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A UNIFYING PROBABILISTIC INTERPRETATION
OF BENFORD’S LAW

RiTA GIULIANO — ELISE JANVRESSE

ABSTRACT. We propose a probabilistic interpretation of Benford’s law, which
predicts the probability distribution of all digits in everyday-life numbers. Heuri-
stically, our point of view consists in considering an everyday-life number as a
continuous random variable taking value in an interval [0, A], whose maximum
A is itself an everyday-life number. This approach can be linked to the chara-
cterization of Benford’s law by scale-invariance, as well as to the convergence
of a product of independent random variables to Benford’s law. It also allows
to generalize Flehinger’s result about the convergence of iterations of Cesaro-
averages to Benford’s law.

Communicated by Georges Grekos

Dedicated to the memory of Professor Edmund Hlawka

1. Introduction

By observing that the first pages of a table of logarithm (used at that time
to perform calculations) show more wear than the other pages do, Simon New-
comb [9], and 57 years later Frank Benford [I], empirically discovered that the
proportion of numbers with fixed first significant digit is not uniform. In fact,
Benford’s law describes the probability distribution of all digits. For any real
number z, let us define the mantissa .# (x) € [1,10) (in base 10) of = by

M () = 10810}

where {z} denotes the fractional part of the number z.
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Benford’s law says that the proportion of numbers = > 0 which satisfy
A (x) € [1,t] is, for any real number ¢, 1 < t < 10,

ﬂ([l,t[) = logyt. (1)

Mathematicians have proposed various explanations for the natural appear-
ance of Benford’s law in everyday-life numbers. Let us mention in particular
scale-invariance [I0} [], iterations of Cesaro-averages [3} [7], base-invariance [4].
R. A. Raimi’s survey [I1] also provides several probabilistic interpretations, such
as iterations of a mixture process, which amounts to consider products of inde-
pendent random variables (see also [2]). In [6], another probabilistic explanation
of Benford’s law is given. Let us briefly explain the heuristics. As Benford himself
noticed, the greater the number of sources of the data, the better the mantissae
of these data fit his law. So imagine that whenever we have a huge amount of
data coming from numerous origins, their mantissae are distributed according to
a fixed distribution p. Assume now that the data come from a random variable
X uniformly distributed on some interval [0, A], where the maximum A depends
on the origin of the data. Since the maxima themselves come from various ori-
gins, we expect that the mantissae of the maxima, too, conform to u. In fact,
this requirement implies that p is Benford’s law.

In the present paper we adopt the same point of view as in [6], but in a more
general setting. Observe that a uniform random variable on some interval [0, A]
can be seen as the product of A with a uniformly random variable on [0, 1].

Let Y be a continuous positive random variable with law v (not necessarily
the uniform density on [0, 1]) and consider the random variable X = AY". First,
we observe that also in this more general case the law of .Z(X) only depends on
A (A) and v. Considering A as a random variable, we henceforth translate into
mathematical terms the requirement that .# (A) and .# (X) follow the same law,
obtaining that this law has to be Benford’s law (Theorem [2.3]). As mentioned
in Remark [Z4] this result can be related to the scale-invariance property of
Benford’s law.

Our approach naturally leads to consider a Markov chain, defined as the
mantissa of a product of independent random variables, the unique invariant
distribution of which is proved to be Benford’s law. Many people have wondered
why some factors explaining empirical data would act multiplicatively. Our in-
terpretation gives a clue : we see an everyday-life number X as coming from
an interval [0, A], where the maximum A is itself an everyday-life number; but
this amounts to consider a product, since a continuous random variable on [0, A]
can be seen as the product of A with a continuous random variable on [0, 1].
Therefore, in Sections B and @, we assume that Y takes values in [0, 1].
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The problem of the speed of convergence to Benford’s law of the mantissa
of a product of independent random variables has been intensively studied (see,
e.g., [§] and [5] and references herein). In Section Bl we give a proof (obtained
by a coupling method) of the exponential convergence of the chain to its inva-
riant measure (see Proposition B.5]). The interest of our result relies in the fact
that the exponential speed is expressed in terms of the law v of Y. In order to
prove Proposition B35l we propose another construction of the chain. It follows
in part [6], but requires also new ideas, since what is needed here is a bivariate
distribution function H(u,t) such that (i): its first marginal distribution is the
distribution function of v (ii): its second marginal distribution is the distribution
of the mantissa of a random variable with law v. All this needs some work, and
we discover that H exists under some additional assumptions on v.

