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THE b-ADIC DIAPHONY OF DIGITAL SEQUENCES

JuLIA GRESLEHNER

ABSTRACT. The b-adic diaphony is a quantitative measure for the irregularity
of distribution of a sequence in the unit cube. In this article we give a formula for
the b-adic diaphony of digital (0, s)-sequences over Zp, s = 1,...,b. This formula
shows that for a fixed s € {1,...,b}, the b-adic diaphony has the same values for
any digital (0, s)-sequence over Z. For t > 0 we show upper bounds on the b-
adic diaphony of digital (¢, s)-sequences over Z;. We also consider the asymptotic
behavior of the b-adic diaphony of these digital sequences.

Communicated by Vassil Grozdanov

Dedicated to the memory of Professor Edmund Hlawka

1. Introduction

The b-adic diaphony is a quantitative measure for the irregularity of distribu-
tion of a sequence in the s-dimensional unit cube. This notion was introduced
by Hellekalek and Leeb [II] for b = 2 and later generalized by Grozdanov and
Stoilova [10] for general integers b > 2. The main difference to the classical
diaphony is that the trigonometric functions are replaced by b-adic Walsh func-
tions. Before we give the exact definition of the b-adic diaphony we recall the
definition of Walsh functions.

Let b > 2 be an integer. For a nonnegative integer k with base b representation
k= rkq 101+ -+ Kkib+ Ko, with x; € {0,...,b—1} and k,_1 # 0, we define
the Walsh function pwal, : [0,1) — C by

pwaly, (x) — e2wi(mmo+~~~+mum,71)/b’
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for z € [0,1) with base b representation x = % 4 7% +--- (unique in the sense
that infinitely many of the x; must be different from b — 1).
For dimensions s > 2, z1,...,zs € [0,1) and ki,...,ks € Ny we define
pwaly,  p :[0,1)* = C by
pwaly, g (21,...,25) := Hj.:l pwaly (z;).
For vectors k = (k1,...,ks) € N§ and x = (z1,...,2z,) € [0,1)® we write
pwaly(x) := pwaly, . (21,...,%s).

Now we give the definition of the b-adic diaphony (see [10] or [I1]).

DEFINITION 1. Let b > 2 be an integer. The b-adic diaphony of the first N
elements of a sequence w = (x,)p>0 in [0,1)* is defined by

1/2
1 1= ’
keNg n=0
k#0

where for k = (ki,...,ks) € N§, ry(k) := [[;_, rp(k;) and for k € Z,

me={ L k=0
TR b0 i b < k< b9+, where a € No.

Throughout this article we will write a(k) = a, if a is the unique determined
integer such that b* < k < b2+1. If b = 2 we also speak of dyadic diaphony.

The b-adic diaphony is a quantitative measure for the irregularity of distri-
bution of a sequence: a sequence w in the s-dimensional unit cube is uniformly
distributed modulo one if and only if limy_, o Fp n(w) = 0. This was shown in
[11] for the case b =2 and in [I0] for the general case. Further it is shown in [3]
that the b-adic diaphony is — up to a factor depending on b and s — the worst
case error for quasi-Monte Carlo integration of functions from a certain Hilbert
space Hyal, s, which has been introduced in [5].

Throughout this paper let b be a prime and let Z; be the finite field of prime
order b. We consider the b-adic diaphony of a special class of sequences in [0, 1)*,
namely of so-called digital (¢, s)-sequences over Zj;. Hereby s is the dimension of
the sequence and t > 0 is a quality parameter; lower values of ¢t imply stronger
equidistribution properties. Digital (¢, s)-sequences were introduced by Niederre-
iter [14, [15] in a more general setting and they provide at the moment the most
efficient method to generate sequences with excellent distribution properties.
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We remark that a digital (0, s)-sequence over Z;, only exists if s € {1,...,b}.
For higher dimensions s > b+ 1 the concept of digital (¢, s)-sequences over Z;,
with ¢t > 0 has to be stressed (see [14], [15] or [4]).

Before we give the definition of digital (¢, s)-sequences over Z; we introduce
some notation: for a vector ¢ = (¢1,¢2,...) € Zy° and for m € N we denote the
vector in Zj" consisting of the first m components of ¢ by c(m), i.e., c¢(m) =
(¢1,...,Cm). Further for an N x N matrix C over Z; and for m € N we denote
by C(m) the left upper m x m sub-matrix of C.

