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DISCREPANCY ESTIMATE OF NORMAL VECTORS

(THE CASE OF HYPERBOLIC MATRICES)

Mordechay B. Levin — Irina L. Volinsky

ABSTRACT. Let A be a t × t invertible matrix with integer entries and with
eigenvalues |λi| 6= 1, i ∈ [1, t]. In this paper we prove explicitly that there ex-
ists a vector α, such that discrepancy of the sequence {αAn}N

n=1
is equal to

O(N−1(logN)t+5) for N −→ ∞. This estimate can be improved no more than
on the logarithmic factor.

Communicated by Robert F. Tichy

Dedicated to the memory of Professor Edmund Hlawka

1. Introduction

Let (xn)n≥0 be an infinite sequence of points in a t−dimensional unit cube
[0, 1)t; v = [0, γ1)× · · · × [0, γt) a box in [0, 1)t; and Jv(N) a number of indexes
n ∈ [1, N ] such that xn lies in v. The sequence (xn)n≥0 is said to be uniformly
distributed in [0, 1)t if for every box v, Jv(N)/N → γ1 . . . γt. The quantity

D
(
(xn)

N
n=1

)
= sup

v∈(0,1]t

∣∣∣∣
1

N
Jv(N)− γ1 . . . γt

∣∣∣∣ (1)

is called the discrepancy of (xn)
N
n=1.

In 1954, Roth (see [DrTi]) proved that for any sequence in [0, 1)t

limN→∞ND(N)/ logt/2N > 0. (2)

Let A be a t×t invertible matrix with integer entries. A matrix A is said to be
ergodic if for almost all α ∈ R

t, the sequence {αAn}n≥1 is uniformly distributed.
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A vector α ∈ R
t is said to be normal (A normal) if the sequence {αAn}n≥1

is uniformly distributed.

Let λi (1 ≤ i ≤ t) denote the eigenvalues of a matrix A. For the case of
|λi| > 1, i = 1, . . . , t, normal vectors were constructed by Postnikov (t = 2)
and by Polosuev (t ≥ 2) (see [Po]). Normal vectors were constructed for the
general case of an ergodic matrix in [Le1]. The author [Le1] obtained also the
following discrepancy estimate

D
(
{αAn}Nn=1

)
= O

(
N− 1

2 (logN)t+3
)
.

In [Ko1], Korobov posed the problem of finding a function ψ(N) with maximum
decay, such that there exists α with

D
(
{αAn}Nn=1

)
= O

(
ψ(N)

)
, for N −→ ∞.

The author [Le2] proved that ψ(N) = N−1(logN)2t+3 for the case of a diagonal
ergodic matrix. In [LeVo], we extended this result to the general case of an
integer matrix with |λi| > 1, i = 1, . . . , t. In this paper, we obtain a similar
result for the case of hyperbolic matrix A (i.e., |λi| 6= 1 for i ∈ [1, t]). By (2) this
result not be improved more than on the logarithmic factor.

2. Construction

Let f(x) be the characteristic polynomial of the matrix A, ϕ(x) = xs −
as−1x

s−1 − . . . − a0 an irreducible factor of f(x), s = degϕ. In this paper we
will consider only the case of f(x) = (ϕ(x))d. The construction and the proof
for the general case

f(x) = ϕd1

1 (x) . . . ϕdr
r (x)

are completely similar, but technically more difficult. Let’s translate A to a
general Jordan form: A =W−1ÃW ,

Ã =




ÂE
. . .

E

Â


 , Â =




01 0
. . .

1
a0 . . . as−1


 , (3)

where Â is the companion matrix of the polynomial ϕ(x), W = (wi,j)1≤i,j≤sd

is the matrix with integer coefficients, and E the identity matrix. Let λ1, . . . , λs

142
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be roots of ϕ(x), and let |λi| > 1, for i = 1, . . . , r, |λi| < 1, for i = r + 1, . . . , s,

λ0 = min
1≤i≤r

|λi|, λ−1 = min
r+1≤i≤s

|λ−1
i |. (4)

Let r < s. (We considered the case of r = s in [LeVo]. Using the method of
this paper we can get the improved discrepancy estimate (12) also for the case
r = s.) Let

δ(x) =

{
1, if x = 0,

0, otherwise ,
(5)

C = (cij)1≤i,j≤ds with c(i1−1)s+i0,(µ0−1)d+µ1
= λi0−1

µ0
δ(i1 − µ1), (6)

1 ≤ i1, µ1 ≤ d, 1 ≤ i0, µ0 ≤ s,

Λ̃ =




Λ1

. . .

Λs


 , Λi =




λi1
. . .

λi1
λi


 , (7)

and

Λ =




Λ−1
1

. . .

Λ−1
r

0
. . .

0




, Λ
′

=




0
. . .

0
Λr+1

. . .

Λs




,

A1 = CΛC−1, A−1 = CΛ
′

C−1,

Ai = A1 for i > 0, and Ai = A−1 for i ≤ 0. (8)

Let

κ0 = 2 + s+ ([log2 λ0] + 1)(d+ 1), κ2 =

[
κ0 + d+ 1

log2 λ0

]
+ 3,

κ3 =

[
κ0 + d+ 1

log2 λ−1

]
+ 1, κ1 = κ2 + κ3 + 1, (9)

Fm ∈ [2κ0m, 2κ0m+1) be prime (m = 1, 2, . . .),

n1 = 0, nm = nm−1 + κ1m2m, m = 2, 3, . . . , (10)
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α̃ =

∞∑

m=1

2m−1∑

n=0

κ1−1∑

ν=0

Fm

{
nbm,ν

Fm

}
A

nm+m(κ1n+ν)
1 , and α = α̃W, (11)

where bν,m ∈ [0, Fm)sd.Theorem. There exist integer vectors

bν,m ∈ [0, Fm)sd (m = 1, 2, . . . , ν ∈ [0, κ1))

such that

D
(
{αAn}Nn=1

)
= O

(
logsd+5N

N

)
, for N → ∞. (12)

We prove this result in Section 4.Remark. The theorem can be extended also to negative values of n. Let

α̃
′

=

∞∑

m=1

2m−1∑

n=0

κ1−1∑

ν=0

Fm

{
nb

′

m,ν

Fm

}
A

nm+m(κ1n+ν)
−1

and let

α = (α̃+ α̃
′

)W.

Then there exist integer vectors bν,m,b
′

ν,m ∈ [0, Fm)sd, such that

D
(
{αAn}

N2

n=−N1

)
= O

(
logsd+5N

N

)
,

where N = max(N1, N2).

