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SUPREMUM OF RANDOM DIRICHLET
POLYNOMIALS WITH SUB-MULTIPLICATIVE
COEFFICIENTS

MicHEL WEBER

ABSTRACT. We study the supremum of random Dirichlet polynomials Dy (s) =
Zf:lzl end(n)n=%, where (€y,) is a sequence of independent Rademacher random
variables, and d is a sub-multiplicative function. The approach is gaussian and
entirely based on comparison properties of Gaussian processes, with no use of
the metric entropy method. As in preceding related works, the proof uses a sieve
argument due to Queffélec.
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1. Introduction

Let ¢ = {e,,n > 1} denote a sequence of independent Rademacher random
variables (P{e; = £1} = 1/2) defined on a basic probability space (2, A, P).
Consider the random Dirichlet polynomials D(s) = Zgzl end(n)n~*, where
s = o+it. In a recent work [8], (see references therein for related results, notably
Queffélec’s works) we obtained sharp estimates of the supremum of D(s), under
moderate growth condition on coefficients. Put

M
Di(M) =) d(m), Di(M)= 1£3§M¥,
= 2 2 Dsy(m)
Dy(M) =) d(m)>,  D3j(M)= max — . (1)
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‘We showed
THEOREM 1. Let 0 < 0 < 1/2 and assume that
d(kp?) < Cd(k)j" (2)

for some positive C, H, any positive integers k,j and any prime p. Then there
exists a constant C, 4 depending on d and o such that for any integer N > 2

N1=9Dy(N)
E D it)| < Copyg ————— . 3
sop [Pl + ] < Couw 1oy ®)
Moreover, if for some b < 1/(v/5+1) ~ 0.31
Dy(M) < CMP, (4)
then 1-0o
E sup |D(o +it)| < C, . 5
t€£| ( )‘ = o log N (5)
Suppose d(n) is a multiplicative function: d(nm) = d(n)d(m) if n,m are
coprime. Then condition (2)) is satisfied if and only if
d(p*7) < Cd(p");", (6)
for some C > 0, H > 0 and any j > 1, » > 0. This last condition is fulfilled
when, for instance, .
dw) (] k=01 (7)
apry ~\ TR FER e

a property which is satisfied for a relatively wide class of multiplicative functions,
among them, the divisor function and d;(n) = A*(™  where A > 1 and w(n) =
#{p:p|n} is the well-known additive prime divisor function.

However, condition () requires that d(p’) = O(j). Thus Theorem [ does
not apply to some classical multiplicative functions such as

da(n) = A,
where Q(n) =3_ ., v is the other prime divisor function.

The main concern of this work is to show that the approach used in [§]
can be still adapted and further, simplified, to obtain extensions for a much
larger class of multiplicative functions including these examples, and also for
sub-multiplicative functions, namely functions satisfying the weaker condition:

d(nm) < d(n)d(m) provided (n,m) =1. (8)

For instance, d(n) = e(1°8™" 0 < a < 1 is sub-multiplicative, as well as function
dx(n) = x{(n, K) = 1} in Example 2. The related random Dirichlet polynomials
are studied in this paper.
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We obtain a general upper bound, which also contains and improves the main
results in [7], [§] (Theorem 1.1 and Theorem/[I] respectively). Introduce some no-
tation. Let 2 = p; < pa < ... be the sequence of all primes, and let 7(IN) denote
the number of prime numbers less or equal to N. The following decomposition
is basic <(N)

{2,...,N}=>_E;, where E;={2<n<N:P"(n)=p;},
7j=1

P*(n) being the largest prime divisor of n. It is natural to disregard cells Ej
such that d(n) =0, n € E;. We thus set

HdZ{lijTr(N): d|Ej7‘é0}, Td:max(%d).

Consider now the following condition:
pln = d(n)<Cd (g) , and  d(p?) < Cy N, 9)

for some positive C,Cy, A with A < v/2, any prime number p, any integers n, j.
Clearly, if C' < v/2, the second property is implied by the first. But this is not
always so. Consider the following example. Fix some prime number P; as well
as some real numbers 1 < \; < v/2, C; > 1, and put

i o J
ay = N P (10)
1 if (n,Pp)=1.

Then d is sub-multiplicative, and satisfies condition (@) with a constant C' which
has to be larger than C7 \.

That d be sub-multiplicative is easy: let n, m be coprime integers. If (n, P;) = 1
and (m, P) = 1, then d(n) = d(m) = d(nm) = 1. If P{||n and (m, P;) = 1, then
d(n) = C1M, d(m) = 1; so d(nm) = d(n) = d(n)d(m). Finally if P/|n and
PF|lm, then d(nm) = CyA™2x0:k) < C2NI+E = d(n)d(m).

Now let p be such that p|n. If p # Py, either P, fn and then d(n) = d(n/p) =1,
or P/||n and d(n) = d(n/p) = CiN. If p = Pi, assume first Pi||n, then
d(n/p) =1, and in order that d(n) = C1A < Cd(n/p), one must take C' > C1A.
Finally, if P/|n with j > 2, then d(n) = C1 X = Md(n/p) < Cd(n/p). It remains
to observe that d(p7) = 1 < C1 N, if p # Pi; and by definition d(PJ) = Cy N,
This proves our claim.

More generally, let P, < --- < Py be J prime numbers, together with re-
als C1 < ... < Cyand A\; < --- < Ay such that 1 < \; < V2 and C; > 1
for all j, and form the corresponding functions di,---d;. The product of sub-
multiplicative functions being again a sub-multiplicative function, we deduce
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that the product d = d;....d; is another example of sub-multiplicative func-
tion satisfying condition (@), with a constant C' which has to be greater than
Cidi...CyAy.

2. Main result

The following theorem is the main result of the paper.

THEOREM 2. Let d be a non-negative sub-multiplicative function. Assume that
condition (@) is realized. Let 0 < o < 1/2. Then there exists a constant Cy q
depending on o and d only, such that for any integer N > 2,

E sup |D(J + Zt)l < Ca,d ﬁQ(N) B7
teR

where
NY/2-ogl/2 . NloglogNl/2
(log N)ID}Q Zf ( log N ) < T4 < 71—(*]\7)7
B = N3/47”(10g10gN)1/4 Zf N 1/2 < < N loglog N 1/2
(log N)3/4 (log N) loglog N > Td = log N )

Nl/z—a(imloglow)l/ Dl <

1/2
N

0g Td og oglog :
1 log N) loglog N

Observe that condition (2)) implies condition ([@)). Indeed, write n = kp and
take j=1. We get d(n)=d(kp) <Cd(k)=Cd(n/p). Fix some real \, 1 <\ <+/2.
Then d(p?) < Cd(1)j < Cy N, for some suitable constant C1.

