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THE DISCREPANCY OF A NEEDLE ON
A CHECKERBOARD, II

ALEX I0SEVICH — MIHAIL N. KOLOUNTZAKIS*

ABSTRACT. Consider the plane as a checkerboard, with each unit square col-
ored black or white in an arbitrary manner. In a previous paper we showed that
for any such coloring there are straight line segments, of arbitrarily large length,
such that the difference of their white length minus their black length, in absolute
value, is at least the square root of their length, up to a multiplicative constant.
For the corresponding “finite” problem (N x N checkerboard) we had proved that
we can color it in such a way that the above quantity is at most C+/N log N, for
any placement of the line segment. In this followup we show that it is possible to
color the infinite checkerboard with two colors so that for any line segment I the
excess of one color over another is bounded above by CE|I|%+E, for any ¢ > 0.
We also prove lower bounds for the discrepancy of circular arcs. Finally, we make
some observations regarding the LP discrepancies for segments and arcs, p < 2,
for which our L2-based methods fail to give any reasonable estimates.
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1. Introduction to checkerboard discrepancy

In a previous paper [4] we answered a question posed to us by [B]:

FIGURE 1. A colored checkerboard with a needle on it.

Consider the plane as a checkerboard, with each unit square
[m,m+1) x [n,n+1), m,né€Z,

colored black or white. Is it possible that there is such a coloring and
a finite constant M such that for any line segment I placed on the
checkerboard the difference of its white length minus its black length
is, in absolute value, at most M? (See Fig.[Il)

We proved in [4] that the answer to the above question is negative. In par-
ticular we showed that for any checkerboard coloring there are arbitrarily large
straight line segments I whose discrepancy with respect to the given checker-
board coloring (the excess of black vs. white length, in absolute value) is at least
C \/m , where C' is an absolute positive constant. Our approach was Fourier an-
alytic and used rather strongly the fact that the object in question was straight.

In this paper we extend our results on checkerboard discrepancy to circular
arcs:

THEOREM 1. Suppose that the function f : R? — {—1,+1} is constant in each
cell x +10,1)2, € Z2 Then for arbitrarily large R > 0 there is a circular arc I
of radius R such that
i
T

where C > 0 is an absolute constant.

> CVR, (1)
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We give the proof of Theorem [l in §21

In [4] we also showed how to construct a N x N checkerboard coloring so
that the discrepancy of any straight line segment with respect to that coloring is
O(y/Nlog N). The method was simply a randomized assignment of the colors,
and we remarked in [4] that we could not deduce from that the existence of
an infinite checkerboard coloring (the entire plane) with respect to which the
discrepancy of any straight line segment I was o(|I|). We rectify this situation
in §Bl where we show how to construct such a good coloring of the infinite plane.

THEOREM 2. There is a function f : R> — {—1,41}, constant in each cell
x+[0,1)2, x € Z2, such that, for each € > 0 and line segment I with length

/
I

Here C, is a constant that depends on € only.

< C I 2)

The questions dealt with in this paper fall naturally into the subject of geo-
metric discrepancy [2 B]. In this research area there is usually an underlying
measure y as well as a family F of allowed subsets of Euclidean space, on which
the measure p is evaluated and upper and lower bounds are sought on the range
of 1 on F. The most classical case is that where u is a normalized collection of
point masses in the unit square minus Lebesgue measure and F consists of all
axis-aligned rectangles in the unit square. Usually the underlying measure i has
an atomic part (point masses) and the family F consists of “fat” sets. In the
problem we are studying here the measure p has no atomic part (it is absolutely
continuous) and the collection F consists of all straight line segments or circular
arcs, which may be considered thin sets, and, strictly speaking, p is 0 on these
sets. The work in the bibliography which appears to be most related to this
paper is that of Rogers [6] where the measure p is the same as here but the
family F consists not of straight line segments but of thin strips.

There are possible applications of the results in this paper (and those of [4])
to digital halftoning [§]. In digital halftoning one tries to represent a greyscale
image, view it as a function f : [0,1]? — [0, 1] with 1 representing white and 0
representing black, using a N x N binary image. The binary image is identified
with a checkerboard type function g : [0,1]> — {0, 1} which is constant in each
% X % cell, and the function g is supposed to differ from the original f as “little
as possible”. The reasons for such an approximation are that there are many
modern day devices, laser printers among them, which can display or print only
in binary but at very high resolution and it is therefore desirable to simulate
levels of grey by the presence or absence of many black cells. It is desirable that
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the images f and g have approximately the same total luminosity in each domain

D C[0,1)? /DfN/Dg-

One cannot, of course, demand equality for all possible domains and one usually
restricts the types of domains allowed. For instance, we might be interested to
compare luminosity only in the translates of squares of sidelength at least e. But
it is desirable [7, §2.2] that f and g have comparable luminosity even on classes
of one-dimensional objects. For example, we quote from [7]:

For detecting an unexpected pattern that resembles to a horizontal
(or vertical) line segment, we can use one-dimensional discrepancy
considered in [10]. Indeed, we can detect such an unexpected pat-
tern by applying the scanning algorithm for each column and row
of the image. However, unexpected patterns need not resemble to
such axis aligned line segments, and hence it is not sufficient to use
one-dimensional discrepancy for evaluating halftoning images.

