]).

The aim of this paper is to study limit points of the sequence

N
1
WZF(%,%), N=12,... (3)

n=1

where F(z,y) is arbitrary continuous function defined on [0,1]? and for an ar-
bitrary sequences &, y,, n = 1,2,... in [0,1). We use distribution functions
(d.f.s) g(z,y) of a two-dimensional sequence (z,,y,), n = 1,2,... since every
limit point of (@) is of the form

/ 1 / (e y)dsdyg(a.y). (4)

Firstly, we study the lower and upper bounds of limit points of (3] assuming
that the sequences x,, and y,, n = 1,2,... are u.d. in [0,1). In this case, the
d.f. g(z,y) in @) of a two-dimensional sequence (z,,y,) is called a copula.

In ([B)) it can be also used a sequence (z,, ¥(x,)), n =1,2,... where z, is u.d.
n [0,1) and ¥ : [0,1] — [0,1] is a so-called uniformly distribution preserving
map. Thus, the limit points of (B]) have the form fol F(z,¥(z))dz. In particular,
for F'(z,y) = f(z)y we have

/0 F(2)¥(2)dz, (5)

A more general problem than (B was introduced by S. Steinerberger [S09. p.
127]: He evaluates extremes of the integrals

/0 F1(®8(2)) fo( ¥ (2))da (6)

where f, g are Riemann integrable functions and ®, ¥ : [0,1] — [0, 1] are u.d.p.
maps. He solved (@) by applying some Hardy-Littlewood inequality (see later).
Our paper is structured as follows:

In Section Blwe provide the maximum and the minimum of limit points of (B])
under the assumptions that d,d,F(z,y) > 0 and that the sequences z,, and y,
are uniformly distributed in [0, 1).
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In Section [ we extend the results of section 3 to the sequences z,, and y,
having a.d.f.s g1(x) and ga(z), respectively.

Section [6] provides a necessary condition for a copula g(x,y) for which the
integral fol fol F(z,y)dydyg(z,y) is extremal.

In Section [7 the maximal and minimal values of f01 f1(®(x)) f2(¥(x))dx are
obtained over u.d.p. functions ®, ¥. As an application we find u.d.p. map ®(x)
which maximizes fol f(z)®(x)dx for piecewise linear function f : [0,1] — [0,1].

2. Basic definitions and results

e Denote the step d.f.

Fu(z,y) = 2= (xmya;\)fe 0,2) x [0.9)} 7)
and let G((zn,yn)) be a set of all possible limits Fi, (z,y) — ¢(x,y) which
exist for all points (z,y) of continuity of g(z,y). These g(x,y) are called d.f.s
of sequence (z,,,yn), n = 1,2,.... Recall that if G((z,,yn)) is a singleton, i.e.,
G((xn,yn)) = {9(z,y)}, then g(z,y) is called an asymptotic d.f. (a.d.f.) of
(Tn,yn), n=1,2,....

e If both sequences z,, and y,, n = 1,2,... are u.d. in [0,1), then the two-
dimensional sequence (z,yy) is not necessarily u.d. but every d.f. g(z,y) €
G((xn,yn)) satisfies

(i) g(z,1) = x for € [0,1] and

(i) g(1,y) =y for y € [0, 1].
The d.f. g(x,y) which satisfies (i) and (ii) is called a copula. For the fuller
treatment of theory of copulas we refer the reader to [N99].
e Amap VU :[0,1] — [0,1] is called uniform distribution preserving (u.d.p.) if for
any u.d. sequence z,, n =1,2,... in [0, 1) the sequence ¥(z,,) is also u.d. Basic
properties: A map ¥(x) is u.d.p. if and only if for every continuous f : [0,1] — R
we have f01 f(¥(x)dz = f01 f(x)dz. Every u.d.p. map is Jordan measurable.
Other properties can be found in [SN10] and [SP05] 2.5.1].

e The Riemann-Stieltjes integral f01 f01 f(z,y)dzdyg(x,y) is defined as the limit

ZZ f(akvﬁl)(g(xkvyl) T 9(@ks1, Y1) — 9(@r, Yr41) — g(xk—Flayl))

k=11=1

— /01 /01 flz,y)dadyg(z, y) (8)
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if diameters of [xg, k41| X [y, yi+1] tend to zero for partition 0 = xg < x; <

< Ty = 1 of zraxis, 0 = yog < y1 < -+ < y, = 1 of y-axis and for
(o, B1) € [k, Tp+1] X [yi, yi+1]. This integral exists for continuous f(z,y) and
g(x,y) with bounded variation, see W.I. Smirnov [S88, Par. 23]. Let [J denote
the rectangle [xx, zx+1] X [yi, y1+1] and denote

Og(z,y) = g(xr, i) + 9(@rr1, y141) — 9(Tk, vie1) — 9(Trr1, 91)-
If diameter (0 — 0, then we find the differential d,d,g(z,y) as

dedyg(z,y) = g(z,y) + g(x + dz,y + dy) — g(z,y + dy) — g(x + dz, ).

e g(z,y) is a d.f. of a sequence (7,,,yn), n = 1,2,..., (¥n,yn) € [0,1)? if and
only if the following three conditions are satisfied

(i) dzdyg(z,y) > 0 for every (z,y) € (0,1)2

(ii) g(1,1) =1, g(x,0) =0, g(0,y) = 0 for z,y € [0, 1].