In Section Ml we use the results obtained about the chain to prove (by proba-
bilistic methods) a remarkable generalization of the famous result by
B. J. Flehinger [3] : consider a function g on R* , Riemann integrable in [1,10]
and satisfying ¢(10z) = g(z) for all € R%; applying to g some averaging
method and iterating it, we obtain f110 g dp (see Theorem []). The probabili-
stic point of view allows to obtain also the speed of convergence of this iteration
process. Observe that if ¢ = 1g,, where Ej; is the set of the integers with initial
digit less or equal to i € {1,...,9}, we recover the logarithmic density of E;.

Our argument is given for the base 10, but carries over automatically to other
bases.

ACKNOWLEDGEMENT. We thank the LaMuse (University of St. Etienne) for the
hospitality given to us during the discussion of the present work. We are also
grateful to the referee whose remarks and suggestions have led us to clarify the
role of a crucial assumption.

2. A characterization of Benford’s law

LeEMMA 2.1. Let Y be a continuous positive random variable with law v. Then
for any b > 0, the law of the random variable .4 (bY') only depends on . (b)
and v and is defined by

—k —k
PLAGBY)<t) = (U [i/g(b), % tD vee[l,100.  (2)

kEZ
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Proof. Observe that
M)A (Y), if A#b)#(Y) <10,
MOY) =S (). (Y) (3)

, otherwise.
10

Thus it is clear that the law of .#(bY") only depends on .Z(b) and v. For each
t € [1,10) we have by definition

P(#(bY)<t)=P (U {10’“ <bY < 10’%}) :

keZ

With r = [logyo b] (so that b= .#(b)10"), the preceding quantity becomes
1057 1057 107% 107F
P U{ <Y < t})zu(U[ —tD
( 7w =Y < W Y 7w aw)
REMARK 2.2. If Y vanishes outside the interval [0, 1], then (2] reduces to

) o e

k>1

P(#(bY)<t)=v (

Ve [1,10[. (4)

Moreover, if v is absolutely continuous with respect to the Lebesgue measure
with density f, then the law of the random variable .Z (bY) is absolutely con-
tinuous with density h_z 3y, where, for every a € [1,10), h, is given by

he(z) = i a110j f (afw) +1, ()] (f) : Ve € [1,10). (5)

, a” \a
Jj=1

Indeed, the distribution function of .# (bY") can be rewritten as

t107% /. (b) AN (b)) A (b)
/ f(x) dx +/ f(x) dx

k>1 10—% /. (b) 1/.2(b)
- 4 ( ) / ( ) b () 2
k k [1,.2(b)]
kz>1/ 4(b)10 b)10 () (b)) T

and the integral and the sum can be interchanged by the uniform convergence
of the series.
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THEOREM 2.3. Let X = AY, where Y is a continuous random variable and A
is a positive random variable independent of Y. If M(A) and M(X) follow the
same probability distribution, then this distribution is Benford’s law.

REMARK 2.4. A characterization of Benford’s law by scale invariance was poin-
ted out by Roger S. Pinkham [I0] in 1961 (see also [II} []). The idea is that
if there exists a universal law describing the distribution of mantissae of real
numbers, it does not depend on the system of measurement. So we expect this
law to be scale invariant. In other words, if M(A) and M(yA) follow the same
law for every y > 0, then this law is Benford’s law. Theorem can thus be
seen as a generalization of Pinkham’s idea.

Proof of Theorem From (@]) we see that
logg M(X) = log,g M(A) +1og,y M(Y) mod 1.

