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ALGEBRAIC NUMBERS AND DENSITY

MODULO 1, II

Roman Urban

ABSTRACT. This is a companion paper to [8]. In [8], using ideas of Berend [3]
and Kra [6], it was proved that the sets of the form

{λn
1
µm
1
ξ1 + λn

2
µm
2
ξ2 : n,m ≥ 1},

where ξ1, ξ2 ∈ R, λ1, µ1 and λ2, µ2 are two pairs of multiplicatively independent
real algebraic numbers satisfying certain technical conditions, including that µi ∈
Q(λi), i = 1, 2, are dense modulo 1/κ, for some κ ≥ 1.

In this paper we extend the result from [8], showing that the condition µi ∈
Q(λi) can be removed by imposing appropriate conditions on the norms of con-
jugates of λi, µi and the degree of the algebraic numbers λn

i µ
m
i .

Communicated by István Berkes

Dedicated to the memory of Professor Edmund Hlawka

1. Introduction

This is a companion paper to [8]. We extend the result from [8] showing that
the condition µi ∈ Q(λi) can be removed by imposing appropriate conditions on
the norms of conjugates of λi, µi and the degree of the algebraic numbers λn

i µ
m
i .

In order to do that we define in § 3.1 the semigroup Σ in a different way than
it was done in [8]. Having this new semigroup Σ the main steps of the proof of
our result remain essentially the same as in [8]. However, some modifications are
required. For example, we have to deal with the higher dimensional dynamical
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ROMAN URBAN

systems than that of [8], and hence the proof becomes much more technical and
complicated.

Let K be a real algebraic number field, and let K∗ denote its multiplicative
group. Recall that two numbers λ, µ ∈ K∗ are calledmultiplicatively dependant if
there exist integersm and n, not both of which are 0 with λm = µn. Equivalently,
they are both rational powers of the same element β ∈ K∗. We say that λ and µ
are multiplicatively independent if they are not multiplicatively dependent.

Denote N0 = N ∪ {0}.Theorem 1.1. Let λ1, µ1 and λ2, µ2 be two distinct pairs of multiplicatively in-
dependent real algebraic numbers of degree 2, with absolute values greater than 1,
such that the absolute values of their conjugates, λ̃1, µ̃1, λ̃2, µ̃2, are also greater
than 1. Assume that

(i) for every n,m ∈ N, degQ(λ
n
i µ

m
i ) = 4.

Let p1, p2, . . . , ps ≥ 2 be the primes appearing in the denominators of coeffi-
cients of the minimal polynomials Pλi

, Pµi
,∈ Q[x] of λi and µi, i = 1, 2. We set

S={∞, p1, p2, . . . , ps}.
Assume further that the following conditions are satisfied 1:

(ii) |λi|∞ > |λ̃i|∞ > 1 and |µi|∞ > |µ̃i|∞ > 1, i = 1, 2,

(iii) there exist (α, β), (α′, β′) ∈ N2
0 \ {(0, 0)}, and two positive integers k, l,

k 6= l such that

min

(

min
p∈S\{∞}

|λ2µ2|αp |λk
2µ

l
2|βp , |λ̃2µ̃2|α∞|λ̃k

2 µ̃
l
2|β∞

)

> max

(

max
p∈S\{∞}

|λ1µ1|αp |λk
1µ

l
1|βp , |λ1µ1|α∞|λk

1µ
l
1|β∞

)

and

min

(

min
p∈S\{∞}

|λ1µ1|α
′

p |λk
1µ

l
1|β

′

p , |λ̃1µ̃1|α
′

∞|λ̃k
1 µ̃

l
1|β

′

∞

)

> max

(

max
p∈S\{∞}

|λ2µ2|α
′

p |λk
2µ

l
2|β

′

p , |λ2µ2|α
′

∞|λk
2µ

l
2|β

′

∞

)

,

(iv) |λi|p = |λ̃i|p > 1 and |µi|p = |µ̃i|p > 1, for p ∈ S \ {∞}.
Then for any pair of real numbers ξ1, ξ2, with at least one ξi non-zero, there

exists a natural number κ such that the set

{λn
1µ

m
1 κξ1 + λn

2µ
m
2 κξ2 : n,m ∈ N} (1.2)

is dense modulo 1.

1Here | · |p stands for the p-adic norm in the field Qp(λ1, µ1, λ2, µ2), whereas | · |∞ denotes

the usual absolute value in R.
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ALGEBRAIC NUMBERS AND DENSITY MODULO 1

As a result we are able to consider more general expressions containing alge-
braic numbers than that considered in [8]. For example, our Theorem 1.1 implies
that the following double-sequence

(

7
√
2 +

1

2 · 3 · 5 · 7

)n (
72√
5
+

1

23 · 32 · 52 · 72
)m

+

(

75
√
3 +

1

211 · 311 · 511 · 711
)n (

7√
7
+

1

2 · 3 · 5 · 7

)m

, n,m ∈ N (1.3)

is dense modulo 1/κ for some κ ≥ 1 (see Corollary 2.9).Remark. We should remark here that Theorem 1.1 is not a generalization
of [8, Theorem 1.5]. These two theorems are of different kind. In particular,
it is not true that if the algebraic numbers λi, µi, i = 1, 2, satisfy the set of
conditions required in [8] then they satisfy all of the assumptions required here.
For instance, in the example on p. 647 in [8], illustrating [8, Theorem 1.5], one
has degQ λiµi = 2, i = 1, 2. Hence, the condition (i) of Theorem 1.1 is not
satisfied.Remark. Although conditions given in (iii) seem to be very complicated they
have in fact a simple dynamical meaning. Namely, the various norms may be
understood as the speeds of contraction and/or expansion along coordinate axes
in appropriate product of p-adic vector spaces (see Lemma 4.2).Remark. In the case when all the numbers λi, µi are algebraic integers we have
S = {∞} and Theorem 1.1 has much simpler formulation as all p-adic norms
disappear. As an example consider the following expression

(√
7 + 1

)n (

3
√
3 + 1

)m

ξ1 +
(

100
√
5 + 3

)n (

2
√
2 + 1

)m

ξ2. (1.4)

It follows from Corollary 2.9 that the condition (iii) of Theorem 1.1 is satisfied
and hence there is κ ≥ 1 such that (1.4) is dense modulo 1/κ.Remark. A direct proof of Theorem 1.1 in case S = {∞} would be simpler. In
this case the semigroup Σ (constructed in § 3) acts on T4 ×T4 instead of on the
product of two solenoids. For the corresponding result concerning the action of
a commutative semigroup of continuous endomorphisms on the d-dimensional
torus see [1] (cf. [7]).

