uniform
distribution
theory

Uniform Distribution Theory 5 (2010), no.2, 55-78

CONTINUED FRACTIONS WITH MINIMAL
REMAINDERS

ELENA ZHABITSKAYA

ABSTRACT. Consider the representation of a rational number as a continued
fraction, associated with “centered” Euclidean algorithm. We prove a new formula
for the limit distribution function for sequences of rationals with bounded sum of
partial quotients.

Communicated by Arturas Dubickas

Dedicated to the memory of Professor Edmund Hlawka

1. Introduction and main results

The classical Euclidean algorithm for @ € Z and b € N uses the division of

the form
a=bg+r, q€Z, b>0, 0<r<hb.

It leads to a continued fraction expansion of a real number

1

x = ap;a1,a2,...,am,...] =ao+
ai +

ag + -+ ——m—
am+...

where ap € Z, a;j € N for j > 1. Numbers a; are called partial quotients of
fraction ().

For = € Q the representation (IJ) is finite. We assume for the uniqueness that
the last partial quotient a; is greater than or equal 2. Let

SOl a/b) :=ag+ a1+ ...+ a.
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ELENA ZHABITSKAYA

Define the set
Fp = {xe(@,xe[0,1]:3[0]($)<n+1}. (2)
The limit distribution function

PO() = tm HEE ];}: S

is the famous Minkowski’s question mark function ?(z). Properties of 7(x) were
investigated, for example, in [I], [I4] and [2].

There are different kinds of Euclidean algorithms. For example, “by-excess”
Euclidean algorithm uses the division “by-excess”

a=bg+r, —-b<r<0,

This algorithm leads to regular reduced continued fraction ([3], [5]) expansion
of a real number z, that is

(3)

z = [lag; a1, a2, ..., am,...]] =ao —

ayp —

a2_..._
QA —

where ag € Z, a; > 2 for j > 1. Numbers a; are called partial quotients of
fraction (3).

For a rational z representation () is finite. For rational x we denote the sum
of partial quotients in the representation of z in the form (@) by S*(z). We put

B, = {x eQ,zel0,1]:SM@) <n+ 2}
Consider the limit distribution function
FU(z) := lim Hee=n e

—
n— oo ﬁ:n

, r € [0,1],

In 1995 R.F. Tichy and J. Uitz [§] considered a one parameter family gy (z),

A e (0,1), z € [0 1], of 5ingular functions. Functions FI% F[ belong to this
family with A = 5 and A = \/57 correspondingly. Similar functions x(zx, ),
€ [0,00), A € (0,1), were introduced by A.Denjoy [I] much more earlier, in
1938 For z € [0,1] functions x(x, «) and gx(x) are related in the following way:

sz, ) =1—(1—a)gi-a(2).
In the same paper A.Denjoy proved that

K/(;E’a) — % _ aao(l _ a)a1 + aa()+az(1 _ a)a1+a3 .
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CONTINUED FRACTIONS WITH MINIMAL REMAINDERS

where ag, a1, ..., an, ... are partial quotients of representation (Il) of number z.
Similar formula for gx(z), € (0,1) is given in the paper [5]:
g)\(l') — )\al—l _ )\al—l(l _ )\)az + )\al—l(l _ )\)az)\a;g _
S oai—1 S a
1<i<m 1<ism
..+ (_1)m+1)\1£1 mod 2 (1 — >\) =0 mod 2 + e (4)
For A\ = 1 formula (@) gives a well-known result by R. Salem [7], namely

1 1 1
91/2(z) =7(z) = 9a1-1 ~ 9a1+az—1 + Qaitaztaz—1

Let us consider a “centered” version of the FEuclidean algorithm. This algo-
rithm uses “centered” division

a=bg+r —é<r<é
DR T

and leads to the following representation of a real number x:

()

€1 £l €1
T = [QQ; ——y "y """ :a0+ . (6)
ay ap 9
a; +

€1
aj + e
This representation is known as a continued fraction with minimal remainders.
Numbers a; are called partial quotients of fraction (@l). Here ag € Z, ¢; = +1
and a; > 2, a; + ;41 > 2 for j > 1. For rational z, if a;, = 2 is the last partial
quotient, then £, = 1 for uniqueness of the representation. Such fractions can be
found in the book [6] by O.Perron.

