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DISCREPANCY BOUNDS FOR HYBRID
SEQUENCES INVOLVING DIGITAL EXPLICIT
INVERSIVE PSEUDORANDOM NUMBERS

HARALD NIEDERREITER — ARNE WINTERHOF

ABSTRACT. We consider hybrid sequences, that is, sequences in a multidi-
mensional unit cube that are composed from low-discrepancy sequences and se-
quences of pseudorandom numbers. We establish the first nontrivial determinis-
tic discrepancy bounds for three kinds of hybrid sequences that are obtained by
“mixing” low-discrepancy sequences and digital explicit inversive sequences. Such
hybrid sequences are of interest for high-dimensional numerical integration since
they combine the advantages of Monte Carlo methods and quasi-Monte Carlo
methods.

Communicated by Reinhard Winkler

1. Introduction

Monte Carlo methods and quasi-Monte Carlo methods are important tech-
niques for multidimensional numerical integration. Monte Carlo methods have
the advantage that they allow statistical error estimation, whereas quasi-Monte
Carlo methods offer the advantage of faster convergence under mild regularity
assumptions on the integrand. It was a proposal of Spanier [29] to combine the
advantages of Monte Carlo methods and quasi-Monte Carlo methods by using
so-called hybrid sequences. A hybrid sequence is a sequence of points in a (usually
high-dimensional) unit cube that is obtained by “mixing” a low-discrepancy se-
quence and a sequence of pseudorandom numbers (or vectors), in the sense that
certain coordinates of the points stem from the low-discrepancy sequence and
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the remaining coordinates stem from the sequence of pseudorandom numbers
(or vectors).

It is an interesting issue, both for the theory of uniform distribution and for
the applications to numerical integration, to establish discrepancy bounds for
hybrid sequences. Probabilistic results on the discrepancy of hybrid sequences
were shown in [6], [26], [27]. The first deterministic discrepancy bounds for var-
ious types of hybrid sequences were proved in [I8], [19], [20].

In the present paper, we consider hybrid sequences that are obtained by “mix-
ing” either Halton sequences or Kronecker sequences with two types of digital
explicit inversive sequences. The definitions of these sequences are given in later
sections. The case where a Kronecker sequence is “mixed” with a digital explicit
inversive sequence in the sense of Section [2] was already treated in [19]. For the
remaining three cases, deterministic discrepancy bounds are established below.

In Section [2] we describe the digital explicit inversive sequences of period g,
with ¢ a prime power, introduced by Niederreiter and Winterhof [21]. Section
collects some auxiliary results on the discrepancy. A crucial bound for character
sums over finite fields is proved in Section @l This bound is used in Section
to establish a discrepancy bound for hybrid sequences produced by “mixing”
Halton sequences and digital explicit inversive sequences in the sense of Section[2
In Section [6] we describe the second type of digital explicit inversive sequences,
namely those of order T with T" a divisor of ¢— 1, where ¢ is again a prime power.
Sections [ and [ contain discrepancy bounds for hybrid sequences obtained by
“mixing” these digital explicit inversive sequences with Halton sequences and
Kronecker sequences, respectively.

2. Digital explicit inversive sequences of period ¢

We describe the digital explicit inversive sequences introduced by Niederre-
iter and Winterhof [21]. These sequences have attracted considerable interest in
the area of pseudorandom number generation (see [1], [2], [11], [13], [21], [22],

23], 28]).

Let ¢ = p* with a prime p and an integer k& > 1. Let F, denote the finite field
of order ¢ and let {f1,...,Br} be an ordered basis of F, as a vector space over
its prime subfield F,,. Define §, € F,, n =0,1,..., by

k
Eni= Y m by
=1
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if
k
n= Zmpl*l (mod ¢) with n; € Z, for 1 <1<k,
=1

where Z, = {0,1,...,p — 1} is the least residue system modulo p. For p € F,
weput g:=o ' €F,if p£0and g:=0€F, if p=0. Now we choose a € I}
and ¢ € F;. Then we define

Yo =0, +6ET, forn=0,1,... (1)

Note that the sequence 7,71, . . . is periodic with least period ¢. Next we identify
F, with Z,, and we write

k
fyn:ch’l,Bl forn=0,1,..., (2)
1=1

with uniquely determined ¢,; € F, = Z,. Then a digital explicit inversive
sequence is defined by

k
Zp 1= Zcmlp*l €1[0,1) forn=0,1,... (3)
1=1
It is clear that the sequence zg, 21, . . . is periodic with least period ¢. In the special

case k = 1 we obtain an explicit inversive congruential sequence as introduced by
Eichenauer-Herrmann [4] and further studied in [I7]. Because of its periodicity, it
is meaningful to consider only the first N < ¢ terms of a digital explicit inversive
sequence.

