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ALGEBRAIC NUMBERS AND DENSITY
MODULO 1, II

RoMAN URBAN

ABSTRACT. This is a companion paper to [§]. In [§], using ideas of Berend [3]
and Kra [6], it was proved that the sets of the form
{)‘711”11’”51 + )‘giu‘;néb tn,m > 1}7

where £1,82 € R, A1, p1 and Mg, po are two pairs of multiplicatively independent
real algebraic numbers satisfying certain technical conditions, including that u; €
Q(Xs), i =1, 2, are dense modulo 1/k, for some x > 1.

In this paper we extend the result from [8], showing that the condition p,; €
Q(A;) can be removed by imposing appropriate conditions on the norms of con-
jugates of \;, pt; and the degree of the algebraic numbers AT ui™

Communicated by Istvan Berkes

Dedicated to the memory of Professor Edmund Hlawka

1. Introduction

This is a companion paper to [§]. We extend the result from [8] showing that
the condition u; € Q()\;) can be removed by imposing appropriate conditions on
the norms of conjugates of A;, i1; and the degree of the algebraic numbers A7 uu}".
In order to do that we define in §B.1] the semigroup X in a different way than
it was done in [8]. Having this new semigroup ¥ the main steps of the proof of
our result remain essentially the same as in [8]. However, some modifications are
required. For example, we have to deal with the higher dimensional dynamical
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ROMAN URBAN

systems than that of [8], and hence the proof becomes much more technical and
complicated.

Let K be a real algebraic number field, and let K* denote its multiplicative
group. Recall that two numbers A\, u € K* are called multiplicatively dependant if
there exist integers m and n, not both of which are 0 with A™ = u™ Equivalently,
they are both rational powers of the same element 5 € K* We say that A and u
are multiplicatively independent if they are not multiplicatively dependent.

Denote Ny = N U {0}.

THEOREM 1.1. Let A1, 1 and Ao, o be two distinct pairs of multiplicatively in-
dependent real algebraic numbers of degree 2, with absolute values greater than 1,
such that the absolute values of their conjugates, A1, fi1, Ao, fi2, are also greater
than 1. Assume that

(i) for every n,m € N, degg (A} ui") = 4.

Let p1,p2,...,ps > 2 be the primes appearing in the demominators of coeffi-
cients of the minimal polynomials Py,, Py, € Qlx] of A; and p;, i =1,2. We set

S:{Ooaplap% e 7]95}-
Assume further that the following conditions are satisﬁedﬂ.‘

(i) Ailoo > [Niloo > 1 and |piloo > |fiiloo > 1,4 = 1,2,
(iii) there exist (o, B),(a/,B") € N3\ {(0,0)}, and two positive integers k,I,
k # 1 such that
min (i Dol A5l [l 3575 2
peS\{c0

>Inax< max |)\1u1| |)\1u1| |A1per |5 AT u1|5>
peS\{oo

and

win (_ain Dl W mmﬁ)
pES\{oo
>max< e Pl W5l s orals |A2ug|ﬁ)
pES\{oo

(i) ilp = Ailp > 1 and |pal, = qulp > 1, for pesS\{oo}.

Then for any pair of real numbers &1,&s, with at least one §; non-zero, there
ezists a natural number k such that the set

{ATu k& + A5y kEs  mym € N} (1.2)
is dense modulo 1.

Here | - |p stands for the p-adic norm in the field Qp(A1, 11, A2, p2), whereas | - |oo denotes
the usual absolute value in R.
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ALGEBRAIC NUMBERS AND DENSITY MODULO 1
As a result we are able to consider more general expressions containing alge-

braic numbers than that considered in [8]. For example, our Theorem [[.Timplies
that the following double-sequence

o 7lﬁ+ ! m+
2.3.5-7) \V/5  23.32.52.72

1 (7 IR
5
(7\/§+211.311.511.711> (W+m>’ n,m €N (1.3)

is dense modulo 1/k for some x > 1 (see Corollary [2.9]).

REMARK. We should remark here that Theorem [[1] is not a generalization
of [8, Theorem 1.5]. These two theorems are of different kind. In particular,
it is not true that if the algebraic numbers A;, u;, ¢ = 1,2, satisfy the set of
conditions required in [8] then they satisfy all of the assumptions required here.
For instance, in the example on p. 647 in [§], illustrating [8, Theorem 1.5], one
has degg A\ipi = 2, @ = 1,2. Hence, the condition (i) of Theorem [L] is not
satisfied.

REMARK. Although conditions given in (iii) seem to be very complicated they
have in fact a simple dynamical meaning. Namely, the various norms may be
understood as the speeds of contraction and/or expansion along coordinate axes
in appropriate product of p-adic vector spaces (see Lemma [£.2)).

REMARK. In the case when all the numbers \;, u; are algebraic integers we have
S = {oo} and Theorem [[T] has much simpler formulation as all p-adic norms
disappear. As an example consider the following expression

(ﬁ+§@ﬁ+ﬁ%+@mﬁ+§@ﬁ+ﬁ@. (1.4)

It follows from Corollary 2:9] that the condition (iii) of Theorem [Tl is satisfied
and hence there is k¥ > 1 such that (I4]) is dense modulo 1/x.

REMARK. A direct proof of Theorem [[.1]in case S = {oo} would be simpler. In
this case the semigroup ¥ (constructed in §B]) acts on T x T* instead of on the
product of two solenoids. For the corresponding result concerning the action of
a commutative semigroup of continuous endomorphisms on the d-dimensional
torus see [1] (cf. [7]).

