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REGULARITIES OF THE DISTRIBUTION OF
ABSTRACT VAN DER CORPUT SEQUENCES

WOLFGANG STEINER

ABSTRACT. Similarly to S-adic van der Corput sequences, abstract van der
Corput sequences can be defined by abstract numeration systems. Under some
assumptions, these sequences are low discrepancy sequences. The discrepancy
function is computed explicitly, and the bounded remainder sets of the form
[0,y) are characterized.

Communicated by Pierre Liardet

1. Introduction

Let (z)n>0 be a sequence with x,, € [0,1) for all n > 0, and
D(N,I)=#{0<n<N: z, € I} — NA(I)

its discrepancy function (or local discrepancy) on the interval I, where A(J)
is the length of I. Then, (x,),>0 is said to be a low discrepancy sequence
if sup; D(N,I) = O(log N), where the supremum is taken over all intervals
I C[0,1). If D(N,I) is bounded in N, then I is called a bounded remainder set.
For details on discrepancy, we refer to [KN74, [DT97]. References to results on
bounded remainder sets can be found in the introduction of [Ste06].

In [BG96, Nin98al INin98b|, S-adic van der Corput sequences are defined,
and it is shown that they are low discrepancy sequences if § is a Pisot num-
ber with irreducible S-polynomial. Recall that a Pisot number is an algebraic
integer greater than 1 with all its conjugates lying in the interior of the unit
disk. We refer to Section [3] for the definition of the S-polynomial. In [Mor98|
IMO04], these results were extended to piecewise linear maps which generalize the
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B-transformation. The proof in [Nin98al [Nin98b] relies on the fact that cylinder
sets of the S-transformation are bounded remainder sets if 8 is a Pisot num-
ber with irreducible g-polynomial. Under the same conditions on 3, bounded
remainder sets of the form [0,y), 0 < y < 1, were completely characterized
in [Ste06]: the S-expansion of y is finite or its tail is the same as that of the
expansion of 1.

If 6 is a Pisot number, then the language of the S-expansions is regular, which
means that it is recognized by a finite automaton. Therefore, these S-expansions
are special cases of abstract numeration systems as defined in [LRO1, [LR02],
see Section Bl In Section [2, we define van der Corput sequences related to more
general abstract numeration systems. Theorem [ in Section Hl provides a new
class of low discrepancy sequences. Finally, Theorem [2lin Section [ characterizes
the bounded remainder sets of the form [0, y) with respect to these abstract van
der Corput sequences, generalizing the results in [Ste06].

2. Definitions and first results

Let (A, <) be a finite and totally ordered alphabet. Denote by A* the free
monoid generated by A for the concatenation product, i.e., the set of finite words
with letters in A. The length of a word w € A*is denoted by |w|. Extend the
order on A to A* by the shortlex (or genealogical) order, that is to say v < w if
v =w or v < w, where v < w means that either |v| < |w| or |v| = |w| and there
exist p,v’,w’ € A* a,b € A such that v = pav’, w = pbw’ and a < b.

According to [LRO1], the triple S = (L, A, <) is an abstract numeration system
if L is an infinite regular language over A, and the numerical value of a word

w € L is defined by
valg(w) = #{ve L: v <w}.

If valg(w) = n, then we say that w is the representation of n and write
repg(n) = w.

Denote by A% the set of (right) infinite words with letters in A. It is ordered
by the lexicographical order, that is to say t <w if t = w or t < u, where t < u
means that there exist p € A* a,b € A, t',u’ € A%, such that t = pat’, u = pbu’
and a < b.

Assume that the language L grows exponentially, with

lim log#{veL: |v| <k}
k—o0 k

=log g > 0.
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Suppose that u € A“ is the limit of words w®) € L, i.e., every finite prefix of u
is a prefix of w® for all but a finite number of k’s. Then, the value of u is the
real number

w L valg (w(k))
valg(u) = kli)rr;o Flvel: o] <|w®[}

(1)

if this limit exists and does not depend on the choice of w®). Conditions assuring
the existence of this value are given in [LR02], see also Lemma [J and its proof.
Let

L, = {u €AY u= lim w™® for some w® € L}.

k—oo

Since valg(u) € [1/5,1], we define the normalized value

() = Bvalg(u) —1

g—1
We extend this definition to finite words w € L which are prefixes of words
in L, by setting (w) = (u), where u is the smallest word in L, with prefix w.
Since we want to define a sequence without multiple occurrences of the same
value, we set

L' ={we L: (w)# (v) for every v € L with v < w}.

€ [0,1].

Recall that the mirror image of a word w = wiws---wy, w; € A, is w =
wg - - -wowp and that the mirror image of a language L is L= {w: w e L}.
Now, we are ready to define the main object of this paper, abstract van der
Corput sequences.

DEFINITION 1 (Abstract van der Corput sequence). Let S = (L, A, <) be an ab-
stract numeration system, where L is a regular language of exponential growth,
every word w € L is the prefix of some infinite word u € L, and the limit
in () exists for every u € L,. Then, the abstract van der Corput sequence
corresponding to .S is given by

T, = (w) with w =repg(n),
where S’ is the abstract numeration system (f/ A, g).