Further, function d; obviously satisfies condition (), whereas we know that
it does not satisfy condition (2)).

The bounds given in Theorem [2] being all less than Cj, )\BQ(N ) ﬁ;—_]\;, we
therefore deduce that Theorem [ is strictly included in Theorem 2l We give two
classes of examples of application.

ExAMPLE 1. Consider multiplicative functions satisfying the following condi-

tion: d(p)
pa
<\ a=1,2,... 11
a0 ) .
Clearly () is strictly weaker than (7). Further it implies ([@). First d(p?) <
d(1)M. Next, let p | n and a denote the p-valuation of n: p®||n. By multiplicativity
of d(.) and condition (I])

o= ~o(3) o 2% ) <)
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Thus (@) is fulfilled. Notice that (1)) implies
Mgy :=supd(p) < oo with My < Ad(1). (12)
p

Under condition (I, estimates for Dy(N) are known. By theorem 2 of [4]
(see also [3]), any non-negative multiplicative function d satisfying a Wirsing

type condition
d(p™) < MY, (13)

for some constants A\; > 0 and 0 < A2 < 2 and all prime powers p™ < z, also

satisfies
Z %}’ (14)

p<z

%Zd(n) < C(Al,)\g)exp{
where C(A1, A2) depends on A1, Ay only.

As d satisfies (), if A < /2, condition (3] is verified with \; = Mg, Ay = \.
Since d? is multiplicative and satisfies (1) with A\? < 2, we also have that d?
verifies condition (I3]) as well. Consequently, from (I4]) it follows that

Di(N) < 0<A>exp{2 M}

p<N p
Do) < c<A>exp{Z %} (15)
p<N

for some constant C'(\) depending on A only. Recall that there exists an absolute
constant ¢; such that for z > 2

Zl—loglogx—cl <i. (16)
log x
p<w
Thus
) < Mdz — < Mylog(eolog x)
p<z p p<w

and similarly

2
Z ¢ (p) < MZlog(cylog ).

Thereby under condition ([IIl), we have the following estimates

Di(N) < C(\)(log N)Mi, Dy(N) < C(\)(log N)Mi. (17)
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For functions dy, da, there is also a standard way to proceed. Letting 7 = m(NV),
we have for do, for instance,

)\Q(n) o0 )\a1+ s !
eI SE = ()]

n<N n<N a1=0 ar *O

which can be evaluated by means of (I4]).

The restriction A < 2 can be relaxed into A < g, when considering, instead
of D(s), random Dirichlet polynomials based on sets of integers having all their
prime divisors greater or equal to g, e.g., on some arithmetic progressions. To
go beyond a condition of type (IIl), notably to work under the weaker condi-
tion (I3)), one has probably to perform another approach than the one based on
a decomposition into random processes as appearing in ([30) below.

EXAMPLE 2. Take some positive integer K, and put

1 i) =1
M=, if (n, K) > 1

Then d is sub-multiplicative. Let p [n. By definition, dx (n/p) = 0 if and only
if (n/p, K) > 1, in which case (n,K) > 1 and so dx(n) = 0. Thus dg(n) <
di(n/p). Now if dic(n/p) = 1, that dg (n) < di(n/p) is trivial. Besides d (p’) =
di (p) < 1. Therefore condition (@) is satisfied with C' =1 = A. This defines the
remarkable class of random Dirichlet polynomials,

En
D(s) = >, — (18)
(n,K)=1
1<n<N

which naturally extends the one of £.-based Dirichlet polynomials considered in
[10] and [7]. Indeed, recall that & = {2 <n < N : P*(n) < p,}. Define

if 7 =7w(N). (19)

Then n € &, n < N, if and only if (n, K;) = 1, namely di_(n) = 1. So that

9 al 9
=S i () (20)

ne&, n=1

K {HT«gw(mpf if 7 < 7(N),
R

Consequently, the £.-based Dirichlet polynomials are one example of Dirichlet
polynomials with sub-multiplicative weights. Here Hq, = >, Ej. We there-

fore neglect cells E;, j > 7. Further, we have Di(N) = Dy(N) < 1.
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If we now specify Theorem [2] to this case, we get

COROLLARY 3. Let 0 < o < 1/2. We have

En
neé,
where

_ 1/2

N1/2-0,1/2 . N loglog N

(log N)1/2 if ( log N =7 < ﬂ-(N)’

B = N*Q’/4_"(loglogN)1/4 Zf N 1/2 < < (NloglogN 1/2

(log N)3/4 (log N) loglog N =7 > log N ’

N1/2—o- ‘rloglog'rl/2 1< < N 1/2
log T Zf ST > (log N) loglog N :

REMARK 4. By comparing this with the upper bound part of Theorem 1.1 in [7],
we observe that the bounds obtained are either identical (if N'/2 < 1 < 7(N)),
or strictly better. For instance, when

1/2 1/2
N c < Nloglog N
T k)
(log N)loglogN | — — log N

N3/47(r(10g log N)1/4 N3/470
(og NPT (log N)1/2”
thereby yielding a better bound. In the discussion following Theorem 1.1 in [7],
we compared both the upper bounds and lower bounds obtained, and showed
that the gap between them was of order

(log N)'/2 if NY2/logN <7 < N'/2,

we have

and of order
(logT)Y/? if 1 <7 < NY%/logN.
In the case N*/2 < 7 < N, the bounds are optimal.

Corollary Bl also yields, when compared with these lower bounds, a much
smaller gap of order loglog IV instead of log V. For instance, the gap is of order

N 1/2< _ (Nloglog N 1/2
(log N) loglog N T log N ’

(loglog N)Y/* if <
whereas it is of order

N 1/2
loglog)Y/? if 1<7< .
(loglog 7) ! =T= ((logN)loglogN)
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EXAMPLE 3. Fix some integer N > 1, and consider the truncated divisor func-
tion

dn(n) = #{k < N : kn}.
This function, which occurs in many important arithmetical questions, is sub-
multiplicative. Take n and m coprimes. If k¥ < N is such that k|mn, then k is
uniquely written

k = kiks, (k1,k2) =1, k1|m, ka|n; and naturally, ki < N, ko < N.

We infer that dy(mn) < dy(m)dy(n).