Hence, it appears that measuring discrepancy along curves, straight or not, is
one of the ways to evaluate the quality of the approximation. Doing this along
axis-aligned directions reduces the problem to one-dimension but if one wants to
evaluate the quality in any direction one is led to discrepancy measures similar to
the one studied in the present paper (though we’re only dealing with a constant
grayscale image f = 1 here).

2. Proof of the lower bound for circular arcs

Here we prove Theorem [Il Tt follows directly from the following theorem.

THEOREM 3. Suppose the function f : R? — {—1,+1} is zero outside the square
[0, N] x [0, N] and is constant on each of the squares (i,§)+1[0,1)%, 0 <i,5 < N.
Then there is a circle K of radius R, N/5 < R < N/4, such that

s

Let us remark here that the fact that we obtain, in Theorem [I arcs and not
full circles of large discrepancy, is a byproduct of looking at a finite part of the
infinite checkerboard. In other words, the circle of large discrepancy in the N x N
checkerboard which is proved to exist in Theorem [3] translates only to an arc
in the infinite checkerboard as it may not entirely line inside the N x N square.

> CNY2,

where C' is a positive constant.

4
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Proof. Let o; be arc-length measure on a circle of center 0 and radius t.
We have the estimate (see e.g., [9])

(N _ 9.—1/2 _r -3/2 =
oi(z) =2r cos<27rr 4) + O(r ) . (as r=lz] 5 00). (3)
We also have
:(8) = tor(t8).

LEMMA 1. For any constants cg > 0,c1 > 1 there is a constant co > 0 such that
for all x > ¢y we have

/ T () du > e, (@)

Proof. From (3] there is a constant A > 0 such that for x > A we have (again
r=|z[)
- 2
o1 (z)]? > =1 (‘cos<27rr - %)‘ > 0.9) .
r

As long as x > A then the quantity in () is

Cc1x
> / g1 (‘COS(Q’/TT — E)‘ > 0.9) dr.
s T 4

This in turn is bounded from below by

Clxl
C’/ —dr > C,
T T

as long as the interval of integration contains a full period of the cosine involved.
So we have proved (@) for x larger than an absolute constant C' > 0.

For ¢y < x < C we only have to observe that the function o(r) does not
vanish identically in any interval. ]

For a function f : R? — C define the circle discrepancy

mw=éw¢

where C(z,t) is a circle of radius ¢t centered at z. We have Dy(z) = f * o4(x)

hence D (€) = f(€)i(€) so
[iparas= [[Bue e = [|7@] 1P a )

We now use the following lemma.
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LEMMA 2. For sufficiently large A > 0 and suﬁciently small a > 0 we have

/%<|€I<A‘A =3 /‘f dg__Nz

Proof. In [4] Lemma[lis proved in the form

/|€|<A ‘f@)rdf > %/‘f(f) 2

To obtain the extra restriction || > a/N we notice that for all £

F@] <1l = N2

from which it follows that

/|£I<%

Now we choose the constant a > 0 to be sufficiently small. O

f(g)‘ d¢ < Ca?N~2N* = Ca? N2

Let « =1/5, f=1/4. Then

/jVN D)2 dedt = /;N/\b:@)fdgdt

BN 2

/ / \E(é)\ de d
aN Je<|g<a

Bzv
caea 6L [, e e

7 AN
5)\ | e

I %

2\ zl\

|£|<A

BleIN ,
a?N? / ‘ ‘ 175 (w)|? du d.
o <lel<a €] Jojev

Since [{| >  in the region of integration it follows that a|¢|N > C hence we
may use () to bound

Y

BN 2N2 R 2
[ [io@taa > 5[ i)
aN A Ja<igi<a
> CN',
from Lemma[2] which implies that there are x € (—2N,2N)? and t € (N/5, N/4)
such that |Dy(z)|* > CN. O

6
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3. Proof of the upper bound for the straight line segment

In this section we give a proof of Theorem 2l First we construct such a coloring
function f for fixed e and then we point out how to construct a single function f
which works for all € > 0. We will color the infinite checkerboard so that the
inequality