Thus, the set of values of an abstract van der Corput sequence is
{Zn:n >0} ={(w) :we L} ={(w) : we L'}, and the position of (w),w € L,
in the sequence is determined by the shortlex order on the mirror image of L’. We
need a number of further assumptions on the language L in order to get precise
formulae for the discrepancy. All these assumptions are satisfied by the §-adic

van der Corput sequence when the language of the p-expansions is regular, cf.
Section [3] and by Example [I] at the end of this section.
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Let Ap, = (Q,A,7,q0,F) be a (complete) deterministic finite automaton
recognizing L, with set of states @, transition function 7 : @ X A — @, ini-
tial state gg and set of final states F'. The transition function is extended to
words, 7 : @ x A* — @, by setting 7(¢q,e) = ¢ for the empty word £ and
7(q,wa) = 7(7(q,w),a). A word w € A* is accepted by Ap, and thus in L, if
and only if 7(qp, w) € F.

DEFINITION 2 (Totally ordered automaton). A deterministic automaton
(Q, A, 7,q0, F) is said to be a totally ordered automaton if there exists a total
order on the set of states () such that, for all ¢,r € @,

g <r implies 7(q,a) < 7(r,a) for every a € A.

From now on, all automata will be totally ordered automata. Furthermore,
the maximal state will be the initial state and every state except the minimal one
will be final. (In case @ = F, where the automaton recognizes A*, we add a non-
accessible state to Q.) W.l.o.g., the set of states will be @ = {0, 1,. .., d} for some
positive integer d, and the order on @ will be the usual order on the integers,
hence qo = d and F = {1,...,d}. Moreover, we will assume that 7(0,a) = 0 for
every a € A, i.e., the state 0 is a sink.

LEMMA 1. Let L C A* be recognized by a totally ordered automaton Ay =
(Q,A,7,d,Q\ {0}), with Q@ = {0,1,...,d} and 7(0,a) = 0 for every a € A.
Then, L is recognized by the totally ordered automaton A; = (Q,A,7,0,Q\{0}),
where

T(r,a) =#{qe€Q: 7(¢,a) +r>d} foreveryreQ,ac A. (2)

In particular, we have 7(0,a) = 0 for every a € A.

Proof. A deterministic automaton A" = (Q', A, 7', ¢}, F") recognizing L is ob-
tained by determinizing the automaton which is given by inverting the transition
function 7, see e.g. [Sak09]. This means that

e ()’ is a subset of the power set P(Q),

e 7'(¢';a)={q€Q: 1(q,a) € ¢} for every ¢ € Q', a € A,

the set of final states in Ay, is the initial state of A’, i.e., ¢{ ={1,...,d},

e the final states in A’ are those elements of ) which contain the initial
state of A, ie., F/ ={¢ € Q : de¢}.

We show that Q' C {q),q1,...,4q,}, where ¢, = {r+1,...,d} (¢} being the
empty set). Since Ay, is totally ordered and 7(0,a) = 0, we obtain that

7(qp,a) ={q€Q: 7(g,a) >0} ={r+1,....d} = ¢, for somer € Q.
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In the same way, we get, for every r € @ with ¢, € @', that
(q,a)={q€Q: 7(¢,a) >} ={s+1,...,d} = ¢, for some s € Q.

This shows that Q" C {q(,¢},...,¢;}. It is easy to see that A’ is a totally
ordered automaton, with the order on Q' given by ¢.. < ¢l if ¢, C ¢, i.e., r > s.
We clearly have F' = {q(,q},...,q,_1} N Q. If we extend the set of states to
{g6- 41, - - -, ¢} (with possibly non-accessible states) and label the states by d—r
instead of g;., we obtain A;. Therefore, Az is a totally ordered automaton, with
@ ordered by the usual order on the integers. O

The next lemma provides a fundamental characterization of the words in a
language L recognized by a totally ordered automaton Ay = (Q, A, 7,d, Q\ {0})
with @ ={0,1,...,d} and 7(0,a) = 0 for every a € A.

LEMMA 2. Let L, 7,7 be as in Lemmall, wy---wg € A*, 0 < j < k. We have
wy - -wg € Lif and only if 7(d,wy -+ - w;) + 7(d,wg, - - - wjy1) > d.
Proof. Let 0 < j < k. With the notation of the proof of Lemma [I]
T(d, wy - - -wjp1) = d — r can be written as

(g0, w -+ wjp1) =q. ={r+1,...,d}

. In Az, this means that w;;---wy leads to a final state from the state ¢, i.e.,
7(q, wjt1 - -wy) > 0, if and only if ¢ > r. Therefore, we have

T(d,wy -+ wg) = 7(7(d, w1 - wj), Wiy - w) >0
if and only if 7(d, wy - - - wj;) > r, ie., 7(d,wy - w;) + T(d, wg - - - wjy1)>d. O
REMARK 1. If we consider 7(d,a) + --- 4+ 7(1,a) as a partition of an integer,
then 7(d,a) + - - -+ 7(1,a) is the conjugate partition, since
T(d—ra) = #{q €Q: 7(q,a) > r}.