3. Auxiliary results

We will need the following inequalities: The Erdős-Turan-Koksma inequality
(see [DrTi, p. 18]):

ND
(
(xn)

N−1
n=0

)
≤

(
3

2

)t

N

M
+

∑

0<max |mi|≤M

∣∣∣
∑N−1

n=0 e
(
〈m,xn〉

)∣∣∣
m1 . . .mt


 , (13)

where

e(y) = exp(2πiy), xn = (xn,1, . . . , xn,t), m = (m1, . . .mt), mi = max(1, |mi|),

and

〈(a1, . . . , at), (b1, . . . , bt)〉 = a1b1 + · · ·+ atbt, t = sd.
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DISCREPANCY ESTIMATE OF NORMAL VECTORSLemma A (see [Ko2, p. 1]). Let β be a real number, M and N natural, then
∣∣∣∣∣

M+N−1∑

n=M

e(nβ)

∣∣∣∣∣ ≤ min

(
N,

1

2 ‖ β ‖

)
,

where ‖β‖ = min({β}, 1− {β}).Lemma B (see [Ko2, p. 72]). Let P ≥ 2, (a, P ) = 1, then for any real ϕ,

P∑

n=1

min

(
P,

1

‖ an/P + ϕ ‖

)
≤ 8P (1 + lnP ).Lemma C (see [Ko2, p. 2]). Let

δq(a) =

{
1 if a ≡ 0 (mod q),

0, otherwise,

where q ≥ 1, a ∈ Z. Then

δq(a) =
1

q

q∑

x=1

e

(
ax

q

)
.

For the sake of the clarity we will prove three lemmas from [Le1].

We consider roots λ1, . . . , λs of the polynomial ϕ(x). Let Q(λν) (respectively,
Q(λ1, . . . , λs)) be the field extension of Q, by adding the element λν (respectively,
λ1, . . . , λs); σν (respectively, σν1ν2

) isomorphism of the field Q(λ1) (respectively,
Q(λν1

)) into the field Q(λ1, . . . , λs) (respectively, Q(λν2
)), with the following

rule: λ1 → λν (respectively, λν1
→ λν2

) and a → a for all a ∈ Q (ν, ν1, ν2 =
1, . . . , s). Let

G =




1 . . . 1
λ1 . . . λs

. . .
λs−1
1 . . . λs−1

s


 , G−1 =




d11 . . . d1s

. . .
ds1 . . . dss


 . (14)

The numbers λ1, . . . , λs are the roots of an irreducible polynomial under Q ϕ(x).
Hence λi 6= λj for i 6= j, and the Vandermonde determinant of the matrix G is
not zero. Thus the numbers dν,j (1 ≤ ν, j ≤ s) are defined correctly.Lemma 1 ([Le1, Lemma 1]). With notation as above, we have

dνj ∈ Q(λν), σν(d1j) = dνj , σν1,ν2
(dν1j) = dν2j , where ν, ν1, ν2, j = 1, . . . , s.

P r o o f. Let us take the following system of linear equations :
s∑

k=1

yjk

s∑

ν=1

λi+k−2
ν = δ(i− j), i, j = 1, . . . , s. (15)
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For fixing j (j = 1, . . . , s), we have the system of s linear equations with s
variables yj1, . . . , yjs and the matrix

(
s∑

ν=1

λi+k−2
ν

)

1≤i,k≤s

. (16)

So, from the system of s2 equations (15) we get s systems of linear equations
with the similar matrices (16). By [BS, p. 404], we have that the matrix (16) is
nonsingular, their elements are rational numbers (see [BS, p. 404]),

s∑

ν=1

λi+k−2
ν = TrQ(λ1)/Qλ

i+k−2
1 ∈ Q,

and

det

(
s∑

ν=1

λi+k−2
ν

)

1≤i,k≤s

=
∏

i<j

(λi − λj)
2
6= 0.

Hence, there exist rational f̃jk (j, k = 1, . . . , s) that are solutions of the sys-
tem (15). Let

d̃νj =

s∑

k=1

f̃jkλ
k−1
ν , ν, j = 1, . . . , s. (17)

From (15), we get
s∑

ν=1

λi−1
ν d̃νj =

s∑

ν=1

λi−1
ν

s∑

k=1

f̃jkλ
k−1
ν

=

s∑

k=1

f̃jk

s∑

ν=1

λi+k−2
ν

= δ(i− j) for i, j = 1, . . . , s. (18)

Bearing in mind that there exists only one matrix inverse to G, we obtain that
the numbers dνj (ν, j = 1, . . . , s) are uniquely defined from the following system
of linear equations

s∑

ν=1

λi−1
ν xνj = δ(i− j), i, j = 1, . . . , s.

By (17) and (18), we have

dνj = d̃νj =

s∑

k=1

f̃jkλ
k−1
ν , i, j = 1, . . . , s, (19)

with rational f̃jk. Using (19), we obtain the assertion of the lemma. �
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We will use the function δ(x) (5) to obtain the coefficients ai,j of the ma-

trix Ã (3), and coefficients li,j of the matrix Λ̃i (7):

a(i1−1)s+i0,(j1−1)s+j0 = δ(i1 − j1 + 1)δ(i0 − j0) + δ(i1 − j1)

×
{
(1− δ(s− i0))δ(i0 − j0 + 1)

+ δ(s− i0)

s−1∑

n=0

anδ(n− j0 + 1)
}
, (20)

l(µ0−1)d+µ1,(ν0−1)d+ν1
= δ(µ0 − ν0) (δ(µ1 − ν1)λν0

+ δ(µ1 + 1− ν1)) ,

1 ≤ µ1, ν1 ≤ d, 1 ≤ µ0, ν0 ≤ s. (21)

Let us take ds× ds matrix

F = (fνj) with f(ν0−1)d+ν1,(j1−1)s+j0 = dν0j0δ(ν1 − j1),

1 ≤ j1, ν1 ≤ d, 1 ≤ j0, ν0 ≤ s. (22)Lemma 2 ([Le1, Lemma 2]). The following equations are true:

F = C−1, Ã = CΛ̃C−1. (23)

P r o o f. Let gνµ be elements of the matrix FC. By (14), (6) and (22), we get

g(ν0−1)d+ν1,(µ0−1)d+µ1

=

d∑

j1=1

s∑

j0=1

f(ν0−1)d+ν1,(j1−1)s+j0c(j1−1)s+j0,(µ0−1)d+µ1

=

d∑

j1=1

s∑

j0=1

dν0j0δ(ν1 − j1)λ
j0−1
µ0

δ(j1 − µ1)

= δ(ν1 − µ1)

s∑

j0=1

dν0j0λ
j0−1
µ0

= δ(ν1 − µ1)δ(ν0 − µ0),

1 ≤ ν0, µ0 ≤ s, 1 ≤ ν1, µ1 ≤ d.

Therefore, FC is the identity matrix, and C is the nonsingular matrix, so

F = C−1.

Let us denote by ãij elements of the matrix

CΛ̃C−1 = CΛ̃F.