Structure of the paper

In §P2] we state and prove some auxiliary results which are useful for decid-
ing whether the given algebraic numbers \;, p; satisfy the assumptions of Theo-
rem[I.1] In §Bwe consider two commutative semigroups %1 and Xg of continuous
endomorphisms of Q2 and study the closed invariant sets for the corresponding
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ROMAN URBAN

action of the diagonal subgroup of ¥; x ¥ on the product Q% x Q4. In §H we
prove Theorem [T.11

2. Examples

LEMMA 2.1. Let A\, u > 1 be multiplicatively independent real algebraic numbers.

1 en for every positive integers the numbers an are multi-

(i) Then f y positive integers k # 1 th bers A\ and \Fu! Iti
plicatively independent.

(i) Suppose that for some positive integers k # 1, A\ and N\Ful are multiplica-
tively independent. Then A and p are multiplicatively independent.

iii) Suppose that deg = deggp = 2 and degg(Ap) = 4. en we have

iii) S hat degg A degg 2 and degg(A 4. Th h
QA 1) = Q(Ap).

Proof. (i) and (ii) are obvious. We prove (iii). Since degg A = degg p = 2,
[QA, 1) : Q] = [Q(A, ), QN][Q(A), Q] = [Q(A, 1), Q(N)] - 2 < 4.

By the assumption
degg(Au) =4, andso [Q(Au):Q]=4.

Since Q(Ap) € Q(A, p), it follows that [Q(\, u) : Q] = 4. O

The following lemmas will be used to check if a given pair of algebraic numbers
is multiplicatively independent.

LEMMA 2.2. Let p,q > 1 be the square-free numbers and a,b € Q. If p # q, then
VP +a and \/q + b are multiplicatively independent.

log(\/p+a)
log(\/q+b)

(yp+a)®* = (y/g+0b)". Since Q(/p) NQ(,/q) = Q, it follows that (\/p+a)® and
(y/q+b)" are rational. Consider v = (/p+a)® € Q. Let o be the automorphism
of Q(\/p) sending /p — —/p. Then v = o(v) = (—/p + a)° and consequently

_\/jgfa is an sth root of unity. Since u € Q(,/p), we must have u = 1 or

u = —1, and we see that © = —1 and a = 0. Repeating the same argument
with v = (/g + )" we get that also b = 0. Therefore we have ¢* = p. This is a
contradiction. O

Proof. Suppose that = w is rational and denote w = %. Then

u =

The following is an easy generalization of the previous result.

LEMMA 2.3. Let p,q > 1 be the square-free numbers and a,b,c,d € Q. If p # ¢,
then c\/p + a and d\/q + b are multiplicatively independent.
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ALGEBRAIC NUMBERS AND DENSITY MODULO 1

Proof. Using the same argument as in the proof of the previous lemma we get,
(dvg)" = ev/p,
where w = £ € Q, and consequently
g = *p
Since at least one of r and s is odd we get a contradiction. O

More generally, in [3, Proposition 4.2] it is proved that for A and g which are
effectively given complex algebraic numbers it is possible effectively to decide
whether or not they are multiplicatively independent.

To decide if the condition (i) of Theorem [I1] is satisfied we need to recall a
result from [4]. Let k be a field. An algebraic number § over k is called torsion-
free if B /B is not a root of unity for any B # 8, where 8 and 8 are conjugate
over k.

THEOREM 2.4 (Dubickas, [4, Theorem 2]). Suppose that v is an algebraic num-
ber of degree d over a field k of characteristic zero, and let K be a normal closure
of k(«) over k. If B is torsion-free and L = k(B) is a normal extension of k of
degree | and LN K =k, then

deg;. (af) = dl.

REMARK 2.5. It follows from Theorem [2.4] that if both A;’s and the u;’s are of
degree 2 and are not square roots of rational numbers and \; € Q(u;), then
degg(Ai'pi") = 4.
In the following lemmas we give conditions on A;, y; that are easy to check
and guarantee that (iii) of Theorm [[T] holds.
Let S be as in Theorem [Tl We denote S* = S\ {oo}. The following two
lemmas are easy.

LEMMA 2.6. Let A\;, ui, i = 1,2, be real algebraic numbers of degree 2. Suppose
that there exist positive integers k # | such that

min | Ao >max [ A
p€}9*| 2 2|p p€S| ! 1|pa
Ao ji max |A

| 2M2|oo> p€S| 1M1|p

and
k. 1
)‘1N1|pv

ax |A5pb], < mi
max [A; ol < min -
k1 - (2.7)
max [Ag fiplp < |A1fi]oc-
peS

Then there are (o, 3),(o/,8") € NZ \ {(0,0)} such that the inequalities (iii) of
Theorem 11 hold.

115



ROMAN URBAN

LEMMA 2.8. Let A\;, ui, © = 1,2, be real algebraic numbers of degree 2. Suppose
that either

max [Aafp < min [Aslp,
ax |\ < min |\
gé;gl 2lp ;g}gril 1lps

|)\2|oo< |5\1|oo
or
min | fp > max|uzlp,

it |oo > max| iz

Then there exist positive integers k # | such that (Z71) holds.
To sum up we have the following

COROLLARY 2.9. Let A1, 1 and A, pua be two distinct pairs of multiplicatively
independent algebraic numbers of degree 2, with absolute values greater than 1,
such that the absolute values of their conjugates, 5\1,,&1, 5\2,/12, are also greater
than 1. Assume that the following conditions are satisfied:

o for every n,m € N, degg(A\} ") = 4,

Ailoo > [Niloo > 1 and |ftiloe > |fiiloe > 1, i = 1,2,
RY |p |)‘ |p >1 and |Nz|p |Nz|p > 1, forpe 8" =5\ {oo},

minpe g+ [Aopialp > maxpes [Aip1], and |)\2,u2|oo > maxpes | A1 ps

° meag(|)\2|p < nggri Alp  and  |A2]e < IA1]oo
or
min |pp > max|uzly  and |finleo > max |l (2.10)

Then for any pair of real numbers &£1,&s, with at least one & non-zero, there
exists a natural number k such that

AT K€L + AJ g kot nym € N}

1s dense modulo 1.