‘ / f‘ < o(|1]) = K| T2+ (6)

holds for each segment I with length at least 1, where f is the coloring func-
tion, which takes the values +1 or —1 in each cell of the infinite checkerboard.
The constant K = K, may depend on € only.
Let
N1 =2 and Nk+1 = NkMk,

where the odd integer M}, > 2 will be determined later (it will be of the order of
some power of log Nj). We will inductively color Ny x Ny, checkerboards, calling
the coloring function fi. These checkerboards will be centered so that their
union is the entire plane and the coloring of the central Ny x Ny checkerboard
will be preserved when we go to the Npy1 X Niy1 checkerboard. In this fashion
a coloring of the entire plane is defined. (See Fig.[2)

1 2 M,

Ny,

Niy1

Fi1GURE 2. Extending the coloring from the middle super-cell.
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Our Nj41 X Ngiq checkerboard consists of My, x M, copies (super-cells) of
an Ny x Nj, checkerboard. For ¢ > 0 write k(¢) for the minimum index k such
that Ny > £. It follows that every segment I in the plane can be broken into at
most, say, 10 segments each of which is entirely contained in a super-cell of size
Ny x Nu(1))-

The proposition that we prove by induction on k is:

If the segment [ is contained in a single N X Ny, super-cell, then

¢(Nk)_ 1 %-i—e
/Ifk‘s ) N (")

Define f; arbitrarily in the initial 2 x 2 checkerboard and 0 outside that.
Clearly (7)) is valid with, say, K = 500. We now assume the existence of a
coloring function f; for which (7)) holds and will construct the function fi41 to
preserve ().

The coloring in the Ngy1 X Ngy1 checkerboard (function fiy1) will be defined
using the Nj x Nj, coloring (function fj) by copying it in each Ny, x N}, super-cell
of the Ngi1 X Niy1 checkerboard multiplied by a random =+1 sign. We insist
that the coloring of the central N x N super-cell is preserved, by possibly
multiplying everything by —1. We will now show that there exists a choice of
the signs that will ensure that the new function fi; satisfies (7).

As we did in [4] we observe that there is a set S of line segments in the
Nyy1 X Npy1 checkerboard, of size O((Ng.1)”), D an absolute constant, such
that () holds for allline segments if it can be proved to hold for the line segments
in & with the constant K replaced by, say, K/3.

Fix now a line segment I € S. Let I; be the intersections of I with the Nj x Ny,
super-cells, j = 1,...,n(I), n(I) < CMy, and let €; = 1 be the corresponding
signs used in the construction of fr11 from copies of fi. We have

n(I)
/fk+1 =Y ¢;d;, where d; = /~fk,
I j=1 1

and I~j is the line segment I; translated by an element of N,Z? to lie in the
central Ny x Ny checkerboard where the function fj is non-zero.

We now use the following standard estimate (see for instance [I, Appendix A,
Theorem A.1.18]):

Theorem A (See for instance [I, Appendix A, Theorem A.1.18].) Suppose
X;,i1=1,2,...,n, are independent random variables with EX; = 0 and with the

8



THE DISCREPANCY OF A NEEDLE ON A CHECKERBOARD, II

range of each X; having diameter at most 1. Write S = X1 +---+ X,,. Then
Pr(|S| > t] < 2e 2/,

By our inductive hypothesis |d;| < ¢(Ni)/100. Therefore, we obtain from
Theorem A the inequality

n(I)
Pr |3 ejd;| > t-2¢(Ny,)/100| < 2¢72/7(0)
j=1
and choosing t = C'(My log Ni,)'/? for a sufficiently large constant C' (depending
on the value of D only) we obtain

/Ifk+1 > C'\/ M, IOgNk¢(Nk) < C(Nk)_(D+1). (8)

This guarantees that, with positive probability, all segments in S have discrep-

ancy bounded above by
C+/ My, log Np¢(Ny,).
We still have to ensure that

C\/ Mk IOgNk¢(Nk> < %QS(N;H_l)/lOO.

This is easily seen to follow from the choice My, = C' logl/ 29 N, for large enough
C' > 0. This completes the inductive proof of ().

Let now I be any line segment in the plane. Then I can be broken up into at
most 3 segments J with J being contained in a single Ny x Nj super-cell, where
k = k(|I]). Since

Pr|

N <G5 forany 6>0
it follows that the discrepancy of I is at most
1 ’
C/|I|ZH forany € > .

This concludes the proof of how to construct a coloring f which satisfies (@) for
a single € > 0. If one desires to have a coloring f which satisfies (@) for all € > 0
(with different constants, of course), all one has to do is to let ¢ — 0 slowly
during the construction.

4. Remarks about L” bounds on the discrepancy function

Let us restrict our attention to a finite N x N checkerboard coloring with
coloring function f : R? — {—1,+1}. So far, in this paper and in [4], we have

9
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examined two discrepancy functions: the circle discrepancy Dy(z) defined in §[2
as well as the line discrepancy function studied in [4] and in §[] of this paper.
Let us denote the line discrepancy function by A, (z), where u € S! is a unit
vector and z € R:

Ay (z) = (mo f)(x /fa: u+yu)d

Here 7, f denotes the one-variable projection of f onto the line defined by u and

u' is a unit vector orthogonal to w.