Structure of the paper

In § 2 we state and prove some auxiliary results which are useful for decid-
ing whether the given algebraic numbers λi, µi satisfy the assumptions of Theo-
rem 1.1. In § 3 we consider two commutative semigroups Σ1 and Σ2 of continuous
endomorphisms of Ω4

a and study the closed invariant sets for the corresponding
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ROMAN URBAN

action of the diagonal subgroup of Σ1 × Σ2 on the product Ω4
a × Ω4

a. In § 4 we
prove Theorem 1.1.

2. ExamplesLemma 2.1. Let λ, µ > 1 be multiplicatively independent real algebraic numbers.

(i) Then for every positive integers k 6= l the numbers λµ and λkµl are multi-
plicatively independent.

(ii) Suppose that for some positive integers k 6= l, λµ and λkµl are multiplica-
tively independent. Then λ and µ are multiplicatively independent.

(iii) Suppose that degQ λ = degQ µ = 2 and degQ(λµ) = 4. Then we have
Q(λ, µ) = Q(λµ).

P r o o f. (i) and (ii) are obvious. We prove (iii). Since degQ λ = degQ µ = 2,

[Q(λ, µ) : Q] = [Q(λ, µ),Q(λ)][Q(λ),Q] = [Q(λ, µ),Q(λ)] · 2 ≤ 4.

By the assumption
degQ(λµ) = 4, and so [Q(λµ) : Q] = 4.

Since Q(λµ) ⊂ Q(λ, µ), it follows that [Q(λ, µ) : Q] = 4. �

The following lemmas will be used to check if a given pair of algebraic numbers
is multiplicatively independent.Lemma 2.2. Let p, q > 1 be the square-free numbers and a, b ∈ Q. If p 6= q, then√
p+ a and

√
q + b are multiplicatively independent.

P r o o f. Suppose that
log(

√
p+a)

log(
√
q+b) = w is rational and denote w = r

s
. Then

(
√
p+ a)s = (

√
q+ b)r. Since Q(

√
p)∩Q(

√
q) = Q, it follows that (

√
p+ a)s and

(
√
q+ b)r are rational. Consider v = (

√
p+ a)s ∈ Q. Let σ be the automorphism

of Q(
√
p) sending

√
p 7→ −√

p. Then v = σ(v) = (−√
p + a)s and consequently

u =
√
p+a

−√
p+a

is an sth root of unity. Since u ∈ Q(
√
p), we must have u = 1 or

u = −1, and we see that u = −1 and a = 0. Repeating the same argument
with v = (

√
q + b)r we get that also b = 0. Therefore we have qw = p. This is a

contradiction. �

The following is an easy generalization of the previous result.Lemma 2.3. Let p, q > 1 be the square-free numbers and a, b, c, d ∈ Q. If p 6= q,
then c

√
p+ a and d

√
q + b are multiplicatively independent.
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ALGEBRAIC NUMBERS AND DENSITY MODULO 1

P r o o f. Using the same argument as in the proof of the previous lemma we get,

(d
√
q)w = c

√
p,

where w = r
s
∈ Q, and consequently

d2rqr = c2sps.

Since at least one of r and s is odd we get a contradiction. �

More generally, in [3, Proposition 4.2] it is proved that for λ and µ which are
effectively given complex algebraic numbers it is possible effectively to decide
whether or not they are multiplicatively independent.

To decide if the condition (i) of Theorem 1.1 is satisfied we need to recall a
result from [4]. Let k be a field. An algebraic number β over k is called torsion-

free if β̃/β is not a root of unity for any β̃ 6= β, where β̃ and β are conjugate
over k.Theorem 2.4 (Dubickas, [4, Theorem 2]). Suppose that α is an algebraic num-
ber of degree d over a field k of characteristic zero, and let K be a normal closure
of k(α) over k. If β is torsion-free and L = k(β) is a normal extension of k of
degree l and L ∩K = k, then

degk(αβ) = dl.Remark 2.5. It follows from Theorem 2.4 that if both λi’s and the µi’s are of
degree 2 and are not square roots of rational numbers and λi 6∈ Q(µi), then

degQ(λ
n
i µ

m
i ) = 4.

In the following lemmas we give conditions on λi, µi that are easy to check
and guarantee that (iii) of Theorm 1.1 holds.

Let S be as in Theorem 1.1. We denote S∗ = S \ {∞}. The following two
lemmas are easy.Lemma 2.6. Let λi, µi, i = 1, 2, be real algebraic numbers of degree 2. Suppose
that there exist positive integers k 6= l such that

min
p∈S∗

|λ2µ2|p >max
p∈S

|λ1µ1|p,

|λ̃2µ̃2|∞>max
p∈S

|λ1µ1|p
and

max
p∈S

|λk
2µ

l
2|p < min

p∈S∗

|λk
1µ

l
1|p,

max
p∈S

|λk
2µ

l
2|p < |λ̃1µ̃1|∞.

(2.7)

Then there are (α, β), (α′, β′) ∈ N2
0 \ {(0, 0)} such that the inequalities (iii) of

Theorem 1.1 hold.
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ROMAN URBANLemma 2.8. Let λi, µi, i = 1, 2, be real algebraic numbers of degree 2. Suppose
that either

max
p∈S

|λ2|p < min
p∈S∗

|λ1|p,

max
p∈S∗

|λ2|p < min
p∈S∗

|λ̃1|p,

|λ2|∞< |λ̃1|∞
or

min
p∈S∗

|µ1|p > max
p∈S

|µ2|p,

|µ̃1|∞> max
p∈S

|µ2|p.

Then there exist positive integers k 6= l such that (2.7) holds.

To sum up we have the followingCorollary 2.9. Let λ1, µ1 and λ2, µ2 be two distinct pairs of multiplicatively
independent algebraic numbers of degree 2, with absolute values greater than 1,
such that the absolute values of their conjugates, λ̃1, µ̃1, λ̃2, µ̃2, are also greater
than 1. Assume that the following conditions are satisfied:

• for every n,m ∈ N, degQ(λ
n
i µ

m
i ) = 4,

• |λi|∞ > |λ̃i|∞ > 1 and |µi|∞ > |µ̃i|∞ > 1, i = 1, 2,

• |λi|p = |λ̃i|p > 1 and |µi|p = |µ̃i|p > 1, for p ∈ S∗ = S \ {∞},
• minp∈S∗ |λ2µ2|p > maxp∈S |λ1µ1|p and |λ̃2µ̃2|∞ > maxp∈S |λ1µ1|p,
• max

p∈S
|λ2|p < min

p∈S∗

|λ1|p and |λ2|∞ < |λ̃1|∞
or

min
p∈S∗

|µ1|p > max
p∈S

|µ2|p and |µ̃1|∞ > max
p∈S

|µ2|p. (2.10)

Then for any pair of real numbers ξ1, ξ2, with at least one ξi non-zero, there
exists a natural number κ such that

{λn
1µ

m
1 κξ1 + λn

2µ
m
2 κξ2 : n,m ∈ N}

is dense modulo 1.