DEFINITION 2. Let b be a prime. For s € N and t € Ny, choose s N x N matrices
Ci,...,Cs over Z;, with the following property: for every m € N,m > t and
every dy,...,ds € Ng with dy + --- + ds = m — t the vectors

1 1 s s
cMVm),....c(m),....cV(m),....c) (m)

are linearly independent in Z;". Here c(] )i

is the 7th row vector of the matrix Cj.
For n > 0 let n = ng + n1b + nob? + --- be the base b representation of n.

For j € {1,...,s} multiply the vector n = (ng,n1,...)" by the matrix C},

Cjn=: (21(1),25(2),...) € Zg,
and set

gl) = Tl

Xp = (xgll),...,ng)

Every sequence (x,)n>0 constructed this way is called digital (¢, s)-sequence
over Zy. The matrices C4,...,C, are called the generator matrices of the se-
quence.

Finally, set

REMARK 3. Let (x,),>0 be a digital (¢,s)-sequence over Z;. For (} # u C

{1,..., s} we define x\) as the projection of x,, onto the coordinates in u. The

sequence (xSl ))nzo is now a digital (¢, |u|)-sequence over Zy.

To guarantee that the points x,, belong to [0,1)® (and not just to [0, 1]°) and
also for the analysis of the sequence we need the condition that for each n > 0
and 1 < j < s, we have 2, (i) = 0 for infinitely many 4. This condition is always

satisfied if we assume that for each 1 < j < s and r > 0 we have c(] ) =0 for
all sufficiently large i, where c(j ) are the entries of the matrix C;. Through-
out this article we assume that the generator matrices fulfil thls condition
(see [1B, p. 72] where this condition is called (S6)). More information about
(t, s)-sequences can be found in the books [I5] and [4].
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The classical diaphony F (see [17] or [7, Definition 1.29] or [13, Exercise 5.27,
p. 162]) of the first NV elements of a sequence w = (X, )n>0 in [0,1)° is given by

1/2
2\

1
=] 2 e

| V-1
- 2mi(k,xn)
2 R |2
€zs n=0
k#£0
where for k = (k1,...,ks) € Z° itis pk) = [[]_, max(1,|k]) and ()
denotes the usual inner product in R®. It is well known that the diaphony is
a quantitative measure for the irregularity of distribution of the first NV points
of a sequence: A sequence w is uniformly distributed modulo one if and only if

liHIN_>OO FN (w) =0.
For the classical diaphony it was proved by Faure [8, Theorem 4] that

7T2 > .
(Vv = 5 o (5 0

j=1

where w is a digital (0, 1)-sequence over Z;, whose generator matrix C' is a non-
singular upper triangular matrix. Faure (and we shall do so as well) called these
sequences NUT-sequences. Here ng ~'are certain functions depending on the
generating matrix C. For an exact definition of Xij ~'see [g].

The aim of this paper is to prove a similar formula for the b-adic diaphony
of digital (0, s)-sequences over Z; for s € {1,...,b}. This formula shows that
for fixed s the b-adic diaphony is invariant for digital (0, s)-sequences over Z, .
For digital (¢, s)-sequences over Zj, t > 0, we give upper bounds for the b-adic
diaphony. We will also consider the asymptotic behavior. For b = 2 these results
were already shown by Pillichshammer [I6] and Kritzer and Pillichshammer
in [12].

2. Results

We will show a formula for the b-adic diaphony of digital (0, s)-sequences

over Z, that has the same structure as (). But instead of the functions ng -t
we will get a function 1, which does not depend on the generating matrices.
In Section Bl we will show some similarities between 1, and ng -
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DEFINITION 4. Let 8 be an integer in {1,...,b — 1}. For z € [%,M),

b
j€{0,...,b—1} we set
1%_1 j J
bzs—1 B\T T

B = ywal;(8); then the function is extended to the reals by

2
b2(b? — 1)

12

Uy (x) =

)

27mi

where zg = e™

periodicity. The function ) is now defined as the mean of the functions 1/15 :

b—1
(o) = 52 S U (@),
B=1

REMARK 5. For b = 2 we have v5(x) = || - ||, where || - || denotes the distance
to the nearest integer function, i.e., ||z| := min(z — |z, 1 — (x — [z])).

THEOREM 6. Let b be a prime.