(iii) g(x,1) and g(1,y) are one-dimensional d.f.
We establish the following two basic expressions of limit points of (3.

THEOREM 1. For every continuous F'(x,y) the set of limit points of [B]) coincides
with

{/01 /01 F(z,y)d.dyg(x,y); g(z,y) € G((mn,yn))} (9)

Proof. By the Riemann-Stieltjes integration we have

1 XN 1 1
W;F(l"myn):/o /0 F(*rvy)dxdyFN(l',y). (10)

a) Now, if Fn, (z,y) — g(x,y) weakly as k — oo, then by the second Helly
theorem (see [SP05, p. 4-5, Th. 4.1.0.11]) the equation (I0) implies

N 1 pl
1
— F(x,,yn) — F(x,y)d,d,g(x, as k — oo. 11
Nkn§:1 (@n,Yn) /0/0 (z,y)dzdyg(z,y) (11)

b) If Nik Zgil F(zy,yn) — Aas k — oo, then by the first Helly theorem (see
[SPO5| p. 4-5, Th. 4.1.0.11]) there exists a subsequence Nj. of N such that for
some d.f. g(x,y) of (xn, yn) we have Fy, (z,y) — g(x,y) and then by the second

Helly theorem we have A = fol fol F(z,y)d,dyg(z,y).
From a) and b) there follows the desired property. O
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ON TWO-DIMENSIONAL SEQUENCES

In following Theorem 2] we apply the equation:

/ / (2, y)dudyg (e, y) = F(1,1) - / 9(L,y)d, F(L,y)

—/0 g(z,1)d, F(z,1) // (x,y)dydy F(z,y) (12)

which we prove in following lemma.

LEMMA 1. Let F(z,y) be a continuous function defined on [0,1]2. Then for arbi-
trary N -term sequence (x1,91), ..., (xn,yn) in [0,1)? with the step d.f. Fy(z,y)
we have

(x,y)dedy Fn(z,y) = F(1,1) — 1FN(1,y)dyF(1,y)
L |
_/O Fy(,1)d, F(, 1) / / Fiy (2, y)dady F(z, ). (13)

Proof. Multiple both sides by /N and employ an induction. For N = 1 equation
([@3) follows directly from computation. Assume that for N the equation holds
and add a new point (zy4+1,yn+1) to (z1,¥1), .-, (TN, yn), exchange Fi(x,y)
by Fnt1(x,y). We have (N +1)F(1,1) = NF( 1 1 )+ F(1,1) and

(N+1 // (x,y)dedy Fnia(z,y) N// (z,y)dedy Fn(z,y)

+ F(zn41,9n+1),
—(N+1)/0 FN+1(x,1)dZF($,1)=—N/O Fy(2,1)d, F(z,1)
— (F(L,1) = F(zn41,1)),
—(N+1) /01 Fnia(1y)dy F(1,y) = — N/l Fn(1,y)dy F(1,y)
F(1,1) = F(1,yn+1)),
(N+1 //FN+1xyddey N/ / Fy (2,y)dedy F(z,y)

(F(L1) + Fent,yn1) = Flene, 1) = F(1Lyn ).

Summing up
F(1,1) = (F(L,1) = F(en41,1) = (F(1,1) = F(1,yn+1))
+ (F(L,1) + F(zn+1,yn+1) — Flens1, 1) = F(1,yn+1))
we obtain F(zn41,yn+1) and it is easily seen that (I3)) is valid also for N+1. O
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If Fy(x,y) — g(z,y) as N — oo in Lemma 1 we obtain (I2)) which directly
implies Theorem 2

THEOREM 2. Let both z,, and y, be u.d. in [0,1). Then the set of limit points
of @) can be expressed as

P1,1) - /01 yd, F(1,y) — /01 2d, F(z,1)
H{ [ [ swnaarese e enm} 0

where + in (I4)) is defined as v+ A ={x+a;a € A}.

3. Extremes of lim;_,, Nik Zgil F(zn,yn)

THEOREM 3. Let F(x,y) be a Riemann integrable function defined on [0,1]?
and assume that d,d,F(x,y) > 0 for every (z,y) € (0,1)2. Then for every u.d.

sequences Ty, yn € [0,1), n=1,2,... we have
1 !
lim sup — F(xn, Yn §/ F(z,z)dz, 15
msup 3 Flanan) < | Floa) (15)
1 !
. . B .
lmilof N ;F(xn,yn) _/0 F(z,1—z)dz (16)
Furthermore, for a sequence (Xn,yn), n=1,2,... we have
1 !
A}gnoo N ;F(azn,yn) = /0 F(z,x)dx

if and only if (xy,yn) has the a.d.f. g(z,y) = min(z,y) and we have

1 & !
lim — Z F(xn,yn) = / F(z,1—z)dz
1 0

N—oco N
n=

if and only if g(x,y) = max(z +y —1,0) .
If dyd,F(x,y) <0, the right hand sides of (ID) and [IG) are exchanged.