Further, it satisfies our condition ({). Let p|n, if p > N, then dy(n) = dn(3).
Otherwise, if p < N, let K = {k < N : (k,p) = 1}. For k € K such that k|n,
the p-height p(k) of k denotes the largest integer a so that p®k|n and p®k < N.
The divisors of n are of type p®k, k € K. Further if p®k; = pko, k1, ks € K,
necessarily k; = k. Indeed, it is obvious if a = b; and if a > b we get p|ky, which
excluded. Consequently,

dn(n) =3 (14p(k)),  dy (g) = ST+ (k) - 1)),

kex kex

As for any integer a > 0, 1 + a < 2[1 4 (a — 1)*], we deduce

n

dN(TL) S 2dN (—) .
p
And choosing any A>1, we obviously have
dy(P)=#{(<j: ' SN}<j < ON.

Although the proof is much in the spirit of proofs of the main results in [7], [§],
there are substantial changes and simplifications. First, we work from the be-
ginning with Gaussian processes. Further, the delicate step of estimating some
related metric and computing associated entropy numbers is notably simplified.
Cauchy-Schwarz’s inequality and the comparison properties of Gaussian pro-
cesses indeed allow to avoid any computation (see before (B2))), and also give
rise to strictly better estimates.

This further allowed us to consider random Dirichlet polynomials with more
complicated arithmetical structure, like the one of “Hall type” built from the
sub-multiplicative functions dy, where entropy numbers seem hard to estimate
efficiently.

Let 7 = 74 and let a;(n) denote the p;-valuation of integer n. Put

a(n) ={a;(n),1<j <7} (n < N).
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Let also T = [0,1[= R/Z be the torus. A first classical reduction allows to
replace the Dirichlet polynomial by some relevant trigonometric polynomial.
To any Dirichlet polynomial

associate the trigonometric polynomial @(z) defined by
N
Qz) = Z anpn 72 an)z) z=(z1,...,2;) €T".
n=1

By Kronecker’s Theorem ([5], Theorem 442)

sup |P(o +it)| = sup |Q(2)], (22)
teR 2€TT

as observed in [I].

REMARK 5. Naturally, no similar reduction occurs when considering the supre-
mum over a given bounded interval I. However, when the length of I is of expo-
nential size with respect to the degree of P, precisely when

1+&)wN (log Nw) log N
1] > el +e)wN(log Nw)log N

the related supremum becomes comparable, for w large, to the one taken on the
real line, with an error term of order O(w™1!). This is in turn a rather general
phenomenon due to existence of “localized” versions of Kronecker’s theorem,
and in the present case to Turdn’s estimate (see [14] for a slightly improved form
of it, and references therein). When the length is of sub-exponential order, the
study still seems to belong to the field of application of the general theory of
regularity of stochastic processes.

In the technical lemma below, we collected some useful estimates, which have

already appeared in [§], and are easily deduced from the fact that if a,, are
complex numbers and b € C'([1,x]), then (see, for instance, [11] p. 3)

> anb(n) = A(z)b(x) — /1 lA(t)b’(t)dt, (23)

1<n<z

where we let A(t) =}, o, an.
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LEMMA 6. Let M < N and 0 < o < 1/2. Then

> dgﬁf < CD3(M)M'~>. (24)
m<M
(2 o))t = cmranovany s X)) o
_ ngf < ODy(M)*(M)' 7. (26)
bt

Now we can pass to the

Proof of Theorem [l Fix some integer v in [1, 7]. We denote
F,= > E;, F'=)> E
1<j<v v<j<T
Consider as in [7], [§] the decomposition Q = Q5 + @5, where

Qi(2) = > end(n)n 7emem2),

nekl,

Q5(2) = Y end(n)n 7ermam:2),

nekFv

By the contraction principle ([6] p. 16—-17)

Bap @70 <43 Baw @] (=12, @D
zeT™ z€T™

where (); is the same process as ()5 except that the Rademacher random variables
e, are replaced by independent N (0, 1) random variables y,,. Consequently, both
the supremums of ()1 and of Q5 can be estimated, via their associated L?-metric.

We will establish the two following estimates:

_ 1 1 1ﬁ
E sup |Qi(2)] < CNl/Z—UDg(m(M) , (28)
2€TT log v
and -
5 V2 N'7Dy(N/p)
E < ¢[NY27Dy(N/p,)— W/Pv) ) (29
10t = C(N Do) o+ ML) o
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First, evaluate the supremum of Q5. Writing

Qa(z) = 305 S pd(n)n T H T sy akstlosm=11z)

v<j<T nek;

_ Z 217z Z Mnd(n)n_ge%n{zk ak(p_T;)Zk}

v<j<T nek;

next expanding yields that ()2 maybe be written as a sum of four terms, each of
them being, up to a factor 1,4, —1, one of the possible realizations of the random

process X defined by

= ;> pn B—, veT,

v<j<T neE;
where
7= ((@)v<j<rs Bmhr<meny2)
and
D={y:|oy|V|Bn| <1, v<j<7, 1<m< NJ2}
Here, indeed,

cos(2mz;),

aj = aj(z) = {or v<j<T;
sin(27z;),

and
cos (2m Y, ar(m)zy) ,
N

Bm = Bm(z) = { or L<m< .

sin (27", ar(m)zy) ,
Consequently,

sup |Q2(2)| < 4sup|X(v)|.
zeT™ ~el

(30)

(31)

This sieve principle, letting the two parameters o and (3 appear, is due to
Quéflelec (see [10]). This is naturally an important step in the elaboration of

the proof.