Let us denote by p the law of log;, M(Y") and by p the common law of log, M (X)
and log;, M(A). We are thus looking for solutions, on the torus [0, 1], of the
equation

= pu*p. (6)

For every k € Z, denote by n(k) := fol exp(—2mikz)du(z) (respectively p(k))
the k-th Fourier coefficient of p (respectively p). Then, (@) implies that for
every k € Z, Ji(k) = u* p(k) = fi(k)p(k). For every k # 0, p(k) # 1, since by
hypothesis the law of log;, M(Y") is not concentrated on the k-th roots of unity.
Hence ji(k) = 0 for every k # 0, from which we deduce that the only possible
solution p of () is the uniform density in [0,1). Hence M(X) and M(A) have
density

z € [1,10) —

xlog10’
i.e., they follow Benford’s law. O

3. A Markov chain whose invariant measure is Benford’s
law

Theorem 23] naturally leads to consider a Markov chain (M,,),>1, such that
M, is the mantissa of a product of n independent random variables with law v.
As we previously mentioned, it is well-known that under some conditions, the
mantissa of such a product converges to Benford’s law. Anyway, for the sake of
completeness, we propose in this section a probabilistic proof of the exponential
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convergence of the chain to Benford’s law, when the independent random varia-
bles take values in a closed bounded interval. Without loss of generality, we
assume that the support is a subset of the interval [0, 1].

In order to estimate the speed of convergence of the Markov chain to Benford’s
law, we need an explicit construction of the chain.

3.1. Construction of the chain

Let us define the function

U ul

LEMMA 3.1. Assume that u — H(u,t) is non-decreasing for each t. Then H is
a continuous joint distribution function. Moreover,

(1) its first marginal distribution is v;

(2) its second marginal distribution is the distribution of the mantissa of a
random variable with law v.

We postpone the proof of this lemma to the end of the section.

Observe that if v is absolutely continuous with respect to Lebesgue measure,
with density f, then

H(u,t) = if(“—z) L dz,  Yuel0,1],Vt € [1,10[. (8)
1 k=1

ExXAMPLE 3.2. It is easy to check that there exist densities f such that u —
H (u,t) is not non-decreasing: take for instance f(z) =2(1 —z), = € [0, 1].

ExAMPLE 3.3. Assume that v is absolutely continuous with respect to the
Lebesgue measure, with density f(z) = az® 'l 1)(x), for @ > 0. Then for
u € [0,1] and ¢ € [1,10),

u*(t* —1)

Huwt) = =ga—7

which is non-decreasing in u. One sees immediately that H is the distribution
function of a product measure. Moreover, the first marginal has density f, while
the second one has density at®~!/(10% — 1) on the interval [1,10]. These are
exactly the assumptions used in the paper [6], where the authors considered the
uniform case (i.e., « = 1). A natural open question is whether one can find other
densities f such that H corresponds to a product measure.
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Assume now that

u— H(u,t) :y<U

{ u ut
k>1

108’ ToF D is non-decreasing for each ¢ (9)

(thus H is a continuous joint distribution function) and let (U, V,)n>0 be a
sequence of independent bidimensional random vectors, each of them having the
law defined by the distribution function H.

We define the sequence (M?),>0 by M§ = a € [1,10) and
Mg =F(M;_,,U,, V), ¥n>1,

where F : [1,10) x [0, 1] x [1,10) — [1, 10) is given by
F(m,u,v) = {

mu, if mu € [1,10),

v, otherwise.

PROPOSITION 3.4. (M%),>0 is a Markov chain on [1,10) starting from a. More-
over, My, conditioned on M,_1 has the same law as the mantissa of the product
of M, 1Y, where Y is an independent random variable with law v.