3. The product semigroup X

In this section we construct a semigroup ¥ acting on the product of an ap-
propriately chosen solenoid €2, and study the properties of this action. The
semigroup X will play an important role in the proof of Theorem [[.Jl The idea
of such a construction goes back to [3].
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ALGEBRAIC NUMBERS AND DENSITY MODULO 1

3.1. Definition of X

Let A1, 1 and Ag, uo be two distinct pairs of multiplicatively independent
real algebraic numbers of degree 2, satisfying assumptions of Theorem [Tl
For positive integers k # [, define,

So = A1p1, To = Agpe (3.1)
and

s1= Ay, = Asub. (3.2)
By Lemma 2] sg,s; and 79,7, are multiplicatively independent and \¢u! €
Q(Aipi). Therefore, we have that s1 € Q(sp) and 71 € Q(ro). Hence we can
express the elements s1,r; as polynomials with rational coefficients in sg and 7,

respectively,
s1 = 9(80)7 = h(ro), (33)

where g, h € Q[z]. Let Ny = NU {0}. For («, 3) € N3,

o a+kB o+l
SOS? :>\1+ Bul—i_ ﬁ?
s +kB o+l (3:4)
rory =g g
By the assumption (i) of Theorem [L1]
degg so = degg s1 = 4 (3.5)
and
deggro = deggr1 = 4. (3.6)

Let A > 1 be a real algebraic number of degree d with minimal (monic) polyno-
mial Py € Q[LL’],

Py(x) = 24t eqg1zt 4 e+ o,

With A we associate the following companion matriz of Py,

0 1 0o ... 0
0 0 1 0
(O N . (37)
0 0 0 1
—C —C1 —C2 —Cd—1

Let 05, and o,, be the companion matrices associated with sy and rg, respec-
tively. By B.3) and (34), 0s,, 0, € GL(4,Q). We put

Ts, = g(0s,) and 7, = h(oy,), (3.8)
where the polynomials g and h are defined in (3.3).
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Let ¥ be the semigroup generated by (050 00) and (Tsl 0 ), i.e,

0 o 0 7y

_Jfos, O T, O
2={(5 o) (8 )

By (3.8) the semigroup X is commutative. A general element of the semigroup
3% is denoted by

a p
st = (D) € GLE.Q) (@8) € M (10,00,

To ' T1
Let
S ={s{" = ot 7l (. 8) € N\ (0,00}

Yo = {5§a’ﬁ) = a;"OTf}l (o, B) € N(Q) \ {(0,0)}} .
Clearly, X;,i=1, 2 are finitely generated commutative subsemigroups of GL#, Q):

E1 = <5§1’0)75§0’1)> = <US()7TS1>’
22 = <5él,0)7520,1)> = <UT07TT1>'

The semigroups ¥;, ¢ = 1,2, act on the solenoidsf] Qﬁi, where a; (resp., as)
is the product of primes appearing in the denominators of the entries of o,
and 7, , (resp., o, and 7., ). Equivalently, a; is the product of primes appearing
in the denominators of the coefficients of the minimal polynomials Py, and P,,
of A1, p1 (resp., the minimal polynomials Py, and P,, of Ag,us2). Hence, ¥4
(resp., 32) is a finitely generated semigroup of continuous endomorphisms of a
compact Abelian group Q7 (resp., Q2 ). Therefore, the set 3 forms an Abelian

semigroup of endomorphisms of Q% x Q2 | with the action given by

t
s (x,y)t = <5§Q’B)x,5§a’ﬁ)y) , (x,y) eqs x Q.

Let
a1 = PiyPiy - --Pi,, and  az = p;pj, ... Pj,-
‘We denote
S = {piupiza <o Digy } U {OO}
and

2Let a = p1p2 . ..ps, where p; are different primes. Consider Z[1/a] as a topological group
with the discrete topology. The dual group Z[1/a] of Z[1/a] is called an a-adic solenoid and we
denote it by Q4. The compact abelian group Q¢ may be considered as a quotient group of the

additive group R% x le X+ X Qgs by a discrete subgroup B = {(b, —b,-- -, —b) RS Z[l/a]d}.
———

That is, Q¢ = R x le X e X Qgs/B. (For more details on solenoids see I5].)
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ALGEBRAIC NUMBERS AND DENSITY MODULO 1

S :{pjlﬂpjzﬂ tee 7pj52} U {OO}
Observe that the set S of primes defined in the statement of Theorem [I.1]
is equal to

S =57 US5;. (39)

REMARK 3.10. Let a be a product of different primes from the set S\ {oo}.
Then the semigroups ;, i = 1,2, act on Q2 and ¥ acts on Q2 x Q2.