The problem now reduces to estimating the supremum over I' of the real

valued Gaussian process X. We observe that

Xy = Xyl = Z Zd )? 720[0‘]5" _055 }

v<j<T n€kE;

IN

v<j<T n€k;

27 D dn)n= (g — ) + (B B
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As p; | n, by condition (@), d(n) < A d(pﬂj); and so

PRI DILUHISEPOLEISCD Y TR ST B L

v<j<T n€E; v<j<T m<N/p;

1—20 N2 )
< Y (- app DI
J

v<j<T

where we used estimate (24) of Lemma [6l
Besides, by condition (@) again, we obtain

!/
n - n

2
o (95 - 5% ) d(m)?
> > S O Y (B = B[

20
l/<j§7"n€Ej mSN/pV ;;JEL (mp])
= O Y Ki(Bm = )" (33)

m<N/p,

Let k € (v, 7] be such that N/p, < m < N/pi_1. Since p; ~ jlog j, we have

Ko=) dm)*(mp)”* < d(m)*m= Y p*
v<j<k—1 j<k—1
kl—?a
< Cd(m)*m=2 jlogj)™% < Cd(m)?*m 2" ————
(P 3 (7102 (m)m ™ e
< C’d(m)zm_z"i < Cm_Q"d(m)QL
- 75 (N/m)2e
k
2

We have kloghk < Cp, < C %, andso k< C %(log(%))fl. Thus

N2 —1/2
K, <Cdm)N~° <—> <log( )) . (34)
By using estimate (25) of Lemma

e £ (3 () "o

S K =
mSN/pV mSN/p»
CNl_Uﬁl(N/pV) (35)
v1/2logv '
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Now define a second Gaussian process by putting for all vy € T’

~ 1/2
1)2 N . pv1720
Y(v) = Z( 2 /p?) ) i+ Y Ko Bl = Y+ Y7,

v<j<r P; m<N/py

where ¢/, £/ are independent N(0,1) random variables. It follows from (32])
and ([B3) that for some suitable constant C, one has the comparison relations:
for all 7,7 €T,
||X’y - X’y/H? < CHY’Y - Y’WH?'
By the Slepian comparison lemma ([I5], Lemma 10.2.3), since Xy = Y, = 0,
we have

Esup |X,| < 2Esup X, < 2CEsupY, < 2CEsup |Y,]. (36)
yel yel yel yel
And with (31
E sup |Q2(2)| < CEsup |[Y(y)]. (37)
z€TT yel

It remains to evaluate the supremum of Y. First of all,
1 —1/2 7
Esup|Y'(y)] < N7 3" pr 2Dy (N/p;).
Ve v<j<T

As p; ~ jlogj, we have

1/2
—1/2 -1/2 Cr
Z p; = Z1<j§rpj < (log 7)1/’

v<j<T
Esup|Y’'(7)| < C N2=°Dy(N/p,) — . 38
ilétp)l (M < 2(N/p )(log7)1/2 (38)

To control the supremum of Y, we use our estimates for the sums of K,, and

rite that ~
v N'=2Dy(N/p,)
v1/2logv '

C
Esup[Y'(7)] € > Kn <
ver m<N/py

Therefore by reporting (B8)), (39) into B7), we get (29)).

Now, we turn to the supremum of );. Introduce the auxiliary Gaussian pro-
cess

T(z) = Z d(n)n~=7{V, cos 2m(a(n), z) + ¥, sin 27 (a(n), 2)}, zeT”,
ner,

(39)

where ¥;, ¥; are independent A (0, 1) random variables. By symmetrization (see,
e.g., Lemma 2.3 p. 269 in [9]),

E sup |Q1(z)| < VB7E sup |YT(2)]. (40)
zeTv zeTv
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Further ( )2
2 d(n)® .
IT2)-TE)|;, = 4> po™ sin®(m(a(n), z — 2))
nek,
d(n)?
< a3 M0 ) 2 - )P
nek,
2
2
< Z 5 [Za] |zj—z;|] )
nekF,
Now
2
a;(n)*d(n)?
Z n20’ ZCL] Nz — ] lej —Z; |2 Z 7] +
ner, neF,
aj, (n)aj,(n)d(n)?
AR A ;;% = S+R
1<j1,42<v neF,

J1#732

Examine first the contribution of the rectangle terms. Only those integers n
such that aj, (n) > 1 and a;,(n) > 1 are to be considered. Using sub-multiplica-
tivity, we have

3 d(n)?
RS Y =l Dbk Y SE-

1<j1 g2 <v by,ba=1  n<N.aj (n)=b.
J1#32 ajy (n)=by
bod
-0 I 1d(p})? bad(p?)?
— : : J1 J1 J2 ]2 : : 2b10 2bso
11,72 <w brba=1 P Dj,
J1#d2
d(k)? 4
> | (41)
<=2
— b1 b2
Pj1 P52

Examine now the contribution of the square terms. We have

S < ZIZJ—ZI >y Z a
b=1 ;L(EnI;’/b
v > v2d(p d(m)?
< Z|Zﬁ' zl? Z 2ba Z 75:;3 (42)
Jj=1 =1 Pj m< L

Pj
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By estimate (26]) of Lemmal[6, we have

1—20
d(k)? ~ N
> ,E,z; < ODy(N)* [W} : (43)
k< N Pj, Py,
pjlij
Hence
~ byd( p 2p d(pr)2 N 12
RSCD?(N)Z Z |25, — J1 |25, — J2| Z 2b1j; 2b§§ [ by b2]
1551250 byba=1 Pir DPj, DPj, Pj,
J17I32

i bid(p};)* bad(p2)’
_CD2 Nl ? Z |ZJ1 _Z§1||Zj2_ J2| Z Jl b2]2 ’

1<j1,42<v by,bo=1 p]l pjz
J1#J2

But, by condition (@)

[ RO R

b>1 b>1 b>1 Pj
From this follows that 2
~ Y|z — 2"
R < ChDy(N)*N'27 |3~ L =l : (45)
= P
Further

1-20
< b2d(p
S < CDy(N Z|ZJ z|Z 2b0' l ]
b=1 pJ

~ > b2d
< CBANPNTE Y s Y L)
j=1 b=1
~ 2 7n71—2 . |Zj—z}|2
< CDy(N)N'720 N2 (46)
= Pi
by arguing as in ([@4) for getting the last inequality.
Consequently,
1T(z) — T(2)]],
< CAN'/277Dy(N) max i %~ 2| Z =] (47)
< 2 s _ :
—1 pj — by
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We shall control the Gaussian process YT in a more simple and more efficient
way than in [7], [8]. By the Cauchy-Schwarz inequality

1/2 1/2
I
P A s S j=1Pi
1/2 1/2
A= = Jlogj
1/2
1/2 |Zj_Z;‘|2
< (loglogv) Z — . (48)
= P
Therefore, 1/2
op |z — 2l
1) =T, < VY27 Dy(N)(loglog)/*| 3 =——==| . (49)
j=1 !

