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DISCREPANCY ESTIMATE OF NORMAL VECTORS
(THE CASE OF HYPERBOLIC MATRICES)

MOoORDECHAY B. LEVIN — IRINA L. VOLINSKY

ABSTRACT. Let A be a t x t invertible matrix with integer entries and with

eigenvalues |\;| # 1, ¢ € [1,¢]. In this paper we prove explicitly that there ex-

ists a vector «, such that discrepancy of the sequence {aA”}T]:;l is equal to

O(N~1(log N)tt?) for N — oo. This estimate can be improved no more than
on the logarithmic factor.

Communicated by Robert F. Tichy

Dedicated to the memory of Professor Edmund Hlawka

1. Introduction

Let (2,)n>0 be an infinite sequence of points in a t—dimensional unit cube
[0,1)% v =10,71) X - -+ x [0,7) a box in [0,1)*; and .J,(IN) a number of indexes
n € [1, N] such that z,, lies in v. The sequence (z,,),>0 is said to be uniformly
distributed in [0,1)" if for every box v, J,(N)/N — 71 ...7:. The quantity
1

D((:vn),{y:l) = sup NJU(N) — YN (1)

ve(0,1]t
is called the discrepancy of (x,)N_;.
In 1954, Roth (see [DrTi]) proved that for any sequence in [0, 1)*

limy e ND(N)/log/? N > 0. (2)

Let A be a t xt invertible matrix with integer entries. A matrix A is said to be
ergodic if for almost all & € RY, the sequence {a@A™},,>1 is uniformly distributed.

2010 Mathematics Subject Classification: 11K31.
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A vector @ € R is said to be normal (A normal) if the sequence {aA"™},>1
is uniformly distributed.

Let A\; (1 < < t) denote the eigenvalues of a matrix A. For the case of
|IAi| > 1, i =1,...,t, normal vectors were constructed by Postnikov (¢t = 2)
and by Polosuev (¢ > 2) (see [Po]). Normal vectors were constructed for the
general case of an ergodic matrix in [Lel]. The author [Lel| obtained also the
following discrepancy estimate

D({aA” ﬁzl) -0 (N’%(log N)t+3) .

In [Kol], Korobov posed the problem of finding a function ¢ (N) with maximum
decay, such that there exists a with

D({aA” ;V:l) = O(¥(N)), for N —» oc.

The author [Le2] proved that 1(N) = N~ (log N)?'*3 for the case of a diagonal
ergodic matrix. In [LeVo], we extended this result to the general case of an
integer matrix with |[\;| > 1, ¢ = 1,...,¢ In this paper, we obtain a similar
result for the case of hyperbolic matrix A (i.e., |\;| # 1 for ¢ € [1,¢]). By (2] this
result not be improved more than on the logarithmic factor.

2. Construction

S

Let f(x) be the characteristic polynomial of the matrix A, ¢(x) = x° —
as_12°~1 — ... — ag an irreducible factor of f(z), s = deg . In this paper we
will consider only the case of f(z) = (¢(x))? The construction and the proof
for the general case

fz) = ¢ (). (x)

are completely similar, but technically more difficult. Let’s translate A to a
general Jordan form: A = W—1AW,

AE 01 0
A = 5 A = : ) 3
5 . (3)
A apg ... Qs—1

where A is the companion matrix of the polynomial ¢(z), W = (w; ;)1<i j<sd
is the matrix with integer coefficients, and E the identity matrix. Let Ay, ..., Aq
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be roots of ¢(z), and let [A\;| > 1, fori=1,...,r |[N| <1, fori=r+1,...,s,

. . 1

= . 1 = . . 4

Yo= g b A=l N W

Let r < s. (We considered the case of r = s in [LeVo|. Using the method of

this paper we can get the improved discrepancy estimate (I2]) also for the case
r=s.) Let

1 if =0
S(z)=<" ’ 5
(z) {O, otherwise , (5)
C = (cij)icij<ds With  C(i, 1)stip (uo—1ydtm = Ay 0(in — 1), (6)

1<y, <d, 1<, p0 < s,

A il
K = ; Az = ) (7)
A il
s /\z
and
AT! 0
i A;l ’ O
A= 0 , A= Ao ,
0 A
A =CAC™', A, =cCANCY,
A;=A; for i>0, and A;=A_; for i<0. (8)
Let
d+1
Ko =2+5+ ([logg Ao + 1)(d+ 1), o= {u] 43,
logy Ao
d+1
Ky = {u}ﬂ, K1 = ko + kg + 1, (9)
logy A1
F,, € [2r0om 2rom+1) he prime (m = 1,2,...),
n =0, Ny=nm_1+rm2™, m=2,3,..., (10)
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oo 27 -1mi—1 nb

m=1 n=0 v=0
where b, ,, € [0, F,,)%?
THEOREM. There exist integer vectors
bym € [0,F,) (m=1,2,..., v €[0,51))
such that .
D ({aA"}gzl) =0 (W) , for N — 0. (12)
We prove this result in Section 4.