3.2. Projected semigroups ¥; and ¥

From now on the semigroups X; act on Q% and X acts on Q2 x Q where a
is defined in Remark 3100

We say that the semigroup X of continuous endomorphisms of a compact
group G has the ID-property, or that ¥ is an ID-semigroup, if the only infinite
closed S-invariantf subset of G is G itself.[

Our aim in this subsection is to prove that ; and Y5 are ID-semigroups.
We will use the following theorem which gives necessary and sufficient conditions
in arithmetical terms for a commutative semigroup ¥ of endomorphisms of Q¢
to have the ID-property.

THEOREM 3.11 (Berend, [2, Theorem II.1]). A commutative semigroup ¥ of

continuous endomorphisms of Q2 has the ID-property if and only if the following
hold:

(i) There exists an endomorphism o € ¥ such that the characteristic polyno-
mial fon of o™ is irreducible over Q for every positive integer n.

(ii) For every common eigenvector v of X there exists an endomorphism o, € X
whose eigenvalue in the direction of v is of norm greater than 1.

(iii) 3 contains a pair of multiplicatively independent endomorphismsE

Let us explain in more details how to understand the statement of the condi-
tion (ii). Note that the semigroup X acts in a natural way on the “covering space”
R? x Qf x -+ x Q. It is proved in [2] that the condition (i) implies that the
roots A1 g, ... Ad,s of o are distinct and that there exists a basis v ¢ Q()\w)d,
i =1,...,d, in which ¥ has a diagonal form. Let K be the splitting field of the
characteristic polynomial f, of o over Q,,, j =0,...,s, and let v*7, ... v% be
a basis of K¢ corresponding to v@ i =1,...,d. The vectors v"7, i =1,...,d,

3Recall that a subset A C G is said to be S-invariant if SA C A.

41D stands for infinite invariant is dense.

5We say, as we do in the case of real numbers, that two endomorphisms o and 7 are rationally
dependent if there exist integers m and n, not simultaneously equal to 0, such that ¢™ = 7™
Otherwise, we say that o and 7 are rationally independent.
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j=20,...,s, are the common eigenvectors of ¥. Denote by A; ; -, 1 =1,...,d,
the eigenvalues of any 7 € 3, considered as a linear map of K j‘-j with respect to
the basis v17, ..., v%J. Then the condition (ii) says that for every 1 < i < d and
0 < j < s there exists a 0; ; € X such that |\; j o, |, > 1.

LEMMA 3.12. ¥, is a commutative ID-semigroup.

Proof. Commutativity of ¥; follows from (B3)) and definition ([B.8)) of 7,.
Now we have to check conditions of Theorem BIT1

Let us start with (iii). Since sg and s; are multiplicatively independent it
follows that o, and o, are multiplicatively independent.

(ii) For a given matrix A we denote by Spect(A) the set of eigenvalues of A.
By the assumption, for p € S, p-adic absolute values of A1, p1 and their conju-
gates are greater than 1. Hence, by (B1) and [B.2)), it follows that

min{|p|, : p € Spect(os,) U Spect(7s,), p € S1} > 1.

(i) Since, for every n, degg(sy) = 4 it follows that the characteristic polyno-
mial f5 , of osn is irreducible over Q for every n € N. O
0

LEMMA 3.13. X5 is a commutative ID-semigroup.
Proof. Analogous to the proof of Lemma [3.12] O

For a given subset A C Q2 x Q2 and wy,ws € QF, we define
Ay, = {ws € Q% 2 (wr,ws) € A} C Q2
Ay, = {w1 € Q%2 (w1,ws) € A} C Q2.
The following lemma follows immediately from Lemmas and 313

(3.14)

LEMMA 3.15. Let A be a non-empty, s59- and s(O -invariant closed subset of
QO x QL. Then
(i) the set Py = {wy € Q% : Ay, # 0} is either the whole QX or is a finite set
of torsion elements in Q2
(ii) the set Py = {w; € QF 1 A, # 0} is either the whole QX or is a finite set
of torsion elements in Q2.

For a given positive integer ¢ we denote by Q¢ (q) the subgroup of Q¢ consisting
of all elements whose order divides ¢. It is known (see [2) Lemma I1.13]) that for
every g € N, the subgroup

Q(q) =~ Z[1/a]"/qZ[1/a]" = (Z[1/a] /qZ[1/a])"

is finite.
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LEMMA 3.16 ([8, Lemma 3.2]). Let o be a d x d-invertible matriz with entries
from the ring Z[1/a]. Let r € Q3(q) C Q4, ¢ = ¢ 5% .. ¢2m, where q; are
different primes and o; € N, be a torsion element. Assume that for 1 <i < m,
|deto|g, = 1. Then there exists a k € N such that

ofr =rin Q4.
LEMMA 3.17. Let A be a non-empty, s59- and s(OY -invariant closed subset of
QO x QL. Then A contains a torsion element.

REMARK. Although Lemma [B.17 can be deduced from appropriate analogues of
[8, Lemma 3.3 and Lemma 3.4] and their proofs, we decided to present here a
detailed proof as it is one of the crucial results.

Proof. By Lemma[BI5 the set P» = {wo € Q2 : A, # 0} is either the whole 2}
or is a finite set of torsion elements in Q2. There are two cases. The first one,
when P, contains a torsion element wo of degree ¢ = ¢7'"... ¢2 such that

(1,0)

‘det 5; ©.1)

:‘detsl —1, j=1,....n
95

qj
(in particular this holds if P, = Q2). Then, by Lemma [B.I6] we can find k; and
ko € N such that (5&170))’“(@ = wq and (5(10’1))k2w2 = wy. Thus we see that A,,
is a non-empty, closed, (551’0))’“1— and (550’1))k2—invariant subset of Q2. Clearly,
the semigroup ((5&170))’“1, (5&071))’“2) is an ID-semigroup of endomorphisms of Q2
(see the proof of Lemmal[3.12)). Hence, A,,, is either a finite set of torsion elements
or is the whole Q2. Thus, the lemma follows in this case.

