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LIMIT POINTS OF FRACTIONAL PARTS OF
GEOMETRIC SEQUENCES

HaJmME KANEKO

ABSTRACT. Let a > 1 be an algebraic number and £ a nonzero real num-
ber. In this paper, we compute the range of the fractional parts {£€a™} (n =
0,1,...). In particular, we estimate the maximal and minimal limit points. Our
results show, for example, that if (= 24.97...) is the unique zero of the poly-
nomial 2X2 — 50X + 1 with X > 1, then there exists a nonzero £* satisfying
limsup,, _,,,{£*0™} < 0.02127.... On the other hand, we also prove for any
nonzero £ that limsup,,_, .{£6™} > 0.02003.. ..

Communicated by Shigeki Akiyama

1. Introduction

Koksma [I1] proved for nonzero £ that the geometric progressions o™ (n > 0)
are uniformly distributed modulo 1 for almost all & > 1. He also showed for
a > 1 that o™ (n > 0) are uniformly distributed modulo 1 for almost all real &.
There is, however, no criterion of uniform distribution for the series {a™ (n > 0)
with given o > 1 and £ # 0.

Let p be the Haar measure of the torus R/Z with p(R/Z) = 1. We write the
canonical map from R onto R/Z by 7. For any interval I C R, we call J = 7(I)
an interval in R/Z.

We take a« > 1 and & # 0. Let J(«,&) be the shortest interval in R/Z
containing all limit points of {a™ mod Z (n > 0). Note that J(a, &) is uniquely
determined unless the set of limit points of {&™ mod Z (n > 0) consists of two
elements. We now recall the definition of Pisot and Salem numbers. Pisot
numbers are algebraic integers greater than 1 whose conjugates different from
themselves have absolute values strictly less than 1. Salem numbers are algebraic
integers greater than 1 which have at least one conjugate with modulus 1 and
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exactly one conjugate outside the unit circle. Pisot [14] proved for an algebraic
a > 1 and a nonzero £ that if the sequence o™ mod Z (n > 0) has only finitely
many limit points, then « is a Pisot number and £ € Q(«). For further details
of powers of Pisot and Salem numbers we refer the reader to [2].

We put

(e, §) = p(J(a,€)).
For example, J(«a, 1) = {0 mod Z} and p(a, 1) = 0, where « is a Pisot number,
because the trace of a” is a rational integer. Tijdeman [I5] proved for every half
integer « = N/2 > 2 that there exists a nonzero £ = {(«) such that

1
(e, §) < Na— 1)

Flatto [§] pointed out that, for each rational o = a/b > 1, there is a nonzero
¢ = &(a) with

b—1 b—1
< = . 1.1
“ba—-1) a-—0b (1.1)

He proved the inequality above using Tijdeman’s method.

ple, §)

Koksma’s Theorem implies that if o > 1 is given, then, for almost all &, the
set

{¢a™ mod Z|n =0,1,...}
is dense in R/Z. In particular, (o, &) = 1. On the other hand, Tijdeman [I5]

showed that if @ > 2 is given, then there exists a nonzero £ = {(«) with

{€a"} <

where {£a™} denotes the fractional part of £a™. In particular, such «a and &
satisfy

—— (n=0,1,...), (1.2)

1
a—1"

(e, §) < (1.3)

The author [10] proved the following:
Let & be a nonzero real number. Take arbitrary positive numbers § and M.
Then there exists an « satisfying o > M and

149
pg ) < ——.

Let ¢(= 2.025...) be the unique solution of 34X?3 —102X? + 75X — 16 = 0 with
X > 2. Dubickas [7] verified for 1 < a < ¢ that there is a nonzero £ = {(«) such

2
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that
2(a — 1)2
<1l— — 1.4
a8 s 1= gy (1.4)
It is easy to check that if 2 < o < ¢ is given, then
2(a—1)? 1

9(2a — 1)2 Sa-1

Thus (L4) is stronger than (L3]) for 2 < a < . We now review Dubickas’s
estimation of maximal and minimal limit points of the sequence {{a"} (n =
0,1,...).

Let us define notation about polynomials and algebraic numbers. Let B(X) =
b X™ + -+ - 4+ by be an arbitrary polynomial with real coefficients. We denote
the length of B(X) by

L(B) = |bm| + -+ [bol-

Let a > 1 be an algebraic number with minimal polynomial P, (X) = ag X% +
-4 ag € Z[X], where ag > 0 and ged(ag, - .., ap)=1. Define the length of a by

L(a) = L(Pu (X))

Put furthermore
d d
Li(a)= Zmax{O, a;}, L_(a) = Zmax{o, —a;}.
i=0 i=0

Next, let I(«) be the reduced length of « defined by
(o) = min{l'(a),!' (™)},
where

I'(a) = B(Xi)réfR[X] {L(B(X)Ps(X))|B(X) is monic}.