REMARK. The theorem can be extended also to negative values of n. Let

oo 2M—1kK1—1 ( )
F AT_Lerm Kin+v
PP B

and let
a =(a+a )W

Then there exist integer vectors b, m, b;m € [0, F,,,)%¢, such that

D (foay ) =0 (W) ,

where N = max(Ny, Na).

3. Auxiliary results

We will need the following inequalities: The Erd6s-Turan-Koksma inequality
(see [DrTil p. 18]):

N-1
3Y [ NV | S5 e fm, x|
ND( N 1)< SR . (13
(x)”O—Q ot Z ML .. . Ty (13)
0<max |m;|<M
where
€(y) = exp(2m’y), Xn = (‘rn,lv o ‘awn,t)v m = (mlv .. ‘mt)v m; = max(lv ‘mz|)v
and

<(a1,...,at),(bl,...,bt» :a1b1+‘-‘+atbt, t = sd.
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LEMMA A (see [Ko2l p. 1]). Let 8 be a real number, M and N natural, then
> enp)
n=M
LeEMMA B (see [Ko2, p. 72]). Let P > 2,(a, P) = 1, then for any real ¢,
& 1
Y min <P 7> <8P(1+InP).
n=1

M+N-1 1
min | N, ———
= ( ’2||/3||>’
where |8 = min({8},1 - {8}).
Tan/P+ o]

LEMMA C (see [Ko2, p. 2]). Let
1 if a=0(modyq),
bq(a) = { ( )

0, otherwise,

where ¢q > 1,a € Z. Then a
04(a) = E Z e <%>
! g~ \aqa)

For the sake of the clarity we will prove three lemmas from [Lel].

We consider roots A1, ..., As of the polynomial ¢(z). Let Q(),) (respectively,
Q(A1, ..., As)) be the field extension of Q, by adding the element A, (respectively,
A1y ..., As); 0y (respectively, o,,,,) isomorphism of the field Q (A1) (respectively,
Q(Ay,)) into the field Q(A1,...,As) (respectively, Q(A,,)), with the following
rule: Ay — A, (respectively, A\,, — A,,) and @ — a for all @ € Q (v,v1,v0 =
1,...,s). Let

1 e 1 dip ... dis
a=| M N ., G'= . (14)
P . A5t ds1 » dss
The numbers Aq, ..., As are the roots of an irreducible polynomial under @ ¢(z).

Hence \; # A; for i # j, and the Vandermonde determinant of the matrix G' is
not zero. Thus the numbers d, ; (1 < v, j < s) are defined correctly.

LEMMA 1 ([Lell Lemma 1]). With notation as above, we have
dzzj € Q(AIJ)7 Uu(dlj) = dl/j7 Uzzl,yg(dylj) = dUQj; where v, V17V27j = 17 ceey S

Proof. Let us take the following system of linear equations :

S SN =G - ), =1 (15)
k=1 =1
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For fixing j (j = 1,...,s), we have the system of s linear equations with s
variables y;1, ..., ¥y;s and the matrix
S
(Z xj“) : (16)
v=1 1<i,k<s

So, from the system of s? equations (5] we get s systems of linear equations
with the similar matrices (I6). By [BS, p. 404], we have that the matrix (I8]) is
nonsingular, their elements are rational numbers (see [BS, p. 404]),

DN = Troon At P e @,
v=1

and
S
det (Z A@+k—2> == x)*#0.
v=1 1<ik<s <J
Hence, there exist rational f]k (j,k = 1,...,s) that are solutions of the sys-
tem (I5). Let
S
dyj =Y fiedi ™, vj=1,...,s. (17)
k=1
From (IH)), we get
S B S S B
> Ay = YN Y
v=1 v=1 k=1
S B S
SIWD P
k=1 v=1
=6(i—7) for i,j=1,...,s. (18)
Bearing in mind that there exists only one matrix inverse to G, we obtain that
the numbers d,; (v,j =1,...,s) are uniquely defined from the following system
of linear equations
S
> Xty =6(i - j), ij=1,...,s.
v=1
By (I7) and (I8), we have
dzzj = Jl/j = ~jk>‘5717 Lj=1,...,s, (19)
k=1
with rational fjk. Using (T9)), we obtain the assertion of the lemma. O

146
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We will use the function §(x) (B to obtain the coefficients a; ; of the ma-
trix A ([B]), and coefficients l; ; of the matrix A; ([7):
iy —1)s+io,(j1—1)s+jo — 6<Z1 —J1+ 1)5(i0 _jO) + 6(“ o ‘71)
x (1= 8(s = i0))8(io — jo + 1)

+ 6(s—i0)ian6(n—jo+l)}, (20)
n=0

Lo —1)d i (vo—1)d4vy = 0(t0 = v0) (6(p1 — 1) Awy + 6(p1 + 1 = 11)),
1§H17V1§d7 1§M07V0§S~ (21)