A Gaussian metric appears: let indeed g1, ...,g, be independent N(0,1) dis-
tributed random variables. Then U(z) := Z;Zl gjpgl/ sz satisfies
1/2

10() - U= 3 =2
And so
ITE) = T@), < CN27Dy(N)(loglog ) /2|U () — U2 (50)

Now we take again advantage of the comparison properties of Gaussian processes,
and deduce from Slepian’s Lemma

E sup |T(z')—7T(2)] < CANY277Dy(N)(loglogv)'/?E sup |U(Z)-U(z)|.
/eTu

2,2 z,2'€T¥

But obviously v
—-1/2
sup [U()| = lg;lp; />,
j=1

2€Tv
Thereby 12
1% _ 1% 1 v
E swp |U(z)-U(z) <CY p;'"<C %SC« ) '
2 €TV ; I ; (jlogj)1/? logv

And by substituting

~ 1 1 1/2
E sup [T(2') -~ T(2)| < CAN'/277 Dy(N) <M> |
2'eTv log v
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Observe also that

IT(2)]l2 < CN'Y277Dy(N), z€T". (51)
Thus 12
B sup [1()] < OV D)5 (52)
Z'eTV log v

This is slightly better than in []], inequality (22), where one has the bound
CN'/2=9 D,y (N)v'/2 By substituting in @) we get

~ loglog \/?
E sup |Q1<g>|sole/2%(N)(M) , (53)
ZeTv log v

which is (28).

Since ~ ~ ~
Di(N/py) < Do(N/py) < Da(N),

we consequently get from (28)), (29) and (22)),

Esup |D(o + it)| <
teR

vloglogv 1/2 T1/2 N1/2
log v (

Co N1/2052(N)l( log 7)1/2 RVE logz/] - (54)
We now observe that

f(x) := (zloglogz)/?(log z)~1/2 + NY/2z71/2(log ) ™!
satisfies

f(x) ~ %m_lm(log D [(log log z)'/2 — Nl/zx_l(logzn)_l/z} .

Thus we choose

N1/2
- (loglog N)/2(log N)1/2"
We get
N2 N'%(loglog N)'/*  (vloglogv 1/2
1/ 2logy (log N)3/4 - ( log v ) '
We find

Esup [D(0 +it)] < C, xNV/?77Dy(N)
teR

{Nl/‘L(loglogN)l/4 T1/2 ] - (55)
(log N)3/4 (log 7)'/2
We also observe that
N'/%(loglog N)/4 < r1/2
(logN)3/4 = (log7)1/2’

1/2
if and only if 7> Nloglog N .
log N
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Further when 7 < (%)1/2, we may also just set ¥ = 7 in the initial

decomposition, and thus ignore Q5. It means that we use the bound (G3) in
place of (B4). This makes sense when 7 is sufficiently small, namely when

Tloglog7>1/2 < N'/%(loglog N)/4

( (log N)3/4 ’

log T

which is so when
N

<
= <(logN) loglog N

We consequently have to distinguish three cases:

)1/2'

Case 1. (%)1/2 <7 <7(N). We get from (BH)

N1/27052(N)7_1/2
E D i) < Cy
sup|Dlo +if)] < Co (log N)1/2

(56)

1/2 . .
<7< (M) ’? In this case we obtain from (15%9)

Case 2. (+) Tog N

(log N) loglog N

N3/4=2 Dy (N)(loglog N)*/4

E D it)| < C, 57
ek [P ]S Con ™0, Ny o
Case 3. 1 <7< (m)l/% By the comment made above, 7 is small
enough, and we forget Q5. We obtain from (53)) directly
) 1/2—0 75 Tloglog T 1/2
Esup |D(o + it)| < Cy AN Dy(N) Tear ) (58)
teR ogT
Summarizing
ESU.p |D(O—+2t)| < Co’,)\ ﬁQ(N) B7
teR
where
1/2—01/2 . oclo 1/2
]\(IIOgN)l/Q if (Nlloggl]\/gN) S T S 71—(*]\7)7
- N3/4—a(10 lo N)1/4= . N 1/2 N loglog N 1/2
B= (log ]%)3/g4 if ((log N) loglogN) <7< ( loggNg ) ’
1/2 1/2
1/2—0 (7loglogT : N
N 4 ( lfg'rg ) if <7< ((logN)loglogN) .
This achieves the proof. (I
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3. Number theoretic tools

In this section, we collect some tools from number theory used in the proofs.
We do not think that these one are new. The following result of Hall will be
useful. Let f be defined on positive integers and satisfying f(1)=1,0 < f(n) <1,
and being sub-multiplicative.

T () s

<z b
p=z
Then ([2], theorem 2)

> f(n) < Call(f, ), (59)

C being an absolute constant. This estimate allows in turn a similar control for
bounded non-negative sub-multiplicative functions.
Apply it to f = dk. As

o) 10 p
p

2
1+ +—p2 +...=——, if (p,K)=1,

we have

S (I

psw p<w
(p,K)>1 plK

Hence the classical estimate, (see [2] for references)

1
() =#{k<z:(k,K)=1}<Cu 1——. (61)
= eeell(3)

We will need the following technical Lemma.

LEMMA 7.
a) Let a real 5 >0 and integer L > 0. Then

Yo onf < e P <1 - %) . (62)

(n,L)=1 p|L
n<x p<x

b) Let 0 < 8 < 1. Then
S L < guiscl o

for some constant Cg, y > yg, y/x < cg.
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c) If 8 =1, then
Z 1 < Clogy. (64)

n
y<n<z

Pt (n)<y

REMARK 8. It is natural to compare, in our setting, estimates a) and b), via

the relation .
> 5= 2’

Pt (n)<p, (n,K7)=1
n<N n<N

where K, is defined in (I9)). By a) and Mertens Theorem we get

1 B 1 _glogp
— < OgN' P — 2| < CyNIA=ET
> o I (1-3) < ek

Pt (n)<pr << (N)
n<N

1 log N

However, by using b) we get the much better bound Cg N 1=Be~ 2 Togny

Proof.
a) By applying formula (23]) with amzx{(m, L)= 1}, bpp=m"%1<m<z,

-8
I Lt

(m,L)=1
m<z

where A(t) = ., dr(n).
But by Hall’s estimate (61), A(t) < Ct]] iz (1~ 7). Thus

p<t
S m ﬂ<oxn<1__)_ + cg/ H(l——)—
D= i it
<Cﬁ/ H(l——>
p|L
p<t

Applying now twice Mertens’s theorem, gives

1 _ Hpgt(l_glg) C
H(_E) - Hlfé(l—%)glogtngg(l—%)

p|L
CH p|L (1 ) IOgZE
1

pse y <Clogt H< —%). (65)