In [4] and in §@ of this paper we proved that
sup |Ay(x)| > CNY2 and  sup |D,(z)| > CN'/2

u,x t,x
It is natural and customary in the field of discrepancy bounds [2l 3] to study
several measures of size for the discrepancy functions, such as their LP norms.
An appropriate way to define the LP discrepancy of f for the two cases we are
studying is the following.

DEFINITION 1. The circle LP discrepancy (1 < p < oo) of a coloring f is

N/4 1/p
D(f,p) = (;3//5 |Dt<$>|pd$dt> . (9)

The line LP discrepancy is

A(f,p) _< //m |pd:vdu> " (10)

The sup discrepancies are

D(f,00) = sup |Di(z)] and A(f,00) = sup|A,(x)].
x, u,T
The reason for the factors N=3 and N~! in (@) and (IQ) is to almost nor-
malize the measure and make the different LP? norms comparable. Indeed, in
the case of D;(z) (circle) the range for ¢ is ~ N and that of z is ~ N? and in
the case of A,(x) the range of u is constant while that of x is ~ N (beyond
these bounds the functions obviously vanish). With these definitions we have
D(f,p1) < Cp, p, D(f,p2) for any p; < pa (0o included) and similarly for the line
discrepancies.
We now point out that the proof given in §[is essentialy that

D(f,2) = CN'/2,
which clearly implies the same bound for the sup discrepancy D(f, 00). Similarly
in [ we not only proved that A(f,o00) > C'N'/? but also that A(f,2) > CN'/2

10
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To summarize, the behavior of D(f,p) and A(f,p) is now essentially known
(at least up to logarithmic factors) for p > 2. Unfortunately, not much is known
for p < 2. The following example shows that the study of these quantities is
probably a lot harder than the L? discrepancies. Color the N x N checkerboard
as shown in Fig. Bl that is paint each row with a single color and alternate these
colors from each row to the next. This is a horrible example as far as A(f, c0)
is concerned. It is easily seen that A(f,00) > C - N since every horizontal line
contains one color only. However, A(f, 1) is a lot smaller.

N

FIGURE 3. A coloring with A(f,1) ~ log N.

THEOREM 4. For the coloring shown in Fig. [3 we have A(f,1) ~ log N.

Proof. This is a straightforward calculation. We first observe that for each line
the contribution to the discrepancy will come only at the ends of the segment,
where the line intersects the boundary. Indeed, if a line traverses a number k
of whole rows, then they either contribute 0 to the discrepancy of the line (if
k is even) or at most one of them contributes (if k is odd) an amount equal to
the length of the intersection of the line with one such row (the quantity L(6)
below).

Therefore, the discrepancy of a line will be at most a constant times the length
it cuts from a horizontal strip of width 1 and is of course always at most CIV.
If a line makes the angle # with the z-axis, then it intersects such a strip at

length 1
L(6) = sinf

11
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When computing the L!-discrepancy and we carry out the direction integration
first we are computing (four times) the integral

7'('/2 1
/ min{—,CN}dHNClogN,
0

sin 6

since CN becomes the minimum from 6 = 0 to § ~ 1/N. Integration then over
x will contribute C'N which is cancelled by the normalization in the definition
of A(f,1). This proves the lower bound A(f,1) > C'log N.

To prove the upper bound one keeps 6 fixed and integrates along x first.
The contribution to the integral will be > C'N/sin§. One then integrates for
0 € (1/N,7/2) and normalizes to obtain the lower bound > C'log V. O

5. Open problems

We finish with a list of questions. We owe questions (@) and (B to M. Elekes.

(1) What is the true order of magnitude of A(f,1) and of A(f,p) for1 < p < 2,
at least up to logarithmic factors?
We believe that A(f,1) > Clog N but it seems that this would be
substantially harder to prove than the current L? lower bounds.

(2) TIs there a coloring f for which D(f,1) is much less than N'/2? In other
words, is there a coloring which plays for circular arcs the role that the
coloring of Fig. [ plays for the lines?

We believe not.

(3) Obtain a lower bound for the discrepancy of a shape that consists of
straight line segments, for example, an orthogonal isosceles L-shape which
is free to translate, dilate and rotate in the plane.

In other words, although each of the two arms of the L-shape must
have a large discrepancy at some placements, it could be that, for some
colorings, the two arms conspire to cancel each other’s discrepancy.

(4) In Theorem [Tl can one restrict the radius of the circle to equal to, say, N/5,
instead of just lying in the interval (N/5, N/4)?
We believe yes.
(5) Can one find a periodic coloring for which the upper bound of Theorem
holds?
Probably not.

12
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