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APPROXIMATIONS TO TWO REAL NUMBERS

Icor D. KAN — NIKOLAY G. MOSHCHEVITIN*

ABSTRACT. For a real £ put 9¢(t) = minj¢z<¢ ||z€]|. Let o, 8 be real numbers
such that o + 8 ¢ Z. We prove that the function 9 (t) — g (t) changes its sign
infinitely many often as ¢ — 4+o00. The proof uses continued fractions.
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1. The result

For a real ¢ denote the irrationality measure function
t) = mi .
ve(t) = min [
The minimum is taken over all integer values of z in the range and || - || stands
for the distance to the nearest integer.
The main result of this note is the following

THEOREM 1. For any two different irrational numbers «, 8 such that a+ 5 & Z
the difference function
Ya(t) — Pp(t)

changes its sign infinitely many times as t — 400.

The phenomenon observed in Theorem [l cannot be generalized to any dimen-
sion greater than one. In [2] the following two statements were proven.
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THEOREM 2 (A. Khintchine, 1926). Let a function 1(t) decrease to zero as

t — +o00. Then there exist two algebraically independent real numbers o', o>

such that for all t large enough one has

1/)(0617042)@) = min ||LE1C¥1 + 1'2042” < 1/)(t)

1<max(|zy],|z2|)<t

THEOREM 3 (A. Khintchine, 1926). Let ¢1(t) decrease to zero as t — +0o and
the function t — tip1(t) increase to infinity as t — +oo. Then there exist two
algebraically independent real numbers vy, s such that for all t large enough
one has

feY = 1 ) < )
ey (8) = min max|lza;|| < ¢ (f)

Of course, in Theorems 2 [3] we suppose x1, z2, x to be integers.

From Theorem [2] and some basic facts on existence of badly approximable
numbers (see [I, Ch. 3.]) it follows that the result of Theorem [ cannot be
generalized to the case of a linear form in two variables. Indeed, take

Y(t) =o(t™?), t— +ox.
Let o', a? be the numbers from Theorem 2l So

Viat,a2y(t) =0(t7?), t— +oc.

Take 3%, 3% to be numbers algebraically independent of o', a? such that they
are badly approximable (in the sense of a linear form):

inf ' 4 296?%| - ma , ) >o0.
(xl’xz)el%\{(o7o)}(||$15 23%|| - max(|a1 ], |22])?)

So for any t > 1 one has Ly
¢(51752)(t) > (Ot

with some positive C7. We see that for all ¢ large enough one has

1/)(041’042) (t) < 1/)(,g1”g2) (t)

The similar situation holds in the case of simultaneous approximations. From
Theorem [ it follows that the result of Theorem [I] cannot be generalized to the
case of simultaneous approximations to two real numbers. Indeed, take

Vi(t) =o (t’1/2> , = +oo.
Let ay, as be the numbers from Theorem [3l Then for all ¢ large enough one has

V() (t) =0 (t’1/2> , t— +o0.
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Take B1, B2 to be numbers algebraically independent of o', a? such that they
are badly simultaneously approximable:

inf <max l|zB;]] - |£L'|1/2> > 0.

zeZ\{0}\j=1,2

Then for t > 1 we have
¢(ﬁ1>(t) > Oyt™1/?

B2

with some positive C5. We see that

¢(a1)(t) < 1/)(

@2

)(®)
for all ¢ large enough. (Of course, here 1 g1 g2, 111(
1/)(a1,a2),1/)(

B1
B2
£1) are defined analogously to
2

)

@1
@2

2. Lemmas about continued fractions

We can assume that 0 < «, 8 < 1. We consider continued fraction expansions

a=[0;a1a2,,...,an,...], B=1[0;b1,b2,...,bp,...].
Define
ap = [ap; Gni1,ango, .-,  an =[0;an,an-1,...,a1],
B = [bn:bustsbusas -]y B = [0:bn,bu_1s ... b1l
o a4, S (0:b, ..., bl
qn Pn

LEMMA 1. Forn > 2 one has

ant1(any1 + )
Ony1 + 0

lgn-10llgn1 =

Proof. Tt is a well known fact (see [I, Ch.1]) that

1
lgamrol] = ———— 1)
or X
2 Tn—1
Gn-1llgn—10] = g5 | P e (2)
where
g = qniQ-
dn—1

81



IGOR D. KAN — NIKOLAY G. MOSHCHEVITIN

So we see that

ldn-10gns1 = llgn—10]jgn_1 2291 — B
gn—1 Q4n (an + an71)a;§an+1
But as
Ay = ap, + s ap o= —,
an+1 an
we see that
+a; Ly
o « = —
" n-l CKZ CVn+1
So
lgn_10lgnss = 1 _ Q1 _ ans1(ant1t+ag)
-1 1= = = .
" "+ * % 1 1 a2+1(a;+an+1) a"+1+a;kl
QpQpy g T
a,  Qpgl

Lemma [I] is proved.