Proof. We apply the Fréchet-Hoeffding bounds [N99| p. 9]
max(z +y — 1,0) < g(z,y) < min(z,y) (17)
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which holds for every (z,y) € [0,1]? and for every copula g(z,y) in (). The
assumption d,d, F(z,y) > 0 implies

11 1 1
//maX(w+y—170)dmdyF(x,y)S/ / 9(x, y)dady F(z,y)
o Jo o Jo
11
g/ / min(z,y)d.d, F(z,y).
o Jo

Since every copula is continuous, the left inequality is attained if and only if
g(z,y) = max(x + y — 1,0) and the right one if and only if g(z,y) = min(z, y).
Directly from the definition of a.d.f., for u.d. sequence x,, it follows that
(i) the sequence (x,,x,), n = 1,2,... has the a.d.f. g(z,y) = min(z,y) and
(ii) the sequence (z,,1 — z,), n = 1,2,... has the a.d.f. g(x,y) = max(z +
y —1,0). From it follows

. 1 - 1 B 1,1 .
lim N nE: F($n;$n) —/0 F(.%,.’L‘)d.%‘ _/0 /O F(xay)dfﬁdy mln(x,y),
(18)

N 1
1
lim E F(zp,1—x,) = / F(z,1—x)dx
0

1 1
- / / F(z,y)d,dy max(z +y — 1,0). (19)
0 JO

And desired bounds follows from (I8) and ([I9) using (7). O

4. Examples

Firstly, we prove the result (Il) appeared in [PS09).

ExAMPLE 1. Putting F(z,y) = | — y| we have F(1,1) =0, F(l,z) =1 — z,
F(y,1) =1 —y, compute for y > z,

dedyly —a| = (y+dy — (z+da)) = (y—2) — (y — (v +dz)) - (y +dy —2) =0,
and for y = z, dy = dx,
dpdyly—z| =|z+dz— (x+da)|+ |z —z| - |(z+dz) — 2| — |2 — (z+ dz)| = —2dz

then we have
1 1 1 1 1

/ / 2 —yldud,g(z,y) = / g, 1)da + / o(Ly)dy —2 / g, z)dz. (20)
0 0 0 0 0
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Thus for a copula g(x,y), g(z,1) =z, g(1,y) = y we have

/ 1 / o yldadyg(e) = 12 / o 2)dr (21)

Finally, the lower bound in (7)) for copulas g(z,y) gives F. Pillichshammer’s
and S. Steinerberger’s result [PS09] in the form

//x—ylddyg(wy //Iw—ylddmaX( +y-1,0) = ; (22)

F. Pillichshammer and S. Steinerberger compute in [PS09] also the limit
My o0 2 Zi\;l |Zp+1 — @p| for the van der Corpute sequence z, = v4(n).
We give an alternative proof via d.f.s. in the following example.

EXAMPLE 2. For the van der Corput sequence z,, = v4(n), n=0,1,... in base
q we have
N—1
.1 2(¢g—1)
ngnoo N z% |Tnt1 — @n| = £ (23)
n=

Proof. Every point (y4(n),v,(n+1)), n=0,1,2,... lies on a line segment

1

1 1
Y=X-1+—+
q

Xe[l——l—— (24)

kx1 )
qk+1 qk qurl

for some k = 0,1,... and let T be the set of all points (z,y) € [0,1]? which

satisfy (24]).

Since v4(n) is u.d. the sequence (v4(n),v4(n + 1)) has a.d.f. g(z,y) which is
a copula

g(x,y) = [Project, (([0,x) x [0,y)) N T, (25)

where Project, is a projection of two dimensional set to the z-axis. Thus g(x,y)
can be computed explicitly as

1-1—-y—(1-z)=z+y—1 if(z,9) € B,
_ 26
g(z,y) B % if (x,y) € Cy, (26)
$—1+qi%1 if (z,y) € D;,
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D,
B
Ch

1
q

Do
Y

Cy
1
q2
A
1
7
1 1 1
Figure 1: A.d.f. g(z,y) of (vq(n),vq(n+1)),n=1,2,..
Hence
. 1
0, if z € [0, ],
g(x,x) = x—%, ifx e [%,1—%}, (27)
. 1
20 -1, ifawe[l- 1]
and by (21)
N-1 1
1 2(q—1)
Jim 5 3 Pyln) =+ D = 1=2 [ glaa)de = 2

0

3
I

5. Generalization

Now, we can generalize the result of Theorem [3] to the sequences z,, and y,
which are not necessarily u.d. but have a.d.f. g;(x) and g2(x), respectively. In
the following theorem we use the inverse function g=*(x) of the d.f. g(z) = g1 ()
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or g(x) = ga(x) also for the case if the d.f. g(z) is constant on the interval
I = (a, f) with value ¢ and to the left of a and to the right of § the d.f. g(x)
increases simultaneously, then we put

g () =7 (28)
because in this case the g71(2) < z & 2z < g(z) also holds for z = c.

