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IRREGULARITY OF DISTRIBUTIONS AND

MULTIPARAMETER Ap WEIGHTS

Winston Ou

ABSTRACT. Weighted multiparameter Littlewood-Paley theory is used to ex-

tend Roth’s irregularity of distribution theorem to the case where Lebesgue mea-

sure on the unit cube is replaced by a product Ap weight.
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1. Introduction

Let AN denote a collection of N points in the unit cube [0, 1]d ⊂ R
d and, for

~x in the cube, [~0, ~x) denote the rectangle
∏d

j=1[0, xj). The discrepancy function

DN : Rd → R is defined as

DN (~x) = #
(

AN ∩ [~0, ~x)
)

−N
∣

∣[~0, ~x)
∣

∣ (1)

(where |E| denotes the Lebesgue measure of E), i.e., the discrepancy between

the actual and the expected number of points of AN found in [~0, ~x).

For DN to have a small norm in some function space (Lp or Orlicz) means
that the points of AN are in some sense well-distributed, and the theory has,
from its beginning, been concerned with examination of the fact that “no [point
distribution] can, in a certain sense, be too evenly distributed” [16] (see also
Beck and Chen [2]). The seminal result, by Roth in 1954, showed that in R

d,

||DN ||L2 & (logN)(d−1)/2 (2)
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(where A & B means A ≥ cB, with the constant independent of N , though
it may depend on the dimension d or the index p); this was later extended by
Schmidt [17] to 1 < p < ∞:

||DN ||Lp & (logN)(d−1)/2. (3)

More recently, using multiparameter Littlewood-Paley theory, Lacey [12] has
obtained the delicate endpoint estimate

||DN ||L(logL)(d−2)/2 & (logN)(d−1)/2, (4)

extending a result of Halász [11] from two to d dimensions. Also of interest is the
endpoint case of L∞, though it is not as easy to summarize the known results;
see [2] and [3, 5] for the most recent information on this case.

All of the above results, it should be noted, are with respect to Lebesgue
measure. In this paper, we will generalize Roth’s theorem by extending the class
of measures for which the Roth estimate continues to hold to include product
Ap(R

d) weights. These important and well-studied objects (see, for example,
the classic text of Garćıa-Cuerva and Rubio de Francia [10], or the upcoming
book of Cruz-Uribe, Martell, and Pérez [7]) arise in harmonic analysis as the
densities w with respect to which the fundamental constructs of harmonic anal-
ysis (maximal functions, singular integrals, etc.) are Lp(w dx) bounded; it is
also well-known and a subject of current research that they provide a powerful
extrapolation tool (see, e.g., [8]). The extension of Roth’s theorem to Ap(R

d)
should, we hope, ultimately shed light on the delicate endpoint estimates, which
are still unresolved.

2. Definitions

Let D = {[2jk, 2j(k+1)) | j, k ∈ Z} denote the collection of dyadic intervals in
R. For each interval I ∈ D, let Ileft, Iright ∈ D denote its left and right halves, and
let hI = −1Ileft+1Iright denote the (L

∞-normalized) Haar function supported on

that interval. Dd will denote the collection of dyadic rectangles (parallelepipeds)
in R

d, and for each R = I1 × · · · × Id ∈ Dd, we let hR denote the corresponding

product of Haar functions: hR(~x) =
∏d

j=1 hIj (xj).

For each n ∈ N, we partition the rectangles R ∈ Dd of volume 2−n as follows.
Let Hn denote the collection of d-partitions of n (all d-tuples ~r ∈ N

d such that
∑d

1 ri = n); for each ~r ∈ Hn, let R~r denote the set of all dyadic rectangles
R ∈ Dd of dimensions 2−r1 × 2−r2 × · · · × 2−rd (and thus of volume |R| = 2−n).
Note that for fixed ~r ∈ Hn, each point ~x ∈ [0, 1]d lies in exactly one rectangle
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R ∈ R~r; each point in [0, 1]d lies in exactly #(Hn) ≈ (logN)d−1 rectangles of
dimension 2−n.Definition 2.1. Let ~r ∈ Hn. We call a function f an r-function with parame-
ter ~r if