Formulae about I(«) and I'(«) were studied by Dubickas [5]. Take a nonzero
real £. If a is a Pisot or Salem number, then assume £ € Q(«). We write the
integral part of a real number z by [z]. Dubickas [6] showed that the sequence

d
(Z ad_i[fa"i]> (n=0,1,...)
i=0

is not ultimately periodic. In particular,

d
> aa-if¢a™]
=0

>1
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for infinitely many n > 0 because nonzero integers occur infinitely many times
in this sequence. Since

d
0= 3 = S e+ a7
=0

we have
n—i Z 1
for infinitely many n. Thus we get
imsup{a) > min { ) (15)
im sup{&a min , . .
e = L) T2 (@)
Moreover, Dubickas [6] proved
1
hmsup{fa"}—hmmf{ga P> o) (1.6)
n—oo

In this paper, we calculate the range of the sequence {{a"} (n = 0,1,...)
in the case where a > 1 is an algebraic number. The main results are stated
in Section 2 and proved in Section 6. First, we construct a nonzero £ = &(«)
and improve (L3), (L4) by giving an interval in R/Z which includes all limit
points of the sequence £a™ mod Z (n > 0). Next, we give new estimation of the
maximal and minimal limit points of the sequence {{a"} (n = 0,1,...). The
auxiliary results are given in Sections 3,4, and 5. Moreover, in Section 7 we
introduce Mahler’s Z-numbers (cf. [3| 8,09 [12]) and discuss their generalization.

2. Main results

At first, we sharpen the inequality (L3]) in the case where v > 1 is an algebraic
number whose conjugates different from itself have absolute values less than 1.
For t,m > 1, put

Z 150,01 >0 X;l"‘tht t>1
i1 tig=m
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THEOREM 2.1. Let a > 1 be an algebraic number of degree d and let aq(> 0) be
the leading coefficient of the minimal polynomial of . We denote the conjugates
ofa by a1 = o, g, ..., aq. Assume that |oj| <1 for2 <j <d. Let

v=> lon(az, ..., aq)l. (2.2)
h=0
Then there ezists a nonzero & = &(«) such that
(ag — 1)v
< — 2.
(e, ) < o — (2.3)

Note that if « is a rational number, then (2.3)) coincides with (LII). Next, we
consider the case where a is a quadratic irrational number. We give an interval
in R/Z which includes J(«, ).

COROLLARY 2.2. Let a > 1 be an quadratic irrational number and P, (X) be
its minimal polynomial. We denote the leading coefficient of Py (X) by az(> 0).
Assume that the conjugate as of a has the absolute value less than 1 and that
as Z 2.

(1) If 0 < ag < 1, then there exists a nonzero & = &(«) such that, for any n >0

n CI,2—1
™) < Ermr

s (b))

(2) If =1 < ay < 0, then there exists a nonzero & = &(«) such that

J(g,a)ch (a; — D)o a2 — 1 2)]>.

az(a—1)(1—a3) az(a —1)(1 — a3

In particular,

EXAMPLE 2.1. Let 6;(= 24.97...) be the unique zero of the polynomial 2X? —
50X + 1 with X > 1. Then by Tijdeman’s result (L2) there exists a nonzero

(€01} < g—7 =o00a170...

for each n > 0. Since the conjugate of 6; is on the interval (0, 1), by Corollary
there exists a nonzero £ = £(#1) such that for each n > 0

n 1 —
{601} < - =0.02127....
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We now compare these estimations with the Dubickas’s lower bound (LH) of the
maximal limit point. For any nonzero £ we have

1 1 1
I 7} > mind ———, ——— b = — = (.02.
IO = e { L.(6:) L=(6) } 50

Note that the first statement of Corollary gives an upper bound of the
maximal limit point of the sequence {{a"} (n = 0,1,...). We generalize this
estimation in the case where o > 1 is an algebraic number with arbitrary degree
whose conjugates different from itself are on the interval (0,1). Next, we give
also an upper bound of the difference between the maximal and minimal limit
points in the case where the absolute values of the conjugates of « different from
itself are sufficiently small.