E.g., if (7(d,a),...,7(1,a)) = (4,2,1,0), then (7(d,a),...,7(1,a)) = (3,2,1,1),
and the corresponding Ferrers diagram is

3 2 1 1

S = N

Next, we characterize the values of the abstract van der Corput sequence,
under the assumption that the incidence matrix of the co-accessible part of Ay,
is primitive. (A state ¢ is co-accessible if 7(q,w) € F for some w € A*)
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LEMMA 3. Let L be as in Lemmalll and assume that My, = (#{a € A:7(q,a)=
r})i<qr<d i @ primitive matriz. Then, the normalized value exists for every
u € L, and is given by

= Z €j (u)ﬂij with Gj(u) = Z Nr(dyuy--uj_1a)> (3)

Jj=1 a<u;
where 3 is the Perron-Frobenius eigenvalue of My, (n1,...,m4)" is the corre-
sponding right (column) eigenvector with ng =1, 19 =0, and u = uyug - - - with

u; € A for all j > 1.

Proof. The definition and primitivity of the incidence matrix My, give
#{ve A*: 7(q,v) >0} =(0,...,1,...,0)MF(1,..., 1)t = cnqﬂk +0(p*) (4)

with constants ¢ > 0 and p < 8 such that every eigenvalue a # 3 of M, satisfies
la| < p. Due to the assumptions on Ay, we have uy - --u € L for every k > 1.
Similarly to [LRO1l [LR0O2], we split up

{veL:v<uy - -ug}

1<j<k a<uj

Since
6k+1

k
#ue Ll <k} =3 (e8 +0()) = cg—1 +Omax(l,p)"),

we obtain

7=0
valg(uy - -~ ug) 1 ,6’—1 b i (maX(Lp)k)
B 7 (dyuy-uj_1a +O0| ———|.
#{veL: v <k} /3 3 ]Z:a;j?? (dur-uy—1a) G

Therefore, we have

valg(ug - ug) 1 5 1 &
) = 0 Fve L <k B T;@
and
(u) = (Bvalg(u) —1)/(B—1)
yields (3). O

As a last preparation for the study of the discrepancy of abstract van der
Corput sequences, we consider the language L.

LEMMA 4. Let L be as in Lemma [3 and assume that 7(q,a9) > 0 for every
q > 0, where ag denotes the smallest letter of A. Then, L' consists exactly of
those words in L which do not end with ag.
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Proof. We clearly have (t) < (u) if t < u, t,u € L,. The primitivity of M|,
implies that 7, > 0 for all ¢ > 0. Therefore, (t) = (u) if and only if there exists
no word u’ € L, with t < v < w. For v < w, v,w € L, this means that (v) = (w)
if and only if v is a prefix of w and w is the smallest right extension of v in L
of length |w|. Since 7(q,ag) > 0 for every q > 0, we have val € L for all k > 0.
It follows that (v) = (w) with v < w, v,w € L, if and only if w = va(‘)wl_‘v‘.
Thus, w € L' if and only if w ends with ag. O

agp, a2

az Gop, ay, a2 Gop, ai, az

FIGURE 1. The totally ordered automata Ar (left) and Az (right) of Example [0l

ExAMPLE 1. Let Ay = ({0,1,2,3}, {ag,a1,a2},7,3,{1,2,3}) be the totally or-
dered automaton in Figure [[l on the left. The first words in L (in the shortlex
order) are
€, @o, a1, a2, apAo, @01, Apa2, A1Qo, A1a2, A2¢0, A2A2,
apaopap, apaopai, apapadz, Apa1ap, Ap1a2, Apa2a0, ApA2a2,
aiapap, a1a0a1, @104002, @104200, @10202,

a2a000, G200a42, 204200, A20202.
The transition functions 7, 7 and the incidence matrices M, M7 are given by

a a

(==}
=
[\v]

| a

; ML:

[SU R e |
W w N o
N O OO
e )
==
—_ o
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?aoalag
00 0 O 0 1 0
1{2 0 0, Mp=(10 1
213 1 O 1 0 2
313 1 3

Recall that

My = (#{a€A: 7(q,a) =7})1<qr<3, Mz =(F{lac A: T(q,a) =7})1<q,r<3

and that 7 can be calculated using Remark[Il Thus, Lis recognized by the totally
ordered automaton Aj in Figure[[lon the right. The characteristic polynomial of
My is 23 — 222 — 2 + 1, the dominant eigenvalue is 3 ~ 2.247, and (91, 12,13)" =
(B2 —28,-B?+38—1,1)" =~ (0.555,0.692, 1)! is a right eigenvector of M. Since
23 — 222 — x + 1 is irreducible, it must be the characteristic polynomial of M7
as well. The conditions of Lemma [4] are satisfied, hence the first elements of the
abstract van der Corput sequence corresponding to L are