Proof. We write M,, instead of M3. Observe that, for every integer n, M, _;
is independent on (U, V,,). Let t € [1,10). P(M,, < t|M,,—1) is decomposed into
two terms:

P(l < Mn—lUn < t‘Mn—l) + P(Mn—lUn € [Oa 1)7Vn < t‘Mn—1)~
By Lemma B.J] (1), the first term is

1 t 1 tA\M,_1
P <U, < ‘Mn, - : .
(Mnl - - Mnfl 1) v <|:Mn1 Mnfl |:>

The second term is equal to

1 1 1 t
P(U,<—— V,<t|=H ) = ,
( = Mo ) (Mnl ) Y g[mwﬂl 10an1[

Summing the two terms, we recognize (@l with .# (b) = M,,_;. O

3.2. Speed of convergence
PROPOSITION 3.5. Assume that v satisfies [@)). Then for every measurable set
B C [1,10),

|P(M{ € B)— B(B)| < ,,([1_10’ 1Dn
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Hence, if v ([%, 1}) < 1, the convergence of M to Benford’s law is exponentially
fast.

Since the hypothesis ([@) is crucial for the validity of the above Proposition,
we discuss it at the end of Section B3l In particular, we prove in Proposition
that if #([1/10, 1]) = 0, then it cannot satisfy (@) unless the mantissa of a random
variable with law v follows Benford’s law. But in this case, the left handside of
the inequality in Proposition is zero for all n > 1.

Proof. Proposition is proved by a coupling method. Consider two Markov
chains (M%) and (M?), starting from a and b respectively, i.e., M§ = a and
M} = b, and such that for any n > 1

Mg =F(M;_, Uy V,),  MY=F (M)

n—1

Uns Vi) -

Let 7% be the coupling time, that is the first time the two chains M2 and M?
meet:

TV i=inf {n > 1|M2 = M)} < inf {n > 1|U,M?_, ¢ [1,10),M}_, & [1,10)}.
Now, since M, and M} _, belong to [1,10),
Pt >n) < P (UM, €[1,10),UpM}_; € [1,10),¥ 1 <k < n)

1 1 1YV
—<U. < <k<n)|= — .
P(lO_Uk_IO,Vl_k_n> y<{10,1]>

Then, for any B C [1, 10, since 3 is invariant for M?,

IN

10
rorzen -pm)| - |[ (P(MﬁeB)—P(MﬁeB))dﬁ(b)\

IN

10
/1 dﬁ(b)E[llMgeB - 1M,bLEB‘:|

10 1 "
/ dB(D)E [1 absy] <v [—, 1} .
1 10 0
3.3. Study of H

Proof of Lemma Bl Clearly ¢t — H(u,t) is non-decreasing for each wu.
Notice that H(0,¢) = H(u, 1) = 0. Moreover, for any u € [0, 1]

IN

H(u,10)=v | | J l% mff—ll =v([0,u]),

k>1
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and for any ¢ € [1,10[, H(1,t) = v(Uy>1 [ 167> 7or ) 1s the distribution function
of the mantissa of a random variable with law v (see Lemma 2T with b = 1).

Let us turn to the continuity of H. Observe that for all w,ug > 0 and ¢,ty > 1,
H(u,t) — H(ug,to) = G(ut,upty) + G(up, u), where

uo u
G(Uo,’u) =Vr U |:0, W} — UV U |:0, 1—0k::|
E>1 k>1
It is thus enough to prove that lim,_,,, G(ug,u) = 0. If u € [%’ 1Ou0} , the inter-
vals (|7, 165 ]) . (or ([1%, 14z ]),) are pairwise disjoint and lim, ., G (uo, u) =

wo S . . .
v UkZl{_mk }), which is equal to 0 since v is a continuous measure. O

Discussion about the hypothesis ([0

Even if the mantissa of a product of i.i.d. random variables with continuous
law v converges to Benford’s law, the conclusion of Proposition is clearly not
true for all v. Indeed, it would lead to a contradiction when v is the uniform
measure on [0,1/10] since the right hanside of the inequality in Proposition
is v([1/10,1]) = 0 and the left handside is nonzero. However, we have in this
case

Lu(t — 1), if u<1/t,

1—u (1 — ﬂ) , otherwise.