IOg t Hp<1 (
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Hence
E mP < Cﬁlogivll 1——/I dt < ﬁxlﬁll 1—_
, tPlogt —
(m,L)=1 p|L p|L
m<w p<z p<z

b) Let ¥(z,y) := #{n < z : PT(n) < y}. By using this time (23)) with
= x{P*(n) <y} 1 <n <N, we obtain
Z 1 #{1<n<xz:Pt(n) <y}

nf P
1<n<z

Pt(n)<y

T#{1<n<t: PT(n) <y}
+8 1 S| dt

_ +5/%

Recall that U(z,y) < ze” 210fw x > y > 2, ([II], Chapter IIL. 5).
Thus, for y sufficiently large to have 1-8> @,

(66)

xr xr x
/ \I/,(gt_z_ly)dt < /e_éllgiat/d—;:/ t_zlolgy_ﬁdt
y U y ¢ y
t=x
= +(t1*ﬁ*5 < 2 i Teey 8
1_210gy_/8 =y 1_l6
2 1 1 logx
= = 1B 3 l0g, (67)
x e gy,
1-p5
Therefore,
1 log x
> o < C’B[ —Be~tiogy gl ﬁ}. (68)
P
Now, we have
1_'6@7%}222 >y -8 x 1 logzv

if and only if log— > ——— ——.
®y = 2(1-5) logy

Write ¢ = 6y, 0 > 1. This means

1 logby 1 {log 0 }
log 6 > = 1p,
7= 2(1=5) Togy ~ 2(1- ) Ulogy

or

1 1
1%9%‘2u—mmm}22u—m‘
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If y is large enough, y > yg, y/x small enough, y < cgz, then the above
condition is satisfied. Consequently

1 O €T
Z WSCbZEl e I ToEy | (69)
n<x
Pt(n)<y

¢) The case 8 =1 can be treated as before:
Ydt

1 v
Z I _ (z,y) (70)
1<n<z n z
Pt (n)<y
And
/ dt < / e —3158y
y
t=x
/ tEy gt = 11 [t*ﬁ
Y " 2logy t=y
< y "7 < Clogy. (71)
2logy
Therefore,
1 1loga
Z -<C [e 2Togy —i—logy} < Clogy. (72)
y<n<z n
P (n)<y
One can, however, get this directly. Let
J =Jjy =max{l:p, <y}
Then, for any 8 > 0,
1 > 1 J 1
O R o 1] e FECY
8 — e a;B _ 1
15mes TV a1=0  a;=0 p11ﬁ~ 'pj] =1 1 Py

And when 8 = 1, by Mertens Theorem, the latter is less than < C'logy. O

This last argument can be used to get a two-sided estimate when y is not too
large. In this case, the estimates depend on y only. Put for 8 > 0, j > 1,

s(j) = H lﬁ] :
0

=1
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LEMMA 9. Ify = o(log x), letting j, = max{j : p; <y}, we have for any 5 > 0,
(74)

. 1 .
cpllp(jy) < Z B < Cpllg(jy)-
Pl‘;(r:fgy
(75)

And the involved constants cg, Cg depend on B only. In particular
1
C11 < — < Cylogy.
tlogy < )~ < Calogy
Pt (n)<y

Proof. Indeed, notice first, as py ~ ¢log ¢, that we have j, < Cy/logy. In what
follows, we write more simply j = j,. Now consider integers n = pi". .. p}xj, such

SUPREMUM OF RANDOM DIRICHLET POLYNOMIALS

1<n<z

log:c}
cv 7 < .

that max{ay, ¢ < j} < H := (logz)/Cy. Thus
n < i max{aet<sy — pillogy) max{ar<j} < progy (ogw){

We may also assume that (H 4 1)3 > 2. Therefore,

1 & ul 1
Z WZZZ a8 ;B
1<n<z a1=0 a;=0 D1 pj
PF(m<y
- , .
1 1 1
] =11 L — i] Hll - (H+1')6]
£=1 p, 4 £=1 by

But ‘ i ‘
ﬁll L >ﬁl1 1]> —C'TE S
- - = e = .
H+DB | = 2| =
=1 ng ) 1 =1 Pr
since the series >, p[Q is obviously convergent. And so, in view of (73)
1 oo
< G [] lﬁ] (76)
/=1 pf

jl 1 -<ZW—

1 —
1<n<z

_ 1
=t Pe= pfm<e
When g =1, by using Mertens Theorem
1
Cilogy < Z — < (Chlogy.
1<n<z n D
Pt (n)<y
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REMARK 10. Let u := }Zi Z and p(.) denote Dickman’s function. According to
(11, p. 435),

u

> % = log y/ p(v)dv + O(u) = logy <e” + 0(@ + e‘“”)) +O(u)

Pt (n)<y

= ¢"logy + O(u), (77)

for z > y > 2, v being Euler’s constant.

4. Special cases of Theorem

We have obtained in Corollary [3 the following estimate

ol 1/2
Z En 1/2—0 [ T108108 T
no+it < GoN <7> ’

Esup 1
neé, 08T

teR

valid for the range of values 1 < 7 < (m)l/ 2. When the order of 7
is small, we shall prove the following strengthening in which N disappears from

the estimates (there is no power of N).

THEOREM 11. Assume that 7 = o(logN). Let 0 < o < 1/2. Then, there are
Co,Cy depending on o only, such that

o, 1/2 1—c
Moo 777 pup 3

(logT)” ter| 2 mott| T (log 7)2°
Pt (n)<pr

And if 0 = 1/2, there are absolute constants Cq,Cy such that

22

Jj=1nekE;

Co

1/2 3 —20
Z En < C HQO—(T) T . (78)

0171/2 < Esup
teR

< Cyr'/%(loglog )2

REMARK 12. It is easy to show that I, (7) < Cym! 727 (log 7)~29. We deduce
from the first part of Theorem [IT],

Z En 7_2—30 (10g N)2—30'

E T Co’ [eg )
R notit| = "7 (log )37 (loglog N)3e

teR n<N

Pt(n)<pr

which is thus far much better than the one obtained in Corollary [3l
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As the latter is a direct application of Theorem [2] Theorem [IT] cannot there-
fore be deduced from this one. A more general statement than Theorem [2linclud-
ing Theorem [I1] should certainly have a much heavier formulation. If 0 = 1/2,
there is a gap of order (loglog7)/2. Finally remark that the case considered
there is not covered by [, Theorem 1.2].

Proof of Theorem [l First, we shall give the proof of the upper bound. It
will be necessary to adapt to this case the step where Slepian’s Lemma is used.
Next we give the proof of the lower bound and will recall some elements of the
approach initiated in [7], which is used in this part of the proof.

