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EQUIDISTRIBUTION IN THE d-DIMENSIONAL
a-ADIC SOLENOIDS

RoMAN URBAN

ABSTRACT. Given a probability measure p on the d-dimensional a-adic sole-
noid Q¢ and an endomorphism 7" of QZ, we consider the relation between uniform
distribution of the sequence T"x for u-almost all x € Q2 and the behavior of 1
relative to the translations by some rational subgroups of Qg. The main result
of this note is an extension of the corresponding result for the d-dimensional torus
T due to B. Host [6].

Communicated by Radhakrishnan Nair

1. Introduction

Given a probability measure p on the d-dimensional torus T¢ and an endo-
morphism 7" of T¢, B. Host considered the relation between uniform distribution
of the sequence Tt for p-almost all t € T? and the behavior of y relative to the
translations by some rational subgroups of T¢. The main aim of this note is to ex-
tend Host’s theorems (see [6l Therem 1 and Theorem 2]) and their proofs to the
d-dimensional a-adic solenoid. The d-dimensional a-adic solenoid is a compact
group which can be considered as an generalization of T¢ (see [T} []).

By P € N we denote the set of primes. For a prime number p € P let Q,
(Zy, respectively) denote the p-adic field of rational numbers (the ring of p-
adic integers, respectively) with the p-adic norm | - |,. We write Q for R and
| - |s for the usual absolute value. Let a € N be a square-free number, that is
a is a product of different prime numbers, i.e., a = p1ps...ps. For any positive
integer d let Q2 be a quotient group of the additive group R? x le X ... X st
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by a discrete subgroup
B — {(b, by, —b):be Z[l/a]d},
where Z[1/a] is the ring obtained from Z by adjoining 1/a. Thus,
QL =R'xQ x--- x@zs/Bd.

The quotient group Q¢ is a compact Abelian group called the d-dimensional
a-adic solenoid (see [4]).

The ring End(2%) of continuous endomorphisms of Q¢ is isomorphic
to M(d, Z[1/a]), where M(d, R) denotes the ring of d x d matrices over a ring R.
The action of the matrix C' € M(d,Z[1/a]) on Hj‘:o ng is given by

C(xg,x1,...,25) = (Cxo,Cx1,...,Cry),

(xo,21,...,25) € Hj‘:o ng, and the vectors xj, € @gw k=0,...,s, are consid-
ered as column vectors.

If C is an endomorphism of QZ, then the dual endomorphism C is given
by the same matrix acting from the right on Z[1/a]?.

Let T € M(d,Z[1/a]). According to [5 [6], we say that the sequence T"x,
x € Q4 is equidistributed in probability for the measure u if, for every weak-*

neighborhood U of the Lebesgue measure,
| N1
. d. * . _
ngnooﬂ{xega L% ;)% ng} 0.
For integer ¢ > 1, define the following subgroup D, of 04,

(o Jda —J1 —Jd —J1 —Jd 4.
Dq —_— {<_TL’ ceey _/I’L’ —n’ ceey —’ ceey —/I’L’ ceey —/I’L> + B .
q q q q q

0<ji,..,Ja<q", n= 1}. (1.1)

Let
Ji Jd —J1 —Jd —J1 —Jd d
D,k:{(_,...,_,_,...,_,...,_,...,_)+B :
q P &~ g P P P
osjl,...,deqk}. (1.2)
Then
Dy = Dyx-
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Define the following measures

W = Z Ox * [d.

x€Dg k
Let
_ du(x)
dwy (x)

or(x) (1.3)

be the Radon-Nikodym derivative.

We say that the probability measure p on Q¢ is D,-conservative if for every
Borel set E with p(E) > 0, there exists y € Dy, y # 0, with u(EN(y+E)) > 0.

We say that p is Dy-conservative with exponential decay if
.. 1
liminf ——log vy (x) > 0, p-a.e.
k—oo k

The main result of this note is the following.

THEOREM 1.4. Let Te M(d, Z[1/al), where a = p1ps . ..ps is a product of differ-
ent primes. Let Dy be the subgroup of Q2. defined in (L)), with g=q5* .. q¢%m > 1,
where ¢; € P, a; > 1.