o o o M _ N3+ . M3
vo=(e) =0, @1 ={(a1)= A (a) = T 8= (agar) = 5
N3 + 12 N3 N3 N3 +n2 N2
Tg4—=1(ApA2) = , Tz=(a1a9)=— -, Te=(A20a9) = ——— + =,
(aoaz) =" (@a)="5 + 2 (aa00) = B2 1 2
5] _ o n3 M3 . N3+ N2
7 <a0a0a1>f—ﬂ3, Zlf‘sf(alaom)—g + 537 x9 = (apapaz) = I
o= {aapag) =B 4 BER gy =B
B g B B3’
_ _ M3 13 _ Mt N2
T12= <aoa1a2>—§ + 5 x13=(apazaz) = 52 + 5
3, N3, M2 N3g+m2 M2 M
T14=(010202)=— + —5 + ==, T15=1(A20202)=—— + — + —.
14 =(aiaz2as) 3 R 15 = (agazas) 3 32 B

| | | | | | | | | | | | | | | | |
I T T T T T T T T T T T T T T T 1

Lo 7 X9 T3 T12 T4 13 21 Tg Tio s T14 T2 T11 Te T15

3. (-adic van der Corput sequences

To obtain Ninomiya’s f-adic van der Corput sequences, consider a totally
ordered automaton Ay = ({0,1,...,d}, A, 7,d,{1,...,d}) on the alphabet A =
{0,1,..., B}, with integers b, € A, 1 < g < d, such that 7(¢,a) = d for all
a < by, and 7(q,a) = 0 if and only if a > b, or ¢ = 0. Assume that M, is
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primitive (which is the only interesting case since 7(¢,0) # d implies b, = 0),
and let 8 be its Perron-Frobenius eigenvalue. Then, we have

€ (W) = Y Ne(quruy1a) = Y Na=1u; forevery u=ujuy--- € Ly, j > 1.

a<uj a<u;

Let t1t3--- be the maximal sequence in Ly, i.e., t; = br(qy,...¢;_,) for all
J > 1. Since Ay, is a totally ordered automaton, 7(d, ¢y ---tj—1) < 7(d, t1 - - tx—1)
implies t; < ty or t; = ti, 7(d,t1---t;) < 7(d,t1---tx), thus tjtj4q--- <
titk+1 - -+, in particular ;11 -+ < tite - --. By the maximality of tita---, we
have Z]oil t;377 = 1. The sequence tts - - - is called the infinite expansion of 1
in base § or quasi-greedy expansion of 1, cf. [Par60]. By the special structure of
Ay, and the primitivity of My, we have {7(d,t;---t;): 0<j<d} ={1,...,d},
hence 7(d,t; ---tq) = 7(d,t1 - - - t,,) for some m < d. Therefore, t1ts--- is even-
tually periodic with preperiod length m and period length d — m, which implies

d m
1= 3ot = (12087 e,
j=1 j=1
thus g is a root of the polynomial
(2 — 12?7t — o 420 — (2™ — 2™ — e — 1,20, (5)

If Aj is the minimal deterministic automaton recognizing L or, equivalently,
m and d —m are the minimal preperiod and period lengths of ¢1t5 - - -, then (B
is called B-polynomial.

If u = wus--- € Ly, then we have either v = tito--- or uy---up_1 =
t1 - tr_1, ur <t for some k > 1. Since 7(d, uy - - - ux) = d in the latter case, u €
L, is equivalent with wjujq--- < titg--- for all 7 > 1, cf. [Par60]. Therefore,
u is either the greedy or the quasi-greedy (-expansion of (u). Since w00 --- is
a greedy [-expansion for every w € L, the abstract van der Corput sequence
given by S = (L, A, <) is exactly the 8-adic van der Corput sequence defined in
[Nin98a]. Consequently, we call Ay a S-automaton.

Conversely, let t1t5 - -+ be the infinite expansion of 1 in base 8 > 1, i.e., the
unique sequence of integers satisfying Zji1 t;877 =1and 00+ < tjtjpq-- <
titg -+ for all j > 1, cf. [Par60]. Assume that t1to - - - is eventually periodic. In
particular, this holds when f is a Pisot number, see [Ber77, [Sch80]. Let d be
the sum of the minimal preperiod and period lengths, and ¢; = #{1 < k <
d: titger--- < tjpatjpe---} for j > 0. Then, the f-automaton is given by
by, = tj+1 and 7(qj,tj41) = qj41, see Example 2

Note that -adic van der Corput sequences were first considered in [BG96]
for some cases in which L = L. In this case, the definition of the sequence is
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simpler beacause the f-expansion of x, is the mirror image of the expansion
of n in a numeration system with respect to the linear recurrence corresponding
to the B-polynomial. In our notation, L=1Lis equivalent with 7 = 7, see also
[BY00, Kwo09] for a different characterization.