Let us take ds X ds matrix

F = (fu;) with f,—1)dte,.(h—1)stjo = duojod(v1 — j1),
1<ji,11 <d, 1<jo,vo<s. (22)

LEMMA 2 ([Lell Lemma 2]). The following equations are true:
F=cCl!, A=cAc™l (23)
Proof. Let g,, be elements of the matrix F'C. By (I4)), (@) and [22)), we get

9(vo—1)d+v1,(po—1)d+p1
d s

= Z Z f(Vo—l)d+V17(J'1—1)S+joc(j1—1)S+J'o7(uo—1)d+m
ji=1jo=1
d s ‘
=373 dugevr — )N (1 — )
Jji=1jo=1
=001 =) 3 dujo iy~ = 8(v1 — u)d(vo — pro),

jo=1
1<wo,po<s, 1<v,p <d.

Therefore, F'C' is the identity matrix, and C is the nonsingular matrix, so
F=Cc"
Let us denote by a;; elements of the matrix
CAC™' = CAF.
Bearing in mind that

Ao=as N 4 tag, 1<v<s,
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we get from (@), (I4) and ZO)—-22) that
EL(il_1)54‘1'07(]'1—1)3—0—]'0
s d
- Z Z C(i1*1)5+i0:(#0*1)d+u1
po,vo=1p1,v1=1
X l(MO—l)d+H17(VO—1)d+V1 f(l/g—l)d—}—yl’(jl_l)s_l'_jo

Z Z )\ZO 15 Zl — )5(/1,0 — Ijo)

Ho,vo=1p1,v1=1

x ((5(m — 1)y + 800 — 11+ 1)) 801 — 1) du,

Z /\10 1 Zl _jl)/\uo + (5(11 -5+ 1))dV0j0

1101
S

=06 — 1+ 1) Y A0 dyyj, + 00 — i) Z g jo AL

vo=1 vo=1

=6(i1 — j1 + 1)6(d0 — Jo) + (i1 — j1)

deW)m( (s —io)) A + (s —io) Zan )

vo=1 n=0

=0(iy — g1+ 1)d(i0 — jo) +6(i1 — j1)

X ((1 —0(s —10))0(ip — jo+ 1) + (s — ip) i and(n — jo + 1))

n=0

Now, by (20),
aij=ay; (1<i,j<ds), and A=CAC™.

Lemma 2 is proved.

According to [Gal p. 100] we have that

A ONTE e (AT

(3

(DX

AT
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Let lffg be coefficients of the matrix A% By (5) and (), we obtain

(x) _ €z T—v1+p1
l(uo d+pa,(vo—1)d+v1 — 6(po — V0)<V1 . N1>)\HO e (24)
Let
<~ 1 B
A=max [Al, A= max(L[A|7),  g=|detGl. (25)
Let m = (mq,...,mgs) be a 1 x sd matrix with integer elements, m® the

transposed matrix.

LEMMA 3 ([Lell, Lemma 3]). Let co = (gsd) 2(AN) " (maxi <, j<s |dy;]) 7>
0 < maxi<i<ds |mi| < co2?; j > [—logyco) + 1, s > 2, x be an integer,
2/ > 1 >0. Then

jd > y—c . . > 9—i(s—1)
202N g (m)| 2270070 (26)

where a;(x,m) are elements of the matriz A*m()

Proof. Let a( “) be the elements of the matrix A® = CA*C~L Using (@), (24),
[22) and Lemma 2, we obtain

(fE)
Uiy — 1)9+10,(J1 1)s+3o

S

> Z X015 iy — p11)8(po — vo) Ay

vo,no=1v1,pu1=1

T .
X (]/ —u1>dV0j06(V1 —_]1)
a:Jrz +ip—1
<Jl —h) Z Ao o Bvodo-

vo=1

where (f) are equal to zero for i > rand i < 0, 1 <i1,5;1 <d, 1 <ig,jo < s.
We see that

a(z‘rl)mo (7, m)

— Z Z <J1 B Zl))\m+n j1tio—1 Z dujo M (G, —1)s+jo- (27)

v=1j1=11 Jjo=1
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From (25)) and conditions of the lemma, we get

T e
) < 2 1y 9J s+d .
[max fai(z, m)| < cosdA (d - 1) (AN max d,,;|

< Aijd)COSZd()\X)SJFd  ax \d,, ;| < A*294. (28)
_U7]_S

So the left side of (28]) is proved. Let us prove the right side of (26]). The vector m
is non zero, so there exists an integer kg € [1,d] such that

S S

Z Im e, —1)s+41 =0, Z IM(ko—1)st+4] >0 for ko <. (29)
j=1 Jj=1
By @1), s s
A(ko—1)s+i (.’L‘, 1’1’1) = Z >‘$+171 Z dvyjm(kofl)s+j' (30)
v=1 Jj=1

The determinant of the matrix (d,;)i<j<s is not zero. Hence, there exists
vy € [1, s] such that

S
D Mgy —1)s+5 # 0.
Using Lemma 1, we have =t

Ovy,v Zdy07jm(k071)5+j = Zdyjm(k071)5+j 75 O, V= 1,...,5. (31)
j=1

j=1
Let M; ; be the minor of the matrix G (I4). It is known that
di,j = (—1)i+jMi7j(det G)_l.