THEOREM 2.3. Let o > 1 be an algebraic number of degree d. We denote the
conjugates of « by a1 = «,as,...,aq. Moreover, let P,(X) be the minimal
polynomial of o and aq(> 0) its leading coefficient. Suppose that aq > 2.
(1) Assume that

0<a;j<1(2<5<d).

Then there ezists a nonzero § = &(a) satisfying

aq — 1
{¢a"} <
| P (1)]
for allm > 0.
(2) Let v be defined by (2.2). Assume that, for any j with 2 < j < d,
‘Oéj| <1
and that
aq — 1 1
S —, |Pa(1)] > 2.
ad(a—l)y< 2’ Pa(1)] 2

Then there is a nonzero & = &(«) satisfying

-1
liirisolip{fa"} - linrri{gf{ﬁan} < hy.

REMARK 2.1. If the absolute values of the conjugates of « different from itself
are sufficiently small, then the assumptions of the second statement of Theorem
23] follow. In fact, they are rewritten by

oo
y= 3 Ion(aas- a0l <
h=0

aq(a—1)
2(ad — 1)
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and
d

H 11— a4 > _ 2

ag(a—1)°
=2
EXAMPLE 2.2. We give an example of the first statement. Let (= 24.69...) be
the unique solution of 2X3 —50X2+415X —1 = 0 with X > 1. Then Tijdeman’s
result (L2]) implies that there exists a nonzero { = £(f3) with

1
feoy} < —

for all n > 0. Since 5 is an algebraic number of degree 3 whose conjugates
different from itself are on the interval (0, 1), the first statement of Theorem 23]
means that there is a nonzero £ = £(6,) satisfying

= 0.04219...
1

1
5 — =0.02941...
{592}<34 0.029

for any n.
On the other hand, Dubickas’s lower bound (L)) implies that if £ # 0, then

1 1 1
i 62y > mi — ————— > = — =0.01960....
maw (et} 2 min{ s | = 5

ExAMPLE 2.3. We introduce an example of the second statement of Theorem
23 Let 65(= 25.01...) be the unique positive zero of the polynomial 2X2 —
50X — 1. Then, by Tijdeman’s result (2] there exists a nonzero { = £(03)
fulfilling

1
lim sup{&6%5 } — hm mf{{@"} < = 0.04163.

n—oo
Theorem 2.3 means there is a nonzero £ = 5 ( ) with

-1
lim sup{&05 } — hm 1nf{§9"} < ————v=0.02124....

n—00 (93 )

Next we compare it with Dubickas’s lower bound (L@). Dubickas [5] verified
that if o > 1 is a quadratic irrational number whose conjugate has absolute
value less than 1, then

l(a) = aga + min{as, |ap|}.

Therefore, for any nonzero £

1
lim sup{¢64 } — hm 1nf{§93 = 0.01959....
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Finally, we improve Dubickas’s lower bound (LX) of the maximal limit point
limsup,, , . {€a™} in the case where a > 1 whose conjugates are all positive.

THEOREM 2.4. Let & be a nonzero real number and o > 1 an algebraic number
of degree d. We denote the leading coefficient of the minimal polynomial of «
by aq(> 0). Suppose that the conjugates of o are all positive. If o is a Pisot
number, then assume further & € Q(a). We denote the conjugates of a by
Q1 =, ..., 0p, Qigp, ..., 04, where o; > 1 (1 <i<p)and0<o; <1 (14+p<
j <d). Put

m = Z pi(oﬁ_la-~-7a;1)pj(041+p7~-~;04d)-
1520
Pt

Let

01 = max { L+1(0é)’ Ll(a) }

and

0y = ——————supn;,
AqgQy - Qp €7

respectively. Then

limsup{¢a”} > min {61, 2} . (2.4)
n—00

ExAMPLE 2.4. We consider the case of a = 61, 65 which are defined in Examples
210 and 222 respectively. Tijdeman’s result (L2) and Dubickas’s lower bound

(L.3) imply
0.02 < inf limsup{&A7} < 0.04170...
§#0 n—oo

and

0.01960... < gg) lim sup{&fy } < 0.04219....

n—oo

By using Theorems 2.3] and 24l we obtain
0.02003. .. < inf limsup{£67} < 0.02127...
5;&0 n—oo

and

0.02049. .. < gi% limsup{£05} < 0.02941.. .,

n—oo

respectively. In particular, Theorem [2.4] gives improvements of (LH]) in these
cases.