Bearing in mind that

λsν = as−1λ
s−1
ν + · · ·+ a0, 1 ≤ ν ≤ s,
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we get from (6), (14) and (20)–(22) that

ã(i1−1)s+i0,(j1−1)s+j0

=

s∑

µ0,ν0=1

d∑

µ1,ν1=1

c(i1−1)s+i0,(µ0−1)d+µ1

× l(µ0−1)d+µ1,(ν0−1)d+ν1
f(ν0−1)d+ν1,(j1−1)s+j0

=

s∑

µ0,ν0=1

d∑

µ1,ν1=1

λi0−1
µ0

δ(i1 − µ1)δ(µ0 − ν0)

×
(
(δ(µ1 − ν1)λν0

+ δ(µ1 − ν1 + 1)
)
δ(ν1 − j1)dν0j0

=

s∑

ν0=1

λi0−1
ν0

(δ(i1 − j1)λν0
+ δ(i1 − j1 + 1)) dν0j0

= δ(i1 − j1 + 1)

s∑

ν0=1

λi0−1
ν0

dν0j0 + δ(i1 − j1)

s∑

ν0=1

dν0j0λ
i0
ν0

= δ(i1 − j1 + 1)δ(i0 − j0) + δ(i1 − j1)

×

s∑

ν0=1

dν0j0

(
(1− δ(s− i0))λ

i0
ν0

+ δ(s− i0)

s−1∑

n=0

anλ
n
ν0

)

= δ(i1 − j1 + 1)δ(i0 − j0) + δ(i1 − j1)

×

(
(1− δ(s− i0))δ(i0 − j0 + 1) + δ(s− i0)

s−1∑

n=0

anδ(n− j0 + 1)

)
.

Now, by (20),

ãij = aij (1 ≤ i, j ≤ ds), and Ã = CΛ̃C−1.

Lemma 2 is proved. �

According to [Ga, p. 100] we have that

Λx
i =




λxi
(
x
1

)
λx−1
i . . .

(
x

d−1

)
λx−d+1
i

. . .
. . .

. . .
(
x
1

)
λx−1
i

λxi



.
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Let l
(x)
µ,ν be coefficients of the matrix Λ̃x. By (5) and (7), we obtain

l
(x)
(µ0−1)d+µ1,(ν0−1)d+ν1

= δ(µ0 − ν0)

(
x

ν1 − µ1

)
λx−ν1+µ1

µ0
. (24)

Let

λ = max
1≤i≤s

|λi|, λ̃ = max
1≤i≤s

(1, |λi|
−1), g = | detG|. (25)

Let m = (m1, . . . ,mds) be a 1 × sd matrix with integer elements, m(t) the
transposed matrix.Lemma 3 ([Le1, Lemma 3]). Let c0 = (gsd)−2(λλ̃)−rd (max1≤ν,j≤s |dν,j |)

−2
,

0 < max1≤i≤ds |mi| ≤ c02
j ; j ≥ [− log2 c0] + 1, s ≥ 2, x be an integer,

2j > x ≥ 0. Then

2jd ≥ λ−x max
1≤i1≤d,1≤i0≤s

|a(i1−1)s+i0(x,m)| ≥ 2−j(s−1), (26)

where ai(x,m) are elements of the matrix Ãxm(t).

P r o o f. Let a
(x)
i,j be the elements of the matrix Ãx = CΛ̃xC−1. Using (6), (24),

(22) and Lemma 2, we obtain

a
(x)
(i1−1)s+i0,(j1−1)s+j0

=

s∑

ν0,µ0=1

d∑

ν1,µ1=1

λi0−1
µ0

δ(i1 − µ1)δ(µ0 − ν0)λ
x−ν1+µ1

ν0

×

(
x

ν1 − µ1

)
dν0j0δ(ν1 − j1)

=

(
x

j1 − i1

) s∑

ν0=1

λx+i1−j1+i0−1
ν0

dν0j0 ,

where
(
x
i

)
are equal to zero for i > x and i < 0, 1 ≤ i1, j1 ≤ d, 1 ≤ i0, j0 ≤ s.

We see that

a(i1−1)s+i0(x,m)

=

s∑

ν=1

d∑

j1=i1

(
x

j1 − i1

)
λx+i1−j1+i0−1
ν

s∑

j0=1

dνj0m(j1−1)s+j0 . (27)
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From (25) and conditions of the lemma, we get

max
1≤i≤ds

|ai(x,m)| ≤ c0s
2dλx

(
x

d− 1

)
2j(λλ̃)s+d max

1≤ν,j≤s
|dν,j |

≤ λx2jd)c0s
2d(λλ̃)s+d max

1≤ν,j≤s
|dν,j | ≤ λx2jd. (28)

So the left side of (26) is proved. Let us prove the right side of (26). The vectorm
is non zero, so there exists an integer k0 ∈ [1, d] such that

s∑

j=1

|m(j1−1)s+j| = 0,

s∑

j=1

|m(k0−1)s+j | > 0 for k0 < j1. (29)

By (27),

a(k0−1)s+i(x,m) =

s∑

ν=1

λx+i−1
ν

s∑

j=1

dν,jm(k0−1)s+j . (30)

The determinant of the matrix (dνj)1≤j,ν≤s is not zero. Hence, there exists
ν0 ∈ [1, s] such that

s∑

j=1

dν0jm(k0−1)s+j 6= 0.

Using Lemma 1, we have

σν0,ν




s∑

j=1

dν0,jm(k0−1)s+j


 =

s∑

j=1

dνjm(k0−1)s+j 6= 0, ν = 1, . . . , s. (31)

Let Mi,j be the minor of the matrix G (14). It is known that

di,j = (−1)i+jMi,j(detG)−1.

Bearing in mind that λ1, . . . , λs are algebraic integers, we obtain that di,j detG
are also algebraic integers. From (25) and (31), we get

∣∣∣∣∣∣
NQ(λν)/Q


g

s∑

j=1

dνjm(k0−1)s+j



∣∣∣∣∣∣
≥ 1.

Taking into account that λi 6= λj for i 6= j, we have that the isomorphisms
σ1, . . . , σs are different isomorphisms of the fieldQ(λ1) into the fieldQ(λ1, . . . , λs).
Using Lemma 1, we obtain

NQ(λν)/Q


g

s∑

j0=1

dνj0m(k0−1)s+j0


 =

s∏

ν=1


g

s∑

j0=1

dνj0m(k0−1)s+j0


 .
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Hence∣∣∣∣∣∣

s∑

j0=1

dνj0m(k0−1)s+j0

∣∣∣∣∣∣
≥

1

gs
(
max1≤ν≤s

∣∣∑s
j0=1m(k0−1)s+j0dν,j0

∣∣
)s−1

≥ g−s

(
s max
1≤ν,j0≤s

|dν,j0 |

)−s+1

c−s+1
0 2−j0(s−1). (32)

By (30), we get

a(k0−1)s+i0(x,m) =

s∑

ν=1

zνλ
i0−1
ν , zν = λxν

s∑

j0=1

dνj0m(k0−1)s+j0 , (33)

with 1 ≤ i0 ≤ s. Let us consider (33) as a system of linear equations with
variables

zν (1 ≤ ν ≤ s) and the matrix (λi0−1
ν )1≤ν,i0≤s.