Bearing in mind that A{,..., Ay are algebraic integers, we obtain that d; ; det G
are also algebraic integers. From (28) and (31]), we get

Nomw)y/e gzdua’m(krl)sﬂ‘ > 1.
j=1

Taking into account that A\; # A; for ¢ # j, we have that the isomorphisms
o1, ..., 0, are different isomorphisms of the field Q (A1) into the field Q (A1, ..., Ay).
Using Lemma 1, we obtain

S

Noowysa (9D duiomme—ystio | = LT 19D dviomro—1)s4o

jo=1 v=1 Jo=1
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Hence

1

S
E : dVJOm(ko—1)3+jo 2 5 s—1
Jo=1 9° (maX1SVSS|ZjO:1 m(ko—l)s+jodl/’jo|>

—s+1
> g5 . —s+1 —jg(s—l).
>0 (s Jdosl) 2 (32)

By B0), we get

QA(ko—1)s+io (x’ m) = Z ZV)‘zi/O_lv Ry = /\:5 Z deom(ko—l)S—Fjo’ (33)
v=1

Jo=1

with 1 < ig < s. Let us consider (33]) as a system of linear equations with
variables

2z, (1 <v <s) and the matrix (/\Z‘VO_l)lgyyiogs.

Applying ([I4]), we obtain

G(z1y.. -, zs)(t) = (a(k0,1)5+1 (x,m),...,ags(x, m))(t),
(21, -, zs)(t) =G! (a(k0_1)3+1(x, m),...,aks(, m))(t)
and s
2, = Z dyioQ(kg—1)s+io (z,m). (34)
Therefore, o=t

max |zy| < s Max [ar—1)srio (T, 0)] | max_ |dyjo|.

By B2), (B3) and conditions of the lemma, we get

x . .
A < T <o 965,15 io (€, )

—S
> ¢ (s max |du,j0’ Cas+12—j0(s—1)22—]’0(5—1)_
1<v,jo<s

Lemma 3 is proved. O

Let: a;(0,z, m) be elements of the matrix A¥m(*),
ai(1,z,m) be elements of the matrix (A_;)*m®,
Go be the matrix (A°71)1<, jo<r,
G_1 be the matrix (M), <, j,<s, and

dy, j,, . be the elements of the matrix G,;l, (k=0,-1).
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LEMMA 4. Let
—1 —1
e = max_[dysl) (_ max (Ll enl)  (gsd) A

1<v, jo<s 1<v, jo<r, k=0,—1

0< 1r<nzix Imi| < 127, j> —[logyci] +1, s>2, x be an integer,
1<ds

27 > >0.
Then

jd> T ) > —j(s—1) — 1.
2% 2 A max ai(k, 2, m)| > 2 , k=0,-1 (35)

Proof. We will prove (35]) for the case of k = 0. The proof for the case of
k= —1 is similar.

Let a be elements of the matrix
A7 = CA*C~ 1.

By (@), @), 22) and (24]), we have

@)
Uiy — 1)S+10’(31 1)s+jo

Z Z AOTLS (i — pa)6 (o — o) At T T

vo,po=1 vi,u1=1

X .
<(, _m)duo,joawl i)
_ r—i1+j1+1 1
_ <j1 _7,1) Z )\ 1+j1+i0— dvo’]o

1/01

Hence

a(ilfl)erio (0,2, m)

_Z Z <J1—Z1>/\ e 1Zdu Go™M (51 —1)s+jo-

v=1 ji1=11 Jjo=1

According to Lemma 1, a;(0, 2z, m) is the sum of algebraic conjugate numbers.
By the definition of r (), we get that a;(0,2,m) also is the sum of complex
conjugate numbers. Therefore, a;(0,z, m) are real numbers. From (), we have,
similarly to (28]), that

27
max |a;(0,z,m)| < cls2d)\0””+s+d< ) max_ |d, j, |2’

1<i<ds d—1) 1<v,jo<s
<Ay z9ide s2d)\s+d max d, ;. < \o¥29¢,
1 v,jo = 0
1<v,jo<s
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Let us prove the right side of (B5). By (@) and (29)-(31), we have similarly
to (B2)) that

5 —st1
Z du, jo ™M (kg—1)s+jo| = 9 ° (s max |dV’j0> C;s+12—y(s—1)7 (36)

: 1<y, jo<s
Jo=1

and

Ak — 1)S+Zo 0 Z, m Z/\ w0l Z dy, Go M (ko—1)s+jo"
Therefore, jo=1

7 1
a(ko_l)sﬂo (0, z, m) E 2y

where s
2y = )\;37 Z dy’jom(k071)5+j0. (37)

Jo=1
Let consider ([37) as a system of linear equations with variables z,, (1 <v <r)
and the matrix Go = (A2 ™1)1<,.,<,. Similarly to (34), we get