3. The product semigroup Σ

In this section we construct a semigroup Σ acting on the product of an ap-
propriately chosen solenoid Ωa and study the properties of this action. The
semigroup Σ will play an important role in the proof of Theorem 1.1. The idea
of such a construction goes back to [3].
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ALGEBRAIC NUMBERS AND DENSITY MODULO 1

3.1. Definition of Σ

Let λ1, µ1 and λ2, µ2 be two distinct pairs of multiplicatively independent
real algebraic numbers of degree 2, satisfying assumptions of Theorem 1.1.
For positive integers k 6= l, define,

s0 = λ1µ1, r0 = λ2µ2 (3.1)

and

s1 = λk
1µ

l
1, r1 = λk

2µ
l
2. (3.2)

By Lemma 2.1, s0, s1 and r0, r1 are multiplicatively independent and λk
i µ

l
i ∈

Q(λiµi). Therefore, we have that s1 ∈ Q(s0) and r1 ∈ Q(r0). Hence we can
express the elements s1, r1 as polynomials with rational coefficients in s0 and r0,
respectively,

s1 = g(s0), r1 = h(r0), (3.3)

where g, h ∈ Q[x]. Let N0 = N ∪ {0}. For (α, β) ∈ N2
0,

sα0 s
β
1 =λα+kβ

1 µα+lβ
1 ,

rα0 r
β
1 =λα+kβ

2 µα+lβ
2 .

(3.4)

By the assumption (i) of Theorem 1.1,

degQ s0 = degQ s1 = 4 (3.5)

and

degQ r0 = degQ r1 = 4. (3.6)

Let λ > 1 be a real algebraic number of degree d with minimal (monic) polyno-
mial Pλ ∈ Q[x],

Pλ(x) = xd + cd−1x
d−1 + . . .+ c1x+ c0.

With λ we associate the following companion matrix of Pλ,

σλ =









0 1 0 . . . 0
0 0 1 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . 1

−c0 −c1 −c2 . . . −cd−1









. (3.7)

Let σs0 and σr0 be the companion matrices associated with s0 and r0, respec-
tively. By (3.5) and (3.6), σs0 , σr0 ∈ GL(4,Q). We put

τs1 = g(σs0) and τr1 = h(σr0), (3.8)

where the polynomials g and h are defined in (3.3).
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ROMAN URBAN

Let Σ be the semigroup generated by
(
σs0

0
0 σr0

)

and
(
τs1 0
0 τr1

)

, i.e,

Σ =

〈(
σs0 0
0 σr0

)

,

(
τs1 0
0 τr1

)〉

.

By (3.8) the semigroup Σ is commutative. A general element of the semigroup
Σ is denoted by

s
(α,β) =

(
σα
s0
τβs1 0

0 σα
r0
τβr1

)

∈ GL(8,Q), (α, β) ∈ N2
0 \ {(0, 0)}.

Let

Σ1 =
{

s
(α,β)
1 := σα

s0
τβs1 : (α, β) ∈ N2

0 \ {(0, 0)}
}

,

Σ2 =
{

s
(α,β)
2 := σα

r0
τβr1 : (α, β) ∈ N2

0 \ {(0, 0)}
}

.

Clearly, Σi, i=1, 2 are finitely generated commutative subsemigroups of GL(4,Q) :

Σ1 =
〈

s
(1,0)
1 , s

(0,1)
1

〉

= 〈σs0 , τs1〉,

Σ2 =
〈

s
(1,0)
2 , s

(0,1)
2

〉

= 〈σr0 , τr1〉.

The semigroups Σi, i = 1, 2, act on the solenoids2 Ω4
ai
, where a1 (resp., a2)

is the product of primes appearing in the denominators of the entries of σs0

and τs1 , (resp., σr0 and τr1). Equivalently, a1 is the product of primes appearing
in the denominators of the coefficients of the minimal polynomials Pλ1

and Pµ1

of λ1, µ1 (resp., the minimal polynomials Pλ2
and Pµ2

of λ2, µ2). Hence, Σ1

(resp., Σ2) is a finitely generated semigroup of continuous endomorphisms of a
compact Abelian group Ω4

a1
(resp., Ω4

a2
). Therefore, the set Σ forms an Abelian

semigroup of endomorphisms of Ω4
a1
× Ω4

a2
, with the action given by

s
(α,β)(x,y)t =

(

s
(α,β)
1 x, s

(α,β)
2 y

)t

, (x,y)t ∈ Ω4
a1

× Ω4
a2
.

Let
a1 = pi1pi2 . . . pis1 and a2 = pj1pj2 . . . pjs2 .

We denote
S1 = {pi1 , pi2 , . . . , pis1} ∪ {∞}

and

2Let a = p1p2 . . . ps, where pi are different primes. Consider Z[1/a] as a topological group

with the discrete topology. The dual group Ẑ[1/a] of Z[1/a] is called an a-adic solenoid and we

denote it by Ωa. The compact abelian group Ωd
a may be considered as a quotient group of the

additive group Rd×Qd
p1

×· · ·×Qd
ps

by a discrete subgroup B =
{(

b,−b, · · · ,−b
︸ ︷︷ ︸

s

)
: b ∈ Z[1/a]d

}

.

That is, Ωd
a = Rd × Qd

p1
× · · · × Qd

ps
/B. (For more details on solenoids see [5].)
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ALGEBRAIC NUMBERS AND DENSITY MODULO 1

S2 ={pj1 , pj2 , . . . , pjs2} ∪ {∞}.
Observe that the set S of primes defined in the statement of Theorem 1.1

is equal to
S = S1 ∪ S2. (3.9)Remark 3.10. Let a be a product of different primes from the set S \ {∞}.

Then the semigroups Σi, i = 1, 2, act on Ω4
a and Σ acts on Ω4

a × Ω4
a.

3.2. Projected semigroups Σ1 and Σ2

From now on the semigroups Σi act on Ω4
a and Σ acts on Ω4

a × Ω4
a, where a

is defined in Remark 3.10.

