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ON AFFINE MAPS AND AN ARITHMETIC LIMIT
ON COMPACT GROUPS

RADHAKRISHNAN NAIR

ABSTRACT. Let G be a compact connected metric abelian group equipped with
its normalised Haar measure. Let Tx = a+ A(z) be a continuous surjective affine
map of G such that v = 1 is the only character of G satisfying v o A™ = + for
some positive integer n. Then if ¢ is a polynomial with real coefficients mapping
the natural numbers to themselves, (p;);2; is the sequence of rational primes and
fisin LP(G) for p > 1, we prove that

ngnoo Zf T¢(pn /f

almost everywhere with respect to Haar measure on G.

Communicated by Pierre Liardet

1. Introduction

Let G be a compact metric abelian group equipped with its normalised Haar
measure. We call a map 7" : G — G affine if there exists a continuous surjective
endomorphism A : G — G and a € G such that Tz = a + A(z). In this paper
we prove the following theorem.

THEOREM. Let G be a compact connected metric abelian group equipped with its
normalised Haar measure. Let Tx = a+ A(x) be a continuous surjective affine
map of G such that v = 1 is the only character of G with v o A™ =~ for some
positive integer n. Suppose that ¢ is a polynomial with real coefficients mapping
the natural numbers to themselves, that (p;);2, is the sequence of rational primes

2000 Mathematics Subject Classification: 11K06, 11K55, 11120, 22D40, 28D05,
28D15.
Keywords: Polynomials in primes, ergodic transformation, affine maps on groups, compact
groups.

39



RADHAKRISHNAN NAIR

and that f is in LP(G) for p > 1. Then

Jim Z F(reiz) = [ rio)a (1)

almost everywhere with respect to Haar measure on G.

For a measure space (X,5,u), a map T : X — X is said to be measure
preserving if u(T71A) = u(A) for all A € 8 and we call (X, 3, u,T) a dynami-
cal system. Further (X, 3, u, T) is said to be ergodic if T"1A = A implies that
wu(A) or p(X\A) is 0. We say it is weak mixing if the product dynamical system
(X x X,8 x B,ux p, T xT) is also ergodic. By Birkhoff’s theorem, the limit

exists. Under our condition on the characters of GG, the map T is ergodic and so
being T invariant f(z =[.f o f(g9)dg Haar almost everywhere [Wa]. The ergodicity
of T" in and of it of 1tself is not enough to ensure () is true. For instance, as it
is shown in [AN], there exists an ergodic transformation for which a much more
complicated limit is identified. If we set G = T (the d-dimensional torus) with
d > 1 and we set Tz = A(x), where A is the endomorphism of T defined via a
d x d integer entry matrix also denoted A, our character condition on 7' reduces
to none of the eigenvalues of A being roots of unity [Wa]. Our Theorem has
the following Corollary, which may be viewed as a refined variant of E. Borel’s
famous normal number theorem.

COROLLARY. Suppose that A is a d x d integer entry matriz none of whose
eigenvalues are roots of unity and that f € LP(T9) with p > 1. Then for ¢ and
(pn)$2y as in our Theorem

Jm Z flavos) = | sy (2)

T

almost everywhere with respect to Haar measure on T

These results can be set in a more general framework. To any strictly increas-
ing sequence of natural numbers (ay)%2,, dynamical system (X, 3, p,T), fixed
real number p > 1 and f € LP(X, 3, u) we associate the sequence of averages

N
Anf(z Z f(T% (N=1,2,...).
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We say (ar)72; is LP good universal if limy_oo An f(z) exists almost every-
where. Answering a question ascribed variously to A. Bellow, H. Furstenberg and
M. Herman it was shown by J. Bourgain that the sequence ay = k?(k = 1,2,...)
is L? good universal [Bo2]. Later this was extended to show ax = k" (k = 1,2...)
for natural numbers r > 1 was LP good universal for p > 1. The author showed
[Nal] that if ¢ is a polynomial mapping the natural numbers to themselves, then
ar = ¢(px)(k =1,2...) is LP good universal for p > 1. The case ¢(z) = = of
this result appears in [Wi] which itself improves [Bol], where the same result
appears for p > @ What happens when p = 1, to the best of the author’s
knowledge, is still open. The property of these sequences that makes the identifi-
cation of the limit interesting as in the case of our theorem, is that the sequences
(k")%2, and (¢(pr))5, are not generally uniformly distributed modulo m for all
natural numbers m > 2. Another class of sequences for which L? (p > 1) good
universality can be proved are condition H sequences introduced in [Na3] and
constructed as follows. Denote by |y] the largest integer not greater than y and
let {y} denote its fractional part y— |y]. Set ar = |g(k)| (k =1,2,...), where g
is a differentiable function from [1,00) to itself whose derivative increases with
its argument. Let Ay denote the cardinality of the set {k : ay < M} and sup-
pose for some function a : [1,00) — [1,00) increasing to infinity as it argument
does, we set

b(M) = sup
{o}e[athm %)