3. Basic facts on the discrepancy

For any positive integer m, let \,, denote the m-dimensional Lebesgue mea-
sure. For points y,,y1,...,yr—1 € [0,1)™, their discrepancy Dy is defined by
A(J; L)

Dy = sup |—— — An(J)|, (4)
J L

where the supremum is extended over all half-open subintervals J of [0,1)™ and
the counting function A(J; L) is given by

A(J;L) =#{0<n<L—-1:y,€ J} (5)

Note that we always have LDy > 1 (see [9, p. 93]) and Dy < 1. The star
discrepancy D3 of yo,¥y1,...,yr—1 is obtained by letting the supremum in ()
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run only over the half-open intervals J C [0,1)™ with one vertex at the origin.
According to [16, Proposition 2.4] we have

Dy <2"Dj. (6)

For a dimension ¢ > 1, we consider now points zg,z1,...,zy_1 € [0,1)" with
the property that all their coordinates are rational numbers with denominator b,
where b > 2 and k > 1 are fixed integers. We use the complete residue system

modulo b given by
C(b) :=(=b/2,b/2| N Z.

For k > 1 as above, let C(b)* be the set of k-tuples of elements of C(b).
For (hi,...,ht) € C(b)*, we put

1 if (h1,...,h;) =0,
b=%csc(m |hg| /b)  if (h1,...,hg) # 0,

where d = d(hq, ..., hy) is the largest [ with h; # 0. We write C(b)*** for the
set of t x k matrices with entries from C(b). For H = (h;;) € C(b)'**, we define

Qb(hl,...,hk) = { (7)

t
Wy (1) =[] Qu(hjr, - - hjin)- (8)
j=1
Let again
H = (th) S C(b)th
and let

zZ = (z(l), .. .,z(t)> €0,1)"

be a point for which each coordinate is a rational number with fixed denomina-
tor b¥. For each j = 1,...,t, we have a unique representation

k
A0 =3"w? e withall wf? €{0,1,....b—1}.
=1

Then we define

t ok
H@z::ZZhj’lwl(j). 9)

j=11=1
The operation in (@) depends of course on the base b, but for the sake of simplicity

we suppress this dependence in the notation. The value of b will always be clear
from the context.

We write
e(u) = e*™*  for u € R.
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We use the convention that the parameters on which the implied constant in a
Landau symbol O depends are written in the subscript of O. A symbol O without
a subscript indicates an absolute implied constant. Now we recall the following
discrepancy bound which is an immediate consequence of [I6, Theorem 3.12].

LEMMA 1. Letb>2, k> 1, andt > 1 be integers. Let the points
20,%1,...,2n-1 € [0,1)"

be such that all their coordinates are rational numbers with demominator bF.
Then for the discrepancy Dy of these points we have

N1y
Z e <5H®Z">| ,

n=0

1 1 *
o + N Z Wb(H)
HEC(b)t <k

Dy = Oy

where Wy(H) is given by [@) and @) and where the asterisk signifies that the
zero matriz is omitted from the range of summation.

Next we recall the Erdés-Turdn-Koksma inequality for hybrid sequences which
was shown in [20]. For any h = (hq,...,hs) € Z%, we put

M(h) := max |hy|,  r(h):= Hmax(|h,-\,1). (10)

1<i<s
We use - to denote the standard inner product in R?.
LEMMA 2. Letb>2,k>1,s>1, andt > 1 be integers. Let the points
Xp = (Yn,2n) €[0,1)°T n=0,1,...,N -1,

be such that yo,y1,-..,yn—1 € [0,1)° are arbitrary and the coordinates of all

points zg,z1,...,zZy—1 € [0,1)" are rational numbers with denominator bk, Let
Dy be the discrepancy of Xg,X1,...,Xny_1- Then for any integer H > 1 we have
N-1
1 1 1 «  Wy(H) 1
Dv=Ou|mtgty 2 gy | ce(hyntghen) ),
hezs, HeC(b)tXk n=0
M(h)<H

where M(h) and r(h) are as in [I0) and Wy(H) is given by (@) and (8). The
asterisk signifies that the pair (h,H) = (0,0) is omitted from the range of sum-
mation.