T
. —1
2= ) g 00(kg—1)s4io (0,2, M) With  (dyig 0)1<mio<r = Gg -
io=1
We derive from () and (37)
Ao ¥ max E dy, joM(ky—1)s4jo| < Max |z,|

1<v<r | - 1<v<r
Jo=1

<7 WAX Ay —1)stio (0, 7, m)[ | max dyio,of

By ([36) and conditions of the lemma, we obtain

AS max |a;(0, z, m)]|

1<i<d
—s+1 -1
> (gs)~° max |d,_; e stlg=ils—1) max |d,. ;
> (gs) <1§y,j0§s| l/,]o| 1 1§l«jo§7’| V7]0’0|
> 9—i(s=1)
Lemma 4 is proved. O
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4. Proof of the Theorem

4.1. Several lemmas and the Main Lemma

LEMMA 5. Letd, = (dv1,---,dvsd)s Zv = (Zv,1,---,20.54) be integer vectors,
(Z_rgs---12ry) #(0,...,0) and 2, € [0, F;), v € [—K3, k2], n € [1,sd]. Then

1 | 1 ;
o= W Z min (2]’2”2@ msd+1||>:O(J)'

d
=2
j d,n3,...,dn26[O,Fj)"‘i l/:*li3< vy Fy > + F;

Proof. Let zy,,,, # 0, for some vy € [—k3, k2| and po € [1,sd]. Then

(ZVO’HO7 Fj) =1
and

o< max — min | F;
dl/,y,E[O’Fj)’ (%H)#(VO:UO) F] ZZO 7 2

1
ZVO'“OF‘dVO"uO +¢H

J

Y0sH0

where 1 do not depend on d,, ,,. Using Lemma B, and (@)), we obtain

1 1

— min | F;

F] J72 zyoyuodyo,uo +w
dVO,Mo:O F;

<8(1+1InFj) <8(1+1In2%09th) < 8(1+ koj + 1) = O(j).

Lemma 5 is proved. 0O
LEMMA 6. Let 0 < maXH|(m)H| S C22j’ wlth Cy = Cl/(smax‘widD’ and
0<Il<yj. Then
K2 sd
1 1
0 [ (1 “o(d). o
v=—r3 p=1 2FJ H (ALJV_ ‘Wm(t))HH 2

where the O -constant does not depend on m and .

Proof. Let us take: m = Wm®, vy = [ d+1 }+2</12,

log2 )\0
(A;oj*lﬁl) _ (A\;oj*llﬁl) (Al;oj *”ﬁl)
Ho 0 ¢

= max
1<p<sd

Bo ©
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for some pg € [1, sd] (see ([B) and [@)). We have 0 < max,, |(m),| < ¢12/. Using
Lemma 4, we obtain

(1)

with v = (19 — 1) logy Ag — d > ((d + 1/1ogy Xg))logy Ao — d = 1. Hence

(), |-

Now we use Lemma 4 to obtain the lower bound

< 2jd>\aVoj+l < 2jd>\a”0j+j _ ijv

Ho

Ho

F; (A;@f—lﬁl) > 9ir0g=i(s=1) \ (0=l gijlro=s+1) \or0i _ giv
Ho
with v1 = ko — s+ 1 — vy log, Ao.
By (@), we have
ko =2+ s+ ([logy Ao] +1)(d+ 1)
and
d+1
=2 1 1 1) — 1— 211
vy + s+ ([logg o] + 1)(d+1) — s+ (hgym}+ )o&Ao
>3+ ([logy Mo + 1)(d+1) — ((d+ 1)/ logy Ao + 2) logs Ao
> 34 [logy Ao](d + 1) + (d + 1) — (d + 1) — 2[logy Xo] — 2{log, Ao}
>3 — 2{log, Ao} > 1.
Thus

(Az'wm®)

-1
(F]— ) < 277,

Now we take in (38) the trivial estimate for p # o, and for p = ug, v # vo.

o

Lemma, 6 is proved. O
Let P_3
spy =3 e<<Wm(t),an*>>, (39)
n*=2
where
Qe = i sign(v)F; { (" + u”;'”*)dwr”* } Aliv=1l (40)
v=—rs i
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1, if V> K1,
1, if v>0,

sign(v) = _ u, =4 0, if vel0,kr —1] (41)
—1, otherwise, ) -
—1, otherwise

and
dyyn,i=d, for i€Z

and
v € [—Kg, Kal.

LEMMA 7. Let 5 < P < 27. With notations as above we have:

27711

S1(m)]
spyl< Y Sl
Megy1=—27"1 Msd+1
where
27 1 - .
N “ Msd+11
S1(m) = E 06<<W1’1’1 ,an*>+ - )

Proof. Similarly to [Ko2, p. 13], applying Lemma C and Lemma A we have
that

P—-327-1
|S(P)| = e (<Wm(t), ak>> doi(k —n™)
n*=2 k=0
P-327-1 29711 .
= i e <<Wm(t)706k>> e (—(k —n ).deH)
n*=2 k=0 2 Mggp1=—27-1 2
1 277'—1  P-3 m n* 27 -1 m I
Sl X () e (w9, )
Megy1=—27"1 n*=2 k=0
2i—1 1 291

< T | D (g - ).