Applying (14), we obtain

G(z1, . . . , zs)
(t) =

(
a(k0−1)s+1(x,m), . . . , ak0s(x,m)

)(t)
,

(z1, . . . , zs)
(t) = G−1

(
a(k0−1)s+1(x,m), . . . , ak0s(x,m)

)(t)

and

zν =

s∑

i0=1

dν,i0a(k0−1)s+i0(x,m). (34)

Therefore,

max
1≤ν≤s

|zν | ≤ s max
1≤i0≤s

|a(k0−1)s+i0(x,m)| max
1≤ν,j0≤s

|dν,j0 |.

By (32), (33) and conditions of the lemma, we get

λx max
1≤i1≤d,1≤i0≤s

|a(i1−1)s+i0(x,m)|

≥ g−s

(
s max
1≤ν,j0≤s

|dν,j0 |

)−s

c−s+1
0 2−j0(s−1) ≥ 2−j0(s−1).

Lemma 3 is proved. �

Let: ai(0, x,m) be elements of the matrix Ax
1m

(t),

ai(1, x,m) be elements of the matrix (A−1)
xm(t),

G0 be the matrix (λj0−1
ν )1≤ν, j0≤r,

G−1 be the matrix (λj0−1
ν )r≤ν, j0≤s, and

dν, j0, k be the elements of the matrix G−1
k , (k = 0,−1).
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c1 =
(

max
1≤ν, j0≤s

|dν, j0 |
)−1(

max
1≤ν, j0≤r, k=0,−1

(1, |dν, j0,k)|
)−1

.(gsd)−2λ−s−d
0 ,

0 < max
1≤i≤ds

|mi| ≤ c12
j, j ≥ −[log2 c1] + 1, s ≥ 2, x be an integer,

2j ≥ x ≥ 0.

Then

2jd ≥ λxk max
1≤i≤ds

|ai(k, x,m)| ≥ 2−j(s−1), k = 0,−1. (35)

P r o o f. We will prove (35) for the case of k = 0. The proof for the case of
k = −1 is similar.
Let a

(x)
i, j be elements of the matrix

Ax
1 = CΛ̄xC−1.

By (7), (6), (22) and (24), we have

a
(x)
(i1−1)s+i0,(j1−1)s+j0

=

r∑

ν0,µ0=1

d∑

ν1,µ1=1

λi0−1
µ0

δ(i1 − µ1)δ(µ0 − ν0)λ
−x+ν1−µ1

ν0

×

(
x

ν1 − µ1

)
dν0, j0δ(ν1 − j1)

=

(
x

j1 − i1

) r∑

ν0=1

λ−x−i1+j1+i0−1
ν0

dν0, j0 .

Hence

a(i1−1)s+i0(0, x,m)

=

r∑

ν=1

d∑

j1=i1

(
x

j1 − i1

)
λ−x−i1+j1+i0−1
ν

s∑

j0=1

dν, j0m(j1−1)s+j0 .

According to Lemma 1, ai(0, x,m) is the sum of algebraic conjugate numbers.
By the definition of r (4), we get that ai(0, x,m) also is the sum of complex
conjugate numbers. Therefore, ai(0, x,m) are real numbers. From (4), we have,
similarly to (28), that

max
1≤i≤ds

|ai(0, x,m)| ≤ c1s
2dλ−x+s+d

0

(
2j

d− 1

)
max

1≤ν, j0≤s
|dν,j0 |2

j

≤ λ−x
0 2jdc1s

2dλs+d
0 max

1≤ν,j0≤s
dν, j0 ≤ λ−x

0 2jd.
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Let us prove the right side of (35). By (4) and (29)–(31), we have similarly
to (32) that

∣∣∣∣∣∣

s∑

j0=1

dν, j0m(k0−1)s+j0

∣∣∣∣∣∣
≥ g−s

(
s max
1≤ν, j0≤s

|dν,j0 |

)−s+1

c−s+1
1 2−j(s−1), (36)

and

a(k0−1)s+i0(0, x,m) =

r∑

ν=1

λ−x+i0−1
ν

s∑

j0=1

dν, j0m(k0−1)s+j0 .

Therefore,

a(k0−1)s+i0(0, x,m) =
r∑

ν=1

zνλ
i0−1
ν ,

where

zν = λ−x
ν

s∑

j0=1

dν,j0m(k0−1)s+j0 . (37)

Let consider (37) as a system of linear equations with variables zν , (1 ≤ ν ≤ r)
and the matrix G0 = (λi0−1

ν )1≤ν,i0≤r. Similarly to (34), we get

zν =

r∑

i0=1

dν,i0,0a(k0−1)s+i0(0, x,m) with (dν,i0,0)1≤ν,i0≤r = G−1
0 .

We derive from (4) and (37)

λ−x
0 max

1≤ν≤r

∣∣∣∣∣∣

s∑

j0=1

dν, j0m(k0−1)s+j0

∣∣∣∣∣∣
≤ max

1≤ν≤r
|zν |

≤ r max
1≤i0≤s

|a(k0−1)s+i0(0, x,m)| max
1≤ν,i0≤r

|dν,i0,0|.

By (36) and conditions of the lemma, we obtain

λx0 max
1≤i≤ds

|ai(0, x,m)|

≥ (gs)−s

(
max

1≤ν, j0≤s
|dν,j0 |

)−s+1

c−s+1
1 2−j(s−1)

(
max

1≤ν, j0≤r
|dν, j0,0|

)−1

≥ 2−j(s−1).

Lemma 4 is proved. �
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4. Proof of the Theorem

4.1. Several lemmas and the Main LemmaLemma 5. Let dν = (dν,1, . . . , dν,sd), zν = (zν,1, . . . , zν,sd) be integer vectors,
(z−κ3

, . . . , zκ2
) 6= (0, . . . ,0) and zν,µ ∈ [0, Fj), ν ∈ [−κ3, κ2], µ ∈ [1, sd]. Then

σ :=
1

F sdκ1

j

∑

d−κ3
,...,dκ2

∈[0,Fj)sd

min

(
2j,

1

2
∥∥∑κ2

ν=−κ3

〈
zν,

dν

Fj

〉
+

msd+1

Fj

∥∥

)
= O(j) .

P r o o f. Let zν0,µ0
6= 0, for some ν0 ∈ [−κ3, κ2] and µ0 ∈ [1, sd]. Then

(zν0,µ0
, Fj) = 1

and

σ ≤ max
dν,µ∈[0,Fj), (ν,µ)6=(ν0,µ0)


 1

Fj

Fj−1∑

dν0,µ0
=0

min


Fj ,

1

2
∥∥∥zν0,µ0

dν0,µ0

Fj
+ ψ

∥∥∥




 ,

where ψ do not depend on dν0,µ0
. Using Lemma B, and (9)), we obtain

1

Fj

Fj−1∑

dν0,µ0
=0

min


Fj ,

1

2
∥∥∥zν0,µ0

dν0,µ0

Fj
+ ψ

∥∥∥




≤ 8 (1 + lnFj) ≤ 8(1 + ln 2κ0j+1) ≤ 8(1 + κ0j + 1) = O(j) .