As ap41 = 1 and a,41 > 1 we obtain the following

COROLLARY. Forn > 2 one has

llgn-10lgni1 > 1.
LEMMA 2. Suppose that
m,n =22 and Qn+1 < Pm+ti-
Then
gn—1e| > [lpmB]]-

Proof. Suppose that (B is not true. Then from () and (3] we see that

1 < ||gn—10|gn+1 < ||[PmB|Pm+1-

As (see [T, Ch.1))

1
[P B]|Pmt1 = 7»5“ <1
1+ ma
6m+2

we have a contradiction. Lemma [ is proved.
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3. Proof of Theorem (1]

Now we are able to prove Theorem [l We make use of the fact that ¢ is a
denominator of a convergent fraction to £ if and only if ||¢§|| = mini<,<q ||2€]]
(see [1], Ch.1, Theorem 5E). So given two consecutive denominators ¢, q,+1 of
convergent fraction to ¢ in the interval

qv g t < qv+1,

one has
Ye(t) = [la€l]-
Consider the sequences
OSSN < ... <@<G1<...;, PoS<P1<...<Pm <Pmt1<...

of convergents’ denominators to «, 8 correspondingly. Suppose that the state-
ment of Theorem [ is false for certain irrationalities «, 8. Without loss of gen-
erality assume that for all ¢ > pp,, = gn,—1 one has

V5 (t) = Pa(t). (6)
From Lemma [2] and the asumption (6) we see that between two consecutive
denominators p,,, pm+1, M = Mo not more than one denominator of the form g,
may occur. Here we give a proof of this fact. Let g,,—1 be the largest denominator
of a convergent to o with ¢,_1 < pm,. Then

||pmﬂ|| = /(/)ﬁ(pm) = /(/)a(pm) = /(/)a(anl) = ||qnfla||

and (3] does not hold. By Lemmal[2] we see that there is at most one denominator
of a convergent to «, namely g,, such that

Pm < Qn < Pm+1.

For j > 0 we define integer m; from the condition that the denominator py,,
is the largest denominator among the convergents to 8 such that

pmj < qn0+j7

where ng is defined before formula (@). So

pmo < qno < pm0+1 <... < pm1 < qn0+1 < pm1+1 <...
< Dmy < Gnog+2 S Pmgt1 <. ..
. < pmj—1< Ano+j— 1< pm] 1+1<
<

. <pmj < dno+j \pm]+1 <...
. < pmj+1 < qn0+]+1< pmj+1+1< o
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By (6) we see that for all j > 0 one has

||Qn0+j—105|| = 77Z’a<Qno+j—1) = ¢a<pmj) < d)ﬁ(pmj) = ||pmj5||- (7)
From (@) we also have

ano+iall = Yaltng+i) = Ya(Pm;+1) < Yg(Pm;+1) = l[Pm; 118l (8)

We distinguish two cases. In the first case we suppose that for infinitely
many j at least one of the inequalities in (7)), (8) is strict, that is, there is the
sign < insead of <. In the second case for all j large enough we have equalities

in both (@), ().

Consider the first case. Without loss of generality we assume that

llgno+j—10l = Yalngtj-1) = Ya(Pm;) < Va(Pm;) = lpm,; Bl (9)
From (]) we have

[ [ 1 o, 81 1
Ano+j—1¢|| = ) Pm; Pl = :
o Qno+j—10ng+5 + Qng+j—2 ’ Pm; Bmj+1 + Pm;—1

So
pmjﬁmj—i-l ‘Hij—l < Gno+j—1%g+j5 T Qno+j—2 - (10)
As
I6; b + + !
i+1 = i+1 sy Ong+1 = 0ng+j T
m;j mj 5mj+2 no no+J Qngtj+1
from (I0) we deduce that
1
Pm; (bmj-i-l + —> tPmj—1 < Gno+j—1 (an()+j + 7) + Gno+j—2
ij+2 Apo+j+1
or
Dm; Gno+5—1
Pmj+1 + L < g+
B +2 Qng+j+1
But
pmj+1 2 qn0+j7 pm]’ 2 Qn0+j*1‘
So
Bim;+2 > Qngtj—1- (11)

From the other hand, from (8) we deduce that
1

Gno+jno+j+1 1 dno+j—1

= ||qn0+j05|| = th(qn(H-j) = ¢oc(pmj+1)

1
Pmj+1Bm;+2 + Pm;

< wﬁ(pmrFl) = ||pmj+1/8|| =
So
Pm;+18m;+2 + Pm; < Qno+50no+j+1 + Qnotj—1-
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As
ng+j5—1 < Pmj;s  Adng+j < Pmj+1,

we see that
Brm;+2 < Qngtji1-
This contradicts (ITI).
In the second case we see that for j large enough one has

¢B(ij+1) = wa(q"0+j) = wﬁ(pmj+1)‘ (12)

Hence for jy large enough for all j > jo, we have
mj+1:mj+1:mj0+j—|—1—j0.
So for large j we have
pmjo+j+lfjoﬁ = Smy,+i+1—jo = (—1)m]°+j+ j0||27mj0+j+17j0/8|| =

(_1)mj0+j+1_j0/(/)ﬁ(pmj+l)’

Ino+i @ = Tngtj = (1" |gngtial| = D)™ o (gng+5)-

So for all j large enough from (I2) we deduce that

1>mj0*j07"0+1(

ij0+j+1—j05 — Smyy+i+1—jo = (— Qo+ — Tng+j)

or

mj,—Jjo—no+1 _
pmj()+j+1*j0/8_(_1) doTIomme Uno+5 0 =
Y S 1
Smjo+j+1—j0_<_1>mm Jomnot Trno+j-
Analogously,
. ,B_(_l)mg‘o—jo—no-l-l =
pmjo+J+2*J0 Ano+j+10¢ =
o mig—jo—no+l,.
S ti+2—jo — (—1) MO TITO ey j
Recall that «a, 8 are irrational numbers. So
Pmjo+i+1—jono+j+1 — Pmjy+j+2—jodno+j = 0
and
Pmj +ji+1—30 Ano+7
[03 by +5+2—jos Oy +i+1—jos - - - » b1] = — = —— =
Pmj +i+2—jo Ano+j+1
[07 Ang+5+15 Ang4jy -« a1]7

for j large enough. As «, 8 € (0,1) we see that « = S or a+ 3 = 1.
The proof of Theorem [ is complete.
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