Statistical properties of various Euclidean algorithms were investigated by
B. Vallee and V.Baladi in papers [11], [12], [13]. The most precise asymptotic
formulae for the mean length for the classical Euclidean algorithm and the cen-
tered Euclidean algorithm are proved in papers [9], [10] by A.V.Ustinov. A
similar formula for “by-excess” Euclidean algorithm was obtained in author’s
paper [5].

For rational x let us denote by S(z) the sum of partial quotients of represen-
tation (6l), and put

Z,={zxeQn0,1]: S(z) <n+1}. (7)

In present paper we investigate the limit distribution function

The main result is the following theorem.

ag + -+

z € [0,1].
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THEOREM 1. Let x € [0,1] be represented in the form (@), then

By by E;

where
Ej = H (_671)7 Aj = Z Qs c= 1/()‘ - 1)7
1<i<y 01y

and X is the unique real root of the equation
M-A-A-1=0.
For rational x the sum in formula @) is finite.

In this paper we also prove

THEOREM 2. Let for x € [0,1] the derivative F'(x) (finite or infinite) exists.
Then either F'(x) =0 or F'(x) = 0.

As function F(z) is monotonic, then by Lebesgue’s theorem, the derivative
F'(z) exists and is finite almost everywhere (in the sense of Lebesgue measure).
Therefore F’'(x) = 0 almost everywhere. In other words, F(z) is a singular
function.

In the proof of Theorem 1 we need the following result.

PROPOSITION 1. For z € [0,1/2] the function F(x) satisfies the following func-

tional equation
F
Fl—z)=1— gf”). (9)

The proof of Proposition 1 is given in section 3. Theorem 1 uses Proposition 1
and it’s proof is given in section 4. The proof of Theorem 2 is in section 5.

2. Properties of a continued fraction with minimal
remainders

It follows immediately from the definition of continued fraction with minimal
remainders ([6]), that

e q;, >2fori>1,
o Ifa; =2, then g;41 =1fori>1,
e If the last partial quotient a; = 2, then ¢; = 1.
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CONTINUED FRACTIONS WITH MINIMAL REMAINDERS

Let x = [bo;b1,...,bs,...] be represented in the form of ordinary continued
fraction (). We describe the algorithm for converting this fraction into a fraction
of the form (@) (see [6]).

Fraction () is constructed by the classical Euclidean algorithm
b 1 1
ro=—, Tit1=——b, b = [—}, 0<r <l
a T T
The remainder 7,41 is less then % if and only if ;11 > 1. So while b;11 > 1 partial
quotients of the classical Euclidean algorithm coincide with partial quotients of
“centered” Euclidean algorithm.
For the first ¢ such that b;11 = 1, we use the identity
b; + ! b;+1 ! >0
o+ —————=0; - a =0
- 1 bito+ 1+«
bit2 +

And since —2— < 1. we have

b; 1 2
F 1 1 _1

b;ba"'abialabi = b;_a"'a—ai
[0 ! +2] lobl bi+1 biqa+1

Then we apply the same procedure to the “tail”

1
bivo+1+

1
by + -

bits+ -+

of the fraction ().
We define the convergents of the continued fraction with minimal remainders

of the number x = |ag; &L, --- , &L, ---| as
al ap
P, €1 €
Q_n:|:a0;a_17”.704_n:|’ (PnaQn>:1a n =1
n n

To get a recurrence formulas for P, /Q,, n = 0 we put formally
P_1 1 Po an

00 Q1
Then for €,41 = 1 we have
Pn+1 o anpn+Pn—1

Qn+1 - anQn + Qn—l’

otherwise,
Pn+1 anpn - Pn—l

Qn+1 B anQn - anll
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3. Definition and properties of sets Z,

We define a sequence of sets X by
Xy ={zeQn]0,1]:S(z)=k+1}, n=>1
It is clear that
Z,= U A,
1<k<n
where Z,, is defined by (@). Suppose that the elements of Zj are arranged in
the increasing order. The number of elements of Z,, &, we denote by Z,, X,,

respectively.
12333
) 4 — ga ?7 ?7 ga Z .

In particular,
X1=Xo=1, X3=3, X,=5.

[0 V)
wl N

?

B

el ol

So

LEMMA 1. Forn > 1 we have
Xn+3 = Xn+2 + Xn+1 + X

Proof. We construct one-to-one correspondence ® between elements of sets
Xn+2 U Xn+1 U Xn and Xn_;,_g.