Lemma 5 is proved. �Lemma 6. Let 0 < maxµ |(m)µ| ≤ c22
j , with c2 = c1/(smax |wi,j |), and

0 ≤ l < j. Then

κ2∏

ν=−κ3

sd∏

µ=1

min


1, 1

2Fj

∥∥∥
(
A

|jν−l|
ν Wm(t)

)
µ

∥∥∥


 = O

(
1

2j

)
, (38)

where the O -constant does not depend on m and l.

P r o o f. Let us take: m̃ =Wm(t), ν0 =
[

d+1
log2 λ0

]
+ 2 < κ2,

∣∣∣∣
(
Aν0j−l

1 m̃
)
µ0

∣∣∣∣ =
∣∣∣∣
(
A|ν0j−l|

ν0
m̃
)
µ0

∣∣∣∣ = max
1≤µ≤sd

∣∣∣∣
(
A|ν0j−l|

ν0
m̃
)
µ

∣∣∣∣
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for some µ0 ∈ [1, sd] (see (8) and (9)). We have 0 < maxµ |(m̃)µ| ≤ c12
j. Using

Lemma 4, we obtain
∣∣∣∣
(
Aν0j−l

1 m̃
)
µ0

∣∣∣∣ ≤ 2jdλ−ν0j+l
0 ≤ 2jdλ−ν0j+j

0 = 2−jv

with v = (ν0 − 1) log2 λ0 − d ≥
(
(d+ 1/ log2 λ0)

)
log2 λ0 − d = 1. Hence

∥∥∥∥
(
Aν0j−l

1 m̃
)
µ0

∥∥∥∥ =

∣∣∣∣
(
Aν0j−l

1 m̃
)
µ0

∣∣∣∣ .

Now we use Lemma 4 to obtain the lower bound

Fj

∥∥∥∥
(
Aν0j−l

1 m̃
)
µ0

∥∥∥∥ ≥ 2jκ02−j(s−1)λ
−(ν0j−l)
0 > 2j(κ0−s+1)λ−ν0j

0 = 2jv1,

with v1 = κ0 − s+ 1− ν0 log2 λ0.

By (9), we have

κ0 = 2 + s+ ([log2 λ0] + 1)(d+ 1)

and

v1 = 2 + s+ ([log2 λ0] + 1)(d+ 1)− s+ 1−

([ d+ 1

log2 λ0

]
+ 2

)
log2 λ0

≥ 3 + ([log2 λ0] + 1)(d+ 1)− ((d+ 1)/ log2 λ0 + 2) log2 λ0

≥ 3 + [log2 λ0](d+ 1) + (d+ 1)− (d+ 1)− 2[log2 λ0]− 2{log2 λ0}

≥ 3− 2{log2 λ0} ≥ 1.

Thus (
Fj

∥∥∥∥
(
Aν0j−l

ν0
Wm(t)

)
µ0

∥∥∥∥
)−1

≤ 2−j .

Now we take in (38) the trivial estimate for µ 6= µ0, and for µ = µ0, ν 6= ν0.
Lemma 6 is proved. �

Let

S(P ) =

P−3∑

n∗=2

e

(〈
Wm(t), αn∗

〉)
, (39)

where

αn∗ =

κ2∑

ν=−κ3

sign(ν)Fj

{
(n∗ + uν+ν∗)dν+ν∗

Fj

}
A|jν−l|

ν (40)
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sign(ν) =

{
1, if ν > 0,

−1, otherwise,
uν =





1, if ν ≥ κ1,

0, if ν ∈ [0, κ1 − 1],

−1, otherwise

(41)

and
dν+κ1i = dν for i ∈ Z

and

ν ∈ [−κ3, κ2].Lemma 7. Let 5 ≤ P ≤ 2j. With notations as above we have:

|S(P )| ≤

2j−1−1∑

msd+1=−2j−1

|S1(m)|

m̄sd+1
,

where

S1(m) =

2j−1∑

n∗=0

e

(〈
Wm(t), αn∗

〉
+
msd+1n

∗

2j

)
.

P r o o f. Similarly to [Ko2, p. 13], applying Lemma C and Lemma A we have
that

|S(P )| =

∣∣∣∣∣∣

P−3∑

n∗=2

2j−1∑

k=0

e
(〈
Wm(t), αk

〉)
δ2j (k − n∗)

∣∣∣∣∣∣

=

∣∣∣∣∣∣

P−3∑

n∗=2

2j−1∑

k=0

1

2j

2j−1−1∑

msd+1=−2j−1

e
(〈
Wm(t), αk

〉)
e

(
(k − n∗)msd+1

2j

)∣∣∣∣∣∣

=

∣∣∣∣∣∣
1

2j

2j−1−1∑

msd+1=−2j−1

P−3∑

n∗=2

e

(
−
msd+1n

∗

2j

)2j−1∑

k=0

e

(〈
Wm(t), αk

〉
+
msd+1k

2j

)∣∣∣∣∣∣

≤

2j−1−1∑

msd+1=−2j−1

1

m̄sd+1

∣∣∣∣∣∣

2j−1∑

k=0

e

(〈
Wm(t), αk

〉
+
msd+1k

2j

)∣∣∣∣∣∣
.

Lemma 7 is proved. �
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DISCREPANCY ESTIMATE OF NORMAL VECTORSLemma 8. With notations as above we have:

|S1(m)| ≤
∑

z0,...,zκ1−1∈[0,Fj)sd

min


2j , 1

2
∥∥∥
∑κ2

ν=−κ3

〈
zν ,

dν+ν∗

Fj

〉
+ msd+1

2j

∥∥∥




×

κ2∏

ν=−κ3

sd∏

µ=1

min


1,

1

2Fj

∥∥∥∥
(
− zν

Fj
+ sign(ν)A

|jν−l|
ν Wm(t)

)
µ

∥∥∥∥


 .

P r o o f. Let

(n∗ + uν+ν∗)dν+ν∗ ≡ kν mod Fj,

where

kν ∈ [0, Fj)
sd, −κ3 ≤ ν ≤ κ2, and kν = (kν,1, . . . , kν,sd).

From (40), we have

S1(m) =

2j−1∑

n∗=0




κ2∏

ν=−κ3

∑

kν∈[0,Fj)sd

sd∏

i=1

δFj

(
(n∗ + uν+ν∗)dν+ν∗ − kν,i

)



× e

(〈
Wm(t),

κ2∑

ν=−κ3

sign(ν)kνA
|jν−l|
ν

〉
+
msd+1n

∗

2j

)
.