Consider the second case. If P, is a finite set of torsion elements but there is
no torsion element of degree ¢ = ¢7"... ¢% such that

(1,0)

‘detsl (0.1)

:paq —1,  j=1,....n
q;

q;j

then we pick up arbitrary torsion element ws from Ps, and instead of A we con-
sider the set A’ which is obtained from A by multiplying the second coordinate
by the order of wy. Then the set Pj corresponding to A’ contains 0. Since A4,
was non-empty, the set

Ay ={w € Q2 (w,00€ Ay Cc O

is also non-empty. Moreover, since A’ is s(19- and s(®D-invariant it follows

that Aj is 5§170)— and 5&071)—invariant. Finally, it is clear that Aj is closed. Since

the semigroup ((551’0)), (550’1)» is an ID-semigroup of endomorphisms of Q2
(Lemma B12), it follows that Aj is either a finite set of torsion elements or
is the whole Q2. Thus, we have proved that A’ contains a torsion element. But

then also A must contain a torsion element and the lemma follows. O
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REMARK. Notice that we do not have to use Lemma in the proof of
Lemma [3I7 In fact, in both cases we can proceed as in the second case. We
included the reasoning with Lemma, since it shows a nice property that for
the torsion element ws satisfying assumptions of Lemma BI6] the set A, is
either a finite set of torsion elements or is the whole 2.

LEMMA 3.18. Let A be a closed, s and s -invariant subset of Q% x Q4.
If all torsion elements of A are isolated in A, then A is finite.

Proof. The same as the proof of [§, Lemma 3.4]. 0

4. Proof of Theorem [I.1]

Let a be the product of different primes appearing in a; and as, that is
a= T »
pES\{oo}
where S is defined in (3.9). As we observed there
S = {Ooap17p27 LI aPS}

with p;’s as in Theorem [[11
For w = (wy,ws) € Q2 x QF consider the orbit Xw of the point w under the
action of the semigroup ¥ = (5(170),5(071)),

Sw = {(5§a’ﬁ)w1,s§aﬁ)wz) €y x Qi (a, f) € NG\ {(070)}}- (4.1)

Clearly, 3w is X-invariant.
Consider a general element s(*#) of the semigroup X,

a 8
s(@h) — (USOTSl aO B) , for some (a, ) € N2\ {(0,0)}.
0 Tro Ty

Denote the diagonal elements of the matrix s(®#) which are 4 x 4-nonsingular
matrices belonging to M(4, Z[1/a]), by s\*”) and s{*”). By definition

and

We denote the conjugates of sg and s; as follows
S0 =S0,1 = A1ji1, 80,2 = A1fi1, 50,3 = A1/i1, 80,4 = Aifi1,

k1 Ik, 1 k~l Ik ~1
51 =511 = A1 [4], 51,2 = A{ 1, 81,3 = ATfq, 81,4 = A{fi1,
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and similarly for rg and 71,
To =T0,1 = A2f2, T0,2 = A2fi2, 0,3 = A2fl2, T0,4 = A2fi2,
ko1 Tk 1 k~l Tk~1
TL=T1,1 = Agfly, T1,2 = Ag o, 1,3 = Agfla, T1,4 = A3 flo.

For p € S, let pp1 > pj, 1 (Pp2 > pas Tesp.) denote the p-adic norms of the

maximum and minimum of the eigenvalues of the matrix 5§a’ﬁ ) (resp., séo“ﬁ ).

We have

B., 5 _
5 =1,2,3,4},

ppa = max{ [so,il3 s
= min{ so.l3lsl7 1, = 1,2,3,4}
and
Pp,2 = max{ |7’0’i|g|7“17j|£ Z’&',j = 1, 2, 3, 4},
P2 = min{|r0’i|g|r17]~|§ 11,j = 1,2,3,4}.
It is easy to check that we have the following

LEMMA 4.2. Under the assumptions of Theorem[I 1], there exists (o, fo) such
that s(@0:00) satisfies

min pf, » > Mmax pp,1 > 1. (4.3)
Moreover, there exists (g, 3) such that 5(20:50) satisfies

. /
min > max > 1. 4.4
min 1 > Max pp 2 (4.4)

We introduce the following notation. Let
Vi x V= HQ; x HQéj'
j=0 §=0

For i = 1,2 we write V; = (Vi0,Vi1,...,Vis), where V; ; = f,j. By Q% we
denote the “covering space” of Q2 i.e.,

S
Q=1]2,
3=0
If the spaces ng, Jj=0,...,s, are equipped with norms || - ||, then, for

z = (20,21,...,2s) € Q2

we put
lzllas = goax l12ly,-

123



ROMAN URBAN

The space QF becomes a metric space with the distance
dgs (z,w) = ||z — wl|qa.
Let
m:Qy = Qq =Q,/B
be the canonical projection, i.e., 7(z) = z + B, where

s

—_——
B= {(b,—b,...,—b) be Z[l/a]4},
is a closed discrete subgroup of Q2.
If b= (b,—b,...,—b) € B, we denote its coordinates by b;, 0 < j < s, i.e.,

bp=0b and b;=-b for j=1,...,s.
It is easy to check that the following function,
doi(z + B,w + B) :h}tl?edeQg(z —h,w—Db)
= inf [ls —w — bllgg
= nf max [lzj —w; —bjllp,, (4.5)
defines the metric on Q2.