H(u,t>=§<t—1>+<um>_u:{
9

Thus, u — H(u,t) is decreasing on [1/t,1], which proves that v does not sa-
tisfy ([@). Notice that this case can nevertheless be handled since the product of
i.i.d. random variables with uniform law on [0,1/10] has the same mantissa as
the product of i.i.d. random variables with uniform law on [0, 1].

Observe that one can find measure v satisfying (9) with v([1/10, 1]) arbitrarily
close to 0: For v in the family of measures presented in Example B3] we have
v([1/10,1]) = 1 — (1/10)*, which tends to 0 as « — 0. But there even exist
measures v satisfying (@) and such that v([1/10, 1]) = 0. Consider for example v
with density % 111/100,1/10): We have H (u,t) = log;((10u A 1)t)1 {17103 Thus
u +— H(u,t) is non-decreasing for each t. Of course, the mantissa of a random
variable with law v follows Benford’s law and the left handside of the inequality
in Proposition is zero.

PROPOSITION 3.6. If v is such that v([0,1/10]) = 1, then either v does not
satisfy @), or the mantissa of a random variable with law v follows Benford’s
law.
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Proof. Let v be a continuous measure such that v([1/10,1]) = 0. We have for
all t € [1,10] and all u € [0, 1]

Hiu,t) :Z%[%%D +V<[1_u0’ (utlgﬂ D

k>2

Hence, H(1/10,t) = H(1,t) for all t. Thus, if v satisfies (@), v — H(u,t) is
constant on [1/10,1] for all t. Let us denote this constant by C(¢). We now
prove that C(t) = log,,t for all ¢ € [1,10[. This is enough to conclude the proof
since C(t) = H(1,t), which is the distribution function of the mantissa of a
random variable with law v (see Lemma B.T]).

Observe that C'(10) = H(1,10) = 1. Moreover, for all ¢, € [1,10[ such that
t1/ta > 1, we have

C(ti/t2) = H(1,t1/t2) = Z’jq%v % D

k>2
1 4 ti/ta t1

- Z’/ [—k—k|:>_zy<[—k—k|:>
= (10 10 = 10% 7 10

11
= H(l,t)—H|—.t
(71) (10t272>

= C(t) = C(ta),

since 1g= > 1/10. Let us now define ¢ on [0,1] by ¢(v) := C(10") € [0,1].

The two previous equalities satisfied by C' can be rewritten as

o(1)=1 and ¢(v1—v2) = Pp(v1)—@(v2) Vui,ve € [0,1] such that vy —ve > 0.
Since ¢ is continuous, this implies that ¢(v) = v for all v € [0,1]. Thus
C(t) = ¢p(logypt) =log,ot  forall ¢ e [1,10].

The following lemma gives a sufficient condition for v to satisfy ([@).

LEMMA 3.7. If v is absolutely continuous with density f such that x — xf(x)
is non-decreasing on [0, 1], then v satisfies ([@).

Proof. Observe that for u € [0,1], & > 1 and z € [1,t], uz/10* € [0,1].
Therefore, we see from (§]) that u — H(u,t) is non-decreasing on [0, 1] whenever

x +— xf(x) is non-decreasing on [0, 1]. O
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4. The generalization of Flehinger’s result

Let (Y,,) be a sequence of independent continuous random variables with
law (v,,) (having support in [0, 1]), such that v, satisfies ([@) for all n. Let
X§=a€[1,10) and for all n > 1, let X% = X2_,Y,,.

We deduce from (2) that (.#7(X7)), <,
[1,10) starting from a. (The transition function now depends on v, which may
be different at each step).

is an inhomogeneous Markov chain on

Let g be a function on R*% = (0, 00) satisfying
g(10z) = g(x), Vo ecRY (10)

and being Riemann integrable in [1,10]. Observe that g(z) = g (.#(z)) and g is
uniformly bounded over (0, c0).

We define g9 := g and gp,(a) := Elg(X2)] for any m > 1. By a direct
adaptation of Proposition B.5] we obtain that

10 m r 1
1
@ — [ gdgl <TTwll=.1]), vm>1.
‘g(a) /19,6’_};[11/(10 ) m
Therefore, we get that
10 m '1 T
ingm — [ gdl <TTwl|=.1], vm>1, 11
’mlng /19 3 _izl_[lu 0 m (11)

and the same equality holds when the minimum is replaced by the maximum.