Proof of the upper bound. We have

1
T(z) = Z—U{ﬁncos2ﬂ'(g(n),g>+19'nsin27r(g(n),§>}.
nEFTn
And 2
ITG@) - T <4 Y — za] S
neF,
Now
2
1 T
Z n2o ZCLJ Nzj — /'| :ZWZG/J(TL)Qle— ;.|2+
nel, neF, j=1
S o X anmanmlz, -l lm -l = S+ R
neky 1<ji#j2<7

Further, by using Lemma

s 1
! /
R < 3 = zllen =zl 30 by Y
1<g1#j2<T b1,ba=1 At
J1 ="1
ajz(n):bz
bib 1
, 102
< C E: 125 = 2,25, = 23] E: b1, 2650 Z m2o
1<g1#£2<T brbe=1 P Pjo m<N/<pJ}pf§>
Pt (m)<pr
! !
|z, — 25 | |24, — 25
J1 J1 J2 J2
S CO'H20'<T> E .

20 20
1<jiAja<r D P,
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Thus 2
|z — 2]
Collyy () | 32270

j=1

=y
IN

N
N
=
o
q
2
m‘ —
q
bl\l
Y
<N

j=1 DPj j=1 pj
< O N (oAl 79
= o 20 (7—) (log 7_)20. ; p‘?o_ . ( )

And

S < Zn%Zaj( |zj—z|2<2|zj—z ZbQZ n%

nel, 7j=1 n(enI;Tb
= Z|ZJ_Z| Z 2ba Z m?a
m<N/p
P+ (m) <
|25 — Z;|2
< S-S < Y 2
j=1 J
Consequently,
1—20 T . /12
2 T |25 — 27]
TG~ T < Colly(r) <7) oA sy
(log ) = P

We deduce from Slepian’s Lemma, noting that log p, ~ log T

2,2’ €T™ (IOgT)U

E sup [T(Z)-7T(z) < C"HQU(T)I/Q(T?U) Zi

1o 1—0o

< 12 T2 T

< Collao(r) ((mgT)a) ((10g7)a
220

— VCN

Collas (7) ((IOgT)Q(’) :
But
) 1/2
1T(2)]2 < lz n?‘| < Collye(r)'V? zeT. (82)

nel,
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Thus

zeT™ (10g 7—)20

E sup [T(z)| < CUHQ(,(TW?(ﬂ). (83)

Recall that we have denoted Iz, (7) = [[;_,(1 — p,?*)~'. By combining (83)
with ([@3]), we get

o, 1/2-1—0 . o, 1/2.-2—2¢0
PR e TR [ N N - h nd DY
(logT)” ter| = noti (log 7)2°
Pt (n)<pr

If 0 = 1/2, the modifications for R and S are, by using Mertens Theorem

2

T

R < CI,(7) i'zj_ZH < Cllogr) [ 3 = i'zﬁ'_zﬂg
= 1 - = - -
= P =P \G= P
|2 — 2|
< C(logT)(loglogT) Z py , (85)
j=1 J
and
T )0 [o.@] b2 1 T Jio o0 b2
S < Yl =P 5 > — < CIL(r)> |z — 217> —
j=1 b=1 "7 m<N/pb j=1 b1 Pi
P+ (m)<p,
T |z — 24)?
< C(logr)ZM. (86)
=1 P
Hence
2 T |z — 2j)?
IT(z) - T(2)|[, < C(logr)(loglogT) ZT . (87
j=1 J
And by Slepian’s Lemma
1
E sup |T(2)-T(z)] < Cllogr)/?(loglogn)'? [ Y —7

2,2/ €T7 j=1 p]
<7’ log logT)l/2
Cl————1| .
log T
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IN

1/2
1
||T(§>H2 < lz E‘| CHl(T)l/Q < C(lOgT)l/% geTT7

nel,
we conclude to

E sup [Y(2)] < Cr/%(loglogT)/? (88)
z€T™

Combining this estimate with ([@4]) finally gives

Cy7'/? < E sup IT(z)| < 027'1/2(10g10g7')1/2. (89)
z€TT™

0

Now we pass to the proof of the lower bound. As already mentioned, we use
a new approach to lower bounds introduced in [7]. Recall briefly its principle.
We begin with a useful Lemma (]7], Lemma 3.1).

LEMMA 13. Let X = {X,,z € Z} and Y = {Y,,z € Z} be two finite sets of
random variables defined on a common probability space. We assume that X and
Y are independent and that the random variables Y, are all centered. Then

E sup |X, +Y.| > E sup | X.|.
z€Z z2€Z

Let d = {d,,,n > 1} be a sequence of real numbers. By the reduction step ([22])

T

sup Z Zdnsnn_"_“ = sup |Q(g)|,

teR |77 ek, 2€T™

where
Q) =Y S deanoetimlam 2,
j=1 n€E;
Introduce the following subset of T7,

Z=1z2=12;,1<j<7}:2,=0 if j<7/2, and z; € {0,1/2} if j €]r/2,7]¢.
J J J

Observe that for any z € Z, any n, e2'™a("):2) = cos(2m(a(n), ) = (—1)(a(?):2),
It follows that

3Q(z) =0,
and so

Q(g) _ Z Zdngnnfcr(_l)ﬂg(")&)’ 2 € Z.

T/2<j<T n€kE;
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Thereby the restriction of @) to Z is just a finite rank Rademacher process.
Now define

N
L= {n =piit s and PH(f) < pT/Q}, je(r/2,7].
J
Since E; D L, j =1,...7, the sets L; are pairwise disjoint. Put for z € Z,
Q'(2) = Z Z gnn*"(—l)g@(")@.
T/2<j<TnEL;

Since
{Q2) —Q'(2),2z€ 2} and {Q'(2),z€ Z}

are independent, we deduce from the above Lemma that
E sup [Q(2)] > E sup |Q'(z)|.
zEZ 2€Z

It is possible to proceed to a direct evaluation of Q'(z) and we recall that

swp Q' (D) = D [ D duean”™”

262 T/2<j<T |n€L;
which, in view of the Khintchine inequalities for Rademacher sums, allows to
get ([7], Proposition 3.2)
PROPOSITION 14. There exists a universal constant ¢ such that for any system
of coefficients (dy,)
1/2 1/2

¢y (D din| < Ezleuz)IQ’(z)l < D | dm

T/2<j<T |n€L; T/2<j<T |n€L;

Consequently,
1/2
E sup Z Z dpen,n 771 > ¢ Z Z din_% . (90)
teR | neE; r/2<j<T |n€L;