EXAMPLE 2. Let 3 be the real root of 3 — 422 — 2. Then, 1ty --- = 401401 - - -,
hence we have d =3, g =3, 1 =1, 2 = 2, g3 = 3, thus b3 =4, by =0, by =1,
and

710 1 2 3 4

0{0 0 0 0 O 0 1 0
112 0 0 0 0, Mr=|0 0 2}/,
213 3 0 0 0 1 0 4
313 3 3 3 1

7|10 1 2 3 4

0{0 0 0 0 O 2 20
112 2110, Mzg=12 11
213 2110 3 11
313 2 1 1 1

This example is also given in Section 2.3 in [Ste06], with different notation. The
substitution 7 in [Ste06] plays the role of the transition function 7 in this paper.

4. Discrepancy function

For a given abstract van der Corput sequence (x,,),>0 and y € [0, 1], we study
now the behavior of the function D(N,[0,y)) = #{0<n < N: x, <y} — Ny
as N — oo. Since D(N, [y, z)) = D(N,[0,2)) — D(N,[0,y)), this determines the
discrepancy of (z,,)n>0.

If L satisfies the conditions of Lemma [3] then every y € [0,1] is the numer-
ical value of some u € L, see [LR02]. We have the following lemma, where
ay = apap - .

LEMMA 5. Let (z,)n>0 be an abstract van der Corput sequence with L as in
Lemmalj. Fory = (u) withu = uyuz -+ € Ly,, N > 0 withrepg;(N) = wy - - -wy,
we have

#{0<n<N:z,<y}=

0 0
Z Z Z Z #Li(_dj’;ll'““j—w)f(d’we-~-wk+1b) +C(N,u),

j=la<u; k=j+1b<wyg
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where
Ly, ={ve A" : 7(q,v) +r>d} ={ve A" : ¢+7(r,0) > d}
and
‘
C(N,u) = Z#{b < wg : bwgg -+ wead
k=1

< UpUfq1 * "+ 5 UL "+ Up—1bwgy -~ wp € LY.
Since £ = O(log N), we have C(N,u) = O(log N).

Proof. We have to count the number of words v € L' with valg;(v) < N, i.e.,

U < wg---wi, and (v) < y. As in the proof of Lemma [ we have vaé_‘v‘ e L,
thus (v) = (vaf;*lvl). Since wy > ag, ¥ < wy - - -wy holds if and only if agf‘v‘ﬁ <
wy - - -wy. Therefore, we can count the number of words v € L N A with v <
wy -+ -wy and (v) < y, instead of those in L.

The inequality (v) < y is equivalent with va§ < u. Thus, we have to count

the v in L of the form

V=Up " Uj— 1AV 41 * - Vg1 bWhp1 -~ wp With a <wuj, b <wg,1<j <k </,

or

v=uy - Up—1bwpgr - we with b<wy, bwptq - - - weay <ugugyr -, 1<k <L

Lemma [ yields that wq---u;j—1avj41 - Vg—1bwgq1---we € L if and only if
k—j—1 X . .

Vjg1 - Vk—1 € LT(d ey @) F(dywe s 1b)’ which provides the main part of the

) j— ) y e 3
formula. The other words give C'(N,u). We have £ = O(log N) since L grows
exponentially and the same holds for L' by Lemmall Since A is finite, we obtain

C(N,u) = O(log N). O

Similarly to [Nin98al Nin98bl [Ste06], we assume now that the characteristic
polynomial of My, is irreducible. Let [, ..., 84 be the conjugates of the Perron-
Frobenius eigenvalue 8; = 3. For any z € Q(8), denote by 2V € Q(3;) the
image of z by the isomorphism mapping § to §;. Similarly to (@), we have some
constants 61, ...,604 € Q(B) such that 4
#LE =(0,...,1,...,0)MF(0,...,0,1,...,1) = poDBF for 1 <q,r<d.

=1
Note that (01,...,04)" is a right eigenvector of M;. Set 6y = 0 and define
’}/k(N) = Z 0‘7’(d,we~-~wk+1b) for N = Valfs‘;(”wg o 'w1>, 1< k < f, (6)
b<wyg
similarly to €;(u). Then,

d

k—j—1 B W)/ N () k—j—1

Z Z #LT(djﬂu---uj71a),?(d7w1“'wk+1b) 7261' (w)y, (N)B; i
i=1

a<uj b<wy
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N = Z Z #Ld T (dywe-wr41b) Z Z Z’rlé)e‘r(d W+ wk+1b)ﬂ

k=1b<wyg k=1b<wy =1

For y = (u), we have thus
D(N [0,))

_Z Z Z Z# T(du1 ‘uj—1a),7(dwe wk+1b)+CNu Nzlej
j=

j=la<u; k=j+1b<wy

co d L
_ZZ< Z 6§i)(u)7() gr=i=1 Z'V(l >+C
j=1i=1 \ k=j+1
o) £ d
3 (5 St (e - o)
=1 \ k=j+1i=2
’ ’ min(j,¢) d ‘
= 3 S AP e (u )5J> +C(N,u). (7)
k=1 =1

Since the series converges absolutely, we can change the order of summation,

and get Vet
—Z< S (P () — 5(w)B7)
k=1 j=11=2
sz N)BtTe <>@j>+c<N,u>. (8)

The following theorem states that D(N,[0,y)) = O(log N) if |5;] < 1 for
2 <i<d,i.e., if g is a Pisot number. The conditions on M, are subsumed in
the following definition.

