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KATALIN GYARMATI � CHRISTIAN MAUDUIT � ANDRÁS SÁRKÖZYHere we will return to the measures Qk and the normality measure; in partic-ular, we will focus on their minimal values, but we will also study some otherrelated problems. However, �rst in Section 2 we will recall some basic de�nitionsand results from the one dimensional case, and we will also add some further(one-dimensional) results. In Section 3 we will recall some main de�nitions andresults in the two dimensional case, and we will also introduce the notion of thecorrelation measure in this case. The rest of the paper will be devoted to newtwo dimensional results and problems.2. The basic de�nitions and results in one dimensionConsider a binary sequence
EN = {e1, e2, . . . , eN} ∈ {−1,+1}N . (2.1)In [14] Mauduit and Sárközy introduced the following measures of pseudoran-domness: The well-distribution measure of EN is de�ned by

W (EN ) = max
a,b,t
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∣where the maximum is taken over all a, b, t ∈ N with 1 ≤ a ≤ a+ tb ≤ N , andthe correlation measure of order k of EN is de�ned as
Ck(EN ) = max

M,D
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∣where the maximum is taken over all D = (d1, . . . , dk) and M such that
0 ≤ d1 < · · · < dk ≤ N − M . Then the sequence EN is considered to be a�good� pseudorandom sequence if both W (EN ) and Ck(EN ) (at least for �small�
k) are �small� in terms of N (in particular both are o(N) as N → ∞). Indeed,later Cassaigne, Mauduit and Sárközy [5] showed that this terminology is jus-ti�ed since for almost all EN ∈ {−1,+1}N both W (EN ) and Ck(EN ) are lessthan N1/2(logN)c. (See also [2].) In [14] the combination of the well-distributionmeasure and the correlation measure was also introduced: The combined pseu-dorandom measure of order k is de�ned as

Qk(EN ) = max
a,b,t,D
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MEASURES OF PSEUDORANDOMNESS OF BINARY LATTICES, IIIwhere the maximum is taken over all a, b, t and D = (d1, . . . , dk) such that allthe subscripts a+ jb+ d` belong to {1, 2, . . . , N}. Note that clearly we have
Q1(EN ) = W (EN ) for all N ∈ N and EN ∈ {−1,+1}N (2.2)and

Ck(EN ) ≤ Qk(EN ) for all k,N ∈ N with k < N and EN ∈ {−1,+1}N .(2.3)Now consider again the binary sequence (2.1), and for k ∈ N, M ∈ N and
X = {x1, . . . , xk} ∈ {−1,+1}k let

T (EN ,M,X) = |{n : 0 ≤ n < M, {en+1, en+2, . . . , en+k} = X}| .Then the normality measure of order k of EN is de�ned as
Nk(EN ) = max

X∈{−1,+1}k

max
0<M≤N+1−k
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∣

∣

T (EN ,M,X)− M
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∣

,and the normality measure of EN is de�ned as
N(EN ) = max

k≤(logN)/ log 2
Nk(EN ).It was proved in [14] that for all N, EN and k < N we have

Nk(EN ) ≤ max
1≤t≤k

Ct(EN ).Since 1997 many papers have been written on these measures of pseudoran-domness and on the pseudorandom properties of special sequences; a list of thesepapers is presented in Part I of this series [9]. The main subject of this paperis the estimate of the minima of the pseudorandom measures, thus here we willrestrict ourselves to giving a short survey of the results proved in this directionin one dimension.In [16] Roth provedTheorem A. We have
min

EN∈{−1,+1}N

W (EN )

(

= min
EN∈{−1,+1}N

Q1

(

EN

)

)

� N1/4. (2.4)More precisely, this estimate does not appear explicitely in his paper; however,by adapting his method, one can prove the following more general result easily:185



KATALIN GYARMATI � CHRISTIAN MAUDUIT � ANDRÁS SÁRKÖZYTheorem B. Let N,Q ∈ N, Q ≥ 2, and write Q1 = [Q/2]. Let s1, s2, . . . , sNbe complex numbers, and set si = 0 for i = 0,−1,−2, . . . and i = N+1, N+2, . . .Then we have
Q
∑

q=1

N
∑

n=1−(Q1−1)q

∣

∣sn + sn+q + sn+2q + · · ·+ sn+(Q1−1)q

∣

∣

2 ≥
(

2

π
Q1

)2 N
∑

m=1

|sm|2.(2.5)(This version of the result appears in [17].) Choosing here sn = en for n =

1, 2, . . . , N and Q = [
√
N ], we get easily that the greatest term in the doublesum in (2.5) satis�es

∣

∣

∣en + en+q + en+2q + · · ·+ en+([
√
N/2]−1)q

∣

∣

∣� N1/4which proves (2.4).In the opposite direction Beck [4] proved:
min

EN∈{−1,+1}N

W (EN )

(

= min
EN∈{−1,+1}N

Q1

(

EN

)

)

� N1/4(logN)5/2.Later Matou²ek and Spencer [15] improved this toTheorem C. We have
min

EN∈{−1,+1}N

W
(

EN

)

� N1/4.Thus now it is known that the exact order of magnitude of minW
(

EN

)is N1/4.Now consider min
EN

Ck(EN ). Cassaigne, Mauduit and Sárközy [5] showed thatfor every �xed k ∈ N we have
min

EN∈{−1,+1}N

Ck

(

EN

)