Let

€1 €l
IeXn+2UXn+1UXn7I:|:a0;_7"'7_:|7
a a

we define ®(z) : X400 U X1 U X, — Xt3 in the following way:
o If v € X, 49, then

€1 €l-1 €l
P = Ty, — € Xi3.
<$> @0 aq aj—1 Qi + 1 n+3
o If v € X, 41, then
&1 €l 1
(0] = — e, —, = € Xpas.
(z) ag o @ 21 +3
o If x € X, and a; > 2, then
[ €1 g —1
P = T— e, —,——| € Xpas.
<$> ag ay a; 3 ] n+3

e If x € X, and a; = 2, then

€1 El1—2 Sy —-11
lao;_a"' _‘| EXn_;,_g.

@ = b b b) b
(@) ay aj—2 a1 +1 2 2
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The correspondence ®(z) is injective by the construction. Let us show that it

is surjective. For any y € X, 13, y = [ao; %, cee Z—ﬂ we find the preimage x of y.
e Ifaj >3 0ora; =3 and ¢ =1, then
€1 €1—-1 €l
T = [Qg; — "y T ‘|€Xn+2-
ay aj—1 a;—1
e If q; =2 and either a;_1 > 2 or q;_1 =2 and ¢;_1 = 1, then
€1 €1-1
r=|ag;— -, ——| € Xpy1.
a1 ar—1
o If a; =3, ¢, = —1, then a;_1 > 2, therefore,
€1 €1-1
= |ag;—, - ,——| € Xn.
a1 ar—1

e Ifaj=a;_1 =2, i1 = —1, then a;_o > 2, therefore,
5 €— o 1
xr = ao;_l’...’i’i’_ eXn
al aj—3 aj—_g — 12
Lemma is proved. O
COROLLARY 1. Forn > 1 we have
Znts =Zpto+ Zny1+ Zn + 2. (10)
Proof. By the definition of Z,, and Lemma 1, we get
Znyo+Zpnii+Zp=X1+ + X))+ X+ + X))+ X+ + X5)
=X1+X2+X3+X4+"'+Xn+3+(X1 —Xg)
= 4n+3 — 2.
We remind the definition of the Stern-Brocot sequences F,,, n = 0,1,2,...
Consider two-point set Fy = %, %} Let

n>0 and F,= {O:xo,n<$17n<~-~<xN(n)’n:1},
where
Tjn =Pjn/Un, Pjn,¢n) =1, j=0,...,N(n) and N(n)=2"+1.
Then
fn+1 =F,U Qn+1 with Qn+1 = {ZEj_l,n D Tjmn, j=1,..., N(n)} .
Here a+b

is the mediant of fractions % and
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So the first sequences are

1 1 2 1233
Q1:{§}7 Q2:{§7§}7 Q3:{1757571}'

It is clear that for any rational number ¢ there exists such number n that ¢ € Q.
Note that sum S (z) of partial quotients of ordinary continued fraction of a
number z € @, equals to n+ 1. Formula (2]) gives an equivalent definition of F,.

It is convenient to represent sequences F, by means of the binary tree D!
(Figure 1). This tree is called Stern-Brocot’s tree. Nodes of the tree are labeled

............................ Tt N
1 \2 3/ 3
< i 5 5 1
-------------------- s 2 S Sl
Q, 1 23 34 55 4
__________________ > .18 78 87 5 ..
FIGURE 1.

by rationals from (0, 1) and partitioned into levels by the following rule: the nth
level consists of nodes labeled by numbers z, such that SI%(z) = n+1 (i.e., the
nth level consists of nodes, labeled by numbers from Q,,).

It is possible to distribute nodes of the tree into levels by another way. For
example, we can use a rule: the nth level consists of nodes labeled by numbers z,
such that sum S!(z) of partial quotients of regular reduced continued fraction
of number x equals n + 1. Then we get tree DI (Figure 2) from paper [4].

Now let us distribute nodes of the tree into levels by the following rule:
the nth level consists of nodes labeled by numbers z, such that S(z) = n +1
(i.e.,, x € A,). We denote this tree by D (Figure 3).

Any node ¢ of the tree D is a root of a subtree, which we denote by D).
Nodes of D) are also partitioned into levels: € itself belongs to the level 1, and
a node of the tree D®), labeled by number z belongs to the level S(x) —S(&) + 1
in the tree D). The number of nodes of D) from the level 1 to the level n we
denote by Dgf).
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FIGURE 2.