. . . (1,0) . .
The vector (1, s, 53, s3)! is an eigenvector of the matrix 5§ ) with an eigen-

value sg, that is
(1,0 2 3\t 2 3\t 4
57 (1, 50, 80 SO) = 59 (1, 50, 50, SO) e R".

Since Y7 is a commutative semigroup it follows that
4s

t

_ 2 37 N 4 4 4

v = (1,50,30,30,0,...,0) ER* xQp, x -+ xQp,

is a common eigenvector of ¥; acting on R* x Q3 x ---x @} . In particular,

(0,1)

5&1’0)1) =sov and s, v ="T5v=g(0s,)v=9g(s0)v = $10. (4.6)

Similarly, the vector (1,7q,78,75)! is an eigenvector of the matrix o,, with an
eigenvalue ry. Since 7, = h(o,,) for h € Q[z] with 1 = h(rg), we get that for
the vector ds

— N\t
2 .3 4 4 4
w:(l,ro,ro,ro,O,...,O) ER* xQp, X - xQp,

we have
Jﬁ‘onﬁlw =r¢riw. (4.7)
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Let & and & be two non-zero real numbers. We set

wo = (vé1,wé) € ] Qp x [ Q- (4.8)

peES peES
By (6] and (1) we have,
s (W) = 4s

/—M

2
(808151580 5175a+ ﬁ§178a+ 551’ 7"'7 a
4s

r—’a
7’07“152, a+1 527 o2 B€27 ot ﬁ€27 7"'7 ) (49)

We define a homomorphism yq : Q¢ — T¢. Let

X1:Q2 =R xQp, x---xQ,,/B—T,
be given by@
X1 ((:Uo, X1,...,Ts) + B) = 2miwo2mi{Titp, L 2mi{Ts by,

Since z + €2™{#}r is a homomorphism from Q, to the 1-torus T = R/Z, it is
easy to check that the map y; is well defined, i.e., for every r € Z[1/a], we have

xl((x0+r,:v1 -7, .., T —r)—i—B) le((xo,xl,...,zvs)—i-B).
Now, we extend the map x; to Qg, d>1.For j=0,...,s, we denote
= (x{,,xé) E@gj.

Now we define a homomorphism y,4 : Q¢ — T4 by the formula
Xd((l’ zlat) + Bd) =

(X1 ((a:l,:vl, - ,:Ui) + B), Co X1 ((:Ug,a:}i, .. ,:L‘Z)+B)>. (4.10)
LEMMA 4.11. Let Q be the set of accumulation points of the X-orbit of w(wp).
If (0,0) € Q then one of the following holds:
(1) the point (0,0) is isolated in €2,
(2) the set Q contains at least one of the following sets
=, x {0},

T2 = {0} X Qi (412)

SEvery z € Qp can be uniquely expressed as a convergent, in |-|p-norm, sum (Hensel repre-
sentation), * = Y po, xpp¥, for some t € Z and x € {0,1,...,p — 1}. The fractional part of
x € Qp, denoted by {z}p, is 0 if the number ¢ in the Hensel representation is greater than or
equal to 0, and equal to Zk<0 zppk, if t < 0.
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REMARK 4.13. Let F be a close infinite 3-invariant subset of Q2 x Q% and

let F'2¢ denote the set of accumulation points of F. It will be clear from the proof
that Lemma .11]is valid for F2¢ in place of 2.

We postpone the proof of Lemma [Tl to the next subsection and continue
with the proof of Theorem [Tl
First we note that immediately from Lemma FTT] we get the following

COROLLARY 4.14. If (0,0) € Q then one of the following holds:
(1) the point (0,0) is isolated in €2,
(2) the set Q* = {w1 +wa : w = (w1,ws) € N} is equal to Q2.

Proof of Theorem [[.LIJ1 We can assume that both & and & are non-zero;
if one of them is zero then Theorem [[T] follows by result of [3]. Consider the
set Q. Assume first that (0, 0) is not isolated in Q. Notice that by ([3.4) it follows
that the first and the 4s + 5’th coordinate of (£.9) are equal to

k l k l
)\?-‘rﬁ M?-l‘ﬁ 61 and )\g-‘rﬁ M?-l‘ﬁ 62‘

Hence, density modulo 1 of the set
PPl AT e s (0, 8) € NEV (0,00} (415)

follows from Corollary 14l if we take the image of the set 2* = Q% by the
map Y4 (EI0) composed with the projection on the first coordinate in T4
But (£TH) is a subset of (L2). (Note that in this case k = 1.)

Next suppose that (0,0) is isolated. By Lemma B.I7 and Lemma B.I8 there
is a non-isolated torsion element (g2,q2)" € €. Proceeding as in the proof
of [8, Theorem 1.5], that is multiplying by the matrix xId, where kg1 = kga = 0,
and using Remark [.I3] we get that xQ* = Q2. Hence, the theorem is proved. [

4.1. Proof of Lemma 4. 17]

The proof follows the main steps of [8], where the product of the 2-dimensional
solenoids was considered. In the proof we will need the following lemma. Let k
be a local field (in our case k=R or the finite extension of Q,), equipped with
an absolute value |-| (|-|=|-|cc Or |*|p, resp.), K be an algebraic closure of k. The
unique extension of |-| to the absolute value on K will also be denoted by |-|.