� (kN logN)1/2, (2.6)and if k is even, then
min

EN∈{−1,+1}N

Ck(EN ) � logN (for k even). (2.7)On the other hand, they showed that if EN = {e1, e2, . . . , eN} ∈ {−1,+1}N isde�ned by en = (−1)n for n = 1, 2, . . . , N , then we have
Ck(EN ) = 1 (for k odd)thus for all N ,

min
EN∈{−1,+1}N

Ck(EN ) = 1 (for k odd). (2.8)Later Alon, Kohayakawa, Mauduit, Moreira and Rödl [1], [13] improved (2.7) to:186



MEASURES OF PSEUDORANDOMNESS OF BINARY LATTICES, IIITheorem D. If k,N ∈ N, 2 ≤ k ≤ N and k is even, then
min

EN∈{−1,+1}N

Ck(EN ) �
(

N

k

)1/2

(for k even). (2.9)Thus now the order of magnitude of minCk(EN ) is known, apart from alogarithmic factor, for �xed even k.On the other hand, we know very little on the minimum of the normalitymeasure. Authors of the paper [1] proved the following results:Theorem E.(i) We have
min

EN∈{−1,+1}N

Nk(EN ) = 1− 2−k for any k ≥ 1 and any N ≥ 2k. (2.10)(ii) We have
min

EN∈{−1,+1}N

Nk(EN ) ≥
(

1

2
+ o(1)

)

logN

log 2
. (2.11)Theorem F. For N > N0 we have

min
EN∈{−1,+1}N

Nk(EN ) ≤ 3N1/3(logN)2/3. (2.12)There is a huge gap between the lower bound (2.11) and the upper bound(2.12). They write in [1]: �We suspect that the logarithmic lower bound�[in (2.11)] �is far from the truth�. They pose the following problem:Problem 1. Is there an absolute constant α > 0 for which we have
min

EN∈{−1,+1}N

Nk(EN ) ≥ Nαfor all large enough N?Now this is, perhaps, the most important unsolved problem in this �eld.Finally,minEN∈{−1,+1}N Qk(EN ) has not been studied yet. Thus we will com-plete this section by proving a theorem in this direction:Theorem 1.(i) If k,N ∈ N, 2 ≤ k ≤ N and k is even, then
min

EN∈{−1,+1}N

Qk(EN ) �
(

N

k

)1/2

(for k even). (2.13)187



KATALIN GYARMATI � CHRISTIAN MAUDUIT � ANDRÁS SÁRKÖZY(ii) For every 0 < ε < 1 there is a number N0(ε) such that if k,N ∈ N,
N > N0(ε) and k ≤ (1− ε)N , then

min
EN∈{−1,+1}N

Qk(EN ) � ε1/4N1/4 (for all k ≤ (1− ε)N). (2.14)(iii) We have
min

EN∈{−1,+1}N

Q1(EN ) � N1/4.(iv) If k ∈ N, k ≥ 2, then there is a number N0 = N0(k) such that for N ∈ N,
N > N0 we have

min
EN∈{−1,+1}N

Qk(EN ) ≤ 9(kN logN)1/2. (2.15)(v) For all k,N ∈ N with 2 ≤ k ≤ N we have
min

EN∈{−1,+1}N

Qk(EN ) � kN1/2 logN.Observe that for odd k there is a signi�cant di�erence between the behaviorof Ck and Qk: while minEN
Ck(EN ) is bounded for odd k by (2.8), we have

minEN
Qk(EN ) � N1/4 for odd k as well by (2.14).P r o o f o f T h e o r e m 1.(i) This follows trivially from (2.3) and (2.9).(ii) Let EN = {e1, e2, . . . , eN}, M = [εN ], and de�ne FM = {f1, f2, . . . , fM} ∈

{−1,+1}M by
fn = enen+1 . . . en+k−1(note that M + k − 1 ≤ [εN ] + (1 − ε)N − 1 < N). Then using (2.4)in Theorem A with FM in place of EN we obtain that there exist a, b, twith 1 ≤ a ≤ a+ (t− 1)b ≤ M such that
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� M 1/4 � ε1/4N1/4. (2.16)By the de�nition of Qk we have
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≤ Qk(EN ), (2.17)and (2.14) follows from (2.16) and (2.17).(iii) This follows from Theorem C by (2.2).188



MEASURES OF PSEUDORANDOMNESS OF BINARY LATTICES, III(iv) By the n = 1, ε = 1
2 special case of the second half (more precisely, for-mula (3.3)) of Theorem 1 of Hubert, Mauduit and Sárközy in [12], choosingevery EN ∈ {−1,+1}N with equal probability 2−N we have

P
(

Qk(EN ) > (81kN logN)1/2
)

<
1

2
for N > N0(k),so that

Qk(EN ) ≤ 9(kN logN)1/2holds for at least half of the sequences EN ∈{−1,+1}N which proves (2.15).(v) Let p denote the smallest prime greater than N , and let EN denote theLegendre symbol sequence EN =
{(

1
p

)

,
(

2
p

)

, . . . ,
(

N
p

)}. Then by (3.1)in [14] we have
Qk(EN ) ≤ 9kp1/2 log p � kN1/2 logN as N → ∞.We remark that for odd (�xed) k there is a large gap between the lowerbound (2.14) and the upper bound (2.15):

N1/4 � min
EN∈{−1,+1}N

Qk(EN ) � (kN logN)1/2 (k > 1 odd, �xed). (2.18)
�Problem 2. Tighten the gap between the lower and upper bounds in (2.18).We remark that a further pseudorandom measure, the symmetry measure wasintroduced in [7], and its minimum was also estimated there. Since both the twodimensional extension of this measure and the minimum of it was studied inPart II of this series [10] thus we do not include this measure in this paper.3. The basic de�nitions and results in two dimensionsIn [12] Hubert, Mauduit and Sárközy introduced the following de�nitions:Denote by InN the set of n-dimensional vectors whose coordinates are integersbetween 0 and N − 1:

InN = {x = (x1, . . . , xn) : xi ∈ {0, 1, . . . , N − 1}}.This set is called an n-dimensional N -lattice or brie�y an N -lattice. In [11]this de�nition was extended to more general lattices in the following way: Let
u1,u2, . . . ,un be n linearly independent vectors over the �eld of the real numbers189



KATALIN GYARMATI � CHRISTIAN MAUDUIT � ANDRÁS SÁRKÖZYsuch that the i-th coordinate of ui is a positive integer and the other coordi-nates of ui are 0, so that ui is of the form (0, . . . , 0, zi, 0, . . . , 0) (with zi ∈ N).Let t1, t2, . . . , tn be integers with 0 ≤ t1, t2, . . . , tn < N . Then we call the set
Bn

N = {x = x1u1 + · · ·+ xnun : 0 ≤ xi |ui| ≤ ti(< N) for i = 1, . . . , n}an n-dimensional box N -lattice or brie�y a box N -lattice.In [12] the de�nition of binary sequences was extended from one dimensionto n dimensions by considering functions of type
η(x) : InN → {−1,+1}.If x = (x1, . . . , xn) so that η(x) = η((x1, . . . , xn)), then we will simplify thenotation slightly by writing η(x) = η(x1, . . . , xn). Such a function can be visu-alized as the lattice points of the N -lattice replaced by the two symbols + and

−, thus they are called binary N -lattices.In [12] Hubert, Mauduit and Sárközy introduced the following measures ofpseudorandomness of binary lattices (here we will present the de�nition in thesame slightly modi�ed but equivalent form as in [11]): Let
η : InN → {−1,+1}.De�ne the pseudorandom measure of order k of η by

Qk(η) = max
B,d1,...,dk
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∣

∣

∣

∣

∑

x∈B

η(x+ d1) · · · η(x+ dk)

∣

∣

∣

∣

∣

, (3.1)where the maximum is taken over all distinct d1, . . . ,dk ∈ InN and all box N --lattices B such that B+d1, . . . , B+dk ⊆ InN . Note that in the one dimensionalspecial case the measure Qk(η) is the same as the combined pseudorandommeasure of order k described in Section 2.Then η is said to have strong pseudorandom properties, or brie�y, it is con-sidered as a �good� pseudorandom binary lattice if for a �xed n and �large� Nthe measure Qk(η) is �small� (much smaller, than the trivial upper bound Nn).This terminology is justi�ed by the fact that, as it was proved in [12], for atruly random binary lattice de�ned on InN and for �xed k the measure Qk(η) is�small�, more precisely, it is less than Nn/2 multiplied by a logarithmic factor.A list of papers written on pseudorandomness of binary lattices is presented inPart I of this series [9].Note that while in one dimension we separated Qk into the measures W and
Ck, here in n dimension the analog of Ck has not been introduced yet (the analogof W (EN ) = Q1(EN ) is Q1(η)). The reason of this is that in one dimension thedistribution in arithmetic progression and the correlation are standard notionswhich are intensively studied independently of the notion of pseudorandomness,190



MEASURES OF PSEUDORANDOMNESS OF BINARY LATTICES, IIIand this fact has no analog in n dimensions; besides, if we are interested only inpseudorandomness, then the use of the measure Qk is su�cient. In spite of thisnow we introduce the n-dimensional extension of the notion of correlation sincelater in this paper we will need it:The correlation measure of order k of the lattice η : I2N → {−1,+1} isde�ned by
Ck(η) = max

B′,d1,...,dk

∣

∣

∣

∣

∣

∑

x∈B′

η(x+ d1) · · · η(x+ dk)

∣

∣

∣

∣

∣

,where the maximum is taken over all distinct d1, . . . ,dk ∈ InN and all box lattices
B′ of the special form

B′ = {x = (x1, . . . , xn) : 0 ≤ x1 ≤ t1(< N), . . . , 0 ≤ xn ≤ tn(< N)}such that B′ + d1, . . . , B
′ + dk ⊆ InN . Note that it follows trivially from thede�nition that for all η, k we have

Ck(η) ≤ Qk(η) (3.2)(but Qk is usually much greater than Ck). Later some of our methods used forgiving lower bounds for Qk will also give the same lower bound for Ck. It willbe worth to formulate these results in terms of Ck instead of Qk since in thisway we get sharper results by (3.2).In this section so far we have been considering n-dimensional binary lattices.From now on (as in the earlier parts of this series) we restrict ourselves to thespecial case n = 2. Namely, the general case could be handled similarly, just theformulas are much more complicated and lengthy.Another measure of pseudorandomness, the normality measure in two dimen-sions was introduced in Part I of this series [9]. For k, ` ∈ N let M(k, `) denotethe set of the (k × `) matrices A = (aij) with aij ∈ {−1,+1} for 1 ≤ i ≤ k,
1 ≤ j ≤ `, let η(x, y) : I2N → {−1,+1} be a (two-dimensional) binary lattice,and for X = (xij) ∈ M(k, `) let

Z(η, U, V,X) =|{(m,n) : 0 ≤ m < U, 0 ≤ n < V,

η(m− 1 + i, n− 1 + j) = xij for 1 ≤ i ≤ k, 1 ≤ j ≤ `}|.Then the the normality measure of order (k, `) of η is de�ned as
N(k,`) = max