Assume that

(i) for every integer r > 1 the characteristic polynomial of T is irreducible
over Q,

(ii) forj=1,...,5,]qlp, =1,
(iii) forj=1,...,m, |detT|, = 1.

Then

(1) if the probability measure i on Q& is D,-conservative, then the sequence
T"x is equidistributed in probability for w;

(2) if the probability measure p on Q& is D,-conservative, with exponential
decay then for p-a.e. x € Q% the sequence T"x is equidistributed.

REMARK. Condition (i) implies that det T # 0, that is T € GL(d, R).

REMARK. It should be emphasized that when an appropriate formulation, given
in Theorem [[.4]above, of the extension of Host’s results [6l, Theorem 1 and Theo-
rem 2| is found then the proof is relatively easy. It amounts to some modifications
of the original proofs which are necessary in the new more general setting.
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2. Lemmas

For a given positive integer ¢ we denote by Q2 (q) the subgroup of Q% consisting
of all elements whose order divides q.

LEMMA 2.1. For every q € N, the subgroup

d
o O4(q) ~ Z[1/a)?/qZ[1/a)? ~ (Z[1/a]/qZ[1/a])
is finite.

Proof. (See [1] Lemma I1.13) It is enough to show that Z[1/a|?/qZ[1/a]? is a
finite group. Let 71,...,7. € Z[1/a]? be different elements of Z[1/a]?/qZ[1/a]®.
Consider for n = 0,1, 2,... the following subgroups

G = Z[1/a N %zd of Z[1/a]".

Clearly, GG, is a rank d subgroup of %Zd and so G, ~ Z%. Since G,, C Gpi1
and |J)—, G, = Q4 there exists k € N such that for every 1 < i < ¢, we have
v; € Gj. The elements v1, ...,7. belong to different classes modulo ¢Gj. Since
7% /qZ% has order ¢ we get ¢ < ¢. O

REMARK. It was pointed out by the referee that there is a simple formula for the
cardinality ¢ of the group Z[1/a]?/qZ[1/a]®. More specifically, the cardinality of
Z[1/a)?/qZ[1/a]? is the number of points fixed by the endomorphism x + (1—q)z
on Z[1/a]® There is a well-known formula for the cardinality of the later set,
given for example in [2| Lemma 5.2], from which it follows that

d
c=lals [T laln] < a*
pla

This formula can be view via an adelic covering lemma that makes this just
a volume calculation in some finite product of p-adic fields (see [2]).

Let a be a product of different prime numbers a = pip2 ... ps, p; € P, and let
T = (t;j) € M(d, Z[1/a]) N GL(d,R). Set

r=2+dd—1)/2, (2.2)
and consider, for an integer ¢ satisfying (ii) of Theorem [[L4], the matrix
T € M(d, Z[1/a]/q"Z[1/a)),

with entries
fij = t;; mod ¢"Z[1/a| = t;; + ¢"Z[1/al.
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LEMMA 2.3. Let T € M(d,Z[1/a]) N GL(d,R), r > 1. Let ¢ = q7*q5*... q%r,
¢ € P, a; € N. Assume that for 1 < i < m, |detT|, = 1. Then there exists a
number T € N such that

T = I, mod ¢"Z[1/a]?,
where I stands for the identity d X d-matriz.

Proof. By Lemma 2] the matrix T acts naturally on the finite module
(Z[l/a}/q’"Z[l/aDd over the finite ring Z[1/a]/q"Z[1/a].
Thus we have an action of the semigroup N on (Z[1/a]/q"Z[1/ a])d, given by
kax=TFr, keEN, z € (Z[l/a}/q’"Z[l/aDd. Since |det T, =1, for 1 <i<m,
we conclude that det T is invertible in Z[1/a]/q"Z[1/a], hence
T € GL(d,Z[1/a]/q"Z[1/a]).
Thus {T" : k € N} is a semigroup contained in the finite group
GL(d, Z[1 fal /"2 1 /a);

it follows that {Tk : k € N} is a group. Thus there exists a 7 such that 7 =1,
and the lemma is proved. O

Denote d
I(N)={0,1,...,N — 1}

Let us fix some € € (0,1), and let o be an integer so large that the set

A= {n eN?:p; £ n; mod p® for all ¢ # j and all prime divisors p of q} (2.4)
satisfies

Card(I(N)NA) > (1 —®)N? for all N large enough.
Let p € PU {oo}, and let A = (a;;) € M(d, Q) and z = (z1,...,24)" € Qg be
a column vector. Here and in what follows all vectors are column vectors unless
explicitly written as transposed. We define the norms of A and = by

14]lp = max|ai;l, and |zl = max|z;|p.