DEFINITION 3 (Pisot automaton). A deterministic automaton is said to be a
Pisot automaton if the incidence matrix of its restriction to the states which are
both accessible and co-accessible has one simple eigenvalue § > 1, and all other
eigenvalues satisfy |a| < 1.

THEOREM 1. Let S = (L, A, <) be an abstract numeration system where L is rec-
ognized by a totally ordered Pisot automaton A, =({0,1,...,d}, A, 7,d.{1,...,d})
with 7(0,a) = 0 for every a € A, 7(q,a9) > 0 for the minimal letter ag € A and
every q > 0. Then, the corresponding abstract van der Corput sequence is a low
discrepancy sequence.
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Proof. If Ay is a Pisot automaton, then the characteristic polynomial of M,
is irreducible, thus M7, is primitive. Therefore, the conditions of Lemma [l are
satisfied, and D(N, [0,y)) is given by (8). Since 74 (V) and €;(u) take only finitely
many different values and ¢ = O(log N), we obtain

}:o )+ O(log N) = O(log N),

where the constants implied by the O-symbols do not depend on y. With
D(N7 [yaz» = D(N7 {07 Z)) - D(N7 {an»;
we get sup; D(N,I) = O(log N), and the theorem is proved. O

As Section [3] shows, the -adic van der Corput sequences defined by Pisot
numbers  with irreducible -polynomial considered in [Nin98al [Nin98b] are spe-
cial cases of the abstract van der Corput sequences in Theorem [Il By Lemma [2]
S = (L A, <) is another, usually different, abstract numeration system satis-
fying the conditions of Theorem [I] whenever 7(gq,ag) > 0 for every ¢ > 0, in
particular when Ay is a S-automaton. The abstract van der Corput sequence
considered in Example [Ilis also a new low discrepancy sequence.

5. Bounded remainder sets

Under the conditions of Theorem [l () gives

00 V4 d ‘ ‘ min(j,¢)
D(N,[0,y)) _Z< S 3P (s - Z W(N)ej (u) g7~ 1)
j=1

k=j+1i=2
+ C(N,u) 4+ O(1) (9)

for y = (u). If there exists some m > 0 such that u; = a¢ for all j > m, then
€j(u) = 0 for all j > m and C(N,u) is bounded. It follows that the interval
[0, (v)) = [0, (vay)) is a bounded remainder set for every finite word v € L.

For any p-adic van der Corput sequence where ( is a Pisot number with irre-
ducible S-polynomial, the bounded remainder sets [0, y) have been characterized
in [Ste06] by the fact that the tail of the S-expansion of y is either 0 or a suffix
of ity ---. With our notation and the S-automaton defined in Section [3], this
means that 7% . u;8™77 = 5, for some m > 0, ¢ € Q. In the more gen-
eral case, we have the following partial characterization. Note that the proof is
simpler than the one in [Ste(6].
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PROPOSITION 1. Let (z,,),>0 be an abstract van der Corput sequence satisfying
the conditions of Theorem [, u € L. If there exists some m > 0, ¢ € @, such
that

€m+1(w)emra(u) - = €q1(tg)eg2(ty) -+,

where tg, =t 1tq,2 - - - is the maximal sequence in A“ with 7(q,tq,1---t4,;) > 0 for
allj > 1if g >0,t) =ay, e,;(ty) = Zadw Nr(qyty1-ty.;—1a)s thEN D(N, [0, (u)))
is bounded.

Proof. If ¢ =0, then ¢;(u) = 0 for every j > m, and we have already seen that
the boundedness of D(N, [0, (u))) follows from ().
For ¢ > 0, note that
€q,2(tq)€q3(tq) - = € 1 (g )eq 2(tg) -+,
where ¢ = 7(g,t4,1), and that M, is primitive. Therefore, we can assume that

m is large enough such that M" has only positive entries. Hence, there exists
some v € L N A™ such that 7(d,v) = ¢. Then, we have vt, € L, and

Em+1(Vtg)em2(vtg) -+ = €q,1(tg)€q2(tg) -+
thus D(N, [0, (u))) = D(N, [0, (vt4))) + O(1) by @).
It only remains to show that D (N, [0, (vty))) = O(1). If vty = tq, then

(vtg) =1 and D(N,[0,(vty))) = 0.

Otherwise, the successor v’ of v in L has length m, and (vt,) = (v) since no
sequence v’ € L, satisfies vt, < u' < v'af, hence

D(N, [0, (u))) = D(N, [0, (vtg))) + O(1) = D(N, [0, (v/)) + O(1) = 0(1). O

Clearly [y, z) is a bounded remainder set if both [0,y) and [0, z) have this
property. For the converse, the following holds.

PROPOSITION 2. Let (z,,),>0 be an abstract van der Corput sequence satisfying
the conditions of Theorem [Il If D(N, I) is bounded, then A(I) € Q(p).