X∈M(k,`)
max

0<U≤N+1−k
0<V≤N+1−`

∣

∣

∣

∣

Z(η, U, V, x)− UV

2k`

∣

∣

∣

∣

,while the normality measure of η is de�ned as
N(η) = max

k`≤(2 logN)/ log 2
Nk,`(η). 191



KATALIN GYARMATI � CHRISTIAN MAUDUIT � ANDRÁS SÁRKÖZYIn this paper, �rst in Section 4 we will prove a result of independent interestto be used in the estimate of minQk(η). Then in Section 5, 6 and 7 we willestimate minCk(η) and minQk(η). In Section 8 we will prove an inequality on
C2 and C3. Finally, in Section 9 we will estimate minN(η).4. Generalization of Roth's theorem to two dimensionsIn this section we will prove the following two dimensional generalization ofRoth's Theorem A, more precisely, of the more general Theorem B:Theorem 2. Let N ∈ N, Q ∈ N and

Q ≥ 2, (4.1)and write Q1 = [Q/2].For u = 1, 2, . . . , N and v = 1, 2, . . . , N , let su,v be complex numbers, and set
su,v = 0 if u, v ∈ Z and one of u < 1, u > N, v < 1, v > N holds. (4.2)For m,n ∈ Z and q, r, ` ∈ N, write

D(m,n, q, r, `) =

`−1
∑

j=0

`−1
∑

k=0

sm+jq,n+kr.Then we have
Q
∑

q=1

Q
∑

r=1

N
∑

m=1−(Q1−1)q

N
∑

n=1−(Q1−1)r

|D(m,n, q, r, Q1)|2 ≥
(

2

π
Q1

)4 N
∑

m=1

N
∑

n=1

|sm,n|2.(4.3)Corollary 1. Having the assumptions and notations of Theorem 2, thereexist m,n ∈ Z and q, r ∈ N such that
1 ≤ q, r ≤ Q (4.4)and

|D(m,n, q, r, Q1)| ≥
(

2

π

)2 [
Q

2

]2

Q−1

(

N +
Q2

4

)−1
(

N
∑

m=1

N
∑

n=1

|sm,n|2
)1/2

. (4.5)Corollary 2. If ε > 0, N > N0(ε) is a positive integer, su,v ∈ C for u, v ∈
{1, 2, . . . , N}, and we also use the notation (4.2), then there exist m,n ∈ Z and
q, r ∈ N such that q, r ≤ N1/2 and

∣

∣

∣D(m,n, q, r, [N1/2/2])
∣

∣

∣ ≥
(

4

5π2
− ε

)

(

1

N2

N
∑

m=1

N
∑

n=1

|sm,n|2
)1/2

N1/2.192



MEASURES OF PSEUDORANDOMNESS OF BINARY LATTICES, IIIWe remark that we will use these results, more precisely, Corollary 2 later insection 5 in the lower estimate of minQk in Theorem 3 where it would su�ceto use a more special result of Doerr, Srivastav and Wehr [6]. However, themore general form presented above can be useful in many applications (e.g.,character sum estimates in the manner of [17]), study of k-ary lattices, i.e.,lattices composed of k symbols instead of binary lattices, etc.); besides, in [6]the authors write �. . . we were not able to generalize Roth's proof to higherdimensions. Instead we use a di�erent approach. . . � Thus we think it is of someinterest to present here the much more general result Theorem 2 which can beproved by an adaption of Roth's original method using elementary harmonicanalysis only.P r o o f o f T h e o r e m 2. Let
F (α) =

Q1−1
∑

j=0

e(jα)(we use the notion e(β) = e2πiβ) and
S(α, β) =

N
∑

m=1

N
∑

n=1

sm,ne(mα)e(nβ).Adapting Roth method, we start out from the integral
J =

∫ 1

0

∫ 1

0

Q
∑

q=1

Q
∑

r=1

|F (qα)F (rβ)S(α, β)|2 dαdβ.As Roth proved (see (11) in [16]) we have
Q
∑

q=1

|F (qα)|2 ≥
(

2

π
Q1

)2 for all 0 ≤ α ≤ 1.Thus by Parseval's formula we have
J =

∫ 1

0

∫ 1

0

|S(α, β)|2
Q
∑

q=1

|F (qα)|2
Q
∑

r=1

|F (rβ)|2 dαdβ

≥
(

2

π
Q1

)4 ∫ 1

0

∫ 1

0

|S(α, β)|2 dαdβ

=

(

2

π
Q1

)4 N
∑

m=1

N
∑

n=1

|sm,n|2 . (4.6)193



KATALIN GYARMATI � CHRISTIAN MAUDUIT � ANDRÁS SÁRKÖZYOn the other hand, again by Parseval's formula (and using also (4.2)) we have
J =

Q
∑

q=1

Q
∑

r=1

∫ 1

0

∫ 1

0

|F (qα)F (rβ)S(α, β)|2 dαdβ

=

Q
∑

q=1

Q
∑

r=1

∫ 1

0

∫ 1

0

∣

∣

∣

∣

∣

∣

Q1−1
∑

j=0

e(jqα)

Q1−1
∑

k=0

e(krβ)

N
∑

m=1

N
∑

n=1

sm,ne(mα)e(nβ)

∣

∣

∣

∣

∣

∣

2

dαdβ

=

Q
∑

q=1

Q
∑

r=1

∫ 1

0

∫ 1

0

∣

∣

∣

∣

∣

∣

Q1−1
∑

j=0

Q1−1
∑

k=0

N
∑

m=1

N
∑

n=1

sm,ne
(

(m+ jq)α
)

e
(

(n+ kr)β
)