LIMIT POINTS OF FRACTIONAL PARTS OF GEOMETRIC SEQUENCES

In the case of @ = 05, we calculate 5 in the following way. If [ < 0, then

ol

(1—alag)(1l— a*1a3);

m =
otherwise,
mo< Za_ipi(amas)ﬂl(ama?,)
i=0

pi(az, a3)
(1—atlag)(1—atas)

Thus, we obtain
1

0y = .
> 2a(1 —atag) (1 — alag)

Let us show that Theorem [2.4] gives the best result in the case where « is a
Pisot number satisfying §; > ds.

THEOREM 2.5. Let o be a Pisot number. We denote the conjugates of a by

o = o, 00,...,0q. Suppose that all ; are positive. Let 01,02 be defined as in
Theorem[2.7]. Assume further 61 > d2. Then

inf limsup{&a”™} = 0.

£€Q(a) n—oo

Moreover, the infimum is attained by the transcendental number

50(04) = d Z a

aH] 2(1 —a 104]

By applying Theorem in the case where « is a quadratic Pisot number,
we obtain the following:

COROLLARY 2.6. Let o be a quadratic Pisot number with the conjugate as.
Assume that 0 < ag < 2 —/2(= 0.5857...). Then

1
inf limsup{éa”} = .
eant ) Hmsup{a”} = T

Moreover, the infimum is attained by the transcendental number

§o(a) :a_OQZOé

m=1
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EXAMPLE 2.5. Let 04 = 2+ v/3(= 3.732---). Then the conjugate ) satisfies
0 < 0} <2 —+/2. Thus Corollary implies

1
inf limsup{&0}}) = =0.2886....
£ZQ(04) n—>oop{£ 4} \/g

3. Symmetric homogeneous polynomials

Let us introduce basic results of the symmetric polynomials p,, (X1, ..., X¢)
with ¢, > 0 defined by (2)). In this section we fix ¢ > 1. The generating
function of these polynomials is given by

> pm(X, L XY = Z > (NY)(XRY)R e (XY
m=0

D158,y 7't>0
i1 gt tig=n

= Z <X1Y)i1 (XgY)iz ... (XtY)it

11,82,...,5¢ >0

S (3.1)
T 0 - XY) ‘

Therefore

0 t
(me(xl,..., >H1—XY
m=0 =1

and so, for m > 1,

min{m,t}
S D" mon(X1, ., Xeen(Xa, .., Xp) =0, (3.2)
h=0
where ep, (X1, . . ., X¢) is the elementary symmetric polynomialof degree h,namely
1 (h=0),
en(Xi,...,Xy) = Z X X, - X; (h>1). (3.3)

1< <ig<---<ip <t
The following result is Lemma 3.1 of [10]:
LEmMMA 3.1. Ift > 1, then

t
1 m—+t—1
(X1, ., X)) = — | X (3.4)
; 1£[9 Xi— X
J#i

10
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for any m > 0.

Let us define p,, (X1, ..., X}) also for a negative integer m by ([3.4). Then we
have the following:

LEMMA 3.2, Ift>1 andif —t+1<1< -1, then
pl(X17-~-7Xt) = 0.

Proof. Put

t
gm(X1, o X)) =D (D) "o (X1, - Xe)en(X, .., X)
h=0

for m € Z. Then, by Lemma [3.1] there exist rational functions b;(X1,...,X;) €
Q(Xy,...,X) with 1 <4 <t such that

t
g (X1ro X0 = 3K X)X
i=1
If m > t, then g,,(X1,...,X¢) = 0 by 82). Thus b;(X1,...,X;) =0 for any 7
with 1 < ¢ <t and so
gm(X1,..., X)) =0 (3.5)

for every m € Z.
In the case of 1 < m <t — 1, by combining (3:2)) and BX), we get

t

0 = > (“D'pmn(X1,..., Xe)en(Xy,..., X1)
h=m+1
-1
= Z (_1>m_hemfh(X17‘"7Xt>ph(X17‘"7Xt> (36)
h=m-—t
We now show Lemma by induction on [. In the case of [ = —1, we can

deduce p_1(X1,...,X) = 0 by substituting m = ¢t — 1 into (3.0). Next, assume
for [ with —t +1 <[ < —2 that

p-1( X1, X)) = = prya(Xy, ..., Xy) = 0.
Then, by substituting m =t + [ into (3.6]), we obtain
,Ol(Xla-'-vXt) = 0.