We say that the semigroup Σ of continuous endomorphisms of a compact
group G has the ID-property, or that Σ is an ID-semigroup, if the only infinite
closed Σ-invariant 3 subset of G is G itself. 4

Our aim in this subsection is to prove that Σ1 and Σ2 are ID-semigroups.
We will use the following theorem which gives necessary and sufficient conditions
in arithmetical terms for a commutative semigroup Σ of endomorphisms of Ωd

a

to have the ID-property.Theorem 3.11 (Berend, [2, Theorem II.1]). A commutative semigroup Σ of
continuous endomorphisms of Ωd

a has the ID-property if and only if the following
hold:

(i) There exists an endomorphism σ ∈ Σ such that the characteristic polyno-
mial fσn of σn is irreducible over Q for every positive integer n.

(ii) For every common eigenvector v of Σ there exists an endomorphism σv ∈ Σ
whose eigenvalue in the direction of v is of norm greater than 1.

(iii) Σ contains a pair of multiplicatively independent endomorphisms.5

Let us explain in more details how to understand the statement of the condi-
tion (ii). Note that the semigroup Σ acts in a natural way on the “covering space”
Rd ×Qd

p1
× · · · × Qd

ps
. It is proved in [2] that the condition (i) implies that the

roots λ1,σ, . . . λd,σ of σ are distinct and that there exists a basis v(i) ∈ Q(λi,σ)
d,

i = 1, . . . , d, in which Σ has a diagonal form. Let Kj be the splitting field of the
characteristic polynomial fσ of σ over Qpj

, j = 0, . . . , s, and let v1,j, . . . , vd,j be

a basis of Kd
j corresponding to v(i), i = 1, . . . , d. The vectors vi,j, i = 1, . . . , d,

3Recall that a subset A ⊂ G is said to be Σ-invariant if ΣA ⊂ A.
4ID stands for infinite invariant is dense.
5We say, as we do in the case of real numbers, that two endomorphisms σ and τ are rationally
dependent if there exist integers m and n, not simultaneously equal to 0, such that σm = τn.
Otherwise, we say that σ and τ are rationally independent.
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ROMAN URBAN

j = 0, . . . , s, are the common eigenvectors of Σ. Denote by λi,j,τ , i = 1, . . . , d,
the eigenvalues of any τ ∈ Σ, considered as a linear map of Kd

j with respect to

the basis v1,j , . . . , vd,j . Then the condition (ii) says that for every 1 ≤ i ≤ d and
0 ≤ j ≤ s there exists a σi,j ∈ Σ such that |λi,j,σi,j

|pj
> 1.Lemma 3.12. Σ1 is a commutative ID-semigroup.

P r o o f. Commutativity of Σ1 follows from (3.3) and definition (3.8) of τs1 .
Now we have to check conditions of Theorem 3.11.

Let us start with (iii). Since s0 and s1 are multiplicatively independent it
follows that σs0 and σs1 are multiplicatively independent.

(ii) For a given matrix A we denote by Spect(A) the set of eigenvalues of A.
By the assumption, for p ∈ S, p-adic absolute values of λ1, µ1 and their conju-
gates are greater than 1. Hence, by (3.1) and (3.2), it follows that

min{|ρ|p : ρ ∈ Spect(σs0) ∪ Spect(τs1), p ∈ S1} > 1.

(i) Since, for every n, degQ(s
n
0 ) = 4 it follows that the characteristic polyno-

mial fσsn
0

of σsn
0
is irreducible over Q for every n ∈ N. �Lemma 3.13. Σ2 is a commutative ID-semigroup.

P r o o f. Analogous to the proof of Lemma 3.12. �

For a given subset A ⊂ Ω4
a × Ω4

a and ω1, ω2 ∈ Ω4
a, we define

Aω1
= {ω2 ∈ Ω4

a : (ω1, ω2) ∈ A} ⊂ Ω4
a,

Aω2
= {ω1 ∈ Ω4

a : (ω1, ω2) ∈ A} ⊂ Ω4
a.

(3.14)

The following lemma follows immediately from Lemmas 3.12 and 3.13.Lemma 3.15. Let A be a non-empty, s(1,0)- and s
(0,1)-invariant closed subset of

Ω4
a × Ω4

a. Then

(i) the set P2 = {ω2 ∈ Ω4
a : Aω2

6= ∅} is either the whole Ω4
a or is a finite set

of torsion elements in Ω4
a,

(ii) the set P1 = {ω1 ∈ Ω4
a : Aω1

6= ∅} is either the whole Ω4
a or is a finite set

of torsion elements in Ω4
a.

For a given positive integer q we denote by Ωd
a(q) the subgroup of Ωd

a consisting
of all elements whose order divides q. It is known (see [2, Lemma II.13]) that for
every q ∈ N, the subgroup

Ωd
a(q) ≃ Z[1/a]d/qZ[1/a]d ≃ (Z[1/a]/qZ[1/a])d

is finite.
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ALGEBRAIC NUMBERS AND DENSITY MODULO 1Lemma 3.16 ([8, Lemma 3.2]). Let σ be a d × d-invertible matrix with entries
from the ring Z[1/a]. Let r ∈ Ωd

a(q) ⊂ Ωd
a, q = qα1

1 qα2

2 . . . qαm
m , where qi are

different primes and αi ∈ N, be a torsion element. Assume that for 1 ≤ i ≤ m,
| detσ|qi = 1. Then there exists a k ∈ N such that

σkr = r in Ωd
a.Lemma 3.17. Let A be a non-empty, s(1,0)- and s

(0,1)-invariant closed subset of
Ω4

a × Ω4
a. Then A contains a torsion element.Remark. Although Lemma 3.17 can be deduced from appropriate analogues of

[8, Lemma 3.3 and Lemma 3.4] and their proofs, we decided to present here a
detailed proof as it is one of the crucial results.

P r o o f. By Lemma 3.15 the set P2 = {ω2 ∈ Ω4
a : Aω2

6= ∅} is either the whole Ω4
a

or is a finite set of torsion elements in Ω4
a. There are two cases. The first one,

when P2 contains a torsion element ω2 of degree q = qα1

1 . . . qαr
r such that

∣
∣
∣det s

(1,0)
1

∣
∣
∣
qj
=

∣
∣
∣det s

(0,1)
1

∣
∣
∣
qj
= 1, j = 1, . . . , r,

(in particular this holds if P2 = Ω4
a). Then, by Lemma 3.16, we can find k1 and

k2 ∈ N such that (s
(1,0)
1 )k1ω2 = ω2 and (s

(0,1)
1 )k2ω2 = ω2. Thus we see that Aω2

is a non-empty, closed, (s
(1,0)
1 )k1- and (s

(0,1)
1 )k2-invariant subset of Ω4

a. Clearly,

the semigroup 〈(s(1,0)1 )k1 , (s
(0,1)
1 )k2〉 is an ID-semigroup of endomorphisms of Ω4

a

(see the proof of Lemma 3.12). Hence, Aω2
is either a finite set of torsion elements

or is the whole Ω4
a. Thus, the lemma follows in this case.