∣

∣

∣

∣

∣

∣

2

dαdβ

=

Q
∑

q=1

Q
∑

r=1

∫ 1

0

∫ 1

0

∣

∣

∣

∣

∣

∣

N+(Q1−1)q
∑

u=1

N+(Q1−1)r
∑

v=1

Q1−1
∑

j=0

Q1−1
∑

k=0

su−jq,v−kre(uα)e(vβ)

∣

∣

∣

∣

∣

∣

2

dαdβ

=

Q
∑

q=1

Q
∑

r=1

∫ 1

0

∫ 1

0

∣

∣

∣

∣

∣

N+(Q1−1)q
∑

u=1

N+(Q1−1)r
∑

v=1

D(u− (Q1 − 1)q, v − (Q1 − 1)r, q, r, Q1)e(uα)e(vβ)

∣

∣

∣

∣

∣

2

dαdβ

=

Q
∑

q=1

Q
∑

r=1

N+(Q1−1)q
∑

u=1

N+(Q1−1)r
∑

v=1

|D(u− (Q1 − 1)q, v − (Q1 − 1)r, q, r, Q1)|2

=

Q
∑

q=1

Q
∑

r=1

N
∑

m=1−(Q1−1)q

N
∑

n=1−(Q1−1)r

|D(m,n, q, r, Q1)|2 (4.7)(4.3) follows from (4.6) and (4.7) and this completes the proof of the theorem.
�P r o o f o f C o r o l l a r y 1. Let us write

D = max
1≤q,r≤Q

1−(Q1−1)q≤m,n≤N

|D(m,n, q, r, Q1)| .194



MEASURES OF PSEUDORANDOMNESS OF BINARY LATTICES, IIIThen the left hand side of (4.3) is
Q
∑

q=1

Q
∑

r=1

N
∑

m=1−(Q1−1)q

N
∑

n=1−(Q1−1)r

|D(m,n, q, r, Q1)|2

≤ D2

(

Q
∑

q=1

N + (Q1 − 1)q

)2 (4.8)
≤ D2Q2

(

N +

(

Q

2
− 1

)

(Q+ 1)

2

)2

≤ D2Q2

(

N +
Q2

4

)2

. (4.9)Combining (4.3) with (4.9) we obtain
D2Q2

(

N +
Q2

4

)2

≥
(

2

π
Q1

)4 N
∑

m=1

N
∑

n=1

|sm,n|2 .It follows from this that
D ≥

(

2

π

)2 [
Q

2

]2

Q−1

(

N +
Q2

4

)−1
(

N
∑

m=1

N
∑

n=1

|sm,n|2
)1/2which proves that there existm,n ∈ Z and q, r ∈ Q satisfying (4.4) and (4.5). �Corollary 2 can be obtained from Corollary 1 by choosing Q = [
√
N ], we leavethe details to the reader.5. The minimum of Qk in two dimensions: lower bound forevery kFirst we will prove the two dimensional analog of (ii) in Theorem 1.Theorem 3. For every number 0 < ε < 1 there is a number N0(ε) such thatif k,N ∈ N, N > N0(ε) and k ≤ (1− ε)N , then

min
η: I2

N
{−1,+1}

Qk(η) � ε1/2N1/2 (for all k ≤ (1− ε)N). (5.1)195



KATALIN GYARMATI � CHRISTIAN MAUDUIT � ANDRÁS SÁRKÖZYP r o o f o f T h e o r e m 3. Consider �rst the special case k = 1. Then by Theo-rem 1.2 of Doerr, Srivastov and Wehr [6] we have
Q1(η) � N1/2 (5.2)for all η : I2N → {−1,+1} (note that this also follows from Corollary 2 immedi-ately by taking there sm,n = η(m,n)) which proves (5.1) for k = 1.Assume now that η : I2N → {−1,+1} and 2 ≤ k ≤ (1−ε)N . WriteM = [εN ],and de�ne the binary M -lattice ϕ : I2M → {−1,+1} by

ϕ(u, v) = η(u, v)η(u+1, v+1) . . . η(u+ k− 1, v+ k− 1) for 0 ≤ u, v ≤ M − 1(note that then max{u+k−1, v+k−1} ≤ M−1+k−1 ≤ εN−1+(1−ε)N−1 <
N − 1). Then using the k = 1 special case in (5.2) of (5.1) (that we have provedalready) with M and ϕ in place of N and η we obtain that

Q1(ϕ) � M 1/2 � ε1/2N1/2,i.e., there is a box M -lattice B and a d ∈ I2M with B + d ⊆ I2M and
∣

∣

∣

∣

∣

∑

x∈B

ϕ(x+ d)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∑

x∈B

η(x+ d)η
(

x+
(

d+ (1, 1)
)

)

. . . η
(

x+
(

d+ (k − 1, k − 1)
)

)

∣

∣

∣

∣

∣

� ε1/2N1/2which proves (5.1). �6. The minimum of Ck in two dimensions, lower bound for
Qk for even kFirst we will show that as in one dimension, Ck is bounded if k is odd:Proposition 1. If k,N ∈ N, 1 ≤ k ≤ N and k = 2`+ 1 is odd, then we have
min

η: I2

N
→{−1,+1}

Ck(η) = 1. (6.1)Note that as in one dimension, there is a signi�cant di�erence between thebehavior of minCk and minQk for odd k: by (6.1) we have minη Ck(η) = O(1),while minη Qk(η) � N1/2 holds for odd k as well by (5.1).196