1. Let w be a digital (0, s)-sequence over Zy. Then for any N > 1 we have

(NFbyN(w))Q = Z(/Jb <

where Ps(u) is a polynomial of degree s — 1 in u defined by

Pl =g 11)5 1 b2(b12+ D) (Z @ O (w T 1>b_w

) P

v=1 w=0
s v v—l1
s pfu—1l+v—1 v el
2 ()xr ()G 0
v=1 =1 §=0

2. Let w be a digital (t,s)-sequence over Zy. Then for any N > 1 we have

(NFI;,N(W))2 < W Z <Z> b2t+3v

v=1

b+ 1 12 > N o1
X(Sb Ty 2 ¢”<b_u>(“_t_l) )

u=t+v+1

The proof of this Theorem will be given in Section [3

REMARK 7. This theorem shows that the b-adic diaphony is invariant for all
digital (0, s)-sequences over Zy.
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REMARK 8. Ps(u) is a polynomial in u with degree s — 1 whose coefficients
depend on b and s. The leading coeflicient of Ps(u) equals
12(b2 — 1)1
(s=1((b+1)s—1)

The first polynomials are:

Pl(u)zg,

Py 120=20+1) 1201 (b+1)u

20 = = Gt Ro+r2)

b 1200+ 1)2 (B =3b+3) 6(b—1)(b+1)>(3b—5)u
s(w) = —3 > +3b+3) b2 (b2 + 3b+ 3)

6(b—1)%(b+ 1)*u?
b2 (b2 + 3b + 3)

Hence for a digital (0, 1)-sequence over Z and any N > 1 we have

2 12 & N
(NFyn(w)” = b—guzz:l% <b_u> : (2)
We want to point out the similar structure of (Il) and (2I).

We now consider the asymptotic behavior of the b-adic diaphony of digital
(t, s)-sequences.

COROLLARY 9. The b-adic diaphony of a digital (0, s)-sequence w over Zy is
of order

Fyn(w)=0 (W) :

In particular we have

. NFb N(W) 2.3s—2 '
! ’ = b=2
Now (og N)*72 =\ (log2)*(s — DI(3* — 1) i v (3)

and

. NFb7N(w) (b2 - 1)5 . .
ISP flog )72 = \/ Mogb) (s - DG r—1) 7 Pisodd ()

92



THE b-ADIC DIAPHONY OF DIGITAL SEQUENCES

For s =1 we have equality in @) and ), i.e.,

. NFb N(w) 1 .
| : = b=2
WP g )2~V Blog2s V0T

and

. NFb N(w) (b2 - 1) . .
1 . = b dd
WP Gog N2 T\ ablogy 00

if w is a digital (0,1)-sequence over Zy.
The proof of this Corollary will be given in Section Bl

COROLLARY 10. Letw be a digital (t,s)-sequence over Zy and let b™ 1< N <p™
with m >t + s. Then we have

v=1

<b+1 -1
X

- - - - _+_1\v o 4+ 1\v—1
30 + 2 (m—t—1)"4+0b-1)(m—-t—-1) cv>,

where

00
u+1 v—1
C“:Z( b2u) < 0.
u=1

In particular,

bt (log N)*/2
i) =0 (“157)
and we have
s/2
. NF, n(w) 1 : ( b3 >
lim su d < b .
N (log N)*/2 = (b+1)°—1 \logb

The proof of this Corollary will be given in Section Bl

3. Proofs

We will show some useful facts about : For b = 2 and b = 3 the functions

7~ and 1)}, are the same. Hence we have for any digital (0, 1)-NUT-sequence w

FQ’N(Q}) = ?FN(W) and Fg’N(w) = ?FN(W), (5)

s
Xb
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i.e., the classical diaphony and the b-adic diaphony are for b = 2,3 up to the

j—1

constant ? the same. For b = 5 the functions le and 1, are no longer

the same and there is no relation like (@), i.e.,
F5(w)/Fi(w) # Fs2(w)/Fa(w)

for all digital (0,1)-NUT-sequences w. This can be easily checked by calculation

of Xij ~* and v,. Nonetheless, the functions still have a similar structure. The next
lemma shows some properties of the function ;. Compare this with properties
of ng” in [I, Propriété 3.3, Propriété 3.5 (ii)].