THEOREM 4. Let x,, € [0,1) be a sequence with an a.d.f. g1(x) and y, € [0,1)
with an a.d.f. g2(x). Let us assume that F(x,y) is a continuous function such
that d,d, F(z,y) > 0 for every (z,y) € (0,1)%. Then we have

1
lim sup — Fxn,n_/le,lxdx, 29
NﬁoopNZ w) < | Flor(@).057 () (29)
limnf ZFxn,yn > / Flor (@), g7 (1 a))de.  (30)

Furthermore, for the sequence (xpn,yn), n=1,2,... we have

1
ngnoo—zmn,yn - [ Pl @0 @) (31)

if and only if (xpn,yn) has the a.d.f. g(x,y) = min(g1(z), g2(y)) and we have

lim —ZFxn,yn _/ Flgr(2), 95 (1 — 2))da (32)

N—oo N

if and only if g(x,y) = max(g1(z) + g2(y) — 1,0).
If dgdy F(x,y) < 0 the right hand sides of 29) and BU) are exchanged.

Proof. Let g(x,y) be a d.f. of a sequence (x,,,yy,), i.e., there exists a sequence
Nj, — oo such that FNk (z,y) — g(z,y) and then

;;n;omz“”my" ﬁ// ) dadgly)

Furthermore, we have g(z,1) = gi1(x) and g(1,y) = g2(y). Then by the Sklar
theorem [N99, p.15, Th.2.3.3] for any such d.f. g(x,y) there exists a copula
c(z,y) such that

9(x,y) = c(g1(z), g2(y))
for every (z,y) € [0,1]2. Applying the Fréchet-Hoeffding bounds () we find

max(g1(z) + g2(y) — 1,0) < g(z,y) < min(g1(z), g2(y))- (33)
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Applying ([I2) we find

1 1
hmsup_ ZF wnayn / / F(wvy)dxdy min(gl(‘r)vg2(y))a
0 0

N—o0

. . 1 1 1
l}ﬂgfﬁ ;F(wnayn) 2/0 /0 F(wvy)dxdy maX(Ql(x) +92(y) - 170)-

Now, let z,,, n =1,2,... be a u.d. sequence in [0,1). Then we have
(i) (91 '(2n), 95 ' (20)) has a.df. g(z,y) = min(gi (2), g2(y)) and

(iD) (91 ' (2), 92 (1 = 20)) has a.d.f. g(x,y) = max(g1(2) + g2(y) — 1,0).
By the Helly theorem for the sequences (i) and (ii) we have [31]) and ([B2)

lim —ZF Y2n), 95 M (2n) —>/ (g7° 5 H(x))dx

k—o00 Nk

_ / / F(z,y)dody min(g: (x), g2(y)),

lim —ZF Y20), 05 (1 = 2,)) —>/ (g7 (), 951 (1 — 2))dx

k—oo N,

_ /0 /O F(,y)dedy max(gi () + ga(y) — 1,0).

What is left to show is the proof of (i) and (ii). Assume that g1(z) and go2(x)
are strictly increasing.

For (i) we note that g7 *(2,) < = < 2, < g1(z) and g5 *(2,) <y < 2n < g2()
and thus (g7 (2n), 95 ' (20)) € [0,2) X [0,y) & 2, € [0, min(g1(), g2(y))).

For (ii) we note that g;'(z,) < # © 2, < g1(x) and g; ' (1 — 2,) < y &
1— 2, < g2(y), 1 = 2p < g2(y) & 1 — ga(y) < 2, and thus (g7 (2n), 95 (1 —
zn)) € [0,2) X [0,y) < z, € (1 —g2(y),g1(x)). Then the density of such z, is
max(g1(z) — (1 — g2(2)),0).

Finally, the uniqueness of extremal d.f. g(z,y) follows from the existence of
common point (z,y) of continuity for any two d.f.s g(x,y). O

6. Extremes of fol fol F(z,y)d.d,g(z,y)

In Section 2 we saw that the extreme limit points of @) % > n_; F(Zn,yn)
are the same as the extremes of (3] fol fol F(z,y)d.dyg(x,y). In Section 3 we
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found the extremes of ([@) for F(z,y) with d,d,F(x,y) of constant signum. In
this section we study extremes of (@) for F'(x,y) without this condition. We only
can find a criterion of necessary conditions of copula g(x,y) which maximizes
[@). The minimum can be studied similarly.

First of all, we reformulate Theorems [B] and @ into following two theorems.

THEOREM 5. Let F(x,y) be a Riemann integrable function defined on [0,1]2.
Assume that d,d, F(x,y) > 0 for (z,y) € (0,1)%. Then

1,1 1
max / / F(z,y)d.dyg(z,y) :/ F(z,x)dx,
g(z,y)-copula Jo Jo 0
1,1 1
min / / F(z,y)d.dyg(z,y) = / F(z,1—z)dx,
g(z,y)-copula Jo Jo 0

where the mazimum is attained in g(x,y) = min(x,y) and the minimum in
g(z,y) = max(z +y — 1,0), uniquely.

THEOREM 6. Let us assume that F(xz,y) is a continuous function such that
d,d F(:v y) > 0 for every (x,y) € (0,1)2. Then for the extremes of integral

Jo Jo F(a,y)dedyg(z,y) for g(z,y) for which g(x,1) = gi(z) and g(1,y) = g2(y)
we have

max [ 1 / e y)d,dyg () = / Plor (@).05 @)

9(zy) Jo
1ol 1
min / / F(z,y)d.dyg(x,y) :/ F(g7 (x), 951 (1 — z))dx,
9(z.y) Jo Jo 0
where the mazimum is attained in g(z,y) = min(g1(z), g2(y)) and the minimum
in g(z,y) = max(g1(z) + g2(y) — 1,0), uniquely.
6.1. Criterion

THEOREM 7. Let us assume that a copula g(x,y) mazimizes the integral
fo fo (z,y)ddyg(x,y) and let [X1, Xa] x [Y1,Ya] be an interval in [0,1]* such
that the differential

Q(X27 3/2) + g(Xla Yl) - g(X27 3/1) - g(Xla YQ) > 0.