MEASURES OF PSEUDORANDOMNESS OF BINARY LATTICES, IIIP r o o f o f P r o p o s i t i o n 1. For any η : I2N → {−1,+1} consider the box B′consisting of the single point (0, 0). Then for any distinct d1,d2, . . . .dk ∈ I2Nwe have
∣

∣

∣

∣

∣

∑

x∈B′

η(x+ d1) . . . η(x+ dk)

∣

∣

∣

∣

∣

= |η(d1) . . . η(dk)| = 1whence
Ck(η) ≥ 1for all η, so that

min
η

Ck(η) ≥ 1. (6.2)To show that this minimum is ≤ 1, consider the special lattice η de�ned by
η(i, j) = (−1)i+j for i, j ∈ {0, 1, . . . , N − 1},and consider any B′, d1 = (d′1, d1”), . . . ,dk = (d′k, dk”) satisfying the require-ments in the de�nition of Ck. Then we have

∣

∣

∣

∣

∣

∑

x∈B′

η (x+ d1) . . . η(x+ dk)

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∑

(i,j)∈B′

η ((i, j) + (d′1, d1”)) . . . η((i, j) + (d′k, dk”))

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∑

(i,j)∈B′

η(i+ d′1, j + d1”) . . . η(i+ d′k, j + dk”)

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∑

(i,j)∈B′

(−1)(i+d′
1
+j+d1”)+ ...+(i+d′

k
+j+dk”)

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

(−1)d
′
1
+d1”+ ...+d′

k
+dk”

∑

(i,j)∈B′

(−1)k(i+j)

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

∑

(i,j)∈B′

(−1)i+j

∣

∣

∣

∣

∣

∣ 197



KATALIN GYARMATI � CHRISTIAN MAUDUIT � ANDRÁS SÁRKÖZYsince k is odd. It is easy to see that for a box B′ of the type studied by us thislast sum is always −1, 0 or +1, thus we always have
∣

∣

∣

∣

∣

∑

x∈B′

η (x+ d1) . . . η(x+ dk)

∣

∣

∣

∣

∣

≤ 1so that
Ck(η) ≤ 1.Thus we have

min
η

Ck(η) ≤ 1. (6.3)(6.1) follows from (6.2) and (6.3), and this completes the proof of Proposi-tion 1. �Now we will prove the two dimensional analog of (2.9) in Theorem D.Theorem 4. If k,N ∈ N, 2 ≤ k ≤ N and k = 2` is even, then
min

η: I2

N
→{−1,+1}

Ck(η) ≥
√
2

3k
N. (6.4)It follows from (3.2) and Theorem 4 that

min
η

Qk(η) ≥
√
2

3k
N (for k even)also holds which is much better than the lower bound � N1/2 in Theorem 3valid for all k.P r o o f o f T h e o r e m 4. We adapt the method of Anantharam [3] to provethe theorem. We remark that the method of the proof of Alon, Kohayakawa,Mauduit, Moreira and Rödl [1], [13] also could be adapted and, indeed,it would give this lower bound with a slightly better absolute constant factor.(One can prove Q2k(η) ≥

√
3
2

[

N
k+1

] by their method.) However, we preferred touse Anantharam's method since it is simpler and easier to adapt.Let
M,L ∈ N,M + L ≤ N + 1, η : I2N → {−1,+1},and write

cd1,d2,...,dk
=
∑

u∈I2

M

η(u+ d1)η(u+ d2) . . . η(u+ dk).198



MEASURES OF PSEUDORANDOMNESS OF BINARY LATTICES, IIIThen we have
∑

d1,...,dk∈I2

L

c2d1,...,dk
=

∑

d1,d2,...,dk∈I2

L





∑

u∈I2

M

η(u+ d1) . . . η(u+ dk)





2

=
∑

d1,d2,...,dk∈I2

L

∑

u∈I2

M

∑

v∈I2

M

η(u+ d1) . . . η(u + dk)η(v + d1) . . . η(v + dk)

=
∑

u∈I2

M

∑

v∈I2

M





∑

d∈I2

L

η(u+ d)η(v+ d)





k(a)
≥
∑

u∈I2

M





∑

d∈I2

L

η(u + d)2





k

= M 2L2k,where step (a) comes from dropping all the o�-diagonal terms, which are non-negative since k is even. Now we may write
∑

d1,d2,...,dk∈I2

L

c2d1,...,dk
= k!

∑∗
c2d1,...,dk

+ other terms,where in ∑∗ we sum over all k-element subsets {d1, . . . ,dk} of I2L, the totalnumber of other terms is
(L2)k − L2(L2 − 1) . . . (L2 − (k − 1)),and each of these other terms is bounded above by M 4. It is straightforward toprove by induction that

(L2)k − L2(L2 − 1) . . . (L2 − (k − 1)) ≤ k

2
(k − 1)(L2)k−1,so

(L2)k − L2(L2 − 1) . . . (L2 − (k − 1)) ≤ 1

2
k2(L2)k−1.It follows that

∑

d1,d2,...,dk∈I2

L

c2
d1,...,dk

≤ (L2)kC2
k(η) +

1

2
k2(L2)k−1M 4. 199



KATALIN GYARMATI � CHRISTIAN MAUDUIT � ANDRÁS SÁRKÖZYCombining this with the lower bound that was proved previously we get
Ck(η) ≥

√

M 2
(

L2 − 1
2k

2M 2
)

L2
.Set M = εN and L = N −M , and assume that L > 1√

2
M . Then

Ck(η) ≥

√

ε2
(

(1− ε)2 − 1
2
k2ε2

)