Let us consider more detailed structure of the tree D. From every node £ of
D we issue two arrows: the left one and the right one. The left one goes to the
node labeled by z! and the right one goes to node labeled by z". Note that if
¢ = x®y, where x, y are consecutive elements of F,,, then ¢! = x® &, & = EPy.

REMARK 1. Let

g g
feXn and €:|:a0; _1’7_l:|:l,@y’
a ap
where z,y — neighboring elements of F,,, S(z) < S(y). If a; > 2, then
€1 €1—-1 €l
X = 1Q0; — ", T GX )
®¢ 0 aq aj—1 a; + 1‘| ntl
€1 g—1 ¢ 1
y®£: gy — "y T s a GXn+1,
ay aj—1 a; — 12

If a; = 2, then £, = 1 and

DE ° fi1 1 eX
x = |lap: —., - - - _—
05 (7/1, ) (7/171’ 3 n+1,
D& = a’g—1 it St —1 eX
Yy 0 CL1’ 3 al—17 aj_q1 + 17 3 n+2-
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FIGURE 3.

From Remark [I] we deduce the following statement.

LEMMA 2. Let & = [ag;%,--- El}, then

ar
D _ D if ay=2
" DD a4 > 2.

Note that D7(11/2) = Z,. For brevity we put Y,, = D7(11/3). So
Yl:la Y2:2, Y3:3

For Z,, we have recurrence formula ([I0). It is easy to prove a similar formula

for Yy,:
Yn+3 = Yn+2 + Yn+1 +Y, +2.

LEMMA 3. Let A be the unique real root of the equation
MoX-A-1=0, and c=1/(A-1).

Then
Zn, 1 Y,

lim " = lim =—, lim — =c.
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Proof. Equation (T2) can be reduced to a homogeneous one by the substitution
Y, =Y, + 1

! — Y/ + Y/ + Y/

n+3 n+2 n+1 n°

The characteristic equation is
Mo -A=1

This equation has the unique real root A ~ 1,839292 and two complex roots

A1, Ag, such that
|)\1| = |)\2| < 1.
So

Y,+1= Yri =Ci\"+ Cg)\g +03)\§,
Zn+1= 27, = DIA\" + Da\y + D3N}

with certain constants Cy, Cy, C3, D1, Do, D3. Put ¢ = C1/D;. From construc-
tion of the tree D it is clear that

Zpn=Yp 1+Y, o+1.
Dividing both parts of this equality by Z,, and taking the limit we get

Cr (M + AT +C (AT A ) + Cs (A5 A7) +1

L= lim DA} + DoXg + Dshi + 1
C1+CiA
D)2
Since A is the root of equation (I3]), we get the following relation between ¢ and \:
A2 1
c= 5=y < L 191s. (14)
Lemma is proved. O

4. Properties of the limit distribution function F(z) of
sequence Z,

In this section we prove some auxiliary results about function F(z).

LEMMA 4. Let x, y be consecutive elements of the sequence Z,. Then
(z®y)

_ — lip _t2-SEey)
Fly) = F(z) = lim_ pam
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Proof. Note that nodes of tree D&®Y) are labeled exactly by the numbers from
theset {€€Q:z <& <y}.So

(z©y)
Cot{eeziia<e<yt . Duioseay
Fly) = Fle) = Jbg, Z, T T i

0

LEMMA 5. Let x, y be consecutive elements of Z,, S(x) < S(y), and let a; be
the last partial quotient in continued fraction with minimal remainders represen-
tation of the number x @ y.

If a; = 2, then
Flz®y) - Flz) = 5 (F(y) = F(x)). (15)
Flz®y) - Fly) = 35 (F@) - F(y)). (16)
If a; > 2, then
Flzy) - F(&) = 5 (F(y) - F(z) a7)
Fla®y) - Fly) = & (F(z) - F(y)). (15)

Proof. We suppose that x < y (in case x > y the proof is similar). According
to Lemma [4] one has

((zaoy)")
_ — L _nt2=S(@ey))
Flx®y) — F(z) = Jim. D, ,
D3 s(twon
_ IERT n+2— rzPy)"
Fly)—F(zeoy) = nl;rréo D, .