LEMMA 11 (Properties of ). We have:

1 gy(x) = S050a? forz e [0,3),

2. 1y is continuous,

3. on intervals of the form [%, %) the function vy is a translation of the
b2(b%2—1) o
parabola —=5—1~.
Proof. These properties follow easily from the definition of . O

LEMMA 12. The function iy is bounded. In particular for all z € R we have

(b+1)( —1)

() < 36

Proof. Since z/f is on [%, %} , 7 €{0,...,b—1}, a translation of the parabola

2,12 .
Maﬁ, it attains its maximum in %, j € {0,...,b — 1}. So there exists
aje{0,...,b—1} such that

s < of (3) =

b -1 22

2

27

led
be* B 1

Bi _1

= 2 2
12 e%ﬁl ‘QZSIH (”—f)’
B 2 —1 1
12 2 (8
Sin (T)
So we get b1 b1
1 b+1 1 b+1)(b? -1
Vp(x) = 1 Yy (x) < 15 e ( )3(6 )7
B=1 p=1 S (T)

94



THE b-ADIC DIAPHONY OF DIGITAL SEQUENCES

where we used the fact that

i 1 p—1

gz:lsm (”5> 3

see [B, Appendix C] or [4, Corollary A.23]. O

LEMMA 13. 1. ¢y (%):Wﬁ)rke{o,...,b—l},
2. iy is symmetric, i.e., Yp(z) = Yp(1 — x) for all x € [0, 1],
3.y (3) = 21 if b ds odd.

Proof. 1. Let k€ {0,...,b— 1}. Then we have

b—1 2
k b2 (b -1
¥ (E) T bh-1 Z 12 |b % 1
b+ 11— cos(2mpk/b)
24 Z sin?(73/b)
B=1
b—1 b—1 27
b+1 1 b+1 e Pk
= - + Re —_—
24 ;_1 sin?(7/b) 24 52—1 sin?(w3/b)
b+1)»*-1) b+1 b —1
- — 2k —
51 3 51 Re 3 + 2k(k —b)
(b4 1)k(b—k)
B 12 ’

where we used the fact that

b—1 27mi Bk b2

— b2 —1 e —1
g (_5)2 g~ and lesm (m)_ 5 + 20kl (K 1)

b

for k € {—b,...,b}, see [5, Appendix C] or [4, Corollary A.23].
2. Since vy (%) =y (%) for k € {0,...,b— 1} and %)}, consists of transla-
tions of the same parabola (see Lemma [I1]), ¢, must be symmetric.

3. Let b = 2p + 1. Then we have § € [2, p—“) On this intervall 1)y, is of the
form
b2(b? —1)

p(x) = Tx2 +az +c.
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We determine now the constants a and c¢. Since

o () =w(57)
4 (3) =0

we have

From this we obtain

B _b2(b2 —1)
o 12
o O+ 1)@~ 1)
py _ (b+1 -1
(& (6) - 48
we obtain
bbb+ D) 1)
- 48 '

Now we can compute

2012 2012 2 _ 2 _
wb<1>:b(b D _Be -1 b+ -1 bE-1)

2 48 24 48 T 48

LEMMA 14. Let the nonnegative integer U have b-adic expansion
U=Uy+Ubt-+Up_1b™ L.

For any nonnegative integer n < U — 1 let
n=mng+nbt-+n,_1bm!

be the b-adic representation of n. For 0 <p <m —1 let

U(p) == Up+ -+ Upb».

Let
60;617 v ;Bm—l

be arbitrary elements of Zy, not all zero. Then

UZl ezgi(ﬁonoJr'"Jerflnmfl) _ ezgi(5w+1Uw+1+---+Bm71Um71)bw+19’

n=0
where g 1P -1 (U

~=5z_1+2<mw1‘5>
if
[bjﬁl) {% %) L G=0,...,b—1, z:=cFhu

and w is minimal such that B, # 0.
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Proof. From splitting the sum we obtain

U-1

e 274 (Bono+++Bm—1Mm—1)
n=0

b (U4 U1 b™ 072 =1
— E 6211,”(50n0+"'+5m—1nm71)

n=0
U-1 )
+ e%(B0n0+"'+57n71n1n71)

n=b"T1(Uyt1++Up_1bm=w=2)

U(w)—1
=0 + Z e2gi(Bwnw+5w+1Uw+1+...+5m71Um71)
n=0
U(w)—1
= TP B UirbtfnaUn) (2B,
n=0

We consider now the last sum. If U,, = j for j € {0,1,...,b— 1}, then we have:

