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VARIATIONS ON THE KOKSMA-HLAWKA

INEQUALITY

Glyn Harman

ABSTRACT. The Koksma-Hlawka inequality gives a bound for the error in ap-
proximating the multidimensional integral of a function by the average of the

function over a discrete set of points. The error is essentially a product of a mea-
sure of the function’s variation and the discrepancy of the set of points. For the
standard form of the inequality this discrepancy is with respect to boxes aligned
to the axes and the measure of variation is then dependent on this choice of axes.
This rules out various natural choices of function (or even integration domains)

and we here explore a new choice for the measure of variation that enables a wider
class of functions to be investigated, expanding comments we stated without proof
in the author monograph Metric Number Theory, Oxford, 1998, p. 161-2.

Communicated by Oto Strauch

Dedicated to the memory of Professor Edmund Hlawka

1. Introduction

Write U = [0, 1) and let f be a function defined on U with bounded variation
V = V (f). Koksma’s inequality [16] (see also [20, Chapter 2, Theorem 5.1])
states that, for any sequence xn ∈ U , we have
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Hlawka [14] (or see [20, Chapter 2, Theorem 5.5]) obtained a generalization of
this result to higher dimensions which requires f to have bounded variation in
the sense of Hardy [11] and Krause [17]. This means that f has bounded variation
in the sense of Vitali [26], and so does its restriction to each lower dimensional
face of Uk. See [20, p.147] for the details. It is the purpose of this note to try to
circumvent certain of the difficulties associated with this measure of a function’s
variation. We shall be particularly concerned with integrating a “nicely behaved”
function over a convex subset of Uk. This corresponds to integrating a function
(the product of our well-behaved function with the characteristic function of a
convex body) which does not have the requisite bounded variation. This theme
has been anticipated by Zaremba [29], but we shall take an alternative approach
and finish with rather different results (although we shall also obtain some of
the earlier results as well with new proofs). We note that producing variations
on the Koksma-Hlawka inequality is still an active area of research (see, for
example [22, 9]), while the inequalities themselves are finding a wide range of
applications in very different spheres.

To give some indication of the problems in this area, consider in one dimension
the characteristic function of an interval. Then V (f) = 2. Taking the supremum
over all intervals in U the inequality (1) then reduces to

DN (xn) ≤ 2D∗
N (xn),

where

DN (xn) = sup
0≤x≤y<1
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Of course, this result can be proved directly very quickly, but we note that it
is in fact sharp, and we also have D∗

N (xn) ≤ DN (xn). If we are working in k
dimensions, where k ≥ 2, then the characteristic function of a convex body
in Uk only has bounded variation in the sense of Hardy and Krause if it is a box
aligned with the coordinate axes. Thus, for example, the characteristic functions
of a ball or a tilted box do not have bounded variation in this sense. Since the
Koksma-Hlawka inequality uses discrepancy with respect to boxes aligned with
the axes, the fact that such characteristic functions are ruled out is quite natural.
To elucidate this phenomenon and to make further progress we must introduce
more notation.

Let xn be a sequence in Uk and suppose that f(x) is a bounded measur-
able function on Uk. Given a class S of measurable subsets (to avoid problems
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of overlap we assume with diameter less than 1) of Uk we write

DN (S ,xn) = sup
D∈S
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where λ(·) denotes k-dimensional Lebesgue measure. Write B for the class of
boxes in Uk with sides parallel to the co-ordinate axes, T for the class of all boxes
with no such restriction, and C for the class of convex sets. In these definitions
everything is to be considered (modZk) so that Uk is a torus, and a subset
of Uk is convex if and only if there exists y such that the set {x + y : x ∈ D},
where all the co-ordinates are understood to be taken (mod 1), is convex in the
conventional sense. We use the same convention for boxes.

With the above notation we clearly have

DN (B,xn) ≤ DN (T ,xn) ≤ DN (C,xn).