37



HARALD NIEDERREITER — ARNE WINTERHOF

4. A bound for additive character sums

Let ¢ = p* with a prime p and an integer k > 1. For n =0,1,..., let &, € F,
and v, € F; be as in Section 2l For integers 1 < N <¢,1<t<q,1< B <p,
and 0 < dy <dy <---<dy <gq,and for p = (u1, pa,..., 1) € Ffl, we introduce
the character sum

N-1 ¢
Sn(p, B) = Z X ZMﬂBnerj ;
n=0 j=1

where x is a nontrivial additive character of IF,.

THEOREM 1. If p # 0 and the conditions above hold, then we have
Sn (1, B)| = 0 (2°(B + 1) D1ag'/2(1 + 10gp)*)

Proof. For fixed j with 1 < j <t and integers 0 < d; < ¢, 0 <n < g, let

dj=dyj+dop+ - +dp;p", 0<dij,day,. .. drj <p,

and

n=mny+nep+ - +ngptt, 0 < ny,ng,...,nk <p,

be the digit expansions of d; and n, respectively, in base p.
Put

d;j+ Bn; + wi,jJ

wy,; = 0 and Wit1,5 = \‘ p

Then we have

Bn+dj =z 4+ 2z ;p+--+ zmpk*l (mod q), 0< 2z1,225,..-52k; <D,

with
255 = Bng 4+ d; j +w;i j — wig1 p, 1=1,2,...k,
and
£Bn+dj = B¢, + gdj + wj,
where
wj = w2 ;B2 + w3 ;B3 + -+ + Wi, Pk
Since

ngi,ng for 7;:2,3,...,]{],

we have at most (B + 1)*~! possible choices for w; and (B + 1)(*=1! possible
choices for (w1, ws,...,w:).

38



DISCREPANCY BOUNDS FOR HYBRID SEQUENCES

We define
Sw;(dj) ={&n : 0<n <N, {Bnya; = B&n +&a; +wj},
Sw17-~-7wk = Swl (dl) n...N ka (dk)a

and note that the latter sets define a partition of {&o,&1,...,{n-1}.
For a fixed ordered basis {f1,..., 3} } of F, over F,,, we call a set of the form

B={v+mpi+-+nmB,:0<n; <Ny, i=1,....k}

for some integers 0 < Ny,..., Ny < p and an element v € F; a boz (including
the empty set). Note that S, (d;) is a box with respect to the ordered basis
{B1,..., B} ={Bp,..., BB} and that the intersection of a family of boxes is
the union of at most 2* boxes. So we can split Sy (u, B) into at most

2k‘(B + 1)(k71)t
sums over boxes
t
Sp = ZX Zujaﬁ—f—(S]—
¢eB j=1
with §; = a(&q, +w;) +d for 1 <j <t

We claim that if ; = d; for some 7 # j, then there is no n with 0 < n < ¢
and £ = B¢, € B, i.e.,

£Bn+di = Bgn + gdi + w; and £Bn+dj = Bgn + é-dj + Ws.

Otherwise, suppose ng is such a value. Then d¢; = d; implies {4, +w; = §a; + w;
and thus pnytd, = {Bno+d,» Which leads to d; = d; (mod ¢), a contradiction.
So for §; = ¢; with ¢ # j,

3718 C Swl(dz) N Swj (d]) =4,

where B~! denotes the inverse of B modulo p.

Using the standard method for completing exponential sums (see [3] or
[8, Chapter 12]), we get

t
SszéZZx D naf+ 85+ 0t| > x(—oC).

o€F, £€F, \j=1 cen

Note that for o € IF, the rational functions

t
Do ni(aX +6,)7" +oX

j=1
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are not of the form A? — A with A € F,(X) by [2I, Lemma 2], and so we can
apply the character sum bound in [I4] to obtain

t
ZX Zuja§+5j+gf :O<tq1/2>.

€T, j=1

From the proof of [3, Theorem 2| we see that

> 1D x(=00)| < g1 +logp)*,

oclF, |CeB

which completes the proof. O

5. Mixing Halton sequences and digital explicit inversive
sequences

We recall the definition of the Halton sequences (see [7], [16, Chapter 3]).
For integers b > 2 and n > 0, let

n= Z a;j(n)b’
j=0

be the digit expansion of n in base b, where a;(n) € {0,1,...,b—1} forall j >0
and a;(n) = 0 for all sufficiently large j. Then we define the radical-inverse
function ¢p in base b by

op(n) = Z a; (n)b=7~1,

For a given dimension s > 1, let by,...,bs be pairwise coprime integers > 2.
Then the Halton sequence (in the bases by, ..., bs) is given by

Yo = ((bbl (n),..., ¢b(n)) €[0,1)*, n=0,1,...
It is a classical low-discrepancy sequence.