f =
∑

R∈R~r

εRhR, εR ∈ {±1}, (5)

i.e., f is a sum of signed Haar functions over (disjoint) rectangles of identical
dimensions.Definition 2.2. Let w ∈ L1

loc(R
d) be a non-negative function. We call w a

(dyadic) product Ap(R
d) weight if

Ap(w) := sup
R





1

|R|

∫

R

w









1

|R|

∫

R

w− 1
p−1





p−1

< ∞, (6)

where the supremum (called the Ap characteristic of w) is taken over all dyadic
rectangles R. Lp(w) denotes the Banach space of functions for which

||f ||Lp(w) :=





∫

Rd

|f |pw dx





1/p

< ∞.

It is not difficult to see that the condition for product (multiparameter) Ap

is equivalent to being in single-parameter Ap uniformly in each variable; e.g.,
any product w(~x) :=

∏

i w(xi) of one-variable Ap weights wi is a product Ap

weight. The canonical examples of single-parameter weights are “power weights”:
w(x) = |x|α is in Ap if and only if −d < α < d(p− 1) (see [10, 18]).

Note also that it follows immediately from the definition that w ∈ Ap if

and only if the dual weight w′ := w− 1
p−1 ∈ Ap′ , where 1

p + 1
p′ = 1; further,

(Ap(w))
1/p = (Ap′(w′))1/p

′

.Definition 2.3. Given f : [0, 1]d → R, we define the multiparameter square
function Sf by

S(f)(~x) =

[

∑

R∈Rd

|〈f, hR〉|2

|R|2
1R(~x)

]1/2

. (7)

We will need the following theorem from multiparameter Littlewood-Paley
theory.Theorem 2.4. Let 1 < p < ∞. If w is a product Ap(R

d)weight, and f ∈ Lp(w),
then there exist constants cw, Cw > 0 such that

cw||f ||Lp(w) ≤ ||Sf ||Lp(w) ≤ Cw||f ||Lp(w) . (8)
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Note that both inequalities follow from the vector-valued versions (see [15] for
the former, [1] for the latter) of the weighted one-dimensional results (see, for
example, [20], [19], [13], [6]) by iteration.

3. Statement and Proof

Roth’s theorem extends to the case of product Ap weights as follows:Theorem 3.1. If w ∈ Ap(R
d), then ||DN ||Lp(w) & (logN)(d−1)/2.

We will give two proofs; a first approach, using duality, is as follows. The
proof of Roth’s theorem (as modified by Schmidt) hinges on the proposition that
given any discrepancy function DN , for n sufficiently large (≈ logN), we have
guaranteed r-functions with parameters ~r ∈ Hn that are strictly non-orthogonal
to DN :Proposition 3.2. Let AN be a collection of N points in the unit cube, and
DN be the corresponding discrepancy function. Let n ∈ N be determined by
2N ≤ 2n < 4N . Then for each ~r ∈ Hn, there is an r-function f~r of parameter ~r
such that

〈DN , f~r〉 ≥ cd, (9)

where cd is a dimensional constant.

Given the above proposition (whose proof can be found in [17, 2]) the theorem
follows:

P r o o f. Let F =
∑

~r∈Hn
f~r, where f~r is the r-function constructed in the propo-

sition above. Then by (9),

cd(logN)d−1 . 〈DN , F 〉 (10)

=

∫

[

DN (~x)(w(~x))1/p
]

[

F (~x)
1

(w(~x))1/p

]

d~x (11)

≤ ||DN ||Lp(w)||F ||Lp′ (w′), (12)

the last by Hölder’s inequality (where w′ is the dual weight as before). By The-
orem 2.4, we can pass to the multiparameter square function:

≤
1

cw
||DN ||Lp(w)||S(F )||Lp′ (w′) . (13)

134
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At this point, we observe that