By known results in the theory of irregularities of distribution we are aware [10]
that there exist sequences with N terms (xn) such that

DN (B,xn) ≪ (logN)k−1, (2)

yet, for any sequence (xn), we have (see [3])

DN (T ,xn) ≫ N
1

2
(1−1/k), (3)

and (see [24])

DN (C,xn) ≫ N1−2/(k+1). (4)

For (2) the choice of sequence (xn) depends on N since otherwise the best result
that can be obtained is DN (B,xn) ≪ (logN)k. Both (3) and (4) are sharp except
possibly for a logarithmic factor as shown in [2, 4, 25] (see also [6]). Thus no
result of the form
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could hold if V (f) remained finite for the characteristic functions of tilted rectan-
gles, or, more generally, if f has some discontinuity not along a line parallel to the
axes. It is this problem we address by replacing B in (5) with alternative classes.
From one perspective the main idea of this paper is to replace the underlying
idea of Riemann integration in the Koksma-Hlawka inequality with Lebesgue
integration. From another it is this change of class of sets. We should remark
that the Koksma-Hlawka inequality is in fact more complicated than (5) as it
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involves not just one term on the right hand side, but the sum of several prod-
ucts of variations of restrictions of the function multiplied by the corresponding
discrepancies of the sequence [20, p. 151 (5.18)]. The Koksma-Hlawka inequality
gives a better estimate than our results in the case of bounded Hardy-Krause
variation and N → ∞, whereas our results may be superior if the Hardy-Krause
variation is unbounded or, if N is fixed and the Vitali variations are not small
relative to N.

To take an example, suppose we wished to integrate the function

f(x) =
1

x1 . . . xk(1− x1 − . . .− xk)
(6)

over a convex set (or, more generally, a set which is the set difference of two
unions of convex sets) contained in the subset of Uk with

x1 ≥ x2 ≥ . . . ≥ xk ≥ x0, 1− x1 − . . .− xk ≥ x0, (7)

where (k + 1)−1 ≥ x0 > 0. This problem arises frequently in various sieve
problems: see, for example, Chapter 3 onwards in [13]. The function which arises
is often a little more complicated, involving Buchstab’s function ω(u), but in
many cases it reduces to the problem we have stated. What is the optimal
strategy for obtaining a numerical approximation to the integral? The standard
form of the Koksma-Hlawka inequality is of no use here. An apparently naive
approach is to treat the integral as k one-dimensional integrals, so that if we have
N points in Uk we have N1/k points in U at our disposal for each integral. This
immediately greatly reduces the quality of approximation we could expect, but at
least we have removed the constraints of the Hardy-Krause variation. Of course,
if the convex sets are polytopes (as usually happens for this example), then
standard mathematical software packages will evaluate these integrals in terms
of logarithms and polylogarithms and then give a numerical approximation to
them. We shall come back to this problem after proving our main results.

First we require some further notation. Given f, a bounded measurable func-
tion on Uk, we write

E(f, α) =
{

x ∈ Uk : f(x) ≥ α
}

,

ℓ(f) = inf
x∈Uk

f(x),

u(f) = sup
x∈Uk

f(x),

S(f) =
{

E(f, α) : ℓ(f) ≤ α ≤ u(f)
}

.

Since the set {x : f(x) = α} is commonly called a level set we shall designate
E(f, α) a super-level set. Also, we writeK(f, α) for the smallest number of convex
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bodies (if such a number exists) F1, . . . ,Fr such that E(f, α) can be expressed
in the form





m−1
⋃

j=1

Fj





∖





r
⋃

j=m

Fj



 ,

for some m. Here we use the convention that points are counted according to
multiplicity, so that if x ∈ E(f, α) then x belongs to h sets Fj, j < m and to
h− 1 sets Fj with j ≥ m. Thus

λ(E(f, α)) =
m−1
∑

j=1

λ(Fj)−
r

∑

j=m

λ(Fj).

If E(f, α) cannot be so expressed then K(f, α) is undefined. If K(f, α) is defined
for all α then we write

V ∗(f) =

∫ u(f)

ℓ(f)

K(f, α) dα, (8)

provided that the right hand side of (8) exists as a Riemann integral. We shall
explain later that the existence of V ∗(f) forces f to be Riemann integrable
on Uk. This could be proved directly, but it is easier to see this as a consequence
of Theorem 1.

We note that in one dimension for a function of bounded variation and at
most a finite number of discontinuities we have

V ∗(f) = 1
2V (f).

For continuous functions this result is due to Banach[1] and can also be found in
[21, Chapter 8.5 Theorem 3]. In these works the expression N(y) occurs (called
the Banach indicatrix) which is the number of solutions to f(x) = y. So, for
continuous functions, this corresponds to 2K(f, y) in our notation. The passage
to functions with a finite number of discontinuities is straightforward by taking
a sequence fn of continuous functions converging pointwise to f .