Givenq € Z, ¢ > 2, and m,n € Z%, we write m = n mod ¢ if for every 1 < j < d,
m; = n; mod q.

Let A € M(d,Z,) and ||I;— A||, < p~*. It is known (see e.g., [3], [8]) that the
following series

=1
log A := Z _E(Id — A"
n=1
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converges in M(d,Q,) and log A € M(d,Z,). Moreover, if A € M(d,Z,) and
| All, < p~2, then one can define exp A as a series

= 1
exp A := Z HAH
n=0

converging in M(d, Q,), and one has exp A € M(d, Z,).

Let M be the transpose matrix of T7, where 7 is as in Lemma 23] that is
M = (T7)%. Now we are able to generalize the proof of the fundamental bound
from [6l, § 4] to our setting and get the following result.

LeEMMA 2.5. Under the assumptions of Theorem there exists an integer
I > 0 such that for k > 1, m,n € A, and b € Z[1/a]* if m = n mod ¢' and
S M™ib =S M™bmod ¢"tFZ[1/d], then m = n mod g¢*.

Proof. We follow [6]. By Lemma each entry of the matrix Iy — T is equal
to 0 modulo ¢"Z[1/a]. Thus, also (I;—M);; =0 mod ¢"Z[1/a]. Hence, the ijth

entry of the matrix I; — M belongs to ¢"Z[1/al, i.e., is equal to qTW
for some k;; and o, ..., ag; € Z. Using the assumption (ii) of Theorem [4]
for every prime divisor p of ¢ we have
= Ml = max (L — )iy = mie | e T
i, 0. pyopsT
= p Tkijl, <p " <p7
Hence, the following matrices are well defined
A= p"log(M) e M(d,Z,)
and
M? := exp(zp"A) € M(d, Z,,) for x € Z,.
For a given non-zero element b € Z[1/a]? we define
d
Fp:Z§ - 7%,  Fp(z)=> M"b.
Let -
d—1 .
V(z) = H (xj —x;) and Jp = |D det(A) pl_‘ ,
1<i<j<d i=0 »

where D € @Q, is the determinant of the vectors b, Ab, ..., A% 1b in @g.
By [6l Lemma 1], D # 0 (here the assumption (i) of Theorem [[4]is used).
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We need the following lemma.

LEMMA 2.6 ([6, Lemma 3]). Let x € Zg and x; # x; for i # j. Then for all
y € Z& such that ||y, < p" 26,V (x)|, we have

1Ep(z +y) = Fp(2)llp = p~"6p[V (@) [pllyllp-

Now we proceed as in [6, Section 4.3]. We have F,(n) € Z[1/a]¢ for n € N
We have |V (n)|, > p~%4=D2/2 for all n € A and every prime divisor p of ¢
(p = ¢;) by 24). We take 8 > 0 such that g > 2—7’—%—‘—@0{%1‘ all
p=gq;,1=1,...,m. It follows from Lemma 2.6 that for all p = ¢;, m,n € A and

[m —nll, <p~# imply
[ Fp(m) — Fp(n)]lp > p_6_2T+2”m —n[p.

Notice that m =n mod ¢* means that |[m —nl|, < p~*. Similarly, using (ii) of
Theorem [[4] we see that the condition

d d
> M™ib=>"M"bmod ¢"*Z[1/d]
i=1 i=1
means that
[ Fp(m) — Fp(n)lp < p ' h
Hence, Lemma follows. O

3. Proof of Theorem [1.4]

Every z € Q, can be uniquely expressed as a convergent, in | - [,-norm, sum
(Hensel representation),

oo
x:Zxkpk, forsome t €7 and x€{0,1,...,p—1}.
k=t

The fractional part of x € Q,, denoted by {x}, is 0 if the number ¢ in the Hensel
representation is greater than or equal to 0, and equal to ), xpt, if t < 0.
We write {z} for the usual fractional part of = € R.