Consider the second case. If P2 is a finite set of torsion elements but there is
no torsion element of degree q = qα1

1 . . . qαr
r such that

∣
∣
∣det s

(1,0)
1

∣
∣
∣
qj
=

∣
∣
∣det s

(0,1)
1

∣
∣
∣
qj
= 1, j = 1, . . . , r,

then we pick up arbitrary torsion element ω2 from P2, and instead of A we con-
sider the set A′ which is obtained from A by multiplying the second coordinate
by the order of ω2. Then the set P ′

2 corresponding to A′ contains 0. Since Aω2

was non-empty, the set

A′
0 = {ω1 ∈ Ω4

a : (ω1, 0) ∈ A′} ⊂ Ω4
a

is also non-empty. Moreover, since A′ is s
(1,0)- and s

(0,1)-invariant it follows

that A′
0 is s

(1,0)
1 - and s

(0,1)
1 -invariant. Finally, it is clear that A′

0 is closed. Since

the semigroup 〈(s(1,0)1 ), (s
(0,1)
1 )〉 is an ID-semigroup of endomorphisms of Ω4

a

(Lemma 3.12), it follows that A′
0 is either a finite set of torsion elements or

is the whole Ω4
a. Thus, we have proved that A′ contains a torsion element. But

then also A must contain a torsion element and the lemma follows. �
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ROMAN URBANRemark. Notice that we do not have to use Lemma 3.16 in the proof of
Lemma 3.17. In fact, in both cases we can proceed as in the second case. We
included the reasoning with Lemma 3.16 since it shows a nice property that for
the torsion element ω2 satisfying assumptions of Lemma 3.16, the set Aω2

is
either a finite set of torsion elements or is the whole Ω4

a.Lemma 3.18. Let A be a closed, s(1,0)- and s
(0,1)-invariant subset of Ω4

a × Ω4
a.

If all torsion elements of A are isolated in A, then A is finite.

P r o o f. The same as the proof of [8, Lemma 3.4]. �

4. Proof of Theorem 1.1

Let a be the product of different primes appearing in a1 and a2, that is

a =
∏

p∈S\{∞}
p,

where S is defined in (3.9). As we observed there

S = {∞, p1, p2, . . . , ps}
with pi’s as in Theorem 1.1.

For ω = (ω1, ω2) ∈ Ω4
a × Ω4

a consider the orbit Σω of the point ω under the
action of the semigroup Σ = 〈s(1,0), s(0,1)〉,

Σω =
{(

s
(α,β)
1 ω1, s

(α,β)
2 ω2

)

∈ Ω4
a × Ω4

a : (α, β) ∈ N2
0 \ {(0, 0)}

}

. (4.1)

Clearly, Σω is Σ-invariant.

Consider a general element s(α,β) of the semigroup Σ,

s
(α,β) =

(
σα
s0
τβs1 0
0 σα

r0
τβr1

)

, for some (α, β) ∈ N2
0 \ {(0, 0)}.

Denote the diagonal elements of the matrix s
(α,β), which are 4 × 4-nonsingular

matrices belonging to M(4,Z[1/a]), by s
(α,β)
1 and s

(α,β)
2 . By definition

s
(α,β)
1 = σα

s0
τβs1 ∈ M(4,Z[1/a1])

and
s
(α,β)
2 = σα

r0
τβr1 ∈ M(4,Z[1/a2]).

We denote the conjugates of s0 and s1 as follows

s0 = s0,1 = λ1µ1, s0,2 = λ̃1µ1, s0,3 =λ1µ̃1, s0,4 = λ̃1µ̃1,

s1 = s1,1 = λk
1µ

l
1, s1,2 = λ̃k

1µ
l
1, s1,3 =λk

1 µ̃
l
1, s1,4 = λ̃k

1µ̃
l
1,
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and similarly for r0 and r1,

r0 = r0,1 = λ2µ2, r0,2 = λ̃2µ2, r0,3 =λ2µ̃2, r0,4 = λ̃2µ̃2,

r1 = r1,1 = λk
2µ

l
2, r1,2 = λ̃k

2µ
l
2, r1,3 =λk

2 µ̃
l
2, r1,4 = λ̃k

2 µ̃
l
2.

For p ∈ S, let ρp,1 ≥ ρ′p,1 (ρp,2 ≥ ρ′p,2, resp.) denote the p-adic norms of the

maximum and minimum of the eigenvalues of the matrix s
(α,β)
1 (resp., s

(α,β)
2 ).

We have

ρp,1 =max
{

|s0,i|αp |s1,j|βp : i, j = 1, 2, 3, 4
}

,

ρ′p,1 = min
{

|s0,i|αp |s1,j|βp : i, j = 1, 2, 3, 4
}

and

ρp,2 =max
{

|r0,i|αp |r1,j |βp : i, j = 1, 2, 3, 4
}

,

ρ′p,2 = min
{

|r0,i|αp |r1,j |βp : i, j = 1, 2, 3, 4
}

.

It is easy to check that we have the followingLemma 4.2. Under the assumptions of Theorem 1.1, there exists (α0, β0) such
that s(α0,β0) satisfies

min
p∈S

ρ′p,2 > max
p∈S

ρp,1 > 1. (4.3)

Moreover, there exists (α′
0, β

′
0) such that s(α

′

0
,β′

0
) satisfies

min
p∈S

ρ′p,1 > max
p∈S

ρp,2 > 1. (4.4)

We introduce the following notation. Let

V1 × V2 :=

s∏

j=0

Q4
pj

×
s∏

j=0

Q4
pj
.

For i = 1, 2 we write Vi = (Vi,0, Vi,1, . . . , Vi,s), where Vi,j = Q4
pj
. By Q4

a we

denote the “covering space” of Ω4
a, i.e.,

Q4
a =

s∏

j=0

Q4
pj
.

If the spaces Q4
pj
, j = 0, . . . , s, are equipped with norms ‖ · ‖pj

, then, for

z = (z0, z1, . . . , zs) ∈ Q4
a,

we put
‖z‖Q4

a
= max

0≤j≤s
‖zj‖pj

.
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The space Q4
a becomes a metric space with the distance

dQ4
a
(z,w) = ‖z−w‖Q4

a
.

Let

π : Q4
a → Ω4

a = Q4
a/B

be the canonical projection, i.e., π(z) = z+B, where

B =
{(
b,

s
︷ ︸︸ ︷

−b, . . . ,−b
)
: b ∈ Z[1/a]4

}

,

is a closed discrete subgroup of Q4
a.