By Lemma C, we get

S1(m) =

2j−1∑

n∗=0

∑

k−κ3
,...,kκ2

∈[0,Fj)sd

∑

z−κ3
,...,zκ2

∈[0,Fj)sd

1

Fκ1sd
j

× e

(
κ2∑

ν=−κ3

sd∑

i=1

zν,i ×

(
(n∗ + uν+ν∗)dν+ν∗,i − kν,i

)

Fj

)

× e

(〈
Wm(t),

κ2∑

ν=−κ3

sign(ν)kνA
|jν−l|
ν

〉
+
msd+1n

∗

2j

)
.
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Changing the order of summation, we obtain

|S1(m)| =

∣∣∣∣∣
1

Fκ1sd
j

∑

k−κ3
,...,kκ2

∈[0,Fj)sd

∑

z−κ3
,...,zκ2

∈[0,Fj)sd

e

(
κ2∑

ν=−κ3

〈
Wm(t), sign(ν)kνA

|jν−l|
ν

〉
−

〈zν ,kν〉

Fj

)
2j−1∑

n∗=0

e

(
n∗

(
msd+1

2j
+

κ2∑

ν=−κ3

1

Fj
〈zν ,dν+ν∗〉

)
+

κ2∑

ν=−κ3

uν+ν∗

Fj
〈zν ,dν+ν∗〉

)∣∣∣∣∣

≤
∑

z−κ3
,...,zκ2

∈[0,Fj)sd

1

Fκ1sd
j

∣∣∣∣∣
∑

k−κ3
,...,kκ2

∈[0,Fj)sd

e

(
κ2∑

ν=−κ3

〈
kν , sign(ν)A

|jν−l|
ν Wm(t) − zν/Fj

〉)∣∣∣∣∣

×

∣∣∣∣∣∣

2j−1∑

n∗=0

e

(
n∗

(
msd+1

2j
+

κ2∑

ν=−κ3

1

Fj
〈zν,dν+ν∗〉

))∣∣∣∣∣∣
. (42)

Using Lemma A, we get

1

Fκ1sd
j

∣∣∣∣∣∣

∑

k−κ3
,...,kκ2

∈[0,Fj)sd

e

(
κ2∑

ν=−κ3

〈
kν , sign(ν)A

|jν−l|
ν Wm(t) −

zν

Fj

〉)∣∣∣∣∣∣

≤

κ2∏

ν=−κ3

sd∏

µ=1

min


1,

1

2Fj

∥∥∥∥
(
− zν

Fj
+ sign(ν)A

|jν−l|
ν Wm(t)

)
µ

∥∥∥∥


 , (43)

and
∣∣∣∣∣∣

2j−1∑

n∗=0

e

(
n∗

(
msd+1

2j
+

κ2∑

ν=−κ3

〈
zν ,

dν+ν∗

Fj

〉))∣∣∣∣∣∣

≤ min


2j,

1

2
∥∥∥
∑κ2

ν=−κ3

〈
zν ,

dν+ν∗

Fj

〉
+

msd+1

2j

∥∥∥


 . (44)

Now from (42), (43) and (44), we obtain the assertion of the lemma. �
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Let us denote

T (d−κ3
, . . . ,dκ2

)

=

j−1∑

l=0

κ1−1∑

ν∗=0

∑

0<max1≤i≤sd |mi|≤c22j

1

m̄1 . . . m̄sd

2j−1∑

msd+1=−2j−1

1

m̄sd+1

×
∑

z0,...,zκ1−1∈[0,Fj)sd

min


2j, 1

2
∥∥∥
∑κ2

ν=−κ3

〈
zν ,

dν+ν∗

Fj

〉
+ msd+1

2j

∥∥∥




×

κ2∏

ν=−κ3

sd∏

µ=1

min


1,

1

2Fj

∥∥∥∥
(
− zν

Fj
+ sign(ν)A

|jν−l|
ν Wm(t)

)
µ

∥∥∥∥


 .Main Lemma. Let us take

dj,−κ3
, . . . ,dj,κ2

∈ [0, Fj)
sd so that T (dj,−κ3

, . . . ,dj,κ2
)

will be minimal. Then

T (dj,−κ3
, . . . ,dj,κ2

) = O
(
jsd+4

)
.

P r o o f. Consider the mean values

T̃ =
1

F sdκ1

j

∑

d−κ3
,...,dκ2

∈[0,Fj)sd

T (d−κ3
, . . . ,dκ2

). (45)

We see

T̃ ≤

j−1∑

l=0

κ1−1∑

ν∗=0

∑

0<max1≤i≤sd |mi|≤2j

2j−1∑

msd+1=−2j

1

m̄1 . . . m̄sdm̄sd+1
σ(m),

where

σ(m) =
1

F sdκ1

j

∑

z−κ3
,...,zκ2

∈[0,Fj)sd

∑

d−κ3
,...,dκ2

∈[0,Fj)sd

min


2j ,

1

2
∥∥∥
∑κ2

ν=−κ3

〈
zν,

dν+ν∗

Fj

〉
+

msd+1

2j

∥∥∥




κ2∏

ν=−κ3

sd∏

µ=1

min


1,

1

2Fj

∥∥∥∥
(
− zν

Fj
+ sign(ν)A

|jν−l|
ν Wm(t)

)
µ

∥∥∥∥


 .
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Let
σ1 :=

1

F sdκ1

j

∑

d−κ3
,...,dκ2

∈[0,Fj)sd

min


2j, 1

2
∥∥∥
∑κ2

ν=−κ3

〈
zν ,

dν+ν∗

Fj

〉
+ msd+1

2j

∥∥∥


 .

In the case of (z−κ3
, . . . , zκ2

) 6= (0, . . . ,0), we will use Lemma 5σ1 = O (j) .
If (z−κ3

, . . . , zκ2
) = (0, . . . ,0), we will use the trivial estimate σ1 = O

(
2j
)
.

Therefore, σ(m) = O (σ2 + σ3), where

σ2 = j
∑

z−κ3
,...,zκ2

∈[0,Fj)sd

κ2∏

ν=−κ3

sd∏

µ=1

min


1,

1

2Fj

∥∥∥∥
(
− zν

Fj
+ sign(ν)A

|jν−l|
ν Wm(t)

)
µ

∥∥∥∥


 , (46)

and

σ3 = 2j
κ2∏

ν=−κ3

sd∏

µ=1

min


1,

1

2Fj

∥∥∥∥
(
A

|jν−l|
ν Wm(t)

)
µ

∥∥∥∥


 .

By Lemma 6, we have σ3 = O(1). Using Lemma B, we get

∑

zνµ∈[0,Fj)

min


1,

1

2Fj

∥∥∥∥
(
−znu

Fj
+ sign(ν)A

|jν−l|
ν Wm(t)

)
µ

∥∥∥∥




≤ 8 (1 + lnFj) ≤ 8(1 + ln 2κ0j+1) ≤ 8(1 + κ0j + 1) = O(j).