Z e(aag)|,

k:akg M

where for a real number x we have used e(x) to denote e2™*% Suppose also for
some decreasing function ¢ : [1,00) — [1,00) and some positive constant C' that

b(M) + Ao +
Ay

0 < cequn

Then if we have

o0

Zc(@s) < o0 for every 6 >1,

s=1
we say that (ag)g >1 satlsﬁes condition H. Examples include sequences of integers
ar = |g(k)] (k ..) for g(k) = k¥, for non-integer w > 1, g(k) = e(logk)”,
for v in (1,3) and g(k) = P(k), where P(k) = ayk" + -+ + a1k + oo and
the real numbers «q, ..., a, are not all different rational multiples of the same
real number. An important property of condition H sequences is that they are
Hartman uniformly distributed, i.e., (ax)5, is uniformly distributed modulo m
for each natural number m > 2 and ({akG}) ° , is uniformly distributed modulo 1
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for each irrational number 6. Note that this means ar = ¢(pr) (K =1,2...) is
not Hartman uniformly distributed. Hartman uniformly distributed sequences
are very useful with regard to applications as the limit of the pointwise limit of
the ergodic averages is identical to those in Birkhoff’s ergodic theorem. Other
good universal sequences of integers that are Hartman uniformly distributed in-
clude various random constructions exemplified by those in [BW] and [Bol] and
a construction, based on Hardy fields in [BKQW] which seems to the author to
satisfy condition H and hence be a special case in [Na3, of Theorem 4], proved by
much the same means. J. Rosenblatt [R] has shown that even L* good univer-
sality fails if there exists ¢ > 1 such that agy1 > qag (k= 1,2...). For further
background see the survey [T].

Proof of Theorem. The existence of the limit (Il is assured in [Nall by
Theorem 1]. This means that all we have to do is to identify this limit as
Jof(g9)dg. We first prove that

lim
N —o0

N
¥ () - [ fia il )
n=1

where as standard

1fllp = (/lelp(g)dg> for p € [1, 00).

Let (.,.) denote the standard inner product on L?(X,J3,u). Also let
Uf(x)= f(Tx) and for natural number n let U™ denote the adjoint of U™
A basic fact from ergodic theory is that there exists a measure wy defined on T,
that is non-atomic if 7" is weak mixing [Na2| such that

|~

(U"f,f}-/Tz"dwf(z) (neZ).

In the special case where T is an affine map of a compact connected metric
abelian group G, its being weak mixing is equivalent to the condition that v =1
is the only character of G such that v o A™ = « for some natural number n.
See [Wal Theorem 1.11 p. 31 and Theorem 1.29 p. 50], for details. In prov-
ing (B) we assume, as we can do without loss of generality, that [ f(g)dg = 0.
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This implies that

HN+1Zf T¢(pk)> - 3 <U(¢(pk1) o(pr)) . f>

2
2 (N +1) 0<k1, ke <N

_ 3 /TZ(¢(Pk1) (%2)) duy (2)

2
(N+1) 0<k1, ka<N

2
dwy(z). (4)

L
- ¢(pr)
cIN 1 kZ:OZ

This means that to prove () it suffices to show that the integrand on the right
hand side of () tends to zero for z = e(t) with irrational ¢. This follows immedi-
ately from the fact, taken from [R], that for any real polynomial P the sequence
(P(pn))pe; is uniformly distributed modulo 1 if P(z) — P(0) has an irrational
coefficient. We have established (3]).

Now if g € L*°(G) then, using the bounded convergence theorem, there exists
g* € LP(G) with

=0.

p

lim
N —o0

1N
~ Z g <T¢(p”)x> —g*(h)

n=1

For general g in L”(G), the same observation follows, using the fact that L>°(G)
is dense in LP(G), that T is measure preserving and the triangle inequality. Also
using (3) and the triangle inequality one verifies f*(z) = [.f of(h)dh for all f in
L?(G) and for f in LP(G) with p € (1,2) because ||f||p is bounded by || f||2- We
now need to show the norm limit is the same as the almost everywhere limit.
Choose natural numbers (V)72 such that we have

]Amf— | fwan| <.
G p
Then
Sl p
Z/ ’ANtf(h) —/ f(R)dh| dh < oo,
t=17C G
which using Fatou’s lemma gives
0 p
/ > | An, £(R) —/ f(h)dh| | dh < .
¢ \i— G

43



RADHAKRISHNAN NAIR

From this we know that we have,

S AN, £ / F(h dh

almost everywhere. Hence we have

N
1
1 ¢(pn)
thm Yy ;Zlf T /f

almost everywhere with respect to Haar measure on G. So (An f)J¥_; converges
almost everywhere with respect to Haar measure on G to [, f(h)dh as required.
O

OO

< o0,

t=1

REMARK. As the referee has also observed, the only fact about Tz = a + A(z)
we have used is that it is weak mixing under our condition on characters and
our result is true for any dynamical system (X, S, u,T) that is weak mixing
and in fact under some weaker conditions. In particular, affine maps on non-
commutative groups are weak mixing if they satisfy a condition on the unitary
representations of the group [C]. As the referee also points out, for the limit to
be the [ f(t)dp p almost everywhere all that is required is that the dynamical
system (X, 3, u,T) be ergodic and have no measurable eigenfunctions with a
root of unity for an eigenvalue. I thank the referee for very detailed suggestions
improving the presentation of this paper.
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