Recall that, for p € PU{c0}, @p is topologically isomorphic with Q,, and the
action of the character x, € Q, corresponding to z € Q, is

Xo(y) = exp(2mi{zy},).
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We use the notation py = oo. Let S = {po,p1,...,ps}. Denote by Q% =
| ng the “covering space” of Q2. Since Q¢ = Z[1/a]¢ the characters of Q4
are indexed by vectors b € Z[1/a]? and are of the form

X+B H 271'1{(173’5] }P] X:(:}jov..-,«rs)e(@g"

For a given non-zero b € Z[1/al? let

1 N-1
Sn(x) =5 D (1)
n=0

and

L V-1
Sn( =N Z Xo(T"7x) = =N nz::o Xmrb(x)

where M is the transpose matrix of 77 and 7 is as in Lemma

We have

1
i D Xy wrsn(X),

n€l(N)

(SH(0)" =

where I(N) = {0,1,..., N — 1}, Let

- 1
Sv(x) = w3 > Xsod_, amin(X),s

nel(N)NA

where A is defined in (Z4)). Then, for N large enough,

(5% 60" = S% ()] <& (3.1)

LEMMA 3.1. There ezists a constant C > 0 such that for all k > 21, where [ is
from LemmalZ3, and for all N > ¢",

Sy,
/Qg ©r(x) dulx) < G

where @y, is defined in (L3).

Proof. We note that card(D, 1) = ¢%. Using the orthogonality of characters,
i.e., the fact that for every non-zero element b € Z[l/a]dexqu_k Xb(x) = 0,
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we get, in the same way as in [6, §2.3], the following estimate
= 2
Sk ()]
/Qg or(x) ) 2

Je(Z[1/a]/q*Z[1/a])?

i=1
which together with Lemma 23] gives, as in [0], the required bound with
C = (q21 + ql)2d_ 0

Proof of Theorem [[4(1). By the classical results on uniformly distributed
sequences in compact groups [7] we have to show that for every non-zero

4 2
(%card {n eI(N)NA: ZM”fb = j mod qu[l/a]}>

b e Z[1/a)?, ]\}im Sn(x) =0 in pu — probability.
—00
As in [6] it is enough to prove that
im Sy (x) =0 in pu — probability.

1
N —o00
LEMMA 3.2. A probability measure p on Q% is D,-conservative if and only if

or(x) = 0 p—a.e. as k tends to+ oco.

Proof. It is the same as the proof of the corresponding result for the 1-dimen-
sional torus [0, Lemma 2]. O

é\IOW we proceed as in [6]. By Lemma [32] for every € > 0, there exists a Borel
subset

EcQ? with u(E)>1—-¢ and k>0

such that
or(x) < 2™ forall x € E.

By Lemma B.1] we have, for N sufficiently large,
& 2 2d+1 |§JTV(X)|2 2d+1
/|S]Tv(x)| du(x) <e +/7d,u(x) < g2dtie,
E B Pr(x)
Hence, by B.1),
p{x: |S]TV(X)| > 2} <p{x: |§]TV(X)| > Ed}
<e+ e [ 15560 fdux)
E
<1+ C)e,
for N sufficiently large, and part (1) of Theorem [[4] is proved. O
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Proof of Theorem [[4(2). We have to show that limy_.., S} (x) = 0
for p-a.e. x. The proof given in [6] works in this case again. We include here
the main steps for the convenience of the reader.

The measure 1 is Dg-conservative with exponential decay. Hence, for every
£ >0, we can find 7 > 0 and the set I with p(F) > 1 — 5, such that

1

lim inf —— log v (x) > 7 for x € F.
k—o0 k

Hence, there is a set E with u(E) > 1 —¢ and K € N, K > 2I, where [ is from

Lemma 25 such that

on(x) < e M forx e £ and k> K.

Using Lemma B3] similarly as in the proof of part (1) above, we get
/|§N(x)|2§06k" for k> K and N > ¢,
E
and consequently, taking k = [log N/ logq],
/E‘SN (X)‘Q < Ce"N~"/1984 for N sufficiently large.

This shows that if mn/logq > 1, then limy_, S'Nm = 0 a.e. on F. This implies,
in a standard way, that for y-a.e. x € E, limsupy_, . |Sn(x)| < €, and the result
follows. 0
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