U(w)—1 26" —1
Z o ZE B Z A0 § o F
n=>bw
JjbY—1 U(w)—1
T S o S L
n=(j—1)bw n=jbw

Since U,, = j means U(w) € [jb%,(j + 1)b*) and bUw(fl) € [£, ) the result
follows. 0

Proof of Theorem [(l Let w be a digital (¢,s)-sequence over Zy, t > 0.
For a point x,, of w and for () # u C {1,..., s}, we define X( ) as the projection
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of x,, onto the coordinates in u. We have

(NFyn ()
2
1
(b+1)s — ;;
k¢0
1 N-1
o1, 2 2 n (i)
(b+1)7 -1 P£uC{1,...,s} keNlul =
1 o0
(b+1) WHQZL ----- s} kug_l
u={wq,..., w\ul}
- 2
> (11 b2a(k) ek
k“’|u\:1 JEU

Let now ) # u = {wy, ... ,w‘u|} c{q,... 5} be fixed. We have to Study

§ <)
H b2a(k ) wy sy u/l ‘)( )
k=1 kuw lul =1 \j€u
For the sake of simplicity we assume in the following u = {1,...,0}, 1 <o <s.

The other cases are dealt with a similar fashion. We have

2
o

=({1 DY [ s o

ki=1 ko=1 \j=1

(Xgl{l,...,an)
where k, := (k1,...,ks).
For1<j<o,letb% <k; < b%+1 then kj = méj) + m(lj)b+ ceoe ﬁgé)baf with
ng)E{O,l,..., —1},0 <wv < ay, andﬁ(])e{l,...,b—l}.
Let c(.j ) be the i-th row vector of the generator matrix Cj,1 < j < 0. Since the
ith digit x(])( ) of 2 is given by < (]) >, we have

3 vl (<0 = 3 T () (S e )
n=0 n=0
_ N—1627b”.<2;_,:1( Dy . +r{)e ((pﬂ) n>
n=0 .
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Let

= () )

CJ (cv,w vw>1 .
Define
u(ky) :=min¢l>1: Z (H(()j)c(1{1) + ot /ﬁ,(f;_)cgll’l) #0
and j=1
Bi,= Brs0: By ) =Y (H(()j)cgj) +-+ ffgﬂ)cg)H) :
j=1

Since C4,...,Cs generate a digital (¢, s)-sequence over Zy, it is easy to verify

u(ky,) < 2?21 aj+0+t=: Ry + 0+ t. Indeed, let

Clas, ..., a0)
(1) (1) (o) (@)
Cl,l Ca1+1,1 0171 Ca0+1,1
(1) (1) (o) (@)
_ W) Cay+1,2 €19 Ca+1,2
e o) ) e
1,Ro+to+t a1+1,Rot+o+t " 1,Ro+o+t as+1,Ro+o+t

Note that C = C(ay,...,a,) is an (R, +0+1t) X (Rs +0) matrix. Since C1, ..., C;
generate a digital (¢, s)-sequence over Z,, it follows that C(aq,...,a,) has rank
R, + o. If however, u(ky,) > R, + 0 + t, we would have

-
(Al ]

=(0,...,0)", (©)

which would lead to a contradiction since the matrix C(aq, ..., a,) has full rank

and is multiplied by a nonzero vector in (@l).
Let N = Ng+ Nib+ -+ Np_16™ 1 If u(k,) < m we obtain from Lemma [[4]

N-1 2 IN-1 2
Z pwaly (X;{l"”’o})) = Z e (B, m)
n=0 n=0
N-1 2
— Z6271,”(noﬁka,0+"'+nm715k(,,m71)
n=0
_ k) ‘1_—1 L (M B z) i
bz—1 bu(ks) b)|’
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27mi .
where z 1= e Pkouto)-1 and j € {0

,...,b—1} such that % e [1, ).
So we have
N1 ’ 12 4 N(u(k,) — 1)
Lo )| — p2u(ks) ko, u(ke)—1 o) —
nz:% pwaly (Xn ) =b b2 (b2 — 1)1/}1) < pulks) )

u(kg)—1 . . N k,)—1
Since wbﬁk" (o)=1 g 1-periodic and {bu(NkH } = (Zi(kj) ) we get

- 1 : 2u (ko Bk ko)—1 N
nz:;) pwaly (x,(l{ """ “})) = p2ul )b (b — 1) 71 ulkeo) = <m>
If u(k) > m we have
N-1 2 N—1 2
pwaly (x4 ({1, a})) Z e b0
n=0 =