We consider now hybrid sequences that are obtained by “mixing” Halton
sequences and digital explicit inversive sequences. As above, we choose a di-
mension s > 1 and pairwise coprime integers by,...,bs > 2. Furthermore, let
20, 21, - - - be the digital explicit inversive sequence in () with least period g = p*,
where p is a prime and k is a positive integer. We choose a dimension ¢ with
1 <t < qandintegers 0 < dy < dy < -+ < dy < q. Then we define the hybrid
sequence

Xn = (05, (n), .. 06, (M), Zntdys - - -, Znta,) €[0,1)°F, n=0,1,... (11)
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We establish the following discrepancy bound for this hybrid sequence.

THEOREM 2. Let ¢ = p* with a prime p and an integer k > 1. Let by, ..., bs be
pairwise coprime integers = 2. Then for 1 < N < q the discrepancy Dy of the
first N terms of the sequence ([I)) satisfies

1/(s(k—1)t+s+1)
Dy = Oty (2504201 + o) o)V ) )

with an implied constant depending only on by, ..., bs, and t.

Proof. Clearly, we can assume that ¢ > 3. We take an integer N with
1 < N < ¢ and we can assume that

N > 2s(k71)t+s+k+1q1/2(1 + logp)k(log q)t7 (12)

for otherwise we have

N Sh—Difsil )
<2,
(2’%11/2(1 + logp)*(log q)t>

that is,

1/(s(k—1)t+s+1) 1
(qul/z(l —Hogp)k(logq)tN_1> >

and the discrepancy bound in the theorem is trivial.

N |

We introduce the integers

1 N DT P
fi = log b; 0g <2kq1/2(1+10gp)k(logq)t> - or 1 <7< s.

(13)
The condition ([I2) guarantees that f; > 0 for 1 < i < s. Furthermore, we define
the positive integer

B:=b" bl
We assume next that N > B. We first consider an interval J C [0,1)5"" of
the form
t
i v+ 1
=13 ) < T[0.w)
b; b; i
with vy,...,v5 € Z, 0 < vz<bf‘for1 <s,and 0 <w; <1forl <<y <t

By the construction of the Halton sequence, we have x,, € J if and only 1f

n=d (mod B) and (Zptdy,---s2n+d,) H [0, w;),
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where d is an integer with 0 < d < B which depends only on .J. Thus, n = Bf+d
for some integer ¢, and the condition 0 < n < N — 1 is equivalent to

0< (< [(N—d-1)/B].

Recall that N > B > d + 1. With A(J; N) as in (@), but relative to the points
X0,X1,--.,Xy—1 in (), we obtain

t
t(2Botdidys - - ZBevdrd,) € | [[0,w))
j=1

A(JiN) = # quJ

B

It follows that
N—-d-1+B|+ N-d-1+B| (5
A(J;N) = {TJ lej +0 ({TJ Din—a-11B)/8)) -
]:

where D(LB) denotes the discrepancy of the L points

(2Betdtdss- - -+ 2Be+a+a,) € [0,1)7, ¢=0,1,...,L—1.
Therefore
N—-d—-1+B (B)
A(J;N):N/\5+t(J)+O<LTJ DL(N—d—H—B)/Bj . (14)

Now we bound DE-JB) for 1 < L < q. We put

Zp = (ZBn+d+d1, s 7an+d+dt) forn=0,1,...

and

EL(H):= Lile (1?{ ® z,,)

n=0 p

for a nonzero t x k matrix H = (h;,) € C(p)**.

Let {B1,...,Bk} be the ordered basis of F, over F, as in Section 2] and let
{01,..., 0%} be its dual basis. Then it is well known (see [I0, p. 58]) that the
coefficients ¢, ; in ([2]) can be represented as