If for every interior point (x,y) of [X1, Xo] x [Y1,Y2] the differential dpd, F(x,y)
has constant signum, then:
(i) if dpdy F(z,y) > 0, then

g(x,y) = min(g(z,Y2) + g(X1,y) — 9(X1,Y2), 9(x, Y1) + 9(Xa2,5) — 9(Xa, Y(l)))
34
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(ii) if dpdy F(z,y) <0, then

QQMD=HMAA%Y®+g@%y%—de%%ﬂ%Yﬁ+9Mﬁw)—ﬂXh?D)
35
for every (x,y) € [ X1, X2] x [Y7,Ys].

Proof. The basic idea of the proof is to extend the interval [X7, Xs] x [Y7, Y3
with F(z,y) linearly to [0,1]® with F*(x,y). Then it is possible to use Theorem
M and find extremes of fol fol F*(z,y)dzdyg*(z,y). By inverse transformation we
find desired extremal g(x,y) on [X7, X3] x [Y1, Ya].

19. Let us start with a linear map [ X1, X] x [Y7, Ya] — [0, 1]? defined by

$—X1 / y—Yl ,
— = 36
niox "y, Y (36)
with inverse
xeI(XQ—X1)+X1, y:y/(YQ—Yl)+§/1. (37)

By this map we transform F(z,y) into its image F*(a',y’).

F*(.’Ij/’y/) = [F(.%,y)} r=a/(Xo—X1)+X1, — F(x/(XQ - Xl) + ley/(}/r? - Yl) + Yl)
y=y/(Ya—Y1)+Y]
(38)

for (2/,y') € [0,1]2. We have
dwrdy/F*(.Z‘/, y,) = dwdyF(l‘, y)(X2 - Xl)(YQ - Yl) (39)

So the differential of F'(x,y) has the same signum as the differential of F*(x', /).

For the definition of g*(2',y’) we use the auxiliary function g(z,y) defined as
follows: Let us assume that among (z1,41) ..., (N, yn) there are M-points in
(X7, X2] x [Y1,Ys] with the local step d.f.

Far(e,) = 340 < N: (o) € [X0,2) % [V2,0))

and assume Fiy(z,y) — §(z,y) a.e. on [X1, X5 x [Y7, Ya).
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(0,1) g (z',1) (1,1)
(X1,Y2) gz, Y2)  (X2,Y2)
Fr (2 y')
F(z,y)
g(z,y) §(Xa2,y) 9" (@",y) 9" (Ly)
(z,y) (',y")
(X1, Y1) (X2, Y1)
(0,0) (0,1)

Figure 2: Linear map (z,y) — (z/,9').

Since
Far(,y) = Fn(z,y) + Fn (X1, Y1) — Fy(2,Y1) — Fy(X1,9) 7
Fn(X2,Y2) + Fn(X1, Y1) — Fn(X2, Y1) — Fn(X1,Ys)

we have

g(x,y) +9(X1, Y1) — g(x,Y1) — 9(X1,9)
X0, Y) + g(X1,Y1) — g(X2, Y1) — g(X1, Y2)

9(z,y) = ol (40)

Now, we put

g (@' y") = [9(x, )] emer xax1xy, = §(2" (X2 = X1)+ X1,y (Ya—Y1)+Y7) (41)

y=y/ (Yo —Y1)+Y1

for 2/, y" € [0, 1]%. Since

1 M 1 M
M Z F(zn,yn) = M Z F*("L‘;qulm)a (42)
n=1 n=1
1 M
7 > ) > [ Fleddygley),  (43)
M ,; [X1,X2]x[V7,Y?] Y
M
1 ZF* ! ! ! lF* ! /d d * / / 44
M (xnvyn)% 0 0 (.T,y) /Ay’ g (l',y) ( )
n=1

we get that the integrals in ([A3]) and ([#4) coincide. By (B9)) the differential of
F*(2',y’) has a constant signum on the open unit square. From Theorem [] it
follows that the integral (44]) is maximal iff:

(1) d;d;F*(x’,y’) > 0 implies g*(2’,y’) = min(g*(2’,1),¢*(1,y’)) and
(i) djdy, F*(2',') < 0 implies g*(2',y) = max(g*(«/,1) + g*(1,9') — 1,0).
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From the maps ¢g*(2/,1) +— g(z,Y2), ¢*(1,y") +— §(X2,y) and from [@2)), it
follows that the integral (@3] is maximal if and only if:

(i) dgdy F(x,y) > 0 implies g(z,y) = min(g(z, Y2), §(X2,y)) and

(ii) dpdy F(z,y) < 0 implies g(z,y) = max(g(z, Y2) + §(X2,y) — 1,0).
Here from ({0) we have