_ pputis) 12 (b —1) N?
B (b2 —1) 12 p2ulks)

12 N
= b2u(k<7) b2(b2 — wfka,u(ka)*l < )

1) pulie,)

N 1
because iy € [0, 3). Therefore, we have

2({L,....0))
=2

ki=1  ko=1

s

b2u(k") 12 Bro,u(ke)—1 N
! = P 1)

b’u,(k‘,)
pe1tl_q
alzo a‘,Z—O gII b2a] klzzbal
perotl_q
L ( N
k gl;w bQu(ka)bikg,u(ko) (bu(ko)>

Ro4o+t b—1 prrtl_1 paetl_g

b2(b2 — 1) Zo me Z Zb%% (bu> kzb k_Zb 1.

as=0

u(kg)=u
Bky u(ky)—1=P

100



THE b-ADIC DIAPHONY OF DIGITAL SEQUENCES

We need to evaluate the sum

ba1+1 1 ba<7+1

SIS o

k1=b%1 ko=b%

(ke )=u
Brg u(ky)—1=P

forl<u<R,+o+tand §€{1,...,b—1}. This is the number of digits

kom0 kR 0, € {0, b—1), 61 #£0,...,0, #0,
such that
MO
0
0
(1)
alfl N
0, 0
Clay,...,as) | : =1 B (7)
H(()J) Lyu+1
(a) TRo+o+t
ao—l
o
for arbitrary zy+41,...,2ZR, +o+t € Lp.

Now we must distinguish between digital (0, s)-sequences and digital (¢, s)-se-
quences, t > 0. In the case of digital (0, s)-sequences we can give the exact
number of solutions of the required form of the above system. In the case of
digital (¢, s)-sequences, ¢t > 0, we will use an upper bound.

First we deal with digital (0, s)-sequences over Z;. Note that since C1,...,C;

generate a digital (0, s)-sequence it follows that C(aq,...,as) is regular. So for
any choice of the zy41,...,2R,+o there exists one digit vector such that (7)) is
fulfilled. We only count those that have nonzero entries for 6, ...,60,.

We consider two cases:

(i) Assume that u = R, + 1,1 € {1,...,0}. Then we have b°~! choices
for xy+1,...,2Rr,+5. Choose j, 7 < o — I, of the 6;,...,0, to be zero.
Now we construct a certain subsystem of (7)) in the following way:
Delete the column

RONNO! ) N from C 0 — 0
Cai+1,1 Cas+1,20 -+ Cart 1 Roto rom C(ai,...,a,) if 6; =
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by choice and delete the last j lines. From the digit vector we delete those 6;
we have chosen to be zero and from the right-hand-side vector we delete
the last j entries. For arbitrary

Tut1y-+ -y TRo+o—j

there exists one solution of the corresponding subsystem. The remaining
TR, 4o—j+1s--->TR,+o are chosen properly such that the solution of the
subsystem becomes a solution of the whole system. Hence there are b ~¢=J
solutions with j of the #1,...,60, chosen to be zero. If j > o — [, then there
is no solution. Hence the number of solutions such that #; #0,...,6, # 0
equals (using the include-exclude-principle)

|{h : h solution of ([)}| — |[{h : h solution of (), #; = 0}|
— -+ —|{h : h solution of (@), 0, = 0}
+ |{h: h solution of (M), =0, =0} + —---

— Ui (") b7l (—1)7 = A(D).

prrtl_g  peotl_g

Yoo >0 1=AQ).

k1 =b1 ko =bo

u(kg)=u
Bke u(ky)—1=P

(ii) Assume that u < R,. We rewrite system (7)) in the form

Ko
(1) (1) (o) (o)
€11 Cay 1 €11 Ca,,1 e
a1—1
.(..).............(.). ............. (..) ............. (..) ..... K/(()2)
1 1 o o _
‘1R, a1 ,R, ‘1R, €a,Ro =
(1) (1) ) o) Ky
1L,Ro+o a1, Ro+0o L,Ro+o ao,Ro+0
(o)
Kao—l