CTL,Z - TI'(O'Z ’yn)v
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where Tr denotes the trace function from F, to F,. By the F,-linearity of the
trace we have

e<17{®zn> = e
p

t ok
1
= e Z—?ZZhj,zTr(UIWBn+d+d,-)

j=11=1

SR

¢k
g E hj1 CBntd+d;
J=11=1

1
= e| -Tr

t
r \=

k
> i o1 VBntdrd,
=1

t
= X E Hj VYBn+d+d; | >
j=1

where x is the canonical additive character of F, and

k
pi=> hjio €Fy  for1<j<t.
=1

Therefore we can write
L—1 t
Er(H) =Y x| D miventara,
n=0 =1

Since the matrix H is nonzero, the elements pu1, ..., u; are not all 0. Note that
the subscripts of v can be considered modulo ¢ since the sequence ~g,71, ... has
period ¢. In order to apply Theorem [l we need to verify that B < p. Since
B = b{l - bls with the f; as in (@), it suffices to show that

N s(kfl‘)st+s+1
< p.
<2kq1/2(1 +log p)*(log q)t> =7
Since N < q, it suffices to verify that

g1/2 < ph=Dt+1+1/s.

Taking into account that ¢ = p* and ¢t > 1, it is straightforward to check the
above inequality. Thus, we have shown that B < p, and so we are now in a
position to apply Theorem [Il This yields

[EL(H)] = Oy (2(B + 1)* D21 + logp)* )
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Then Lemma [Tl with b = p implies that

L
LD® =0, q+2’€(3+1)<’€ D21t logp)t S WL (H)
Hec(p)ka

By [16, Lemma 3.13] we have
> W) = 0 ((loga)) (15)

HeC(p)txk

Hence for 1 < L < g,
LD = 0, (2*(B +1)*1/2(1 + log p)* (log 0)")
Together with (I4) this yields
A(J;N) = Ngt(J) + Oy (Qk(B + 1)B=Dt12(1 4 1og p)* (log q)t) . (16)

Next we consider an interval J C [0,1)%%" of the form
¢
J= H{ , ﬁ) ITo.w)

vl,...,vSEZ,lgvigb'f for 1<i<s, and O<w; <1 for 1 <5<t

with

By adding at most B identities of the form ([If), we obtain
A(J;N) = Ngyo(J) + Oy (2’%3 + 1)E=DHHL2(1 4 log p)* (log q)t> .7

Finally, we consider an arbitrary half-open interval J C [0,1)*"* with one
vertex at the origin, i.e.,

with i=1 J=1
O0<u; <1 for 1<i<s and O<w; <1 for 1 <5<t

By approximating the u; from below and above by the nearest fractions of the
form v;/ blf * with v; € Z, we deduce from (I7) that

D% < Zbi—fi L0, <2k(B + 1)(k—1)t+1q1/2(1 + logp)k(log q)tN—1> 7 (18)
i=1

where D3, is the star discrepancy of the points x¢, X1, ...,xy—1. The bound (I8
is trivial for N < B, and so it holds for all integers N < ¢ satisfying (I2)).
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By ([3) and ([I2) we have

1
N s(k—1)t+s+1
bt > ~1
' 2kq1/2(1 + log p)* (log q)*

1 N s(kfl)lt+s+1
2 <2kq1/2(1 + log p)*(log q)t> '
Thus,

S

Yoot < Z 2b; (2°"/2(1 + logp)* (log )N ")

i=1 =1

1/(s(k—1)t+s+1)
1/(s(k—1)t+s+1)
= Op..0. ((2kq1/2(1 +10gp)'“(10gq)tN_1) ) :

Furthermore,

B+1< (b +1)--- (b +1)

N .s(k71)5t+s+1
< .
h <2kq1/2(1 +log p)*(log q)t>
Using these bounds in (I8)), we obtain

1/(s(k—1)t+s+1)
Dy = Oyt ((2’%11/2(1 + logp)’“(logq)tN”) ) :

An application of (6 completes the proof. O

REMARK 1. It is clear that the proof of Theorem [ works in the same way
if in (I the s-dimensional Halton sequence is replaced by an s-dimensional
generalized Halton sequence in the sense of [5]. This means that in the ith
coordinate (1 < i < s) the jth digit (5 > 1) in base b; can be scrambled by a
permutation

Ti,j of {O,l,...,bi — 1}

The discrepancy bound in Theorem [2] thus holds also if Halton sequences are
replaced by generalized Halton sequences.
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6. Explicit inversive generators of order 7T’

We recall the definition of the explicit inversive generators that were intro-
duced by Meidl and Winterhof [I2] and further analyzed in [I], [13], [24], [25],
[30]. Let the finite field F, be as in Section 2l Choose «, 3,y € F; and assume
that v has order T' > 2 in the multiplicative group Fy. Note that T is a divisor
of ¢ — 1, hence T' < ¢ — 1. Now we define

Qn::a’7n+B€Fq fOI"I”L:O,l,..., (19)

where the bar has the same meaning as in ({J). The sequence go, 01, . .. is peri-
odic with least period T'. This sequence is called an explicit inversive generator
of order T. The maximum period T = g — 1 is attained if and only if 7 is a
primitive element of F, (i.e., v is a generator of the cyclic group Fy).