11
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4. Representation of fractional parts

Let us recall the relation of the decimal expansion of a real number & to
the fractional parts of the geometric sequence £10™ (n = 0,1,...). For sim-
plicity, assume 0 < & < 1. We now write the decimal expansion of ¢ by
oo 5-i(10;€)107% with 0 < s_;(10;€) < 9. Then

{e10m} = Zs_i_n(lo;f)lo*i (n=0,1,...), (4.1)

Note that the right-hand side of ([@.1]) is expressed by the iteration of the shift
operator to the sequence (s_;(10;¢))2;.

In this section, we give an analogue of the decimal numeral system to calculate
powers of algebraic numbers; we represent the integral and fractional parts by
using the symmetric polynomials p,, defined in the previous section. Let o > 1
be an algebraic number with minimal polynomial az X% + - - - +ag € Z[X] (aqg >
0). In what follows, we assume that « has no conjugate with absolute value 1.
Let p be the number of the conjugates of o whose absolute values are greater
than 1. Moreover, we write the conjugates of @ by ay = o,..., 0, a14p, ..., 4,
where

lai| >1(i=1,...,p)
and
laj| <1 (j=1+p,...,d).
We define the m-th digit of a real number & by
sm(;€) = agléa™ ™ + ag1[fa” ™ 4 -+ agléa” ™).
For instance, if & = 10 and if £ > 0, then the m-th digit is
sm(10;€) = [€107™] — 101071,

which coincides with the usual decimal digit. Let us call (s,,(c;&))5°__ . the

digital sequence of £&. We now introduce some easy consequences from the defi-
nition.

LEMMA 4.1. (1) If € > 0, then sy, (a; &) = 0 for sufficiently large m.
(2) For any integer m,

—Li(a) < sp(a;€) < L_(a).

12
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Proof. The first statement is obvious. Note that ag > 0 and min{ag, ...,a0} <
0. The second statement is obtained by

d d
sm(a; &) + Z ag_i{éa ™"} = ga~m™4 Z ag_ia®t =0
i=0 i=0

and 0 < {€a~™"%} < 1 for any i with 0 <i < d. O

PROPOSITION 4.1. (1) If € > 0, then the integral part [a™] and fractional part
{&a™} are given by

1 o0 oo
[§a"] = o D> pilar, - ap)pi(@iips o @a)sip—n(a;) (4.2)
i=0 j=0
and
1 -1 00
{€a™} = W > pilar, - ap)pi(rip, - a)sipjn(as€), (4.3)
i=—00 j=0

respectively. In particular,

1 oo o
gan = a_d Z Zpi(ala ) ap>pj(a1+p7 ey Oéd)Si+j,n(Oé;£). (44)

i=—00 j=0
(2) If £ <0, then the representation of fractional part {{.3) holds.

REMARK 4.1. Let £ > 0. Then, by the first statement of Lemma [L1] the

right-hand side of (£.2) is a finite sum.
Now note that the sequence (s,,(c;&))

ment of Lemma [£]] and that the series

[oe]
m=—0oQ

is bounded by the second state-

-1 oo
> 2 ched
i=—o00 j=0

converges for every h,l with 1 < h <p, 1+ p <!l < d. Thus, by using Lemma
BIl we conclude that the right-hand side of (£3)) converges.

REMARK 4.2. Let M(a) = ag|ay - - - ap| be the Mahler measure of o and put

o(0) = (-1 IR e {1 -1

13
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Then by Lemma and

p 1
—ala 4
— l h i+p—1
pilon, ... o) = > || —1 1| %
h

= (Hah>p1pa11,...,a;1),

the representation (IE;]) is rewritten by

{a ”}—

(a7, a5 ) (@ o Q)5 i p(i ) (45)
=0 j=0

Moreover, if £ > 0, then
1 o0
= — Z pilar, ... 0q)8i—n(0; &) (4.6)
ad =0

by using (Z.)).

Proof of Proposition EIl It suffices to check (@3] and (£6). We put
g=d—p, a=(ai,...,ap), and b = (@14p,...,0q).

Moreover, write

ab = (O[ly...,ap,al+p7"'7ad)’
a;71 = (061_1;-”705;1)'

For h > 0andt > 1, let e, (X1,..., X¢) be defined by ([B.3]). By relations between
coefficients and roots of a polynomial, we get

d
Lom(@:6) = > (-1'en(a- b)lca"")

d h=0
Thus, if £ > 0, then

0 co d
a_ldzpi(a'lﬁsifn(a;g) = ZZ hen(a-b)pi(a-b)Ea™ N
=0

i=0 h=0
oo min{l,d}

= 6o Y (=1)"pin(a-blen(a - b)
= h=0

1=0
= [¢a"],
where the last equality follows from (B.2]).