By Remark[I] if ¢; = 2, then the last partial quotients of continued fractions
with minimal remainders of numbers (z ® y)!, (x @ y)" are greater than 2 and

S((z@y)) =Sxay) +1, S((zdy)")=Sxdy)+2.
So

D((l’@y)l)
Flaz®y) - Flz) = lim Tnt2-S(@ey)h) _ lim 731&175(1@1}) =A (19)
F(y) - F($ D y) n— 00 D((l’@y)r) n— 00 Yn_s(xeay) ’

n+2—S((z®y)")

ie., F(x @ y) divides the segment [F(z), F(y)] in the relation A : 1. Taking into

account that
c c

ettt

we get formulas (I5]), (T0).
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If a; > 2, then by Remark [ the last partial quotient of the continued fraction
with minimal remainders for the number (z @ y)" is 2. For the number (z @ y)’
the last partial quotient is greater than 2 and

S(zaoy))=S(zay))=Sxay)+1.

Therefore
(ay)')
Fxoy)—F@) . Diosweny . Yatri-Swey
= lim ————= = lim ————= =g, (20)
F(y) — F(.’E (o) y) n—00 D((x@y) ) n=00 Lin11-S(zdy)

n+2—S(z®y)")

i.e., the number F(z @ y) divides the segment [F(x), F(y)] in the relation ¢ : 1.
Taking into account that

1 n r 1
Aoeh
we get formulas (I7), (I8). Lemma is proved. O

Now we are able to prove Proposition 1.

Proof of Proposition 1. Suppose = € [0,1/2]. By the definition
t{e 2, :{<a}

F(xz) = lim

n— oo Zn
So
iy €€ Zn1 (<2} Zn _ Fla)
n—o0o Zn,1 Zn Y '

Taking into account that S(1—§) =1+ 5(&) for £ € QNJ0,1/2), for = € [0,1/2]
we have

{{ezZ,1:¢é<z}={1-€¢€=neZ,:1—-n<a}={neZ,:n>1—xa}.

So we get
F Zn_1:£6< . Z, E<1—
n—00 n n—00 Zn
: — &1 —
:hmﬁ{nezn n>1—zpUu{ez,:£<1 x}zl‘
n—00 Zn
This equality proves formula (). O
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5. Proof of Theorem 1

Let us prove the theorem for rational = € [0,1/2] by induction on S(x).
The equality c
F(l/a) = Nai-1

follows from formula ([I5]), since 1/a; =0® --- @ 0 1.
—_——
(a1—1) times

Suppose that the formula () is proved for

[ 1 ey €
T = 0;_,_7...7_7”}
L a1 a2 Um
Then it is enough to prove it for
[ 1 ey €m—1  Em
Yy = 0;_7_7"'7 )
| a1 a2 Am_1 QAm + 1
and for
[ 1 €9 S 1 .
= O;_a_a"'a = [P ) if am>2,
a; as Am — 1 2
1 ¢ Em— Em— -1 .
w = O;_a_Qa"'a m2, m-l sy T | lf (lm:2.
ai ag Am—2 am-1+1 3
We see that
[ 1 9 Em—1 1 €9 Em—1 €
y= O;_a_a"'a o ® O;_a_a"'a o a_m
ap az Am—1 ap az Am—-1 am

and the last partial quotient a,, + 1 of continued fraction with minimal remain-
ders expression of number y is greater than 2. From (I7)) and the inductive
assumption we get

1 1 m 1 m—
AC(br 2 a2
A ay; ao A, ayp az Am—1
1 £9 Em—1 1 Em
_ 0 — &2 ... B i
({ Tay ap’ ’am—1D PR

_ . 1 €9 Em—1 Em
_F(|:07a_1’a_27.“’am—1:|> _C)\m'

If a,, > 2, we must prove the formula (§)) for z. We see that

ok 2 e o2

b ) ) ) )
a; as Am—1 Gm — 1

68



CONTINUED FRACTIONS WITH MINIMAL REMAINDERS

and the last partial quotient of number z is

2. So by ([T we have

1 — m
F(Z)zF({o;_f_{...,6 Lc D
ap az Am—1 am —1
1 m— m 1 m
(bt S (s )
A ay’ a Am—1 G — 1 a;’ as am
1 & Em—1 1 c E,, E,,
=F{0;—,—, - - Zel _
(|: 7a1’ a2’ ’am717 am:|> + )\C <)\Am1+(am_1) )\Am>
_ . L e Em-1 1 E,.(-1)
=F (|:0,a_1’(l_2".‘ , aml,a}) —C)\)\Am_1+(am71)+2.

If a,, = 2, we must prove formula (8)) for w.