We derive pseudorandom numbers from this sequence by proceeding as in
Winterhof [30]. As in Section2] let {31, ..., B} be an ordered basis of F, over IF,,.
We write

k
Qn:ch’l,Bl forn=0,1,...,
1=1
with uniquely determined ¢, ; € F), = Z,. Then we define

k
Zn, ::Zcmlp*l €10,1) forn=0,1,...
=1

The sequence zg, z1, ... is called a digital explicit inversive sequence of order T.
It is periodic with least period T. Because of its periodicity, it is meaningful
to consider only the first N < T terms of this sequence. Again, we obtain the
maximum period T' = g — 1 if and only if « is a primitive element of IF,.

We note the following bound on character sums which is obtained from
[30, Theorems 1 and 2].

LEMMA 3. Let x be a nontrivial additive character of Fy and let m be an integer
with 1 <m < q—1. Let ax, ..., an € Fy be distinct and choose 3,y € F such
that v has order T' > 2 in the group Fy. If pa,. .., pm € Fy are not all 0, then

N—-1 m
Z X Zujaj’y" +811=0 (mql/2 logT> for 1< NLT.
n=0 j=1
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7. Mixing Halton sequences and digital explicit inversive
sequences of order T

Halton sequences were introduced in Section Bl We consider now hybrid se-
quences that are obtained by “mixing” Halton sequences and the digital explicit
inversive sequences of order T introduced in Section [6

We choose a dimension s > 1 and pairwise coprime integers by,...,bs = 2.
Furthermore, let zg, z1, ... be a digital explicit inversive sequence of order T" > 2
with parameters «, 8,7 € Fy as in Section [l We assume that

ged(b;, T)=1 for 1<i<s.

For a dimension ¢t with 1 <t < T, we choose integers 0 < dy < ds < --- < dy <T.
Then we define the hybrid sequence

Xn = (¢b1(n)7"'7¢bs(n)72n+d17"'7Zn+dt) € [Oal)Sthv ’I”L:O,l,... (20)
We establish the following discrepancy bound for this hybrid sequence.
THEOREM 3. Under the conditions above, the discrepancy Dy of the first N
terms of the sequence 20)) satisfies

1/(s+1)
Dy = Op,,..p.t ((N‘lqm(logq)t logT) ) for IS NLT

with an implied constant depending only on by,...,bs, and t.

Proof. We proceed in analogy with the proof of Theorem 21 We take an integer
N with 1 < N < T and we can assume that
N > q'/*(logq)" logT,

for otherwise the discrepancy bound in the theorem is trivial. We introduce the
positive integers

1 N
= ] for 1<i< 21
J {(8+ Dlogh;  ° q1/2(10gq)t10gT1 o TR (21)

and we put

B:=bl" . bl
We assume next that N > B. We first consider an interval J C [0,1)5"! of
the form
v vi+1 !
_ v .
J— H bﬁa bf7 X H[va])
i=1L" i j=1
with
V1, ...,V € 7, ogvi<b'f for 1<i<s, and O<w; <1 for 1 <5<t
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In analogy with (I4]) we obtain

N—-d-1+B (B)
A(J;N) = NAsye(J) + O QTJ D{v-a-1+myB))>  (22)
where A(J; N) is the counting function relative to the points xg,X1,...,XN_1

in (20) and D(LB) denotes the discrepancy of the L points

Zy = (anererlv LR ZBn+d+dt) € [07 1)ta n= 05 17 LR L-1
Furthermore, d is an integer with 0 < d < B which depends only on J.
Now we bound D(LB) for 1 < L <T. For a nonzero t x k matrix
H = (hy.) € C(p)™*

we put

-1

Er(H) = e (1—)?{ ® ) |
n=0

By the same arguments as in the proof of Theorem [, we obtain
L—1 t
EL(H) = Z X ZMjQBnererj )
n=0 Jj=1
where x is the canonical additive character of F, and
k
pi=> hjio €F,  for 1<j<t.
=1