LEMMA 4.16. Let A € GL(2,k). Suppose that A has two different eigenvalues
m,ne € K, such that |m1|>|ne|>1. Then there exists a norm ||| in k? such that

@) A= |m| and A7 =

[n2[
(i) [[Av]l = [n2|loll and A~ o]l = p o]l
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Proof. See for example [8, Lemma 4.6]. O

Proof of Lemma ETIIl Let pr; (i = 1,2) be the projection from the product
Q2 x O onto its first and second “coordinate”, respectively. By Lemma [B.12] the
semigroup X1 = <5§1’0),5§O’1)> is an ID-semigroup. Since sy is irrational pr; (7(v))
is not a torsion point. Hence, we obtain that for every w; € Q% there exist
sequences {«ay} and {0}, tending to infinity, such that

a B
sgakvﬁk)prl(ﬂ_<v)) _ (5§170)> k(5§o71)> kprl(ﬂ'<v)) — W1,

as k — oo. Since 2} is compact, we can assume, choosing a subsequence, that
there exists wy € Q2 such that 5§a;“’ﬁ’/“)pr2(7r(w)) — way. Therefore, for every
wi € Q2 there exists wy € Q2 so that (wy,ws) € Q. In particular, we see that £
is infinite.

Clearly, € is a non-empty, 5(%)- and s>V invariant closed subset of Q% x Q2.
By Lemma [3.T5] the intersection of Q with the “axes” T7 and T5 either is empty,
contains finitely many torsion elements, or equals T3, i = 1,2. Assume that for
i=1,2,

QN T; is empty or a finite set of torsion elements. (4.17)

We will show that this assumption leads to contradiction if (0, 0) is not isolated
in €.

Since (0,0) € Q% x Q% is not isolated in € there exists a sequence {(x, +
B,y, + B)} C Q tending to (0,0). By (£I7) it follows that x,, + B # 0 and
v + B # 0. Without loss of generality, choosing an appropriate representative
from x, + B (y, + B, resp.), we can assume that x, # 0, [|Xn[g: — 0, and
¥n 7# 0, [[ynllgs — 0. Choosing an appropriate subsequence, we can assume that

lim dég <Yn + Ba 0)

_— = 0 . 4.18
nosee L, (X, + B, 0) ¢ € [0, +o0] (4.18)

REMARK. Since all norms on finite dimensional vector space are equivalent, the
metrics df.’s defined with the use of different norms on the covering space, are
equivalent.aln particular, if the limit (£I8]) is non-zero (infinite, resp.) for one
metric it is non-zero (infinite, resp.) for all equivalent metrics.

Consider the case when ¢ # 0 or the limit in (£I8) is infinite. By ([@3) of
LemmaE2 there is (ag, fo) € N2\ {(0,0)} such that the element 5(®0-%0) satisfies

P
min 2 > max pp.1 > 1. (4.19)

127



ROMAN URBAN

In what follows we fix such an element s(®0-#0). By Lemma .16 we have norms
-Ilp, i in V;; such that, for every y € V3 j,

ij,QHy”pj,Q > Hggo"ﬁ)y o > P;j72||y||17j727 (420)
VB
and for every z in Vi ; we have,
|62 < ol (4.21)
pj,1

We consider the product 2} x Q2 endowed with (df,.,d3.), where db.’s are
defined by (45) with the use of the norms defined in ([£.20) for i = 2, and ([@21))
for ¢ = 1.

LEMMA 4.22. Let s(%0) be as above. Then there exist constants p > 1 and
1>~ > 0 such that for every y + B € Q2 satisfying dj. (y + B,0) < 3, we have

s (5§a°’ﬁ°)(y + B), 0) > pda (y + B,0).
In particular, iterating the above inequality, it follows that 5§a°7ﬁ 0) s expansive,

i.e., there exists an open ball U (of radius v/2) around 0 such that for every

0#£y+BelU,
there ewists | such that .
(5éao,ﬁo)) y+BeU.

e
maxpes Pp,2’
Changing the representative y, if necessary, we can assume that

Iyllgs <~/2. (4.23)
For simplicity, we denote the matrix 5ga°’ﬁ o) by A. By ([£20) and ([E21) we get,

2 P 3 P— .
by (Aly +B).0) = inf max [[Ay; — byl ,

Proof. Let ¢ = infpep\joy [[bllgs, v = and p = minyes p), 5.

= inf max [|A(y; — A7'b;)||

beB0<;<s Pj,2

> inf max p;,ﬁg Hyg - A_le'H

~ beB0<j<s (4.24)

Dj,2

> inf max (minp),,) |ly; — A7"b;|

T beB0<j<s peS Pj,2
= pinf —A7'b .
pint ||y los
It follows from Lemma .10 and (£20)) that for every non-zero element

b= (b,—b,...,—b) € B,
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we have .
-1 _ -1
14" bl = gua 14718, 2> e bl
: (4.25)
1 1
>———|bllgs =2 ————==1.
maXpes Pp,2 maXpes Pp,2
By [@23) and (£.25) we get
. 1 .
inf fly — A" bllg; = inf [y —bllg; = Iyllos = dus(y + B0).  (4.20
Now (£26) and (E24) imply the conclusion. O

For every | € N,

! !
dya ((53%,@))) (xn + B), 0) = inf max (5§a[)’ﬁ0)) (xn); — b;

beB 0<;<s

pj,l

! 1
— inf ( (Oéo,ﬁo)) o ( (Otoﬁ())) )
beB 0 2s || U1 (en)y = o1 g pill
VR
; l (a0,80)) !
< g, on ) | ey = 61 ) 0|
VR