From (46), we obtain σ2 = O
(
j2
)
. Hence σ(m) = O

(
j2
)
and

T̃ = O


j2

j−1∑

l=0

κ1−1∑

ν∗=0

∑

0<max1≤i≤sd |mi|≤2j

2j−1∑

msd+1=−2j

1

m̄1 . . . m̄sdm̄sd+1


 .

Thus,

T̃ = O
(
jsd+4

)
.

By (45), there exist vectors

dj,−κ3
, . . . ,dj,κ2

∈ [0, Fj)
sd with T (dj,0, . . . ,dj,κ1−1) = O

(
jsd+4

)
.

The Main Lemma is proved. �
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We will use vectors bj,ν = dj,ν in (11) and (40), where

dj,ν1+κ1i = dj,ν1
for i ∈ Z and ν1 ∈ [−κ3, κ2], j = 1, 2, . . .

Applying Lemma 7, Lemma 8 and the Main Lemma, we getCorollary. Let 5 ≤ P ≤ 2j. Then

j−1∑

l=0

κ1−1∑

ν∗=0

∑

0<max1≤i≤sd |mi|≤c22j

1

m̄1, . . . , m̄sd

∣∣∣∣∣

P−3∑

n∗=2

e
(〈
Wm(t), αn∗

〉)∣∣∣∣∣ = O
(
jsd+4

)
.

4.2. End of the proof of the Theorem

Let us decompose our interval [1, N ] into subintervals: [1, n2), [n2, n3), . . .
. . . , [nr−1, nr), [nr, N ], where nr+1 > N ≥ nr. By (10) we have that

N = nr + rκ1(ñ+ ν̃) + l̃,

where

0 ≤ l̃ ≤ r − 1, 0 ≤ ñ ≤ 2r − 1, 0 ≤ ν̃ ≤ κ1 − 1.

From (1), we have the trivial estimate

LD
(
(xn)

J+L−1
n=J

)
≤ L, L = 1, 2, . . . (47)

Using (1) and (10), we get

ND
({
αAk

}N
k=1

)
≤(n2 − 1)D

({
αAk

}n2

k=1

)

+

r−1∑

j=2

κ1−1∑

ν∗=0

j−1∑

l=0

2jD

({
αAnj+j(κ1n

∗+ν∗)+l
}2j−1

n∗=0

)

+

κ1−1∑

ν∗=0

r−1∑

l=0

ñD

({
αAnr+r(κ1n

∗+ν∗)+l
}ñ−1

n∗=0

)
+O

(
r2
)
.

Hence to obtain (12), it is sufficient to prove that

v :=

j−1∑

l=0

κ1−1∑

ν∗=0

PD

({
αAnj+j(κ1n

∗+ν∗)+l
}P−1

n∗=0

)
= O(jsd+4) for P ∈ [1, 2j].

By (1) and (47), we have

v ≤ 4κ1j +

j−1∑

l=0

κ1−1∑

ν∗=0

(P − 4)D

({
αAnj+j(κ1n

∗+ν∗)+l
}P−3

n∗=2

)
.
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Thus, to obtain (12), it is sufficient to prove that

j−1∑

l=0

κ1−1∑

ν∗=0

(P − 4)D

({
αAnj+j(κ1n

∗+ν∗)+l
}P−3

n∗=2

)
= O(jsd+4) for P ∈

[
5, 2j

]
.

(48)
Applying the Erdös-Turan-Koksma inequality (13) with M = c22

j, we get
that (48) is obtained from the following estimate

j−1∑

l=0

κ1−1∑

ν∗=0

∑

0<max |mi|≤c22j

∣∣∣
∑P−3

n∗=2 e
(〈
m, αAnj+j(κ1n

∗+ν∗)+l〉
)∣∣∣

m1 . . .msd
= O

(
jsd+4

)
. (49)

Let

α̃n∗ = αn∗A−k, α̂n∗ = α̃n∗W, with k = nj + j(κ1n
∗ + ν∗) + l. (50)

From (3), we have

〈
m, αAk

〉
=
〈
Wm(t), α̃Ãk

〉
,
〈
m, α̂n∗Ak

〉
=
〈
Wm(t), α̃n∗Ãk

〉
=
〈
Wm(t), αn∗

〉
.

Using the inequality

|e(x)− 1| = |2 sin(πx)| ≤ 2π ‖x‖ ,

we get∣∣∣e
(〈
Wm(t), α̃Ãk

〉)
− e

(〈
Wm(t), α̃n∗Ãk

〉)∣∣∣ ≤ 2π
∥∥∥
〈
Wm(t), (α̃− α̃n∗)Ãk

〉∥∥∥ .

Hence
∣∣∣∣∣

P−3∑

n∗=2

e
(
〈m, αAk〉

)
∣∣∣∣∣ =

∣∣∣∣∣

P−3∑

n∗=2

e
(
〈Wm(t), α̃Ãk〉

)∣∣∣∣∣

=

∣∣∣∣∣

P−3∑

n∗=2

e
(
〈Wm(t), α̃n∗Ãk + (α̃− α̃n∗)Ãk〉

)∣∣∣∣∣

≤

∣∣∣∣∣

P−3∑

n∗=2

e
(
〈Wm(t), αn∗〉

)∣∣∣∣∣+ 2π

P−3∑

n∗=2

∥∥∥〈Wm(t), (α̃− α̃n∗)Ãk〉
∥∥∥ .

Therefore, (49)is obtained from the Corollary and the following estimate
∥∥∥〈Wm(t), (α̃− α̃n∗)Ã

k〉
∥∥∥ = O(2−j) with n∗ ∈ [2, 2j − 3] (51)

for 0 < max |mi| ≤ c22
j, k = nj + j(κ1n

∗ + ν∗) + l.

162



DISCREPANCY ESTIMATE OF NORMAL VECTORS

Let

Ω = {(m,n, ν) | m ∈ N, n ∈ [0, 2m − 1], ν ∈ [0, κ1 − 1]}

= Ω−3 ∪ Ω−2 ∪ Ω−1 ∪ Ω0 ∪ Ω1 ∪ Ω2 ∪ Ω3,

where

Ω−3 = {(m,n, ν) | m ∈ [0, j − 1], n ∈ [0, 2m − 1], ν ∈ [0, κ1 − 1]},

Ω3 = {(m,n, ν) | m = j + 1, j + 2, . . . , n ∈ [0, 2m − 1], ν ∈ [0, κ1 − 1]},

Ω−2 = {(j, n, ν) | n ∈ [0, n∗ − 3], ν ∈ [0, κ1 − 1]},

Ω2 = {(j, n, ν) | n ∈ [n∗ + 2, 2j − 1], ν ∈ [0, κ1 − 1]},

Ω−1 = {(j, n∗ − 2, ν) | ν ∈ [0, ν∗ − κ3 + 2κ1 − 1]},

Ω1 = {(j, n∗, ν) | ν ∈ [ν∗ + κ2 + 1, 2κ1 − 1]},

Ω0 = {(j, n∗, ν) | ν ∈ [ν∗ − κ3, ν
∗ + κ2]}.