If b = (b,−b, . . . ,−b) ∈ B, we denote its coordinates by bj , 0 ≤ j ≤ s, i.e.,

b0 = b and bj = −b for j = 1, . . . , s.

It is easy to check that the following function,

dΩ4
a
(z+B,w +B) = inf

h,b∈B
dQ4

a
(z− h,w− b)

= inf
b∈B

‖z−w − b‖Q4
a

= inf
b∈B

max
0≤j≤s

‖zj − wj − bj‖pj
, (4.5)

defines the metric on Ω4
a.

The vector (1, s0, s
2
0, s

3
0)

t is an eigenvector of the matrix s
(1,0)
1 with an eigen-

value s0, that is

s
(1,0)
1

(
1, s0, s

2
0, s

3
0

)t
= s0

(
1, s0, s

2
0, s

3
0

)t ∈ R4.

Since Σ1 is a commutative semigroup it follows that

v =
(
1, s0, s

2
0, s

3
0,

4s
︷ ︸︸ ︷

0, . . . , 0
)t ∈ R4 ×Q4

p1
× · · · ×Q4

ps

is a common eigenvector of Σ1 acting on R4 ×Q4
p1

× · · · ×Q4
ps
. In particular,

s
(1,0)
1 v = s0v and s

(0,1)
1 v = τs1v = g(σs0)v = g(s0)v = s1v. (4.6)

Similarly, the vector (1, r0, r
2
0, r

3
0)

t is an eigenvector of the matrix σr0 with an
eigenvalue r0. Since τr1 = h(σr0) for h ∈ Q[x] with r1 = h(r0), we get that for
the vector

w =
(
1, r0, r

2
0, r

3
0 ,

4s
︷ ︸︸ ︷

0, . . . , 0
)t ∈ R4 ×Q4

p1
× · · · ×Q4

ps

we have
σα
r0
τβr1w = rα0 r

β
1w. (4.7)
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Let ξ1 and ξ2 be two non-zero real numbers. We set

ω0 = (vξ1, wξ2) ∈
∏

p∈S

Q4
p ×

∏

p∈S

Q4
p. (4.8)

By (4.6) and (4.7) we have,

s
(α,β)π(ω0) =

π
(

sα0 s
β
1 ξ1, s

α+1
0 sβ1ξ1, s

α+2
0 sβ1 ξ1, s

α+3
0 sβ1 ξ1,

4s
︷ ︸︸ ︷

0, . . . , 0,

rα0 r
β
1 ξ2, r

α+1
0 rβ1 ξ2, r

α+2
0 rβ1 ξ2, r

α+3
0 rβ1 ξ2,

4s
︷ ︸︸ ︷

0, . . . , 0
)

. (4.9)

We define a homomorphism χd : Ωd
a → Td. Let

χ1 : Ωa = R×Qp1
× · · · ×Qps

/B → T,

be given by 6

χ1

(
(x0, x1, . . . , xs) +B

)
= e2πix0e2πi{x1}p1 · · · e2πi{xs}ps .

Since x 7→ e2πi{x}p is a homomorphism from Qp to the 1-torus T = R/Z, it is
easy to check that the map χ1 is well defined, i.e., for every r ∈ Z[1/a], we have

χ1

(
(x0 + r, x1 − r, . . . , xs − r) + B

)
= χ1

(
(x0, x1, . . . , xs) +B

)
.

Now, we extend the map χ1 to Ωd
a, d > 1. For j = 0, . . . , s, we denote

xj =
(

xj
1, . . . , x

j
d

)

∈ Qd
pj
.

Now we define a homomorphism χd : Ωd
a → Td by the formula

χd

((
x0, x1, . . . , xs

)
+Bd

)

=
(

χ1

((
x0
1, x

1
1, . . . , x

s
1

)
+ B

)

, . . . , χ1

((
x0
d, x

1
d, . . . , x

s
d

)
+B

))

. (4.10)Lemma 4.11. Let Ω be the set of accumulation points of the Σ-orbit of π(ω0).
If (0, 0) ∈ Ω then one of the following holds:

(1) the point (0, 0) is isolated in Ω,

(2) the set Ω contains at least one of the following sets

T1 = Ω4
a × {0},

T2 = {0} × Ω4
a.

(4.12)

6Every x ∈ Qp can be uniquely expressed as a convergent, in | · |p-norm, sum (Hensel repre-

sentation), x =
∑

∞

k=t xkp
k, for some t ∈ Z and xk ∈ {0, 1, . . . , p − 1}. The fractional part of

x ∈ Qp, denoted by {x}p, is 0 if the number t in the Hensel representation is greater than or

equal to 0, and equal to
∑

k<0
xkp

k, if t < 0.

125



ROMAN URBANRemark 4.13. Let F be a close infinite Σ-invariant subset of Ω4
a × Ω4

a, and
let F ac denote the set of accumulation points of F. It will be clear from the proof
that Lemma 4.11 is valid for F ac in place of Ω.

We postpone the proof of Lemma 4.11 to the next subsection and continue
with the proof of Theorem 1.1.

First we note that immediately from Lemma 4.11 we get the followingCorollary 4.14. If (0, 0) ∈ Ω then one of the following holds:

(1) the point (0, 0) is isolated in Ω,

(2) the set Ω∗ = {ω1 + ω2 : ω = (ω1, ω2) ∈ Ω} is equal to Ω4
a.

P r o o f o f T h e o r e m 1.1. We can assume that both ξ1 and ξ2 are non-zero;
if one of them is zero then Theorem 1.1 follows by result of [3]. Consider the
set Ω. Assume first that (0, 0) is not isolated in Ω. Notice that by (3.4) it follows
that the first and the 4s+ 5’th coordinate of (4.9) are equal to

λα+βk
1 µα+βl

1 ξ1 and λα+βk
2 µα+βl

1 ξ2.

Hence, density modulo 1 of the set
{

λα+βk
1 µα+βl

1 ξ1 + λα+βk
2 µα+βl

1 ξ2 : (α, β) ∈ N2
0 \ {(0, 0)}

}

(4.15)

follows from Corollary 4.14 if we take the image of the set Ω∗ = Ω4
a by the

map χ4 (4.10) composed with the projection on the first coordinate in T4.
But (4.15) is a subset of (1.2). (Note that in this case κ = 1.)