1
X, — (5§a0750)) b‘

l
< | max p,. 1) inf
- (pGS Pr, beB

l
< (maseon) bl

Since [xpllgs — 0, we can assume that [[X,llgs < 3 infhep (o} [[bllgs-
Then

Q:

||Xn||@ﬁ = d%)ﬁ (X" + B, 0)7

and consequently we have

1 l
dgs <<5§a°’ﬁ°)) (xn + B), O) < (magppJ) dy (x5, + B,0). (4.27)
Similarly,
1 l
d2, ((séa(“ﬁ 0)) (yn + B), 0) < (mggc pp,2> d%(yn + B,0). (4.28)
a p a

Fix r such that 1/(max,es pp2)" < /2. Since [lyn[lgs — 0 we may assume that

T
ol /2 and (vt B0) <1/ (e ).
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By LemmalL.22 and [£28)), for each n, there exists the smallest number I,, € N
such that

ln
oy <(5§a°’ﬁ °)) (yn + B), 0) > plndgs (yn + B,0), where p= min pf, o,

and

—(r+1) L, —r
<maxpp72> < &, <<5gm,ﬁo>) (¥n +B),O> < (maécpr) . (4.29)

peES pE

Since Q% is compact, we can choose a subsequence n; such that
a b

In
lim ((5(2&0’50)) e B> =y+B#0

k—o00
and (1) .,
(rgggpp,z> < dbi(y + B,0) < (glgg%,z) : (4.30)
By (£29) and (4.27) we have

l
2 (0,80)\ "F
dﬂg <(52 ) Yn, + B, 0) N (minpes p;,g)lnk d??ﬁ (yn + B,0)

L maxpes Pp,1 d%zg (x, + B,0)"

I =
b <<5§a0750)) ank 4B, 0)

Now ([@30) and ([4I9) together with our assumption that the limit in (£I18) is
non-zero or +oo imply that

ZTL o
déﬁ ((5&0‘0’&))) Vo + B,O)
kim ;
—00 d%24 ((53040;50)) kxnk +B,O>

This and ([@30) imply that

= +00.

In
dgya <<5§a°’ﬁ°)> Xy, + B, 0) —0 as k— oo.

Thus, we have a sequence of points
ln ln .
{((550‘0’%)) Xn, + B, <5§O‘°’B°)) Vo + B)} cQ
such that

In In
<<5§a0750)) ank i B’(séaoﬁo)) k}’nk + B> — (By + B) € {0} X Qi,
with

—(r+1) —r
y+B#0 and (max ppg) < dji(y + B,0) < (maxppg) .
peES a pES
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Repeating this construction for the sequence of natural numbers r — oo we get
a sequence of different points in ({0} x Q%) N Q tending to zero. This contra-
dicts (EI7T).

If the limit in (£I])) is zero, then we proceed analogously to the previous
case changing the role of coordinates in Q% x Q3. By Lemma 2] there exists an
element s(®0%) € % such that min,cg Pl > MaXpes pp2 > 1. By Lemma [£.16]
there exist norms ||-[|,, ; in V; ; such that, for every z € Vi j,

(@6:55)
sl =[] 2 ol
pj,1
and for every y in V5 ; we have,
(a,80)
o5 < el
pj,2
Now we consider : )
dQé’ 1= 1, 2,
defined by (4.3]) with the use of [-||,,, ; defined above, and we prove the analogue
of Lemma [4.22] saying that 5§QO7B°) is expansive. This allows us to construct a

sequence of points
(yr + B, B) € 2 x {0},
with
yr+ B #0, (rgggpp,1)‘(’”+” < daa (yr + B,0) < (maxpp1) ™"

This again contradicts ([ZIT). O

ACKNOWLEDGEMENT. The author would like to thank Professor W. Narkiewicz
for his help concerning the proof of Lemma

REFERENCES

[1] BEREND, D.: Multi-invariant sets on tori, Trans. Amer. Math. Soc. 280 (1983),
no. 2, 509-532.

[2] BEREND, D.: Multi-invariant sets on compact abelian groups, Trans. Amer. Math.
Soc. 286 (1984), no. 2, 505-535.

[3] BEREND, D.: Dense (mod 1) dilated semigroups of algebraic numbers, J. Number
Theory, 26 (1987), no. 3, 246-256.

[4] DUBICKAS, A.: Two ezxercises concerning the degree of the product of algebraic
numbers, Publ. Inst. Math. (Beograd) (N.S.) 77 (2005), no. 91, 67-70.

131



ROMAN URBAN

[5] HEWITT, E. - ROSS, K. A.: Abstract Harmonic Analysis. Vol 1, Springer, Berlin,
1994.

[6] KRA, B.: A generalization of Furstenberg’s Diophantine theorem, Proc. Amer.
Math. Soc. 127 (1999), no. 7, 1951-1956.

[7] URBAN, R.: On density modulo 1 of some expressions containing algebraic inte-
gers, Acta Arith. 127 (2007), no. 3, 217-229.

[8] URBAN, R.: Algebraic numbers and density modulo 1., J. Number Theory 128
(2008), no. 3, 645-661; Corrigendum, J. Number Theory 129 (2009), no. 11,
2879—-2881.

Received May 11, 2009 Roman Urban

Accepted April 12, 2010 Institute of Mathematics

132

Wroclaw University
Plac Grunwaldzki 2//
PL-50-384 Wroclaw
POLAND

E-mail: urban@math.uni.wroc.pl



	1. Introduction
	Structure of the paper

	2. Examples
	3. The product semigroup 
	3.1. Definition of 
	3.2. Projected semigroups 1 and 2

	4. Proof of Theorem 1.1
	4.1. Proof of Lemma 4.11

	REFERENCES