Proof of the lower bound. Take d, =1 in estimate [@0). We get

Esup Z% :EsupZZ%

teR|  Tx t€R T hcE,
PH(n)<pr
1/2

c Y Zn% : (91)

T/2<j<T |n€EL,

Y
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By assumption

N
log — > log =log N —logp;/2 > pr/2-

bj Pr/2

Owing to the very definition of the sets £;, and using Lemma [3], we get
1/2

IR DR IR SN I D

7
T/2<j<T |n€L; T/2<j<r 7

V
Q
=
S
q
2
—
~
)
wq|}—‘

v
Q
=
[\
q
—~
\]
~—
—
~
[\
\1
—~~
el
[\)
~

Consequently,

€ rl-o
E sup 2 > Collan (T v2_— 93
teER nSZN notit 20(7) (log 1) (93)

Pt (m)<pr

And if o = 1/2, by Mertens Theorem,

En 1/2

E > .
b ?gl};{), n<N n% +it o o (94)
PF()<py O

We conclude with another case. Return to Example 2 and let now K be
unspecified. There is no loss to assume K is square-free. First examine the case
when K has few prime divisors. Suppose

> 5 = (e =

p|K
p<N

Using Bohr’s lower bound

Esup Z 5—2 ZC’Z Z% (96)

teR | o=y T (p,K)=1
1<n<N p<N

We get with 2] a two-sided estimate

< Esup Z tn <C’N1_U. (97)
- ns| = logN
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The case of a number K with many prime divisors is more complicated. By
the comment previously made, this concerns the case

L (99
P " logN’
PSN

We restrict ourselves to integers K of type

K=1]r- I] »

p|K pu<p<N
P<pur

where 1 < v < (V). This amounts to consider the random Dirichlet polynomi-
als
En €n
ST I

We will assume v to be not too large. More precisely, we assume, in accordance
with Corollary B

N 1/2
< .
v= <(log N)loglog N)

THEOREM 15. Let 0 < o < 1/2. There ezists a constant C, depending on o
only such that

1/2
En 1/2—0 1 1
Esup Z —| < C.N max | 1, Z — Z —
teR (n,K)=1 n k<v pk k<v \/pk
1<n<N kaK' kaK»

Proof of Theorem We examine more specifically the increments of the
Gaussian process Y. There is no loss to assume

p| K = p < p..
We have here

> 077 {U, cos2r(a(n), z) + ), sin 2w (a(n), z)} .
(:,if;”:l (99)
And as
(n,K)=1 if and only if ag(n) >0= (p,K)=1,

It -T2 = 43 n > sin’(rla(n),z - 2)

neFy,

(n,K)=1 9
2 —20 /
< Anm g n g aj(n)]z; — 2;
neF, 1<j<v
(n,K)=1 (pj,K)=1
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Now
2
—20 ! _ —20 . 20, 2
> Y aj(n)z =2 = > n > aj(n)’lz — 2 +
neFy, 1<j<v neFy, 1<j<v
(n, K)=1 (pj, K)=1 (n, K)=1 (pj, K)=1
—20 / / .
E : n § : ajl(n)aj2<n>|zj1 _Zj1||zj2 _Zj2| = S+ R.
neFy, 1<j1#jo<v
(n,K)=1 (lepj2$K)=1
Further
> 1
’ ’
R < >z = 2z — 2,1 Y bibs > 3o
1<ji1#ja<v by,ba=1 n€Fy, (n,K)=1
(Pjy Py  K)=1 aj, (n)=by,aj,(n)=by
o0
b1b2
’ ’
< C Z |ZJ1 _Zj1||zjz _Zj Z ( by b2)20
1<)1 #da<v by,bo=1 P51 P>
(Pjy Py  K)=1
x § m72a
by b
mSN/(pjipjg)
o0
b1b
1—20 / / 192
< CN >z =2l =2 Y s (100)
1<), #da<v b1 ,bo=1Pj1Pj>
(leijqK)=1
But
o) 0 b o)
b b [2 2 b .
S o= < 232 < op
4 25 | i Dk 20 b
b=1F  p=1 b=1
Thus
2
’
|z; — 27|
_ J
R S CNl 20 E J
15w P
(pj, K)=1
2
_ 1 |2; — ;]
< ON'Y?% E — § — . (101)
<=0 Pi 1<j<v DPj
(pj,K)=1 (pj,K)=1
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And
—20 2 112
S < Y a Y an)ly -7
neFy 1<j<v
(n,K)=1 (pj,K)=1
2
< D lm—al Zb >
1<j<v neF,
(PJ K)=1 (n,K)=1
a7~('n,)_b
2
S Z |Z]_Z| Z 2b0’ 20
1<j<v <
(pj K)=1 m<N/p}
[e%¢) /12
b? |z; — 2]
< Yl-aryle v B (102)
1<i<v b=1 pj 1<j<v Dy
(pj,K)=1 (pj,K)=1
Therefore,

2 1-20 2k = 2| 1
IT(2) = Y(2)||, < CoN >SS imax (1, Y —|. (103)

vey Pk 1<<w Pi
P K (pj, K)=1
Let
1/2
1
A = NY277 max 1, Z —
1< Pi
(pj,K)=1
‘We obtain
1/2
|2k — Zk|2
IT(2) =), < CoA | Y 2| . (104)
s

Let g1, .., g, be independent N'(0, 1) distributed random variables and define

~1/2
= Z 9kPy, 2.

k<v
P VK

Then
1T(2) = T(2)ll, < CoA|U(2) = U2 (105)

We deduce from Slepian’s Lemma

E sup |Y(2) = Y(2)] < C,AE sup |U(Z) —U(z)|.
2'eT” 2'eT”
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Obviously,
g%
sup |U(2)| = .
SRIVEN= 2
P K
Thereby

E sup [U)-U)| <0 p '
z'eTv k<v
P VK

And by reporting

1
E sup [T(Z)-7T(2)] < C,A —
o Y(2) = T(2) >
P VK
But
1/2 1/2
1 1/2—0’ 1 1
IT@l2 < | D —5| < GN Zp—j . zeT. (106)
neFry, k<v
(n,K)=1 IS
Thus
1
E sup |Y(Z)] < C,A —, 107
g/ew' ()] Z = (107)
Py K
or
1/2
1 1
E sup |Y(z)| < NY?79 max |1, — — . 108
z’eT”| @)l ;pk ; N (108)
P VK Dl VK

O
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