(2, V) = g(x,Ys) + g(X1, Y1) — g(z, Y1) — g(X4,Y2)
T g(Xa, Ya) + g(X1, Y1) — (X2, Y1) — g(X1,Ya)
. 9(X2,y) + 9(X1,Y1) — 9(X2, Y1) — 9(X1,y)
§(X2,y) = 9(X2,Y2) + 9(X1,Y1) — g(X2, V1) — g(X1,Y2) (45)
Using ([ H) in (i) and (ii) we find (34]) and (35). O

For a fixed F(z,y), the criterion in Theorem [7] can be fulfilled by several

copulas which form local extremes of f01 f01 F(z,y)dzdyg(x,y). In order to find
global extremes we need to choose optimal g(z,Y;) and g(X;,y) in Theorem [1
This problem is in general still unsolved. In the following theorem we give a
solution for a special case.

THEOREM 8. Let us divide

[0,1]2 into two parts [0,1] x [Y, 1] and [0,1] x [0,Y]
and define continuous F(z,y)

by a composition

_JFi(zy),  if (zy) € [0,1] x [V, 1],
F(x7y) B {FQ(%,Z/), Zf (%,y) S [07 1] X [O,Y],

where dgdy, Fy (x,y) > 0 for interior points of [0,1] x [Y,1] and dyd, Fi(z,y) <0
for interior points of [0,1] x [0,Y]. Then we have

1 41
max / / F(z,y)d.dyg(x,y)
g(@,y)-copula Jo Jo

. 1
_ r}?(?){ </0 Fi(z, 7 — h(z) + Y)(1 — K(z))dz + /0 Fy(x,Y — h(x))h (w)dz,;l)ﬁ,)

where h/(x) is the derivative of h(z) and the mazimum in (@) is over nonde-
creasing h(z), h(0) =0, h(1) =Y and max(z +Y —1,0) < h(z) < min(z,Y).

Proof. As in the proof of Theorem [1 we start with the two linear maps (see
Fig. 3):
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0,1) gi(a',1) = =MD (g )
Fr(2',y)
g (@', y") g (Ly)=vy
(')
0,1)  gi(w,1) =22 (1,1) /
Fi(z,y)
g1(x,y)
(0,0) (1,0)
(75731) - _y
vy a(Ly) = 4=
Ggo(z,1) = M2 G2(ly) =%
Fa(z,y) (0,1) g3(a!,1) = 2D (1,1)
gQ(mvy)
(C(,’,y) .\
(0,0) 1,0)
F;(x'7y') g;(l,y’):yl
g5(x",y")
\- (@,y)
(0,0) (1,0)

Figure 3: Linear maps [0,1] x [Y;1] — [0,1]2 and [0,1] x [0, Y] — [0, 1]2.

[0,1] x [V, 1] — [0,1]?, where 2’ =z,

[0,1] x [0,Y] — [0,1]?, where 2’ = ,

y—Y
Y 1y
Y
y_Y'

(47)

(48)

Then from ([0) and from the properties g(0,0) = g(0,y) = g(x,0) =0, g(1,1) =
1, g(1,Y) =Y of copulas g(x,y) it follows that

§1($,y) =
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Using the transformations (A7) and @S] we find

gi (') = (91 (=, y)]
y=y/(1-Y)+Y

B ) = 320, 9)] amr, = 22T

Y

z=z’,

g’ y'(1=Y)+Y) —g(@,Y)
1-Y

(50)

y=y'Y

(51)

Put g(z,Y) = h(zx). Since g(z,y) is a copula and for every copula max(x+y—

1,0) < g(z,y) < min(z,y), we have h(0) = 0, h(1) =Y, h(x) is nondecreasing

and max(z +Y —1,0) < h(z) < min(z,Y). From (E0) and (GI) we obtain
/ /

i _ X = h(.%‘ ) * AN
gi(@' 1) = ——— 9Ly)=v,

h(z')

(52)
v gLy)=y"

8

g5(2’,1) =

(53)
Then by Theorem [0 the distribution function gj(z’,y’) maximizes the integral
fol fol Fi(«',y")dydyg(2’,y') and g5(2',y’) maximizes the integral

fol fol F3 (2, y")dpdy g(2’,y) for fixed (B2) and (G3) iff

. (2 —h(2)

9i(z',y’) = min (ﬁ?f)
/

gQ(x/7y/) — max <h(l‘ )

(54)
— -1 .
v Y ,0) (55)
Now, from (49 it follows

gi(z,y) (1 =Y)+ h(z), if (z,y ;1] x [V 1],

s = [BEDA=V)Eh@), it @Dy,
gQ(xay)Yv if $7y) 071} X [07 Y]

Using the inverse transformations of ([@7)) and [{8]) we find

hi(@.y) = [o}(e'. )] woe = min (xl—_h;w) y—Y)
§2($,y) = [ 5

"1-Y
hz) y

= M) LY _q0).