This new measure V ∗(f) (which we briefly introduced in [12, p. 162]) of
the variation of a function has a number of advantages. For example, it does
not require f to be very regular in behaviour, and is independent of rotations
and translations of the variables. As such it matches the isotropic properties
of DN (C,xn) (see [29]). We note that other authors have produced different
generalizations of Banach’s formula in higher dimensions, for example using the
number of simply connected components of the super-level sets (see [19, 18, 27]).
Of course, the class of simply connected sets will be of no use to us since the
discrepancy with respect to this class is always N .
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We observe that the measure V ∗(f) naturally assigns the value n to the sum
of the characteristic functions of n convex bodies. Of course, just by taking a
continuous approximation to the characteristic function of a convex body we can
illustrate the contrast in behaviour with the Vitali variation of a function. For
example, let fn(x) be defined by:

fn(x) =















1 if |x| ≤ 1
4 ,

4n− 4(4n− 1)|x| if 1
4 < |x| < (4− 1/n)−1,

0 if x ≥ (4− 1/n)−1.

Then, for each n, fn(x) is a continuous function taking values in [0, 1] for all
x yet its variation in the sense of Vitali tends to infinity with n. On the other
hand, V ∗(fn) = 1 for all n.Theorem 1. Let f(x), x ∈ Uk be a bounded measurable function, and suppose

that (xn) is a sequence in Uk. Write

E(f,N,xn) =

∣

∣

∣

∣

∣

1

N

N
∑

n=1

f(xn)−
∫

Uk

f(x) dx

∣

∣

∣

∣

∣

.

Then

E(f,N,xn) ≤
u(f)− ℓ(f)

N
DN

(

S(f),xn

)

. (9)

Moreover, if V ∗(f) exists, then

E(f,N,xn) ≤
1

N
V ∗(f)DN (C,xn), (10)

and

E(f,N,xn) ≤ Ck
1

N
V ∗(f)N1−1/k

(

DN (B,xn)
)1/k

. (11)

Here the constant Ck in (11) can be taken as (4k
√
k + 1).

Remark.Remark. By results of de Bruijn and Post [8] and Binder [7] (see also [20,
p. 6]), for every non-Riemann integrable function there exists a uniformly dis-
tributed sequence such that E(f,N,xn) 9 0. Hence (11) cannot be true un-
less f is Riemann-integrable. This justifies our earlier comment that the existence
of V ∗(f) implies f is Riemann-integrable.

The main new result here is (10). However, it should be noted that (9),
although unlikely to be useful in applications because of the need to find dis-
crepancy with respect to the super-level sets of f, is applicable to functions for
which no measure of variation is possible. As an extreme example, consider in
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one dimension the characteristic function of the set of irrationals: so it does not
have bounded variation! In this case S(f) = {U,U \ Q}. Let xn = n

√
2. Then

DN (S(f), xn) = 0 and, of course, the left hand side of (9), which is precisely
this discrepancy (times 1/N), is indeed 0.

To compare our result with Hlawka’s second generalization of the Koksma
inequality [15] we need yet more notation. Let P be a partition of Uk and write
s(f ;P) for the difference between the upper and lower Darboux sums for f
corresponding to P. Let ν(P) be the maximum length of all the edges of the
boxes in P. For a positive real number α set

S(f ;α) = sup
ν(P)≤α

s(f ;P).

Then Hlawka’s result shows that

E(f,N,xn) ≪ S(f ; δ),

where

δ =
(

N−1DN (B,xn)
)1/k

.

This quickly leads to the result

DN (C,xn) ≪ N1−1/k
(

DN (B,xn)
)1/k

(12)

which shows that (11) follows from (10). The inequality (12) appears in differ-
ent notation as (11) in [15] or [20, Chapter 2, Theorem 1.6]. We have taken
the constant in (11) from the latter result. Our result (10) is a different quite
general k−dimensional form of Koksma’s inequality. The results (11) and (12)
may appear to be rather weak, but Zaremba [28], who coined the term isotropic

discrepancy for DN (C,xn), showed that (12) is best possible. His example was
for sequences nx (mod 1) for certain rational x ∈ Rk. We gave our own proof of
this for the sequence nx (mod1) for any x ∈ Rk in [12, Theorem 5.24A]. To be
precise we showed the following.Theorem 2. For any x ∈ Rk write xn = nx (mod1). Then we have