. m
Mmgg41=—29-1 sl
Lemma 7 is proved. O
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LEMMA 8. With notations as above we have:

. ; 1
|51 (m)| < E min |27,
2 ZKQ Z du+v* + Msd+1
20,..,%r, —1€[0,F;)%¢ v=—kK3 vy Fj 27

K2 sd 1
X H Hmin 1,

v=—k3 p=1 2Fj (—?—“ + Sign(l/)A‘yjuillf/Vm(t))

m

Proof. Let
(n* + upyp-)dyqr =k, mod Fj,
where
k, €[0,F)*, —k3 <v<ky, and k, = (kui,-..,kod)-
From (40), we have

291

Ko sd
S (1’1’1) = Z H Z H 5Fj ((n* + Uy )dy—i-y* - ku,i)

n*=0 \v=—k3 k, €[0,F;)sd i=1
=2 Msqg1n*
X e <<V[/m(t)7 Z Sign(y)kl,ALj”l> + S';%) :
V=—K3
By Lemma C, we get

291

sim=Y 3 Y

n*=0k_ s, Ky €[0,F;)%¢ z_ps . 20, €[0,F;)5d 7 J

Ko sd * L .
o £ St

v=—rs i=1 J

K2 *
X e <<I/Vm(t)7 Z sign(y)k,,AVj”l|> + 7ngd2+1n> .

V=—K3
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Changing the order of summation, we obtain

1
> >

J K gy Ky €[0,F5)%% 2y 2, €[0,F; )5

51 (m)| =

29 -1

e( i <Wm(t),sign(1/)k,,ALj”7”> - @) Z

V=—K3 J n*=0

K2
% m Uy 4 p*
( ( 1,35 L, y+y*>>+z -+ <zy,dy+y*>>‘
l/_—Kg v=—K3 J

< 1
- Z Fi_ﬂsd
Z_pgyeeZrg €[0,F;)54 T K_ g, Kiey €[0,F; )54

e( i <ky, sign(v) A =wm® — zV/Fj>> ‘

V=—K3

291
X Z e(n*( sdil Z (20, ,,+l,*>>> . (42)

n*=0 V—*Iig

Using Lemma A, we get

1 2 ‘ z
_— ; ljv—I| (t) _ “%v
ij“Sd E e ( E <kl,7 sign(v) A} Wm - >>

K rgsenKng €[0,F)5d  \V=—k3

ﬁ Hmln 1, 1 ’ (43)
7+l " Wm

v=—r3 p=1 2F; (—— + sign( )A‘VJV Uy (t))
m
and
271
Z e (’I’L*< Sd+1 + Z < V+V >>>
n*=0 V=—RK3
. 1
< min | 27, 5 . (44)
2 HZV_ . <zy, VIj-;_y* > + %
Now from ([@2), (43]) and (@), we obtain the assertion of the lemma. O
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Let us denote
T(d_yy,...,dg,)

291

7—1 k1—1 1 1
D D Y e

. m
v*=0 0<maxj<i<sq |mi|<ca27 Madp1=—21—1 sd+1

X Z min |27, L

K2 du+1/* Msd+1
ZO,...,ZN1716[07F]')S(1' 2 HZsz;;?) <zl/7 Fj > + 23

1

K2 sd
X H Hmin 1,

v="rs p=l 2F; ||(~ % + sign(v) AP Twm®)

w
MAIN LEMMA. Let us take

dj gy - Ay €10, F)% s0 that T(dj —ngy - s djs,)
will be minimal. Then

T(dj—ss- - djiry) = O (557) .
Proof. Consider the mean values

~ 1
T =i Z T(d_y,,. .., dw,). (45)
J d_yy,...,dr, €[0,F;)%d

We see

—1r1—1 29 -1

530 DS > —otm)

=0 v*=0 O<maX1§i§sd, ‘mi‘§2] Maqp1=—27 sdlsd+1

where

1
o(m) = o > >

g reensZirg €[0,F)5 Ay e,y €[0,F5) 54

1 K2 sd
min | 27, H H
dl/ v* s
2 stzzf,;3 <z1/7 I*f] > + % v=—nr3 p=1
1
min |1,
2F; (—%—: + sign(u)ALjV*lle(tU

12

159



MORDECHAY B. LEVIN — IRINA L. VOLINSKY

Let 1

01 = FSdfﬁ Z

J d_ gy diey €[0,F;)sd

1
min |27, q
v4uv* ms
"9 sz_f,is <zy, 1% > 4 gt
In the case of (z_y;,...,2Zk,) # (0,...,0), we will use Lemma 501 = O (j)