(1− ε)2
N,where ε < 1

1√
2
k+1

. Choose ε = 2
3k , then by k ≥ 2

ε2
(

1−
1
2k

2ε2

(1− ε)2

)

=
4

9k2

(

1− k2 4
9k2

2
(

1− 2
3k

)2

)

≥ 4

9k2

(

1− 2

9
(

1− 1
3

)2

)

=
4

18k2
.Thus

Ck(η) ≥
√
2

3k
Nwhich completes the proof of (6.4). �7. The minimum of Qk in two dimensions: upper boundsNow in this section we will prove the following theorem:Theorem 5.(i) We have min

η: I2

N
→{−1,+1}

Q1(η) � N1/2.(ii) If k ∈ N, k ≥ 2, then there is a number N0 = N0(k) such that for N ∈ N,
N > N0 we have

min
η: I2

N
→{−1,+1}

Qk(η) ≤ 9
√
2k1/2N logN. (7.1)(iii) For all k,N ∈ N with 2 ≤ k ≤ N we have

min
η: I2

N
→{−1,+1}

Qk(η) � kN(logN)2. (7.2)200



MEASURES OF PSEUDORANDOMNESS OF BINARY LATTICES, IIIP r o o f o f T h e o r e m 5.(i) This holds by the upper bound in Theorem 1.2 of Doerr, Srivastav andWehr in [6], so that together with their lower bound (5.1), their resultsgive the exact order of magnitude of minη Q1(η) : it is � N1/2.(ii) By the n = 2, ε = 1
2 special case of the second half of Theorem 1 ofHubert, Mauduit and Sárközy in [12], choosing every η : I2N → {−1,+1}with equal probability 2−N2 we have

P
(

Qk(η) > (81kN2 logN2)1/2
)

<
1

2so that at least half of these lattices satis�es
Qk(η) ≤ 9

√
2k1/2N logNwhich proves (7.1).(iii) Let p denote the smallest prime with p ≥ N , and consider the p-lattice

η : I2p → {−1,+1} de�ned in formula (4.1) of Hubert, Mauduit andSárközy in [12]. Then by Theorem 2 in [12] for all k,N ∈ N we have
Qk(η) < kp(1 + log p)2. (7.3)Now truncate this p-lattice so that we keep only its �rst N -rows and N columns.Then we get an N -lattice η : I2N → {−1,+1} which by (7.3) and Chebysev'stheorem satis�es

Qk(η) < kp(1 + log p)2 � kN(logN)2, (7.4)and this proves (7.2).As in one dimension, while the order of magnitude of minQ1 is known, for�xed odd k > 1 there is a large gap between the lower bound (5.1) and the upperbound (7.1) for Qk:
N1/2 � min

η: I2

N
→{−1,+1}

Qk(η) � k1/2N logN (for �xed odd k > 1). (7.5)
�Problem 3. Tighten the gap between the lower and upper bounds in (7.5).In one dimension Gyarmati [8] and later Anantharam [3] proved theoremswhich seem to indicate that, perhaps, the upper bound in (2.15) is closer to thetruth than the lower bound (2.14). In the next section we will prove the twodimensional analog of one of their theorem so that again the upper bound seemsto be closer to the truth. 201



KATALIN GYARMATI � CHRISTIAN MAUDUIT � ANDRÁS SÁRKÖZY8. An inequality involving C2 and C3Gyarmati [8] proved that if in one dimension
C2(EN )�N2/3, then C3(EN ) � N1/2.Later Anantharam [3] sharpened this result, and it follows from the proof ofTheorem 4 in [3] that
C2

3 (EN )C3
2 (EN ) � N3 if C3(EN ) �

√
N.By adapting his method, we will prove the following two dimensional analog ofthis result:Theorem 6. If η : I2N → {−1,+1} and C3(η) ≤ N

13 , then for N > N0 we have
C3(η)

2C2(η)
3 ≥ 1

576
N6.P r o o f o f T h e o r e m 6. Let M ≥ 1 and L ≥ 1 such that 3 ≤ L ≤ N −M +1,let η : I2N → {−1,+1} and write

cd1,d2,d3
=
∑

u∈I2

M

η(u+ d1)η(u+ d2)η(u+ d3).Observe that
∑

d1∈I2

L

∑

d2∈I2

L

∑

d3∈I2

L

c2
d1,d2,d3

=
∑

d1∈I2

L

∑

d2∈I2

L

∑

d3∈I2

L





∑

u∈I2

M

η(u + d1)η(u+ d2)η(u+ d3)





2

=
∑

d1∈I2

L

∑

d2∈I2

L

∑

d3∈I2

L

∑

u∈I2

M

∑

v∈I2

M

η(u+ d1)η(u+ d2)η(u+ d3)η(v + d1)η(v+ d2)η(v + d3)

=
∑

u∈I2

M

∑

v∈I2

M





∑

d∈I2

L

η(u+ d)η(v + d)





3

=
∑

u∈I2

M





∑

d∈I2

L

η(u+ d)η(u+ d)





3

+ o� diagonal terms
= M 2L6 + o� diagonal terms.202



MEASURES OF PSEUDORANDOMNESS OF BINARY LATTICES, IIIThe total number of o�-diagonal terms is M 2(M 2 − 1) < M 4. Suppose that
u,v ∈ I2M , u 6= v. Then we have

∣

∣

∣

∣

∣

∣

∑

d∈I2

L

η(u + d)η(v+ d)