y,:% max( % + %

By inserting (57) into (B8] we obtain

olag) = {min(m —h(z),y —Y) + h(),

max(h(z) +y - Y,0),

(57)

if y € [V, 1],
if y € [0,Y] (58)
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for every x € [0,1]. It is easily seen that g(x,y) has nonzero differential only on
the curves y =z — h(z) +Y and y =Y — h(z) where

dxdyg($7 y) = {21/(;)}(;;Ex))dx’ j“z z ;:}:Z)+ " (59)
Finally, (59) implies
/ / Fy (2, y)dadyg (2, y) = / Fi(z,z — h(x) + Y)(1 - I (2))dz
0 Y 0
1 Y 1
/ / Py, y)dadyg(z,y) = / Fa(,Y — h(z)) (x)dx
0 0 0
O

REMARK 9. Rewrite ([Af]) in the form f01 G(x,h,h')dz. Then for the desired op-
timal h(z) we can apply the Euler differential equation to the variation method:
If the integral fol G(z, h, h')dx attains on hg(x) a local extreme over all contin-
uous h(z) with continuous derivative h/(z), h(0) = ho(0) =0, h(1) = ho(1) =1
then ho(x) satisfies
oG d 9G"
Oh  dx Oh

For an application see the following example.

(60)

EXAMPLE 3. Put Y = 1 and define for z €

2 [0,
— _1 i 1
Floy) = Fi(z,y) —2(?{ 2) ?fy € [2,11],
T —yz, ifyelo,3].
Then the integral in (@) has the form

/0 Fi(z,z — h(z) +Y)(1 — W (z))da +/ Fy(z,Y — h(x))h (z)dx

0

1
= % + 2/0 (zh(x) — h?(x))dz. (62)
By the Euler equation (60]) we have
d(xh — h?)
oh
which gives h(z ) = 2. Such h(z) is nondecreasing, satisfies max(z + 3 — 1,0) <
h(z) < min(z, 3) and thus the global extreme is

1
m 1 1 1
ax F(x,y)d,d,g(z,y) = = +2- .
Q(Iay)-copula/o /0 ( y) yg( y) 6 B = 3

=z —2h(x) =
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7. Extremes of [ fi(®(z)) fo(¥(z))dx

The problem presented in this section was also considered by S. Steinerberger
in [S09] from where Theorem[I0lis adapted. We are interested in finding extremes
of @) for F(x,y) = fi(z)f2(x) and for u.d. sequences =, = ®(z,) and y,, =
U(z,), where ®(x) and ¥(x) are u.d.p. functions and z, is a u.d. sequence.

DEFINITION 1. Let f : [0,1] — R be a Lebesgue measurable function, g¢(z) =
|f71([0,2))| be its d.f. and put f*(z) = g;l(x). Here, if g¢(x) is constant
equal to ¢ on interval (a, 8) (maximal with respect to inclusion) then we put
g;l(c) = [ as in ([28).

THEOREM 10. Let fi and fo be Riemann integrable functions on [0,1]. Let ®(z)
and U(x) be arbitrary u.d.p. transformations. Then

/f1 le—xdx</f1 d:c</f1 )3 (@)da  (63)

and these bounds are best possible. Also, every number within these bounds is
attained by some u.d.p. functions ®(x), V(x).

In Steinerberger’s proof the Hardy-Littlewood inequality in rearrangement

theory was used [HL28], [HL30] (see [HLP34, Th. 378]):
| s@n@ds< [ i@ (69
0 0

From now on let F(z,y) = f(x) -y and we study the limit points of

1 N
n=1

where z,, is a u.d. sequence and a u.d. sequence y, is given by y, = ®(z,),
where ®(z) is a u.d.p. map. This problem is equivalent to calculate

ma /f(x)(I)(x)dx, min /f(x)@(a;)dx. (65)

®(z)—u.d.p. Jg ®(z)—u.d.p. Jg

Theorem [I0 implies

THEOREM 11. For every Riemann integrable f(z) we have

() tud.p. / f(z)®(z)de = / F(@)gy(f(x))d, (66)

min / 2)dz = / F(@)(1 = g7(f(2))da. (67)

P(z)—u.d.p.
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Proof.
' = 1*:1::1:1:— 1_1353535
s [ p@w@ds = [ @ = [ g7 )
1 1
=/ gfl(gf(f(x)))gf(f(x))dxz/ f(2)¥(z)dz.
0 0
(68)
Analogously,
. ! _ ! * —2)dx = ' -1 €T — X)dxr
q)(ml)qilfd.p/o f(x)@(x)dx—/o f=) )d _/0 9 S 4

:/O f(z)(1 — U(z))da. (69)

Here ¥ (z) = g7(f(z)) is a u.d.p. map since by [SP05, 2.3.7, pp. 2-28] g¢(f(xx))
is u.d. for arbitrary u.d. sequence x,,n=1,2,.... O

In the following part we will find an explicit form for the u.d.p. function
U(x) = g¢(f(x)) for pairwise linear functions f : [0,1] — [0, 1].

DEFINITION 2. A function f : [0,1] — [0, 1] is called piecewise linear (p.l.) if
there exists a system of ordinate intervals J;, j = 1,2,..., k, which are disjoint
and whose union is the unit interval [0, 1] with the following property: For every
J; there exists a related system of abscissa intervals I;;, i« = 1,2,...,l; such
that f(z)|s,, is an increasing or a decreasing diagonal of I;; x J;.
1
Ju

J3

Jo

Ji

o ha Iy Isn lan Lo Izalang

Figure 4: A piecewise linear function.
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So every p.l. function can be defined by the sets J; and I;; and the signum of
derivative on each I;; x J;, see, for example Fig. 4.