DN (T ,xn) ≫k N1−1/k. (13)

We note that, for almost all x ∈ Rk we have

DN (B,xn) ≪ (logN)k+ǫ (14)

for any ǫ > 0 as was shown by Beck [5]. In [12, Theorem 5.25] it was shown that
adapting Schmidt’s method [23] leads to

DN (T ,xn) ≪ N1−1/k(logN)1+1/k+ǫ
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for almost all x. In fact, the author should have observed that just using (12)
with (14) leads to the slightly better and more general bound:

DN (C,xn) ≪ N1−1/k(logN)1+ǫ.

In either case we see that (13) is sharp except possibly for a logarithmic factor.

2. Proof of Theorem 1

Let M be a (large) positive integer and write δ = (u(f)− ℓ(f))/M . Put

g(h) = (h+ 1)δ + ℓ, K(h) = E
(

f, g(h− 1)
) ∖

E
(

f, g(h)
)

,

µ(h) = λ
(

K(h)
)

= λ
(

E
(

f, g(h− 1)
))

− λ
(

E
(

f, g(h)
))

,

and

EN (D) =
1

N

∑

n≤N
xn∈D

1− λ(D),

for any measurable subset D of Uk. Then

1

N

N
∑

n=1

f(xn) ≤
1

N

M
∑

h=0

g(h)
∑

xn∈K(h)

1

=

M
∑

h=0

g(h)µ(h) +

M
∑

h=0

g(h)EN

(

K(h)
)

= S1 + S2, say.

Since f is a bounded measurable function we have

S1 −→
∫

Uk

f(x) dx as M −→ ∞.

Also, by partial summation,

S2 =

M
∑

h=0

(

g(h)− g(h+ 1)
)

h
∑

r=0

EN

(

K(r)
)

+ g(M + 1)

M
∑

r=0

EN

(

K(r)
)

=

M
∑

h=0

δEN

(

E(f, g(h)
))
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since

EN

(

K(h)
)

= EN

(

E
(

f, g(h− 1)
))

−EN

(

E
(

f, g(h)
))

,

EN

(

E(f, ℓ)
)

= EN

(

Uk
)

= 0, and EN

(

E(f, u+ δ)
)

= EN (∅) = 0,

so, in particular,
h
∑

r=0

EN

(

K(r)
)

= −EN

(

E(f, g(h)
))

.

Hence

|S2| ≤ Mδ sup
ℓ≤α≤u

∣

∣EN

(

E(f, α)
)∣

∣ =
u(f)− ℓ(f)

N
DN

(

S(f),xn

)

.

Since one can obtain a lower bound similarly for

1

N

N
∑

n=1

f(xn) (15)

with the same bound for the error, this establishes (9).

To obtain (10) we note that we have shown that

|S2| ≤
M−1
∑

h=0

δ
∣

∣EN

(

E
(

f, g(h)
))∣

∣

and this last sum can be expressed as

M−1
∑

h=0

δ

∣

∣

∣

∣

∣

∣

K(g(h))
∑

r=1

σ(r)EN

(

F
(

r, g(h)
))

∣

∣

∣

∣

∣

∣

,

where F(r, g(h)) are convex sets, and σ(r) = ±1, arising from the decomposition
of E(f, g(h)) into convex sets. Hence

|S2| ≤ sup
D∈C

EN (D)

M−1
∑

h=0

δK
(

g(h)
)

.

Since K(α) is Riemann integrable, we have

M−1
∑

h=0

δK
(

g(h)
)

−→
∫ u(f)

ℓ(f)

K(α) dα as M −→ ∞.

As in the proof of (9) we can obtain the same estimate for the error when
producing a lower bound for (15), and so this completes the proof of (10).
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3. An example

We first state an elementary lemma that relates V ∗(χf) to V ∗(f). Here χf
means product and not composition, of course.Lemma 1. If χ(x) is the characteristic function of a convex set C in Uk, then

V ∗(χf) ≤ max
(

0, ℓ(f),−u(f)
)

+ V ∗(f).