If (z_yyy---y2Zr,) = (0,...,0), we will use the trivial estimate o1 = O (2
Therefore, c(m) = O (02 + 03), where

mei X I

Z_pgyeeyZirg €[0,F;)%4 v=—F3 p=1

1
(2 +sign() Al Twm®)

min | 1,
2F;

nw
and

Ko sd 1
o3=2" [ []min|1,
2F; :

V=g e (A‘VJ”—”Wm(t))

m

By Lemma 6, we have o3 = O(1). Using Lemma B, we get

Z min |1, 1

20y E10.F) oF, (-% + sign(u)A‘J“‘”Wm(t))

m
<8 (1+1InFy) <8(1+ 277y < 8(1 + Koj + 1) = O(j).
From (@), we obtain oz = O (j?). Hence o(m) = O (j2) and

j—1r1—1 291

T-olfY Y ¥ Y e

. _ .MsdMm
=0 v*=0 0<maxi<;<sa || <29 mgqq 1 =—29 sdlsd+1

Thus,

T — O (jsd+4) )
By (@3), there exist vectors
dj7,K3, ce ,Clj’,i2 € {0, Fj)Sd with T(dj’o, ce ,dj’,ilfl) =0 (j5d+4) .
The Main Lemma is proved. O
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We will use vectors b; , = d;, in (Il and @0), where
dj s =dj,, for i€Z and vy € [—k3,k2), j=1,2
Applying Lemma 7, Lemma 8 and the Main Lemma, we get

COROLLARY. Let 5 < P < 27. Then

j—1lri—1 P-3

_ -sd+4
>y X e ((Wm®.an))| =0 (5.
— . m17 de *—
=0 v*=0 0<max;<i<sa |m;|<c227 n*=2

4.2. End of the proof of the Theorem

Let us decompose our interval [1, N] into subintervals: [1,ns2), [n2,ns)
o [nr—1,n.), [0y, N, where n,1 > N > n,. By ([I0) we have that

N =n, +rei(fi+70)+1,
where

0<i<r—1, 0<n<2 —1,

From (IJ), we have the trivial estimate

LD ((zn)/t5" Y <L, L=1,2,...
Using () and (I0), we get

ND ({ad ) ) <na ~ 1D ({ant)2)

0§17§/<;1—1.

r—1rk1—15-1

+ Z Z Z 29D ({&Anj+j('f1n*+y*)+l}2j1>
T n*=0

Kl—l r—1

+ Z ZﬁD ({aA"r-i-T’(mn*-i-v*)-i-l}ﬁ*_l()) + O(T’2).

v*=0 [=0
Hence to obtain (I2), it is sufficient to prove that

i . P-1 '
= Z Z PD <{aAnj+J(li1n +v )+l} ) — O(jsd+4) for Pe [172]}.
n*=0
=0 v*
By (@) and @Zl), we have
o o P-3
v <4Kk1j + Z Z (P—4)D ({aAnj+J(K1n +v )+l} ) .
n*=2
=0 v*=0
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Thus, to obtain ([I2)), it is sufficient to prove that

Jj—1lri—1 ) . P-3 .
> Y (p-up ) ({aar et} ) o) por P[5,
1=0v* =

(48)
Applying the Erdos-Turan-Koksma inequality (I3) with M = 227, we get
that (@8) is obtained from the following estimate

j—1lri—1 ’Zn e <m’ aAnj+j(Hln*+y*)+l>)‘

X2 X e =0 (j**). (49)

1=0 v*=0 0<max |m;|<co27

Let

~

One = Qe AR Qe =@ W, with k=mn; +j(mn* +v*)+1.  (50)
From (3), we have
(m,aA") = (Wm® aA*), (m,a,-A*) = (Wm®, a,-AF) = (Wm®, a,-).
Using the inequality

le(x) — 1] = [2sin(mz)| < 27 |1z,
we get

’e (<Wm(t), &gk» —e <<Wm(t),&n*ﬁk>>‘ <27 H<Wm(t), (o — &n*)ﬁk>H .

Hence
P-3 N
(m,ad®)| = | 3 e (<Wm<t>,aAk>)‘
s i
= Ze ((Wm  Gne AP 4 (& — Gl )Ak>>‘

P-3 "
t *
< n*E:; ((Wm , Oy, >>

Therefore, ([A9)is obtained from the Corollary and the following estimate

P—3
+ 27rZ H(Wm(t), (a0 — &n*)gkw .
n*=2

H<Wm<t>, (@— an*)MH —0(279) with n*€[2,2 — 3| (51)
for 0 < max |m;| < 227, k=mn; + j(kn* +v*) + 1.
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Let

Q ={(m,n,v)|meN,nel0,2™—1],ve [0,k — 1]}
=0 3UQ 2UQ_1UQyUN UN UQs3,

where

Q- 3—{( m,n,v) |mel0,j—1,ne0,2™ —1],v € [0,r1 — 1]},
3 ={(myn,v)|m=5+1,7+2,....,n€[0,2" —1],v € [0,k — 1]},
—o={{,n,v) | ne0,n*—3,vel0,kr — 1]},
> ={(U.n )Ine[n*+2,2f—1],ve[0,m—1]},
1 ={(U,n* = 2,v)|vel0,v — K3+ 2K — 1]},
1 ={(,n"v)|ve V' +r+1,2k — 1]},
o ={(,n"v)|ve — ks v + Kal}.