S(F ) =





∑

~r∈Hn

|f~r|
2





1/2

=





∑

~r∈Hn

1





1/2

≈ (logN)(d−1)/2

is constant, so

||S(F )||Lp′ (w′) ≈ (logN)(d−1)/2||1||Lp′ (w′)([0,1]d) . (14)

By the Ap condition,

||1||Lp′ (w′)([0,1]d) =







∫

[0,1]d

w′







1/p′

≤

(

Ap(w)

w([0, 1]d)

)1/p

, (15)

so, all together, we get

||DN ||Lp(w) & cd cw

(

w([0, 1]d)

Ap(w)

)1/p

(logN)(d−1)/2. (16)

�

A second proof circumvents duality and r-functions entirely, using Littlewood-
Paley theory and three observations. The first is the basic observation of Roth;
its proof can be found in [2]. The second is a probabilistic lemma.Lemma 3.3. Let ~r ∈ Hn, and let R ∈ R~r be a “good” rectangle (i.e., R∩AN = ∅).
Then

|〈DN , hR〉| = 4−dN |R|2. (17)Lemma 3.4. Let (Ω, µ) be a probability space, and 0 < p < ∞. Given sets
E1, . . . , EJ ⊂ Ω, where µ(Ej) ≥ ε for j = 1, . . . , J, there exists γp > 0 such that

∥

∥

∥

∥

∥

∥

∑

j

1Ej

∥

∥

∥

∥

∥

∥

Lp(µ)

≥ γpJ. (18)

P r o o f. The statement is obvious for p = 1; monotonicity of Lp norms then
proves it for p > 1. Consider the case of 0 < p < 1. Suppose that for arbitrarily
small γp, the inequality is false for some J and some selection of events Ej .
Chebyshev’s inequality then implies

µ







∑

j

1Ej
> γ1/2

p J







≤ γp/2
p . (19)
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However, we then have (with E denoting the expected value)

εJ ≤ E







∑

j

1Ej







(20)

≤ E
















1{

∑

j
1Ej

>γ
1/2
p J

} + 1{
∑

j
1Ej

≤ γ
1/2
p J

}







∑

j

1Ej











(21)

≤ γp/2
p J + γ1/2

p J, (22)

a contradiction for γp sufficiently small (e.g., γp < ( ε2 )
2/p). �

The third fact we will need is one of the basic properties of A∞ weights (where
A∞ := ∪p>1Ap denotes the union of all the Ap classes); it can be found, for

example, in [10].Lemma 3.5. For any w in product A∞, there exists an ε > 0 such that for any

dyadic rectangle R and subset E ⊂ R, if |E|
|R| ≥

1
4 , then

w(E)
w(R) ≥ ε.

Given the above three lemmas, the second proof of theorem 3.1 is as follows.

P r o o f. By Theorem 2.4,

||DN ||Lp(w) ≥
1

Cw
||S(DN )||Lp(w). (23)

Now, by Lemma 3.3,

S(DN )(~x) =

[

∑

R∈Rd

|〈DN , hR〉|2

|R|2
1R(~x)

]1/2

(24)

≥





∑

~r∈Hn

∑

R∈R~r,R “good”

|〈DN , hR〉|
2

|R|2
1R(~x)





1/2

(25)

≥ 4−dN2−n





∑

~r∈Hn

∑

R∈R~r,R “good”

1R(~x)





1/2

(26)

≥ 4−d−1





∑

~r∈Hn

∑

R∈R~r,R “good”

1R(~x)





1/2

. (27)

136



IRREGULARITY OF DISTRIBUTIONS AND MULTIPARAMETER Ap WEIGHTS

Taking norms of the above yields (letting s = p/2 and E~r := ∪R∈R~r,R “good”R)

||S(DN )||Lp(w) ≥ 4−d−1

∥

∥

∥

∥

∥

∥

[

∑

~r∈Hn

∑

R∈R~r,R “good”

1R(~x)

]1/2
∥

∥

∥

∥

∥

∥

Lp(w)

(28)

≥ 4−d−1

∥

∥

∥

∥

∥

∥

∑

~r∈Hn

1E~r
(~x)