P r o o f. We give the proof only for the case ℓ(f) ≥ 0, the other cases (u(f) ≤ 0,
ℓ(f) < 0 < u(f)) follow similarly. Clearly (since the intersection of two convex
sets is a convex set)

K(χf, α) ≤ K(f, α) if α ≥ ℓ(f).

On the other hand,

K(χf, α) = 1 if 0 ≤ α < ℓ(f).

Since

ℓ(χf) = 0,

u(χf) ≤ u(f),

we have

V ∗(χf) ≤
∫ ℓ(f)

0

1 dα+

∫ u(f)

ℓ(f)

K(f, α) dα = ℓ(f) + V ∗(f).

This completes the proof. �

We now consider the function (6) integrated over a convex subset of Uk,
where (7) holds. However, similar results can be obtained for a wide range of
well-behaved functions integrated over a convex set. In our situation we can
suppose that f(x) = 0 outside the region given by (7). It follows from the above
that

V ∗(f) = F (k, x0),

where F (k, x0) is a function that can be bounded in terms of k and x0. To be
precise, we have the following elementary result.Lemma 2. In the above terminology we have

F (k, x0) ≤
2

xk
0(1− kx0)

.

P r o o f. It is clear that our function attains its maximum value at the point with
all co-ordinates equal to x0. It then only remains to note that the complement
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of any super-level set for (6) is convex. To prove this it suffices to show that

x1 . . . xk(1− x1 − . . .− xk) > β,

y1 . . . yk(1− y1 − . . .− yk) > β

=⇒
z1 . . . zk(1− z1 − . . .− zk) > β,

where zj = (xj + yj)/2, j = 1, . . . , k. This follows simply from the Arithmetic-
-Mean/Geometric-Mean inequality which gives

zj ≥
√
xjyj, (1− z1 − . . .− zk) ≥

√

(1− x1 − . . . xk)(1− y1 − . . .− yk).

�

By [4, 25], given N , there exists a set of points x1, . . . ,xN with

DN (C,xn) ≪ N1−2/(k+1)(logN)gk,

where

gk =











4 if k = 2,
3
2 if k = 3,

2/(k + 1) if k ≥ 4.

Combining this with (10) then gives
∣

∣

∣

∣

∣

∫

C

f(x) dx− 1

N

n
∑

n=1

f(xn)

∣

∣

∣

∣

∣

≪ F (k, x0)N
−2/(k+1)(logN)gk. (16)

This should be compared with the bound obtained by repeated application of
Koksma’s inequality which leads - in the best case of equally spaced points - to

∣

∣

∣

∣

∣

∫

C

f(x) dx− 1

N

n
∑

n=1

f(xn)

∣

∣

∣

∣

∣

≪ V †N−1/k. (17)

Here V † can be bounded explicitly in terms of k and x0. Of course, as we have
already indicated, we have no hope of applying the standard Koksma-Hlawka
inequality here, and (16) will be best possible for some C apart possibly from
the logarithmic factor in its N -dependence.

We can now see the advantages and disadvantages of our approach. We have
nearly doubled the exponent in N for the saving from 1/k to 2/(k + 1). We
have lost only a small logarithmic factor in doing this. However, our measure of
variation here - F (k, x0) - may not be easy to calculate in general, and we have no
algorithm for determining the set of points to use (since the arguments in [4, 25]
are probabilistic). Nevertheless, this method gives better theoretical bounds for
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large N for the approximate evaluation of an important class of integrals. Should
an explicit construction be discovered for finding good sets of points relative to
the isotropic discrepancy, this could lead to a feasible numerical method.

4. Further Questions

The first question we raise is the relation between the Vitali variation V (f)
and V ∗(f). Is there a general inequality which gives an upper bound for V ∗(f)
in terms of V (f)? Or can one find such a relation for a restricted family of
functions f? We have shown that there can be no relation in the other direction.
At first sight it appears that what would make V ∗(f) large - the super-level sets
being far from convex - would make the Vitali variation large too.

The second question is whether one can make any connection between V ∗(f)
and the Fourier coefficients of f. Again, what would make V ∗(f) large should
make the Fourier coefficients behave badly, and good behaviour of the Fourier
coefficients should make V ∗(f) small.

The final question is whether the new Koksma-Hlawka inequality we have
derived (10) has any practical significance or whether it is just of a theoretical
interest.A
knowledgement. The author would like to thank the referee for pointing
out the implications of papers [7, 8] and other useful remarks.
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