In view of ([I9), this yields

L—1 t
Er(H) = > x| morBridtd 43
n=0 j=1
L—1 t
= D x| w4

n=0 j=1
with § = v2. The condition ged(b;, T) = 1 for 1 < i < s implies that ged(B, T) =
1, and so ¢ has order T in the group Fy. Since the matrix H is nonzero, the
elements ji1, ...,y are not all 0. The condition on the integers dy, . .., d; implies
that the elements ay?t%, j = 1,...,t, are distinct. Thus, we can apply Lemma[3]
to obtain

|EL(H)| = O (tq1/2 1ogT).
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Now Lemma [Tl with b = p and ([IH]) yield
LD(LB) = O (q1/2(log q)'log T) for 1<L<LT.
We deduce from (22) that
A(J; N) = NAsyo(J) + Oy (/2(10g 0)' 1og T )

Next we consider an interval J C [0,1)5%" of the form
s t
Ui
J = 1_[|:07 E) X H[O,w])
i=1 i j=1
Withvl,...,vseZ,lgvigb{i forl<i<s,and 0 <wy; <lforl<yj<t
In analogy with (7)) we obtain
A(J;N) = Nge(J) + O, (Bq1/2(log q)t log T) .

Finally, the analog of (I8 is
Dy <Y b7 40, (BN1¢/(logq)' log T), (23)
i=1

where D}, is the star discrepancy of the points xg,xi,...,xy_1 in (20).
This bound is trivial for N < B, and so it holds for all integers N with
q"/*(logq)!log T < N < T. By the definition of the f; in (2I)), we have

N 1/(s+1) ; N 1/(s+1)
< bt < b, for 1 <17 <s,
(ql/ 2(log q)t log T) ! (ql/ 2(log q)* log T) TSRS

and so

N s/(s+1)
B <by---by .
b <q1/2(10gq)tlogT>

From (23)) we get then

1/(s4+1)
DN = Ov,,..p, ¢ ((qul/Q(log Q)tIOgT> ) -

An application of (B) completes the proof. O

REMARK 2. As in Remark [Tl we observe that the discrepancy bound in Theo-
rem Bl holds also if in (20) the s-dimensional Halton sequence is replaced by an
s-dimensional generalized Halton sequence.
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8. Mixing Kronecker sequences and digital explicit
inversive sequences of order T

A Kronecker sequence is a sequence ({na}), n =0,1,..., of fractional parts,
where a € R?® for an arbitrary dimension s > 1. The discrepancy of this se-
quence depends on the simultaneous diophantine approximation character of .
The following definition is relevant here (see e.g. [I5, Definition 6.1]). We write

[ull = min({u}, 1 = {u})

for the distance from u € R to the nearest integer.

DEFINITION 1. Let 7 be a real number. Then « € R® is of finite type 7 if T is
the infimum of all real numbers o for which there exists a constant
c=c(o,a) >0
such that
r(h)?||h-a| >c for all h € Z°\ {0},
where r(h) is as in (I0).
It is well known that we always have 7 > 1 and that there are many exam-
ples of
o € R? with 7=1
(compare with [I9 Remark 1]). The following auxiliary result was shown in
[18, Lemma 3].
LEMMA 4. Let o € R® be such that there exist real numbers
c>1 and ¢>0
with
r(h)?|h-a|| >c¢  forall heZ®\{0}.
Then for any integers
H>1 and N >1

we have
N-1
Z r(h)~! Z e(n(h- a))| = Oq,c (H(“*l)"”*g) for all >0,
hezs n=0

0<M(h)<H

where M (h) and r(h) are as in ([I0).
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Let zg,z1,... be a digital explicit inversive sequence of order T' > 2 with
parameters «, 3,7 € Fy as in Section 6 Here ¢ = p* with a prime p and an
integer k > 1. For a dimension ¢ with 1 <t < T, we choose integers
0<d1<d2<'-~<dt<T.
For a € R® we consider the hybrid sequence
x, = ({nal, zntdys - 2nga,) €[0,1)°1, n=0,1,... (24)
We establish an upper bound on the discrepancy of this hybrid sequence by
using Lemma ] with b = p. We employ the same notation as in Lemma
In particular, we put
Zn = (Znadys - 2ned,) €10,1)5, n=0,1,...

For h € Z%, a t x k matrix H € C(p)***, and an integer N > 1, we introduce
the exponential sum

En(h,H) '—]Vz_fe(n(h.a)—i—l?-[@z) (25)
e ._n:O p va

LEMMA 5. Let ¢ = p* with a prime p and an integer k > 1. Let a € R*,
h € Z*, and let the matriz H € C(p)*** be nonzero. Then for the exponential
sum En(h,H) in 28) we have

|Ex(h,H)| = O <N1/2q1/4(log T)1/2> for < N<T.