∥

∥

∥

∥

∥

∥

1/2

Ls(w)

. (29)

Since there are at least N good rectangles, |E~r|
|[0,1]d| ≥ N2−n > 1

4 ; thus by

Lemma 3.5, w(E~r)
w([0,1]d)

> ε. In other words, the E~r, with µ(E) := w(E)
w([0,1]d)

, satisfy

the conditions of Lemma 3.4; so we have

≥ 4−d−1w
(

[0, 1]d
)1/p

γ
1/2
p/2 n

d−1
2 . (30)

n ≈ logN ; so we are done. �

4. Remarks

It would be of great interest to understand how the constants in the bounds
above depend on the Ap characteristic of the weight; that is, to compute

δ(p,W,N) := sup
Ap(w)=W

inf
PN

||DN ||Lp(w), (31)

where the infimum is taken over all distributions of N points in [0, 1]d. Un-
derstanding that dependence (including, in particular, the determination of a
“critical p” as suggested by extrapolation techniques (see [8])) could shed light
on the delicate endpoint bounds for Roth’s theorem as p tends towards infinity.

One obstacle to the above is the following. In the case of the scalar-valued
single-parameter dyadic square function, it is known (see [19, 20]) that

||f ||Lp(w) ≤ αd,pAp(w)
1/2||Sf ||Lp(w) (32)

and ([13]),

||Sf ||Lp(w) ≤ βd,pAp(w)
max{1,p/2} 1

p−1 ||f ||Lp(w), (33)

the latter recently shown (in [6], using [14]) to be sharp. However, the dependence
on the Ap characteristic in the crucial (for the multiparameter square function)
vector-valued case is unknown. Note that if the bounds of the multiparameter
square function in R

d are, as one might expect, the dth powers of the above
bounds, then the first proof above would yield
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||DN ||Lp(w) &
cd w([0, 1]

d)1/p

αd
d,pAp(w)d/2(p−1)+1/p

(logN)(d−1)/2, (34)

and the second,

||DN ||Lp(w) &
γ
1/2
p/2w([0, 1]

d)1/p

βd
d,p4

d+1Ap(w)
max{1,p/2} d

p−1

(logN)(d−1)/2. (35)

Another topic of interest is the construction of “low-discrepancy point dis-
tributions” for general product Ap weights, that is to answer the question:
“Are there distributions for which the lower bounds above are attained?” This
question is open in all dimensions d ≥ 2; the calculations in [4] are relevant
to the two-dimensional case.Acknowledgements. The author would like to express his heartfelt gratitude
to M. Lacey for his magnanimous kindness and guidance. Thanks are also due to
J. Pipher, G. Lu, and M. Wilson for the references needed for Theorem 2.4;
to the referee, who provided insightful and helpful suggestions and corrections;
and especially to R. Karpman, M. Manela, J. Townsend and many other students
of the Claremont Colleges for their faith and support.

REFERENCES

[1] ANDERSEN, K.F.– JOHN, R.T.: Weighted inequalities for vector-valued maximal

functions and singular integrals, Studia Math. 69 (1980/81), no. 1, 19–31.

[2] BECK, J. – CHEN, W.W.L.: Irregularities of Distribution, Cambridge Tracts in
Math. 89, Cambridge University Press, Cambridge, 1987.

[3] BILYK, D. – LACEY, M.T.: On the small ball inequality in three dimensions, Duke
Math. J. 143 (2008), no. 1, 81–115.

[4] BILYK, D. – LACEY, M.T. – PARISSIS, I. – VAGHARSHAKYAN, A.: Expo-

nential squared integrability of the discrepancy function in two dimensions, Math-
ematika 55 (2009), no. 1–2, 1–27.

[5] BILYK, D. – LACEY, M.T. – VAGHARSHAKYAN, A.: On the small ball inequal-

ity in all dimensions, J. Funct. Anal. 254 (2008), no. 9, 2470–2502.

[6] CRUZ-URIBE, D. – MARTELL, J.M. – PÉREZ, C.: Sharp weighted estimates for
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