Next suppose that (0, 0) is isolated. By Lemma 3.17 and Lemma 3.18 there
is a non-isolated torsion element (q2, q2)

t ∈ Ω. Proceeding as in the proof
of [8, Theorem 1.5], that is multiplying by the matrix κId, where κq1 = κq2 = 0,
and using Remark 4.13 we get that κΩ∗ = Ω4

a. Hence, the theorem is proved. �

4.1. Proof of Lemma 4.11

The proof follows the main steps of [8], where the product of the 2-dimensional
solenoids was considered. In the proof we will need the following lemma. Let k
be a local field (in our case k=R or the finite extension of Qp), equipped with
an absolute value |·| (|·|= |·|∞ or |·|p, resp.), K be an algebraic closure of k. The
unique extension of | · | to the absolute value on K will also be denoted by | · |.Lemma 4.16. Let A ∈ GL(2, k). Suppose that A has two different eigenvalues
η1, η2∈K, such that |η1|> |η2|>1. Then there exists a norm ‖·‖ in k2 such that

(i) ‖A‖ = |η1| and ‖A−1‖ = 1
|η2| ,

(ii) ‖Av‖ ≥ |η2|‖v‖ and ‖A−1v‖ ≥ 1
|η1|‖v‖.
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P r o o f. See for example [8, Lemma 4.6]. �

P r o o f o f L e mm a 4.11. Let pri (i = 1, 2) be the projection from the product
Ω4

a×Ω4
a onto its first and second “coordinate”, respectively. By Lemma 3.12 the

semigroup Σ1 = 〈s(1,0)1 , s
(0,1)
1 〉 is an ID-semigroup. Since s0 is irrational pr1(π(v))

is not a torsion point. Hence, we obtain that for every ω1 ∈ Ω4
a there exist

sequences {αk} and {βk}, tending to infinity, such that

s
(αk,βk)
1 pr1(π(v)) =

(

s
(1,0)
1

)αk
(

s
(0,1)
1

)βk

pr1(π(v)) → ω1,

as k → ∞. Since Ω4
a is compact, we can assume, choosing a subsequence, that

there exists ω2 ∈ Ω4
a such that s

(α′

k,β
′

k)
2 pr2(π(w)) → ω2. Therefore, for every

ω1 ∈ Ω4
a there exists ω2 ∈ Ω4

a so that (ω1, ω2) ∈ Ω. In particular, we see that Ω
is infinite.

Clearly, Ω is a non-empty, s(1,0)- and s
(0,1)-invariant closed subset of Ω4

a×Ω4
a.

By Lemma 3.15 the intersection of Ω with the “axes” T1 and T2 either is empty,
contains finitely many torsion elements, or equals Ti, i = 1, 2. Assume that for
i = 1, 2,

Ω ∩ Ti is empty or a finite set of torsion elements. (4.17)

We will show that this assumption leads to contradiction if (0, 0) is not isolated
in Ω.

Since (0, 0) ∈ Ω4
a × Ω4

a is not isolated in Ω there exists a sequence {(xn +
B,yn + B)} ⊂ Ω tending to (0, 0). By (4.17) it follows that xn + B 6= 0 and
yn + B 6= 0. Without loss of generality, choosing an appropriate representative
from xn + B (yn + B, resp.), we can assume that xn 6= 0, ‖xn‖Q4

a
→ 0, and

yn 6= 0, ‖yn‖Q4
a
→ 0. Choosing an appropriate subsequence, we can assume that

lim
n→∞

d2Ω4
a
(yn +B, 0)

d1Ω4
a
(xn +B, 0)

= c ∈ [0,+∞]. (4.18)Remark. Since all norms on finite dimensional vector space are equivalent, the
metrics diΩ4

a
’s defined with the use of different norms on the covering space, are

equivalent. In particular, if the limit (4.18) is non-zero (infinite, resp.) for one
metric it is non-zero (infinite, resp.) for all equivalent metrics.

Consider the case when c 6= 0 or the limit in (4.18) is infinite. By (4.3) of
Lemma 4.2 there is (α0, β0) ∈ N2

0\{(0, 0)} such that the element s(α0,β0) satisfies

min
p∈S

ρ′p,2 > max
p∈S

ρp,1 > 1. (4.19)
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In what follows we fix such an element s(α0,β0). By Lemma 4.16 we have norms
‖·‖pj ,i in Vi,j such that, for every y ∈ V2,j,

ρpj ,2‖y‖pj ,2 ≥
∥
∥
∥s

(α,β)
2 y

∥
∥
∥
pj ,2

≥ ρ′pj ,2
‖y‖pj,2, (4.20)

and for every x in V1,j we have,
∥
∥
∥s

(α,β)
1 x

∥
∥
∥
pj ,1

≤ ρpj ,1‖x‖pj,1. (4.21)

We consider the product Ω4
a × Ω4

a endowed with (d1Ω4
a
, d2Ω4

a
), where diΩ4

a
’s are

defined by (4.5) with the use of the norms defined in (4.20) for i = 2, and (4.21)
for i = 1.Lemma 4.22. Let s

(α0,β0) be as above. Then there exist constants ρ > 1 and
1 > γ > 0 such that for every y+B ∈ Ω4

a satisfying d2Ω4
a
(y+B, 0) < γ

2 , we have

d2Ω4
a

(

s
(α0,β0)
2 (y +B), 0

)

≥ ρd2Ω4
a
(y +B, 0).

In particular, iterating the above inequality, it follows that s
(α0,β0)
2 is expansive,

i.e., there exists an open ball U (of radius γ/2) around 0 such that for every

0 6= y +B ∈ U,

there exists l such that (

s
(α0,β0)
2

)l

y +B 6∈ U.

P r o o f. Let ε = infb∈B\{0} ‖b‖Q4
a
, γ = ε

maxp∈S ρp,2
, and ρ = minp∈S ρ′p,2.

Changing the representative y, if necessary, we can assume that

‖y‖Q4
a
< γ/2. (4.23)

For simplicity, we denote the matrix s
(α0,β0)
2 by A. By (4.20) and (4.21) we get,

d2Ω4
a

(
A(y +B), 0

)
= inf

b∈B
max
0≤j≤s

‖Ayj − bj‖pj ,2

= inf
b∈B

max
0≤j≤s

∥
∥A(yj −A−1bj)

∥
∥
pj ,2

≥ inf
b∈B

max
0≤j≤s

ρ′pj ,2

∥
∥yj −A−1bj

∥
∥
pj ,2

≥ inf
b∈B

max
0≤j≤s

(min
p∈S

ρ′p,2)
∥
∥yj − A−1bj

∥
∥
pj ,2

= ρ inf
b∈B

∥
∥y −A−1b

∥
∥
Q4

a

.

(4.24)

It follows from Lemma 4.16 and (4.20) that for every non-zero element

b = (b,−b, . . . ,−b) ∈ B,
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we have

‖A−1b‖Q4
a
= max

0≤j≤s
‖A−1b‖pj ,2 ≥ max

0≤j≤s

1

ρpj ,2
‖b‖pj ,2

≥ 1

maxp∈S ρp,2
‖b‖Q4

a
≥ 1

maxp∈S ρp,2
ε = γ.