Proof. The proof is very similar to that of Theorem 1 in [Ste06]. Therefore, we
only give the main steps. Define a substitution q — 7(q, aq,0) - - - 7(q, ag,m, ), with
{ago,aq,1,.. . aqm,} = {a € A: 7(q,a) > 0} and ag0 < ag1 < --- < Ggm,,
1 < g < d, which plays the role of the substitution 7 in [Ste06]. Since 7(d, ag) = d,
we have d — dw for some w € A*. Then, a continuous successor function on L,
satisfying repg;(n)ag — repg; (n+1)ag is topologically conjugate to the successor
function S on D defined in [Ste06], see also [BROT]. If D(N, I) is bounded, then
A(I) is an eigenvalue of the dynamical system (D, S), see Theorem 5.1 in [Sha78]
and [Ste06]. By Proposition 5 in [FMN96], these eigenvalues are in Q(3). O
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If y € Q(B), then y = (u) for some eventually periodic sequence u, see [RS05].
Let p be the period length of €1 (u)ez(u) - - - and m the preperiod length. From (8,
we get that

DN, I Z(Zv zw(umfj1-fyk<zv>zej<umw1)

k=1

Set

For k > m, we have

Y = ﬂp—l )
k-1 (i) p—1 (i)
; g (WPt (u) ;
& ()BT = + O(8) = . + O(BY)
Jj=1 v

for 2 < i < d, which gives ¢ d
D(N.[0.9)) = O(N,u) = 3_ >~ 2 (Mg +0(1).
k=1 i=1
Recall the definition of v4(N) in (@), and set

d
Ze(i)z(i) forr € @, z € Q(B). (10)
Then, we have = p
D(N,[0,) = C(N,u) = > D" Grtauwewiaty () + O(1). (1)
Note that hEL b
- o |1 ifg+r>d,
CT‘(WQ) - #Lq,r - { 0 else. (12)

The main result of this section is the following theorem.

THEOREM 2. Let (x,)n>0 be an abstract van der Corput sequence defined by
an abstract numeration system S = (L, A, <), where L is recognized by a totally
ordered Pisot automaton Ar, = ({0,1,...,d}, A, 7,d,{1,...,d}) with 7(0,a) =0
for every a € A, 1(q,a0) > q for the minimal letter ag € A and every q €
{1,...,d — 1}. Then, D(N,[0,(u))), u € Ly, is bounded in N if and only if
(u) € Q(B) and there exists some m > 0 such that

1 . w < . d e _ c L,
G (ye) = { if vag < ugtpey-ce and ug-e - Uup-1v (13)

0 else,
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for every v € A*, k > m, where y, = Z;’ik €j(u)BF=I71 T is as in @), ¢ as
Proof. We show first that the conditions on u € L, are sufficient for the
boundedness of D(N, [0, (u))). Note that the assumption 7(g,ap) > ¢ for 0 <

g < d is not used here, but only the weaker assumption 7(g, ag) > 0 of Lemmal[dl
For N = valg; (wy - - -wy), we have

¢ ¢
bwiy1 - - wead < upug 15,
Z ZC?(d,wz---wk+1b)(yk) = Z #{b < Wg + 0 + }

k=1 b<wy k=m-+1 Uy - uk_lbwk+1 T We € L
+0(1) =C(N,u) + O(1),
thus b
v @ D(N. [0, (u})) = O(1).

Now, suppose that D(N, [0, (u))) = O(1) for u € L. By Proposition 2, we
have (u) € Q(fB), thus u is eventually periodic by [RS05]. Let m >0, p > 1 be
such that

U=UL U (Umg1 - Umap)®  and  T(d,ur - Up) = T(d, U1 -+ Upnyp)-

Consider v € A* and k > m. If v € L, then (I3) holds since

G(d,v)(Yr) = Col(yr) = 0.
If v = v'ag, then ([I3)) holds for v if and only if it holds for v'. Therefore, we can
assume v € L’ If v is not the empty word, then we define integers

Ny, = valg; ((va§)"vag™") for h >0, with g > max(d—1,p)

such that g + |v| is a multiple of p. Set v = vy, - - - vy, with k < /.

We show that

C(Np,u) = (h+ 1)C(Np,u) for all h > 0. (14)

If Uppt1 -+ Uy p = afy, then C(Np,u) = 0 and ([4) holds. If tpmt1 - - Upptp > ab,
then g > p implies that bvjiq---veaf < wjujpr---, b < j < £, if and only if
bvjyq - -W(agv)haff < Ujujyq---. Since Ay, is totally ordered, the assumption
7(q,a09) > q for 0 < g < d implies 7(d,a9) = d and 7(q,a})) = d for all ¢ > 0,
j > d—1, in particular 7(g,ay) = d. Therefore, we also have

up - uj—1bvjyr---vp € Loif and only if wq - uj_1bvjgg - -vg(agv)h e L.