Let

βi =
∑

(m,n,ν)∈Ωi

Fm

{
n1bm,ν1

Fm

}
A

nm+m(κ1n+ν)
1 , (52)

with κ1n1 + ν1 = κ1n + ν for n1 ∈ [0, 2m − 1], ν1 ∈ [0, κ1 − 1] and i ∈ [−3, 3].
By (11), we see that

α̃ =

3∑

i=−3

βi. (53)

From (3), (7), (8) and (23), we get

An
1 Ã

k = An−k
1 for n ≥ k, and An

1 Ã
k = Ak−n −Ak−n

−1 for n < k. (54)

Applying (41), we have

β0Ã
k =

∑

ν∈[ν∗−κ3,ν∗+κ2]

Fj

{
(n∗ + uν)bj,ν

Fj

}
A

nj+j(κ1n
∗+ν)

1 Ãnj+j(κ1n
∗+ν∗)+l

≡
∑

ν∈[ν∗+1,ν∗+κ2]

Fj

{
(n∗ + uν)bj,ν

Fj

}
A

j(ν−ν∗)−l
1

−
∑

ν∈[ν∗−κ3,ν∗]

Fj

{
(n∗ + uν)bj,ν

Fj

}
A

j(ν∗−ν)+l
−1 mod 1.

Hence
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β0Ã
k ≡

∑

ν∈[1,κ2]

Fj

{
(n∗ + uν+ν∗)bj,ν+ν∗

Fj

}
Ajν−l

1

−
∑

ν∈[−κ3,0]

Fj

{
(n∗ + uν+ν∗)bj,ν+ν∗

Fj

}
A−jν+l

−1 mod 1.

By (40), we obtain
β0Ã

k ≡ αn∗ mod 1.

Now from (50) and (53), we get

(α̃− α̃n∗)Ã
k =

∑

i∈[−3,3]

βiÃ
k − αn∗ ≡

∑

i∈[−3,3]\0

βiÃ
k mod 1.

We derive from (51) that (49) is obtained from the following estimate:
∥∥∥〈Wm(t), βiÃ

k〉
∥∥∥ = O(2−j), i ∈ [−3, 3] \ 0 (55)

for 0 < max |mi| ≤ c22
j, k = nj + j(κ1n

∗ + ν∗) + l.

Consider the case i > 0. Bearing in mind that

|m| ≤ c22
j with c2 = c1/(smax |wi,j|),

we get that |(Wm(t))i| ≤ c12
j, 1 ≤ i ≤ sd. Hence we can apply Lemma 4.

According to (52) and (54), we have
∣∣∣〈Wm(t), βiÃ

k
〉∣∣∣ ≤

∑

(m,n,ν)∈Ωi

sdFm

∣∣∣Anm+m(κ1n+ν)−k
1 Wm(t)

∣∣∣

≤
∑

(m,n,ν)∈Ωi

sdFm2mdλ
k−nm−m(κ1n+ν)
0 . (56)

Let i = 1. Using (9) and (56), we get

∣∣∣
〈
Wm(t), β1Ã

k
〉∣∣∣ ≤ sdFj2

jd
2κ1−1∑

ν=ν∗+κ2+1

λ
k−nj−j(κ1n

∗+ν)
0

≤ 2sd2j(κ0+d)
2κ1−1∑

ν=ν∗+κ2+1

λ
j(ν∗−ν)+l
0

= 2sd

2κ1−1∑

ν=ν∗+κ2+1

2jaν ,
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where
aν = κ0 + d− (log2 λ0)(ν − ν∗ − l/j)

≤ κ0 + d− (log2 λ0)κ2

≤ κ0 + d− (log2 λ0)(κ0 + d+ 1)/ log2 λ0

= − 1. (57)

Thus (55) is true for i = 1.

Let i = 2. Then∣∣∣
〈
Wm(t), β2Ã

k
〉∣∣∣ ≤ sdFj2

jd
2j−1∑

n=n∗+2

κ1−1∑

ν=0

λ
k−nj−j(κ1n+ν)
0

≤ 2sd

2j−1∑

n=n∗+2

κ1−1∑

ν=0

2jan,ν ,

where

an,ν = κ0 + d− (log2 λ0)(κ1(n− n∗) + ν − ν∗ − l/j)

≤ κ0 + d− (log2 λ0)κ1(n− n∗ − 1).

Hence ∣∣∣
〈
Wm(t), β2Ã

k
〉∣∣∣ = O(2jan∗+2,0).

Using (9) and (4.2), we have∣∣∣
〈
Wm(t), β2Ã

k
〉∣∣∣ = O

(
2j(κ0+d−(log2 λ0)κ1)

)

= O(2−j).

Thus (55) is true for i = 2.

Let i = 3. Then∣∣∣
〈
Wm(t), β3Ã

k
〉∣∣∣ ≤ sd

∑

m≥j+1

2j−1∑

n=0

κ1−1∑

ν=0

Fm2mdλ
k−nm−m(κ1n+ν)
0 .

It is easy to see that
∣∣∣
〈
Wm(t), β3Ã

k〉
∣∣∣ = O

(
∑

m≥j+1

2m(κ0+d)λk−nm

0

)
.

Let

am = log2(2
m(κ0+d)λk−nm

0 ) = m(κ0 + d) + (log2 λ0)(k − nm).

By (10), we have ∣∣∣
〈
Wm(t), β3Ã

k
〉∣∣∣ = O(2aj+1). (58)
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From (50) and (51), we get

k = nj + j(κ1n
∗ + ν∗) + l with n∗ ∈ [2, 2j − 3].

Thus

aj+1 = (j + 1)(κ0 + d) + (log2 λ0)(nj + j(κ1n
∗ + ν∗) + l − nj+1)

≤ (j + 1)(κ0 + d)− 2jκ1 log2 λ0

≤ (j + 1)(κ0 + d)− 2j([(κ0 + d+ 1)/ log2 λ0] + 3)/ log2 λ0

≤ (j + 1)(κ0 + d)− 2j(κ0 + d+ 1)

≤ − j(κ0 + d+ 1).

By (58), we obtain that (55) is true for i = 3.

Consider the case i < 0. Applying (54) and Lemma 4, we get
∥∥∥
〈
Wm(t), βiÃ

k
〉∥∥∥ ≤

∑

(m,n,ν)∈Ωi

sdFm

∣∣Ak−nm−m(κ1n+ν)
−1 Wm(t)

∣∣

≤
∑

(m,n,ν)∈Ωi

sdFm2mdλ
nm+m(κ1n+ν)−k
−1 .

Now, repeating the proofs for the case i > 0, we get that (55) is also true for
i < 0. The Theorem is proved. �
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