1
}@{0;_,6_2’...
ay a9

We see that

€m 1
,(lm’2

and the last partial quotient of number w is greater than 2. So by (I7]) we have

Em—2

Em—1

|: 1 g9 Em—1 Em
w = 0;_7_a ) )
ai az m—1 Gm +1
1
ayp az

) )
Am—2 am-1*+ 1

1 1
+_<F(|:07_7E_2a5
A ayp as

)
=)

Em—2 Em—1
)
Am—2 Qm—1+ 1

)

1
_F ({0;_,6_2, .
aip a2
As
0;i6_2 ’€m—1’1 :0;i’€_2’...78m7—1
a1 az Am—1 2 a1 a Om—1+1
@|:0;i727"'76m_27€m_1:|
ai as Um—2 Am—1
by (I6]) we have

Em—1 1

1
F({O;_,e_z,...
ayp a2

182

Z1)=F(lo=. 2 ...
7am172]> <[ 7a17a27

Em—2 Em—1
) 3
Um—2 Qm-1*+ 1

)

—% F 0;i’€_2"”’€m_1 -F 0;i’€_2’,,,’€m—2’ Em—1
A aip az Am—1 ai; Gz Am—2 QAm—1 +1
c 1 1

:—pC)\Emfl ( Z i+, 1 ai-l,-(aml_l,_l))

A\0Sism—2 N\O<i<m—2

1
——C)\Em,1 Z i3

\0<i<m—1
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Substituting this result in ([21J), we finally get

1 & Em—2 Em—1 1
(’LU) <|: ) ar ) CEQ’ ) am—Q’ am_1 + 1:|> C 17AAm—1+4

So we have proven Theorem 1 for rational z € [0, 1/2]. For rational z € (1/2, 1]
it follows from formula ([@)). For irrational z € [0, 1] we should take into account
the continuity of F'(z). d

6. Singularity of the function F(x)

In this section we prove Theorem 2. First of all let us consider the case = € Q.

LEMMA 6. For rational x € [0,1] we have F'(x) = 0.

Let us prove that the right derivative F (x) exists and I, (x) = 0 (for F’ (x)
the prove is similar).

Proof. Let x = a/b, a,b € N, then there exists such n that a/b € X,,. Denote
by @’ /b the right neighboring to a/b element in Z,,. Sequence of mediants y =

’Z‘gi‘b‘// }, converges to a/b from the right as k& — oo. So for £ > z sufficiently

close to = there exists such m that * < Y41 < € <y, and so
[E(6) — F(a/b)] _ Flym) — F(a/b)
f_a/b N ym—‘rl_a’/b

Remind that a/b € Z,,, but a/b ¢ Z,_1. So S(a/b) > S(a’/b"). By Lemma [Bl we
see that

Fla/b@®d V') — F(a/b) < max (% é) (F(d'JV) — F(a/b))

= (P )~ Fla/t).

Similarly, S (k‘”a/) > S(a/b), k=1,...,m—1, and

kb+b’
() -rem <o (5.3) ( (35) - o)
< i—z (F(a/b®d /b) — F(a/b)).
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So
0< Fl(x) = glim ij < lim w (22)
Sy _ m— oo m+1 —
_ g S (F@/Y) - Flafb) 0

m—o0

1
(===

Let x ¢ Q. Suppose that F’(z) = a, where a is finite and a # 0. We should
prove that it is not possible. We shall use the Stern-Brocot sequences F,,.

Given n we can find two consecutive elements p,/q, < p.,/q, from the set
Fn, such that p,/q, < x < pl,/q,,. In such a way we obtain an infinite sequence
of pairs of elements {p,,/qn,p,,/q,}, converging to x from the left and from the
right, respectively. So

lim F(p;l/q’:l> — F(pn/Qn) -

n—eco  pr/a, — Pn/dn

Put

Go(a) = F(phi1/an41) — F(Pnt1/qn+1) Qn+1%+1.
F(pl,/a,) — F(pn/an) Inq),
Then
G () = F(p’nlﬂ/q;/m — Fns1/an1) — p0/dn — P/t
Pri1/ @Gy — Pnti/@nvr F(py/a),) — F(pn/gn) n—eo

1. (23)

It is clear that if @ € (pn/qn, Pn/qn ® P, /q,,), then the pair

{Pns+1/an+1, 011/ @nya b coincides with  {pn/qn, pn/qn @ P,/ }-
Also if © € (pn/qn ® 1),/ a0, P}/ 4;,), then the pair

{Pni1/@ns1, Pri1/@nga ) coincides with  {pn/qn @ D), /G0, P/ dn}-

Note that p,/qn, p),/q, are always among the intermediate and convergent
fractions to x in the sense of ordinary continued fraction.