Since g + |v| is a multiple of the period length of u, (I4]) follows.
Since 7(g,a) = d for all ¢ > 0, we also have 7(¢,a) = d for all ¢ > 0, and
thus

G (d,(Bad)rve-v;416) (U5) = CF(dyoe-v;110) (Y5)-
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By (), we get

DV 0. () = (h + 1) ( Vo) =35 o %b)(yn)wa).

j=kb<v;

Therefore, D(N, [0, (u))) = O(1) implies that

¢
Z Z CF(d,vg--v;41b) (yj) = C(No,u) for Ny = valg (v, vkao ) k> m.

j=kb<v;

(15)
We will show that (I3]) holds, by considering ([IZ)) for the integer N defined by
the successor of v in L/. Let first v be the empty word, and Ng = valg; (vfcalg D

with v}, such that 7(d,b) = 0 for all b € A with ag < b < v},. Then, (I3]) gives

1 ifa¥ < URUk41 "
Ca(Yr) = G(d,ao) (k) = C(Ng, u) = { 0 else(j

thus (I3)) holds if v is the empty word. Assume next that there exists some
v, > vp with 7(d,ve -+ vgpp1vg) > 0.

Choose v}, such that 7(d, ve - 'U]C+1b> =0 for all b € A with v, < b < v}, and
set N = valg; (vg - - Uk 1vhag ). Then, (I3) holds because of

CT(d Vg vg) yk Z C‘r(d Vg Vg41b) yk Z C‘r(d Vg vk+1b)(y1€)

b<vk b<vg
= C(Ng,u) — C(No, u)
1 fog - val <uptpgr oo, U Uk—10g v €L,
10 else.

Now, we proceed by induction. We know that (I3]) holds if v is the empty
word. Assume that (I3) holds for all words v of length ¢ — &, and consider

d
i (4)
CGrdann) b t1) = D 05wy (Bu — ex(u) (16)
i=1
- Z’BZ 7(d,ve- vk+1)yk _Zef(d v vk+1)znf(d U1 ug—1b)”
b<uy
Let vg be the maximal letter with 7(d,v; - - - vg41v) > 0. Since (61,...,04)" is

an eigenvector of M5 and we already know that C(gu,...v. 15)(Ur), b < Vg, is
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given by (I3)), we have

d
; ﬂle’('()d ve-vig1) Ik Z Z 07(' dvg- vk+lb)y’(c )

—1becA
= Z C?(d,vg~-~vk+1b) (yk) = C‘T’(d,vzka)(yk)—f—
beA
#{b < vk : bugg1---vag < UgUpgr -, UL Uk—1DVE41 -+ -V € L}

Using this equation,

T(d Vg Ug41) Z nT(d uyuk—1b) T Z #LT(d uyuk—1b),7(d v V1)

i=1 b<uy b<uyg
=F#{b<uk:up- -up_1bvgs1---ve € L}

and the induction hypothesis, (1)) yields

Cﬂw'(dfvz"'vk)(yk)
= C‘T’(d,vgu-vk+1)(yk+1> +#{b<up:u--up—1bvggr v € L}
—#{b <k : bogyr - veal < UpUpgr -, Up o Ug—1bUR41 - vg € LY}

_ 1 ifvgyr - -vead < upsiupyz--- and ug - UgUgy1 - - Ve € L,
0 else,

1 ifop <wug and uy - up_qvg---vp € L,
+ -1 ifvp > up, Vkgr - veaf < UpprUggo s UL URVR41 Vg € L,
0 else,

1 ifog---vaf <ugupsr--- and ug - up—1vg - v € L,
0 else,

where we have used that wq---ug_1bvgy1---ve can be in L only if b < wy.
Therefore, (I3]) holds for all words v of length ¢ — k + 1, and Theorem [ is
proved. O

In the case of §-adic van der Corput sequences, all bounded remainder sets
satisfy the conditions of Proposition[I] see [Ste06]. The following example shows
that this is probably not true in the more general setting, i.e., that there might
be sequences u satisfying the conditions of Theorem [Tl but not those of Propo-
sition [l However, Ay, is not a Pisot automaton in this example, and we have
not found an example where Ay, satisfies the conditions of Theorem [Il
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ExamPLE 3. Let A;, = ({0,1,2,3,4}, {ao, a1,a2,a3},7,4,{1,2,3,4}) be the to-
tally ordered automaton with 7,7 given by the transition tables

T|lay a1 a2 as T|lay a1 az as
0/0 0 0 O 0|0 O 0 O
113 2 1 0 112 2 1 0
213 2 2 1’ 214 2 2 0
314 4 3 1 314 4 3 1
414 4 4 2 414 4 4 3

If u = agapay, then 7(4,u; -+ - ux—1) = 3 and thus €, (u) = 2ny for all k£ > 3. We
obtain yy = 13 — 2 + 11, which implies (4(yx) = C2(yx) = 1, G3(yr) = Ci(yx) =0
by ([I2). It can be easily verified that (I3]) holds for all v € A*, k > 3, but the
conditions on u of Proposition [I] are not satisfied.

We conclude by the remark that the boundedness of D(N, I) is not invariant
under translation of the interval, i.e., D(N, [y, z)) can be unbounded if [0, z — y)
is a bounded remainder set and vice versa, see [Ste06].
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