Proof. As in the proofs of Theorems [21 and [B] we obtain

t
1
e <]_?H X Zn> =X ZMan—i—dj 5

j=1
where x is the canonical additive character of F, and puq,...,us € F; are not
all 0. Therefore,
N-1 ¢
En(h,H) = e(n(h-a))x | D njontd
n=0 j=1
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Then for 1 < N < T we get

N-1 t
|EN(haH)\2 = Z e((r —n)(h- a))X Zuj(9r+dj — On+d;)
r,n=0 j=1
N-1 t
< N+2 ) e((r—n)(h-a))x | > pj(eria, — 0nta,)
oy J=1
N—-1N-1—-d t
= N+2) > e(dh-a)x [ > ui(ontard, — onta,)
d=1 n=0 j=1
N—-1|N—-1-d t
< N+2 Z Z X Z/“Lj(gnererj — On+d;)
d=1| n=0 j=1

Now we consider the character sum inside the last absolute value bars. Note that
1<d< N <T.Ifdis such that d = d; — dy (mod T') for some 1 < j,¢ <t with
j # £, then we bound the absolute value of the character sum trivially by N.
There are O(t?) such values of d. If d is not of the above form, then using (1)
we write the character sum as
N-1—d t
dox | n (av‘”dwn + 6 —aydiyn + [3)

n=0 j=1

We can now apply Lemma [3 with m = 2¢, and this shows that the absolute value
of the character sum is Oy (ql/ 2logT ) Altogether, we obtain

|Ex(h,H)|> < N + Oi(N) + O, (Nq1/2 logT> — 0, (Nq1/2 logT> :
which yields the desired result. O

In the following discrepancy bound, we use the notion of finite type introduced
in Definition [

THEOREM 4. Let g = p* with a prime p and an integer k > 1. Let 2o, 21, ... be a
digital explicit inversive sequence of order T' > 2 with parameters o, 8, € F as
in Sectionlfl. Let o« € R® be of finite type 7. Then for 1 < N < T the discrepancy
Dy of the first N terms of the sequence [24) satisfies

DN = Oq.te (max(N_l/((T_l)SH)Jre, N_1/2(log N)sq1/4(log q)t(logT)1/2>>
for all e > 0, where the implied constant depends only on «, t, and €.
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Proof. Since the discrepancy bound is trivial for N = 1, we can assume that
2 < N <T. We apply Lemma 2l with b = p and

" [N1/((T1)s+1)w _

Then 2 < H < N < g and

11  Wy(H)
Dy=0,| =+ —= P |Ex(h 2
V=0 gty X Ay IENmAlf 20
hezs, HeC (p)t Xk
M (h)<H

where En(h,H) is given by (25]).

We first consider the pairs (h,H) in the summation in ([28) with h # 0,
M) < H, and H = 0. Then W,(H) =1 by (@) and (8). Furthermore by (23]),
N-1
Enx(h,H) = Z e(n(h- a)).
n=0

Now fix an € > 0. Then the contribution of these pairs to the sum in (20]) is

Z r(h)~*

hezs
0<M(h)<H

N-1

Z e(n(h- a))

n=0

= Oa.c (H(Tﬂ)sﬁ)

— Oa. (N(T—1)s/((7—1)s+1)+5> (27)

according to Lemma [l
The remaining pairs (h, H) in the summation in (26)) satisfy M (h) < H and
H # 0. For these pairs we can apply Lemma [l to obtain

Wo(#) _ 1/2 1/4 1/2 W,(H)
2y EvO =0 NV Qg T) S,

hezs, HeC(p)t Xk hezZs , HeC (p)t Xk

M (h)< H, H#0 M ()< H,HA0
Using ([I3)) and
> r(h) =0, ((log H)*) = O4((log N)?),
heZs
M(h)<H
we get
W, (H
D rﬁl)) B (b, 1)| = O (N*/2(log N)*q*/4(10g )" (10g T)/2)
hezs, ’HEC(}))LXk
M(h)< H, H#0
By combining this bound with ([26]) and ([27), we complete the proof. O
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COROLLARY 1. Consider the special case of Theorem[f] where v € R® is of finite
type T = 1. Then for 2 < N < T the discrepancy Dy of the first N terms of the

sequence (24) satisfies
Dy = Oyt (N~/2(10g N)*q'/*(l0g )" (1og T)"/?)

with an implied constant depending only on o and t.
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