Let us show that for an irrational x one can find an infinite subsequence
{Pni/ s>, /@, + of the sequence {pn/qn,p;,/q,,} with the following property:
the last partial quotient in the continued fraction with minimal remainders ex-
pression of py, /qn, ® P, /q,, is equal to 2.

Let
1
T = [0;_76_2’... ’g_m’...].
ayp a2 A
Then either

1 €9 Em—1 1

n/ Gn g =0 —. = ... 72—
p/q 69pn/qn |:7a17a27 7am7172
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or

1 &9 Em—1 Em

/ /
n/4n = 0;_7_7"'7 y 7
Pn/dn ® P/, o % o b

for some natural m, b,, < a,, + 1. In the first case the pair {p,/qn,p./d,}
satisfies the necessary property.

In the other case we consider the pair

{pn+1/Qn+1a p;+1/q;+1}

and for ppi1/@n1 ® Ppyr/Gpi1 € {Pnt2/Gn+2: Phya/dnie} by Remark [l we
have two possibilities: either

lo;i €2 . Emo1 _Em 1]

al’ag’ 7Cl"L,l’bm—l’Q
or
0 1 &9 Em—1 Em
P R R R RN I
a;’ as Am—_1 bm +1

where b,, +1 < a,, + 1. But the last inequality can occur only finitely many
times. So for any m we can find a pair {pn, /qn,, P}, /@, } satisfying the necessary
property.
In the sequel we consider such a subsequence {pn, /qn,, P}, /@, }- From 23)),
we see that
lim G,, (z)=1. (24)
k— o0

For a fixed k we consider following cases:
Case 1: = € (Dny /Gy Pri/Gns, © Phoy /D)

Case 2: x € (P, /Gny © Py /s> P/ Oy)-

Consider Case 1. As the last partial quotient of p,, /¢, @ pl,/q,, is equal to 2,
Lemma [B] leads to

Epny 41/, +1) = E@ur1/@ur1) _ FPn/ i © P, /d0,) = F P/ q0)
F(py./tn,) = F P/ qni) o, /an,) = F P/ any)

_ {§ if S(pn/ani) < S /0h,)-

3 1S /an) > S(r, /4n,)-

(25)

Then there are two possibilities:

a) T € (Pny/dn> P /i O P, /40,)"),
b) @ € ((Pny/dn © P, /@,)"s Pre /i B Pin [T )
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where

(o /G ® P /G)' = oo/ e @ P/ G, © Py /G,

(Prsc/ @i ® Py /@) = (P /G © P/ Ty,) © Py / G -
As the last partial quotient of pn, /qn, @ py,,/q,, is equal to 2, then by
Remark 1, the last partial quotients of (pn, /Gn, ® P, /dn,)" and (pn, /qn, ©

p;lk/q;lk)l are not equal to 2. As S(py, /qn, @p%k/q;k) > S(pny /ny ), we deduce
from Lemma [0l that

(26)

F(P;zk+2/%k+2) — F(pny+2/qni+2) _ { %, in case a),
— )1

F(p;lkﬂ/%kﬂ) - F(pnk.+1/an+1) = in case b).

Consider Case 2. Analogously to the case 1 we get

FWp, 41/ @, 1) — F(onet1/tnes1)  F@h /dh,) — F(0ny/n S P,/ d0,)

Fp, /db,) — Fon/tn) Fh, /dh) — F(Pny/@ny,)

_{r% it S(pni /i) < S, /T)-

(27)

We shall consider the following subcases:

a) € (Pn/dn © P/ a0 (Pn/dn ® 7,/ 43)")

b) @ € ((Pn/an ® P,/ 4)" P/ a5,)-

As S(pny, /n, © 05,/ T,) > S0, /a5, ), from Lemma [ we see that

F(pp, o/, +2) — F(Pny12/@ni+2) _ L, in case a), (28)
F(p;m+l/q;zk+1) — F(pny+1/ni+1) %, in case b).