∣

∣

∣

∣

∣

∣

≤ C2(η).It follows that the sum of the o�-diagonal terms in the preceeding equation isat most M 4C3
2 (η), thus we have

∑

d1∈I2

L

∑

d2∈I2

L

∑

d3∈I2

L

c2
d1,d2,d3

≥ M 2L6 −M 4C3
2 (η).On the other hand, we also have

∑

d1∈I2

L

∑

d2∈I2

L

∑

d3∈I2

L

c2d1,d2,d3
= 6

∑∗
c2d1,d2,d3

+
∑∗∗

c2d1,d2,d3

≤ L2(L2 − 1)(L2 − 2)C3(η)
2 +

∑∗∗
c2d1,d2,d3

≤ L6C3(η)
2 +

∑∗∗
c2d1,d2,d3

,where in∑∗we sum over all 3-element subsets {d1,d2,d3} of I2L, while in∑∗∗we sum over the triples {d1,d2,d3} such that at least two of them are equal.The number of terms in∑∗∗ is L6−L2(L2−1)(L2−2) ≤ 3L4, and each of themis bounded above by M 4. Thus we have
∑

d1∈I2

L

∑

d2∈I2

L

∑

d3∈I2

L

c2
d1,d2,d3

≤ L6C3(η)
2 + 3L4M 4.Combining the upper bound with the previously proved lower bound we have

M 2L6 −M 4C3
2 (η) ≤ L6C2

3 (η) + 3L4M 4,

M 2L6 ≤ L6C2
3 (η) +M 4C3

2 (η) + 3L4M 4.Note that this inequality holds for allM ≥ 1, L ≥ 1 satisfying 3 ≤ L ≤ N−M+1and for all η. Suppose that
C3(η) ≤

N

13
. (8.1)We now set M = 2C3(η). Then

3C3(η)
2L6 ≤ 16C4

3(η)C
3
2 (η) + 48C4

3 (η)L
4. 203



KATALIN GYARMATI � CHRISTIAN MAUDUIT � ANDRÁS SÁRKÖZYWe take L =
[

N
2

]. Then for large enough N we have
3

65
C3(η)

2N6 ≤ 16C4
3 (η)C

3
2 (η) + 3C4

3 (η)N
4. (8.2)By (8.1)

3C4
3 (η)N

4 ≤ 3C3
2 (η)

N6

169
.Thus from (8.2)

1

36
C3(η)

2N6 <

(

3

65
− 3

169

)

C3(η)
2N6 ≤ 16C4

3 (η)C
3
2 (η),

1

576
N6 ≤ C2

3 (η)C
3
2 (η)which was to be proved. �9. The normality measureFirst we will prove the two dimensional analog of (2.11):Theorem 7. For N → ∞ we have

min
η: I2

N
→{−1,+1}

N(η) ≥
(

1

2
+ o(1)

)

logN

log 2
. (9.1)P r o o f o f T h e o r e m 7. By the de�nition of the normality measure we have

N(η) ≥ max
k≤(logN)/ log 2

max
X∈M(k,1)

max
0<U≤N+1−k

∣

∣

∣

∣

Z(η, U, 1, X)− U

2k

∣

∣

∣

∣

def
= A. (9.2)De�ne a binary sequence

EN = {e1, e2, . . . , eN}by
en = η(n− 1, 0) for 1 ≤ n ≤ N.Let Y = {y1, . . . , yk} be de�ned by
yi = xi1 for 1 ≤ i ≤ k,for X = (xij) ∈ M(k, 1). Then

A = max
k≤(logN)/ log 2

max
Y ∈{−1,+1}k

max
0<U≤N+1−k

∣

∣

∣

∣

T (EN , U, Y )− U

2k

∣

∣

∣

∣

= max
k≤(logN)/ log 2

Nk(EN ) = N(EN ). (9.3)204



MEASURES OF PSEUDORANDOMNESS OF BINARY LATTICES, IIIIt follows from (2.11), (9.2) and (9.3) that
N(η) ≥

(

1

2
+ o(1)

)

logN

log 2
,which proves (9.1). �We have not been able to prove the two dimensional analogues of (2.10) and(2.12). We will prove a weaker estimate than (2.12):Theorem 8. For N ∈ N we have

min
η: I2

N
→{−1,+1}

N(η) � N(logN)3. (9.4)P r o o f o f T h e o r e m 8. Consider again the binary N -lattice described in theproof of (iii) in Theorem 4. Then as we showed, (7.4) holds for all k. By Theo-rem 3 in [9] we have
Nk,`(η) ≤ max

1≤t≤k`
Qt(η) (9.5)for N, k, ` ∈ N, k < N , ` < N and every binary lattice η : I2N → {−1,+1}.It follows from (7.4), (9.5) and the de�nition of the normality measure that forthe lattice η described above we have

N(η) = max
k`≤(2 logN)/ log 2

N(k,`)(η)

≤ max
k`≤(2 logN)/ log 2

max
1≤t≤k`

Qt(η)

� max
1≤t≤k`

tN(logN)2 � N(logN)3which proves (9.4). �There is a large gap between the lower bound (9.1) and the upper bound (9.4)
(

1

2
+ o(1)

)

logN

log 2
� min

η: I2

N
→{−1,+1}

N(η) � N(logN)3. (9.6)Problem 4. Tighten the gap between the lower and upper bounds in (9.6).Since here the upper bounds is weaker, than in one dimension, one might liketo answer the following question at least:Problem 5. Thus there exists a constant c < 1 such that
min

η: I2

N
→{−1,+1}

N(η) � N c ? 205
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