Let

n1bm vy | ynm+msintv
ﬂi:(m,geniFm{;Fm’ }Al ), (52)

with k1ny + 11 = kin+ v for ny € [0,2™ — 1], 11 € [0,51 — 1] and i € [-3, 3].

By (), we see that 5
o=y B (53)

From @), (@), () and 23), we get
ATVAR = AP7F for >k, and ATAF = AR — AR for n<k. (54)

Applying (I, we have

&’Ek - Z E; L* +;f)bjyv } A?j"'j("fl“*‘f"/)Avnj+j(nln*+u*)+l
VE[V* —K3,v*+ Ko J

S gt e
VE[v*+1,v*+Ka] Fj

S F]{M} A o 1
} £

velv* —kg,v*

Hence
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~ * v+u* b'zz v* jv—
I Y (e e P
vE[l,ka] J

* v+uv* b'u v* —jv
—Z Fj{(n s B }A{ ' mod 1.

ve[—r3,0] Ej

By (@0), we obtain ~
BOAk = ay,+ mod 1.

Now from (B0) and (B3)), we get

(o — &n*)gk = Z BiAF — ape = Z B: A¥ mod 1.

i€[—3,3] i€[—3,3]\0

We derive from (5I) that ([@9)) is obtained from the following estimate:
|[(wm®, 8,44 | = 0@7), iel-3,3)\0 (55)

for 0 < max |m;| < 227, k=mn; + j(kin* +v*) + 1.
Consider the case i > 0. Bearing in mind that

m| < 20 with ¢y = c1/ (s max |w; j|),

we get that |(Wm(t))i| < 127, 1 < i < sd. Hence we can apply Lemma 4.
According to (52) and (B4), we have

<Wm(t),5ijk>‘ < Z dem ‘A?m+m(nln+u)fkwm(t)

(m,n,v)EQ;

< 3T sdF2maNgTm ), (56)
(m,n,v)EQ;

Let ¢ = 1. Using (@) and (B6), we get
2K1—1
sdFjot T gt
v=v*+Ko+1
2K1—1
. d i(v*—v)+1
2527 (Fo+d) Z )\%( )
v=rv*+Kko+1
2K1—1

=2sd Y 2,

v=v*+Ko+1

‘(Wm(t) : 5@%‘

IN

IN
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where
a, = ko +d — (logy No) (v — v* —1/j)
ko + d — (logy Ao) kK2
ko +d — (logy Ao) (ko +d + 1)/ logs Ao
—1.

<
<

Thus (B5) is true for ¢ = 1.
Let ¢ = 2. Then

(Wm®, g, 4%)|

291 k1—1

SdF]2]d Z Z )\lg_“j_j(fﬁn-i-v)

n=n*+2 v=0

IN

291 k1—1
<o 3 Yo
n=n*+2 v=0
where
an,y = Ko +d— (logy Ao)(k1(n —n*) +v—v* —1/j)
< o +d — (logy Ao)k1(n —n" —1).
Hence

(i 79 o
Using (@) and (&2]), we have
’<Wm(t), ﬂ22k>’ =0 <2j("°+d_(1°g2 ’\0)"1)>
=0(27Y).
Thus (B3 is true for i = 2.

Let ¢ = 3. Then )
2‘7—1 Klfl

(| < st 3 55 pamigiensn

m>j+1 n=0 v=0
It is easy to see that

’(Wm(t),ﬂgﬁk)‘ = o( > 2m<ﬂo+d>A’g”m>.
m2>j+1
Let
U = logy (2ot D N\E=m ) — (k6 4+ d) + (1ogy Xo) (k — N
By (I0), we have
(Wm®, 8,44 = o(2).

(57)

(58)
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From ([B0) and (&I)), we get
k=n;+j(kin* +v*)+1 with n* €[2,27 —3].

Thus
aj+1 = (j+1)(ko + d) + (logy Ao)(n; + j(kin” +v7) +1—nj41)
< (j+ 1) (ko + d) — 2jK1 logy Ao
< (j+ 1) (ko + d) — 2j([(ko + d + 1)/ logy Ao] + 3)/ logy Ao
< (G + (ko +d) —2j(ko +d+1)

< —Jj(ko +d+1).

By (B8), we obtain that (5)) is true for i = 3.
Consider the case i < 0. Applying (54) and Lemma 4, we get

[wm® g d%) | < 37 sam, Al e wm )
(m,n,v)eQ;

< Y sdR ANty
(m,n,v)eQ;

Now, repeating the proofs for the case i > 0, we get that (B5) is also true for
1 < 0. The Theorem is proved. O
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