As the sequence {pp, /G, Py, /qy, } is infinite, then at least one case (from the
cases la), 1b), 2a), 2b)) will occur infinitely often. So there exists a subsequence

{pnkm /anm ,p;lkm /q;”cm} such that

F(py, +1/dn,, +1) — F(Pny,, +1/ 0y, +1)

:a7

F(p%kmw/q;lkmw) - F(pnkm +2/anm+2)

=P,
F(pizkm+1/q;km+1) - F(pnkm+1/anm+1)

73



ELENA ZHABITSKAYA

where o — is one of the numbers §, 13, and 8 — is one of the numbers %, é

Now

!/ /

Anp,, +19ny, +1 Any.,, +29n,,, +2

Gy, () = a2 Gl (7)) = f——m

any.,, n,,, Any,, +19n,,, +1

From (24) we see that
/ /
. n,., 4 Gny, +14
lim Bom P — @, lim —m ™ et g (29)

/ /
M= Gy, 100, 41 MmO Gny, 200, 42

Now we must show that ([29]) is not possible. To do this we distinguish the cases
again.
1,a) In this case

{p"km+1/anm+17p;q,km-i-l/q?/’?,km-i-l} =
{pnkm/anma (pnkm +plnkaZgh’t) / (anm + q’lnkm)} ?

{pnkm+2/anm+27pizkm+2/q;zkm+2} =
(P /Wi s (2P0 + P ) | 2 + iy, )}
Now (29) leads to

=, lim ———m

m—00 2qp, + q;lkm

=5,

lim y
m—00 anm + anm

where by (25) and [20) one has

1
6 = Xa a = E for S(p"km/anm) < S(p;qfk:m/q;fkm) )

A
and
a=5 for S(pu,./dn,.) > S (P, /h,)
Note that
20, * G,y O,
Gniy, ¥ Gk, T,
So we have
% =2-aq.
Forﬁ—%,aszeget
N —2=0.
Forﬁz%,a:vweget
M -—A—-1=0.
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In both cases we have a contradiction with the fact that A is a root of equa-
tion (I3).
1,b) In this case
{p"km+1/anm+17p;Lkm+l/q;Lkm+l} =
P/ Gk P+ P, ) (G + 0,

{pnkm+2/%km+2ap%km+2/%km+2} =
{2pne,, + Py )/ e, + a0y ) s P, + 00y )/ (G, + @y )}

Now (29) leads to

= a, lim e 8,
m—00 2anm -+ q;Lkm

/

. n,,
lim 7”1/

m—=00 (p, + anm

where by (25) and (28) one has

1 c
B=—=, a=~< forS(pn,, /i) <SP, /G, )
cA A
and .
Note that
/ /
anm—i-q;km
So we have
1 14 1
B 1-
Forﬁzé,aszeget
AN —2=0
For g = %, a= <z
M —-A—1=0.

Again in both cases we have the contradiction with the fact that A is a root
of equation (I3).
2,a) In this case

{pnkm+1/anm+1apizkarl/q;zkarl} =
{(pnkm +p;'7fkm) / (q"km + q’:lkm) ’p;'lkm/q’;lkm} ’
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{pnkm+2/anm+27p;zkm+2/q;zkm+2} =
{(Pris, + i )/ (@i + @i, ) s Prin + 200, )/ (G + 200, )} -

So (29) leads to

dny,, q':lk-m -8,

= q, lim

lim _m
m—o0 Gy, + QqLLkm

!
m=00 (p, + anm

where by (27) and (28) one has

1 c , ,
B = av o= F for S (pnkm/anm) < S(pnkm/anm) )
and .
o = X for S (pnkm/anm) >S5 (p;Lkm/q'/”km) :
Note that
+2q;, Gny,, + @, 1
anm/ QRm:1+ ”km/ km:1+1 Gnp, ’
fnim T e T,
So we have 1_1+ 1
8 1—a’

and this case is reduced to the case 1,b).
2,b) In this case

{pnkm+1/anm+1ap;Lkm—i-l/Q;Lkm—i-l} =
{Prir, + Py )/ (i + e, ) 5P S s

{Pnkm+2/%km+2ap%km+2/q;”m+2} =
{Prir, + 200, )/ (G, + 200, ) Py, [y
Now ([29) leads to
ny,, T q;km

dny,,

lim ——®— = q, lim = 0,
m=00 (p, + q;lkm m—00 (p, + 2q;1km
where by (27) and (28) one has
1 c
6:X7 azﬁ for S(pnkm/anm)<S(p;7,km/q;7,km)7

and

o= ; for S (pnkm/QHkm) > 8 (p;wvm/q;km) :
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Note that ,

G, + T Gy, + A,

So we have 1
- =2—q,

B

and we have the same situation as in the case 1,a).
Theorem 2 is proved. O
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