(0,...,0,8, Tyr1,-- .,xRUJrU)T - Zejcg)H(Ra + o).
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Since the upper R, X R, sub-matrix of the above system is regular we find
for arbitrary
Tutls---,Tr, and 601 #0,...,0,#0

exactly one solution of the above subsystem. This solution can be made a
solution of the whole system by an adequate choice of xp_+t1,...,2ZR, +o-
Therefore, we have

ba1+1 1 bao-+1 1

DI SN TR

k1=0b%1 ky=b%c

u(ke)=u
Pky u(ky)—1=P

Now we have

2({1,...,0})
pe1tl_g protl_1

12 oo R+ob12u
ECEn DS b2R > Db %(bu) > 21

a1,..;00=0 u=1 f=1 k1=bo1 ky=bac

u(kg)=u
Pro u(ieg)—1=P
[eS)

12 , 1 & (N
:m(b—l) > m;bwb&—u)

ay,...,as=0

12 - - N
fEhTD mewb(bRaH)A(l)

ai,...,ar,=0 l=1

12 > N — 1
T 1) S by (=
b2(b + 1)( ) ; v <bu> (Ll,.;ozo bfte
Rg>u
12 = N\ < =

t s v () L0 1

b2(b+1) ugl b 1221 u,l,.;azo

Ro=u—1

- ﬁ@_ 1)U§buwb (g) > (w Fo- 1>b_w

w=u

12 = N\ & o u—Il+o—-1
+b2(b+1);w”<b_u>;b A<l)< w—1 )
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So we get
(NFbyN(w))2
1
= Y(wy, ..., wy|)
(b+1) -1 @¢ugz1,...,s}
u={wq,..., "\ul}
1 * (s 12 > N\ = (w4v—1
-t T b= 1N - b—v
i () (e e () X ()

S () Eran( 73 Y)
e B E 0

v=1 w=0
v—l1
— -1
+ Z <S> ZbQZ <u l+’l; ) Z <U>( 1)]bv—l—]
v=1 =1 w= =0 M

> N

u=1

This finishes the proof of 1. O

Now let w be a digital (t,s)-sequence over Zj, t > 0. Let us rewrite
system (7)) as

(1)
Ko ) (@)

0 Cai+1,1 Cag+1,1
(1) :
Ka -1 0 . .
el 12l 5 |e ; - | ,
(o) Tu+1 : .
Ky .
: T (1) (o)
(@) Rotott Ca1+1,R,+o+t Caw+1,Ry+o+t
as—1

(8)
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where
1 1 o o
LA
1 1 o o
B O )
Jon o) o) )
C1,Ro+o+t -+ Cai,Rotott -+ ClLR.+o+t -+ Cao ,Rotott

Obviously, the matrix C has rank Ry. Let now 1 <u < R, +o+tand § €
{1,...,b— 1} be fixed. For a fixed choice of xy41,...,TR, 40+t and 61,...,0,,
it is clear that we have at most one solution of system (&)). Therefore we have

prrtl_1  pretlg

Z Z 1 < bR‘,—}—U—}—t u

=pa1 ko=boo

u(kg)=u
Pk u(kg)—1=F

Now we have

Ro+o0+t b—1
< b2 — 1 Z Z b2R Z Zb2uwb < u) 1)crbRg+U+t—u

a1=0 as=0 u=1
12 Ro+o+t
_ a o+t u
b(b+ ) b Zo ZObR Z by (bu>
al A=
12 > N > 1
— -1 o104+t U -
mat e (E) 2w
= Roznll;);.{,uzt_fo',o}
12
= (b 1)t
oY
O'-‘rt o0 1
Zbuwb <bu> Z bR + Z b1y (bu> Z pRo
ai,...,as=0 u=oc+t+1 ay,..., ag=0
Ry >u—t—o
12 10
SR TR
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For 31 we have

o+t . N [e%¢) 1
ElZZ;b %(b—u) > parTa

1yeers ao-:O
®-1)b+1) (1)
<~ 7 — b
< (b + 1)2 b 7 bo+t+1.
- 36 b—1
For X5 we have

> .. (N 1

22 = Z b ’lﬁb (b_u> Z - bRa

u=c-+t+1 ag=0

;”%,’éuyftfo'
> N > 1 fw+o-—-1
= b — — .
> ovu(n) X w0
u=o+t+1 w=u—t—o

We now use [6, Lemma 6] to obtain

s N 1 u—t—1 b Y
< w NN [ _
TS ) bd’b(bu)bu—t—a( o—1 )(b—l)

u=oc+t+1
b\ & N\ (u—t—1
__ ptt+o o
(7)) 2w (3) (L 5)
u=o+t+1
b\ & N
<t+cr o o 071.
v (i) 5 m(F)eco
u=o+t+1