(4.25)

By (4.23) and (4.25) we get

inf
b∈B

‖y−A−1b‖Q4
a
= inf

b∈B
‖y− b‖Q4

a
= ‖y‖Q4

a
= dΩ4

a
(y+B, 0). (4.26)

Now (4.26) and (4.24) imply the conclusion. �

For every l ∈ N,

d1Ω4
a

((

s
(α0,β0)
1

)l

(xn +B), 0

)

= inf
b∈B

max
0≤j≤s

∥
∥
∥
∥

(

s
(α0,β0)
1

)l

(xn)j − bj

∥
∥
∥
∥
pj ,1

= inf
b∈B

max
0≤j≤s

∥
∥
∥
∥

(

s
(α0,β0)
1

)l
(

(xn)j −
(

s
(α0,β0)
1

)−l

bj

)∥
∥
∥
∥
pj ,1

≤ inf
b∈B

max
0≤j≤s

(
ρpj ,1

)l

∥
∥
∥
∥
(xn)j −

(

s
(α0,β0)
1

)−l

bj

∥
∥
∥
∥
pj ,1

≤
(

max
p∈S

ρp,1

)l

inf
b∈B

∥
∥
∥
∥
xn −

(

s
(α0,β0)
1

)−l

b

∥
∥
∥
∥
Q4

a

≤
(

max
p∈S

ρp,1

)l

‖xn‖Q4
a
.

Since ‖xn‖Q4
a

→ 0, we can assume that ‖xn‖Q4
a

< 1
2 infb∈B\{0} ‖b‖Q4

a
.

Then
‖xn‖Q4

a
= d1Ω4

a
(xn +B, 0),

and consequently we have

d1Ω4
a

((

s
(α0,β0)
1

)l

(xn +B), 0

)

≤
(

max
p∈S

ρp,1

)l

d1Ω4
a
(xn +B, 0) . (4.27)

Similarly,

d2Ω4
a

((

s
(α0,β0)
2

)l

(yn +B), 0

)

≤
(

max
p∈S

ρp,2

)l

d2Ω4
a
(yn +B, 0). (4.28)

Fix r such that 1/(maxp∈S ρp,2)
r ≤ γ/2. Since ‖yn‖Q4

a
→ 0 we may assume that

‖yn‖Q4
a
≤ ε/2 and d2Ω4

a
(yn +B, 0) ≤ 1/

(

max
p∈S

ρp,2

)r

.
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By Lemma 4.22 and (4.28), for each n, there exists the smallest number ln ∈ N

such that

d2Ω4
a

((

s
(α0,β0)
2

)ln
(yn +B), 0

)

≥ ρlnd2Ω4
a
(yn + B, 0), where ρ = min

p∈S
ρ′p,2,

and
(

max
p∈S

ρp,2

)−(r+1)

≤ d2Ω4
a

((

s
(α0,β0)
2

)ln
(yn +B), 0

)

≤
(

max
p∈S

ρp,2

)−r

. (4.29)

Since Ω4
a is compact, we can choose a subsequence nk such that

lim
k→∞

((

s
(α0,β0)
2

)lnk

ynk
+ B

)

= y +B 6= 0

and (

max
p∈S

ρp,2

)−(r+1)

≤ d2Ω4
a
(y +B, 0) ≤

(

max
p∈S

ρp,2

)−r

. (4.30)

By (4.29) and (4.27) we have

d2Ω4
a

((

s
(α0,β0)
2

)lnk

ynk
+B, 0

)

d1Ω4
a

((

s
(α0,β0)
1

)lnk

xnk
+B, 0

) ≥
(
minp∈S ρ′p,2
maxp∈S ρp,1

)lnk d2Ω4
a
(yn +B, 0)

d1Ω4
a
(xn +B, 0)

.

Now (4.30) and (4.19) together with our assumption that the limit in (4.18) is
non-zero or +∞ imply that

lim
k→∞

d2Ω4
a

((

s
(α0,β0)
2

)lnk

ynk
+B, 0

)

d1Ω4
a

((

s
(α0,β0)
1

)lnk

xnk
+B, 0

) = +∞.

This and (4.30) imply that

d1Ω4
a

((

s
(α0,β0)
1

)lnk

xnk
+B, 0

)

→ 0 as k → ∞.

Thus, we have a sequence of points
{((

s
(α0,β0)
1

)lnk

xnk
+B,

(

s
(α0,β0)
2

)lnk

ynk
+B

)}

⊂ Ω

such that((

s
(α0,β0)
1

)lnk

xnk
+B,

(

s
(α0,β0)
2

)lnk

ynk
+B

)

→ (B,y +B) ∈ {0} × Ω4
a,

with

y +B 6= 0 and

(

max
p∈S

ρp,2

)−(r+1)

≤ d2Ω4
a
(y +B, 0) ≤

(

max
p∈S

ρp,2

)−r

.
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Repeating this construction for the sequence of natural numbers r → ∞ we get
a sequence of different points in ({0} × Ω4

a) ∩ Ω tending to zero. This contra-
dicts (4.17).

If the limit in (4.18) is zero, then we proceed analogously to the previous
case changing the role of coordinates in Ω4

a ×Ω4
a. By Lemma 4.2 there exists an

element s(α
′

0
,β′

0
) ∈ Σ such that minp∈S ρ′p,1 > maxp∈S ρp,2 > 1. By Lemma 4.16,

there exist norms ‖·‖pj ,i in Vi,j such that, for every x ∈ V1,j,

ρpj ,1‖x‖pj,1 ≥
∥
∥
∥
∥
s
(α′

0
,β′

0)
1 x

∥
∥
∥
∥
pj ,1

≥ ρ′pj ,1‖x‖pj ,1,

and for every y in V2,j we have,
∥
∥
∥
∥
s
(α′

0
,β′

0)
2 y

∥
∥
∥
∥
pj ,2

≤ ρpj ,2‖y‖pj,2.

Now we consider
diΩ4

a
, i = 1, 2,

defined by (4.5) with the use of ‖·‖pj,i defined above, and we prove the analogue

of Lemma 4.22 saying that s
(α′

0
,β′

0
)

1 is expansive. This allows us to construct a

sequence of points

(yr +B,B) ∈ Ω4
a × {0},

with

yr +B 6= 0, (max
p∈S

ρp,1)
−(r+1) ≤ d1Ω4

a
(yr +B, 0) ≤ (max

p∈S
ρp,1)

−r.

This again contradicts (4.17). �A
knowledgement. The author would like to thank Professor W. Narkiewicz
for his help concerning the proof of Lemma 2.2.
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