THEOREM 12. Let f:[0,1] — [0,1] be a p.l. function with the ordinate decom-
position J;, j = 1,2,...,k and the abscissa decomposition I;;, i = 1,2,...,1;.
Define a p.l. function ¥(x) in the same abscissa decomposition I;; but in a new
ordinate decomposition J; with lengths

lj
=1Ll =12,k (70)
i=1

and with the same ordering as Jj, j = 1,2,...,k. Put the graph of ¥(x)|r,
on Ij; x J} as an increasing (decreasing) diagonal if and only if f(z)|r;, is an
increasing (decreasing) diagonal. Note that if f(x) is constant on the interval
I; i, then J; is a point and the graph V(z)|z,, can be defined arbitrarily: either
an increasing or a decreasing diagonal in Ij; X Jj’<.

Then V(z) is a u.d.p. map and

P(z)-u.d.p.

1 1
/Of(:z:)‘lf(x)dx: max /Of(x)tﬁ(x)dx,

For example

1 f(z) 1 V(z)
Jy
J J3
J/
J.
Jo)
Ji
Ji
0 10 1

Figure 5: The best u.d.p. approximation.

Sketch of proof. According to Theorem [[] it suffices to prove that U(z)
defined in Theorem [[2is equal to g¢(f(z)).
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1
Jg I3 IS
I I
J
_[1 -[1
Ji|
0
I I I3 J1 Ja J3 I I I3
f(z) gf(x) gr(f(x))

Figure 6: The equality between ¥ (z) and g7 (f(x)).

Transform the p.l. function f(z) in the following way: the intervals I;; are
rearranged such that for the same j the intervals I;; are fused into I; and
these are ordered according to j from the left to the right. This can be done
also backwards, so Fig. 6 shows that the function g;(f(z)) is the same as the
function W(z). Note that for such reorganized f(xz) the function gs(x) is still

the same one.

In the original proof of Theorem [[2] presented in the Strobl UDT2010 confer-

ence, there was used the following basic property of an extreme.

THEOREM 13. For an arbitrary Riemann integrable f : [0,1] — R we have

/0 ) =

if and only if

/0 (f(2) - W(a))*da

max
P(z)-u.d.p.

min
@ (z)-u.d.p.

/01 f(z)®(z)dx

1
/0 (f(z) — ®(x))%da.

We will call such u.d.p. W(x) the best u.d.p. approzimation of f(x).

Proof. Let ¥y(x), ¥s(x) be two u.d.p. functions and f(z) be given. Then

1 1
/ (f(z) = ¥y (2))*dz < / (f(x) — Uy(z))?dz <

f(z)w

0
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Here the following property of u.d.p. functions is used
1 1 1 1
/ U2 (z)dx = / U2(z)dx = / 22dr = <.
0 0 0 3

Using Theorem [[3] for some special cases, it can be proved that ¥(z) is
the best u.d.p. approximation of a p.. function f(z). Here we add some
consequences of Theorem [I3] M2] and [ITk

O

COROLLARY 1. If f(x) is a u.d.p. function, then gf(x) =z and

1 1
1
max x@xdx:/ (z)dx = =. 71
o [ f@e@aer = [P - ()
COROLLARY 2. The best u.d.p. approzimation of a p.l. function f(z) is inde-
pendent of the lengths of the ordinate intervals J;. Therefore for a given u.d.p.
function W(x) there are infinite many functions f(x) for which VU (x) is the best

u.d.p. approximation, e.g., see Fig. 7.
1

0 10 10 1
V() f(z)

Figure 7: Functions with the same ¥(z).

COROLLARY 3. For a u.d.p. function W(x) in Theorem [12, ¥(x)|;,, can be

expressed as

U(z) = ‘Jﬂf(x)—i-t’ t &l

=157 i1~ lj—175 s
RA S V]

where |J}| = Zi’zl |1;,i| and t} is given recurrently as ty = 0 and t; = t’,_, +[J}|.

So the integral fol f(2)¥(z)dz can be calculated directly from J; = (tj_1,t;) and

Jj = (tj_1, 1)) as

1 k
1 1 1
[ st@pw@as = 11 (timaths+ g1+ 3l + 5100 )
j=1

(72)
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COROLLARY 4. Let f :[0,1] — [0,1] be a Riemann integrable function. Then

1 1 1

1

max / f(2)®(x)dz :/ zgf(x)dgs(z) = - (1 —/ g?(x)dx) (73)
®(z)—u.d.p. Jo 0 2 0

Proof. Here as in Definition 0 gs(z) = |f~[0,z)| for z € [0,1]. For every

u.d. sequence z,, n = 1,2,... the sequence f(z,) has a.df. gs(x) and then

gr(f(zy)) is a u.d. sequence. By the Helly theorem we have two alternatives

1 & !
5 2 f@ap(f@)) > [ as(e)des @) (74)

1
5 / F(@)gs(f(x))de. (75)

Applying per-partes method of integration on ([74]) we find

1 1 1
| wos@idgs@) = 1= [ gi)de— [ ags(a)dgs(
0 0 0
from which (73]) follows. 0
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