This yields

({1,...,0h) < b2(12 (b—1)7po+

b+ 1)

(G o () 2o @) e

u=o+t+1

b+1 12 > N
:b3“+2t<;:b +b2(b+1) > wb<b—u>(u—t—1)"1>.

u=o+t+1
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Hence
2 1
NFb’N(w) = oV E({wl,...,wu})
( ) (b+ 1)5 B 1 (D#llg:l,...,s} ‘ |
u={wy,..., w‘“|)
< L zs: 5) p2t+3v
T (+1) 14\
b+ 1 12 = N .
— —t—1) .
8 ( 3 T RG1) u_§+1¢”<bu> (u ) )
This finishes the proof of 2. O

We will need the following lemma due to Chaix and Faure [I, Lemme 6.3.1.].

LEMMA 15. Let f be a real and bounded function; Set

n

d,, = sup Z (z/V) and o= iI;fldn/n;

:EER<1

then we have
a= lim d,/n.

n—oo
Proof of Corollary [ For any N < b™ we have

1902 2
(NFyn(w) Z% (b“) s(u) + Z %g—uﬂ(u)

u=m-+1

() o3

u=m-+1

(3 ) 0 + o).

From this it follows immediately that

IN

o

aog]zvvr/?) .

Fb,N(w) = O <
Let

s—1
= E o u’
i=0
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Then we have
2
(NF@N((U)) i N Tt
logN)s 7! PEY b ) (log N)*

+ Sfo”' iwb <%> (10;;\05 o ((loglN)s> '

As N tends to infinity the term O ((log N)~®) goes to zero. For the second term
we have

= N ' 2 o Qog N) T e
z:: uz:: <bu> (log N)* S; (log N)s — 0

So it is sufficient to consider only the first term. We have

. NFb N(w) (N) us—1
limsup —=—+% = , | a,_1 limsu
Nﬁoop (IOg N)S/2 ! Naoop uZl ve (10g N)
Qg1
< (logb) — hmsupzwb < ) /log N,

with equality if s = 1. Let

d, = sup
zeR

> ()]

1y attains its maximum in a point % The function z — ", 1y (b%) is contin-
uous and b™-periodic, attains its maximum in a point N, in [b™,20™), N,, € N.
So there exists a sequence of growing integers (IV,,) such that

A, S A
— < log Ny, <
(m—l—l)logb_;wb( )/og ~ mlogbh’

So we get with Lemma

. i Nm dm . dm Vb
1 Sm /1 N, = 1 £ =
miﬁon(b) o8 N = Jim o = I ot = Togh
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Hence
) NF, n(w) Vo
1 —_— o .
Nowe (log N)*72 =\ log )

as_1 is the leading coefficient from Remark [l Since 1)y, is bounded by %

we have

b+1)(b2 — 1
%S%Qn

Now we have to compute v,. We show that

s ifb=2,
Yo = 2
M= if b is odd.

The case b = 2 was already shown in [16, Corollary 2.3] since

lim sup N n(w) = 1
N (log V)72~ \ Blog2

implies 72 = ¢. It also follows from [I, Théoréme 4.13] together with (&).

In the case b = 2p 4+ 1 for an integer p, we can follow exactly the lines of the
proof of [1I, Théoreme 4.13], since all properties of the function ng used in this
proof also hold for our function v, (see Lemma [l and Lemma [[3). One has
only to use the values

k 1 . k 1
Py (3) and Yy <§> instead of x; <5> and X} <§>

Proof of Corollary Suppose that ™! < N < b™ with m > t + s,
then

O

i Uy (%) (u—t—1)"""

u=t+v+1

= i Uy (g) (u—t—1)"""

u=t+v+1

+ i (2 (%) (u—t—1)"""

u=m-+1

= 23 + 24.
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Now,

P-10b+1) & o
¥3< % > (u—t—1)t
u=t+v+1

¥ —-1)(b+1 P
S%(m—t—l) Z 1

u=t+v+1
2
_ P =1+
- 36

Yy = i Uy (%) (u—t—1)"""

u=m-+1

(m—t—1)"

and

Hence
(NFbyN(w))

1 * /s
< b2t+3v
~(b+1)s -1 Z (U)

v=1

y b+1+b2—1
3b 3b2

The other results follow immediately.

(m—t—1)"+B-1)(m—t— 1)“1%) :
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