We now turn to the generalization of Flehinger’s result, which is a discrete
version of the previous results. To this aim, let us define for any integer m > 1

k—1 k
moo= |, — N>k>1.
aN & 1% ([ N ND VN >k >

THEOREM 4.1. Assume that vy, satisfies @) for all n. Let g be a continuous
function on R satisfying (I0). Define go(N) := g(N) for any integer N > 1

and, for any m > 1, set N

gm(N) = ngfl(k)arj\rfbyk, VN > 1.
k

=1
Then we have for any m > 1

10 m 1
iminf g _ < =
lim inf g, (N) /19dﬂ _HIVZQNJ]

and
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10 m 1
lim sup g (V) — /1 g s < v (L_Olb
=1

N—o0

In particular, if inf; v; ([07 1_10]> >0,

10
lim liminf g, (N) = lim limsup g, (N) :/g ag (12)
1

m—o0 N—o00 m—00 N _yo0

and the convergence is exponentially fast.

REMARK 4.2. We cannot apply directly Theorem [£1] when g is not continuous.
However, observe that a — g1(a) = F[g(aY7)] is continuous as soon as the set of
points where g is discontinuous is negligible with respect to ;. Moreover, since

10 10 10
/ g ds = [ Elglavy)] db(a) = / g dB,
1 1 1

we get ([I2) and the speed of convergence in m for such functions g as well.

In [I2], Sharpe proved (I2)) when the law of Y,, is uniform for all m. In this
case, aff, = 1/N for any 1 < k < N and any m, and g1(a) = a™! Iy 9(u) du
for any a (thus, g; is continuous). In particular, if g(x) = 1; ;41((#(z)) (where
1 <1 <9), we recover Flehinger’s result.

Proof. In view of the previous result (1)), it is sufficient to prove that for any
m >0
liminf g,,(N) = ming,, and lmsup g, (N) = max g,,. (13)
N—o0 N—o00
We proceed by induction on m. For any € > 0, there exists 6 > 0 such that
lg(t) — g(t')| < € whenever |t — /| < § with ¢,¢ > 1.
Let us consider an integer N and a real number x € [N, N + 1[. Denote by
n be the unique integer such that N € [10™,10""![. Since |z/10" — N/10"| <
1/10™ < 10/N (and 1 < N/10™ < z/10™), we have
z N
9 (W) g (10n>

lg(z) —g(N)| = < e

whenever N > 10/§. Therefore,

lim sup g(z) — lim sup g(N)‘ <e

T —00 N—o0

Since this is true for any €, we obtain that

limsup g(NN) = limsup ¢g(z) = maxg,

N—o0 T —00

which proves ([I3]) in the case m = 0.
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Assume now that, for any integer 0 < m < M,

sup |gm gm(k:)| —0as k — co. (14)
k—1<u<

Let us consider an integer N and a real number x € [N, N + 1[. Observe that
1

gu(z) = E[g(X3p)] = E[Q (Xﬂy_ﬂﬂﬂ = E[gm—1 (zYur)] 2/09M1($y)dVM(y)-

Hence, the difference |gas(z) — gar(N)| can be rewritten as
N

k/N
Z/k (grv—1(zy) — gaur—1(k)) dvar(y)

~1/N

(15)

By the induction hypothesis ([I4]) for M — 1, for any € > 0, there exists ko such
that the previous expression is bounded above by

k/N
Z/k 1/N|9M 1(xy) — gar—1 (k)| dvar(y) + e ({%JD'

Since ¢ is uniformly bounded by some constant C', we deduce that gp;_1 and
gy —1 are also uniformly bounded by C'. Moreover, since v, is continuous,

o | =) ()

goes to 0 as N goes to infinity. Hence, (IT) is bounded above by (2C + 1)e for
N large enough, which concludes the proof of the theorem. O
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