14
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Similarly, by s (a; &) = Zl 0d—i{éa™™7"} and

we get

If ¢ =0, then p = d. Thus

d
Ll €) = ()" araz 0 Y (-1 en(a a4,
h=0
and so by (B.2))

(@™ s in—a(e;§)

co d
= > > (=Drenla Mpila ) {a T} = {¢am},
1=0 h=0

which implies (£35]).
In the case of ¢ > 1, we have
q

pomlaE) = -3 Y1 e @B o)
h=0 =0
= (Daaap 3 Y (1) en(aT e (B){gat Y,
h=0 [=0
Thus by using ([3:2) we obtain
(@) N~ -
Mo &5 2 PO (05)

= Z Z Z Z(_l)heh(a_1>/?i(a_1)(—1)l€l(b)pj (b>{€ah+7j+n—j_[}

= Z Y (=Den(ah)pi(a™){ga" T} = {£am).

15



HAJIME KANEKO

EXAMPLE 4.1. Let a be a rational number a/b, where a > b > 0 and ged(a, b) =
1. Then Proposition [Tl implies

5] = 32 () e (5
(@)} = 12 ()5 (30

for £ > 0. This is the companion representation of &, which is written in [I].

EXAMPLE 4.2. Let o > 1 be a quadratic irrational number. We assume p = 1.
Then by Proposition 1]

0" = Y pilaaz)sioa(esd)
1=0

{€a”} = G—ZZQ 85 —i—n-1(;§)
200000
1 = .
_ min{0,h} max{0,h} .
= — « « Shen_1(a;&).
as(a — a2) h; 2 non-1(@id)

5. Digital sequences

Let @ > 1 be an algebraic number with no conjugate whose absolute value is
1. We use the same notation as in the previous section. We observed for a non-
negative & that the integral part [€a™] and the fractional part {{a"} are written
by the digital sequence (s,,(c;&))5__ .. We now characterize this sequence by
considering the generating function of [a™] and {€a™} (n = 0,1,...). Recall
that if £ > 0, then s,,(a; &) = 0 for any sufficiently large m.

PROPOSITION 5.1. Let £ be a nonnegative number.
(1) For any integer n, the finite sum

1 oo

— pi(at, ..., aq)si—n(a;§)

a
d =0

16
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s a rational integer.
(2) If 2 < k < p, then
Z ajsi(a;€) = 0.

1=—00

Proof. The first statement is obvious by Proposition Il Now we prove the
second one. Since s,,(a; a71E) = s, 11(; €), we may assume [£a™] = 0 for any
m < 0. Put

f(2) = [¢a"z", g(z) = > _{€a"}z"
n=0 n=0
Then we have
S g(5) = 1),

Let PX(z) = apz? + a12%71 + -+ - + a4. Thus we get

(50 o)) ) = foPate
=> ) [ka'laa;2"

h=0 ,j>0
iti=h
oo h o)
=Y ) aflaaniz" =D son(a;€)2"
h=0i=h—d h=0

Consider the region of z € C satisfying

( ¢ _ g(z)) Pi(z) = Z s_p(o;€)2". (5.1)
h=0

1—az

Since 0 < {€a™} < 1 for any n, the left-hand side of (B.I]) is a meromorphic
function on {z € C||z| < 1}. Moreover, because the sequence s_p(a;&) (h =
0,1,...) is bounded, the right-hand side of (5.l converges for |z| < 1. Hence
(510 holds for |z| < 1. In particular, since the left-hand side of (5.I]) has a zero
at z = 04,;1 with 2 < k < p, we obtain

oo

0= Za;is,i(a;g) = Z alsi(a; €).
i=0

1=—00

17
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The decimal numeral system gives the correspondence between nonnegative
numbers and sequences of digits 0,1,...,9. In what follows, we show that se-
quences satisfying the assumptions of Proposition [5.1] represents the fractional
parts of certain geometric progressions.

PROPOSITION 5.2. Let € = ()50 be a bounded sequence of integers. As-

m=—0oQ

sume that x,, = 0 for all sufficiently large m. Suppose further that

i atx; =0 (5.2)

1=—0Q
for any k with 2 < k < p and that the finite sum
1 oo
— pi(ar, ..., 0q)Ti—p (5~3)
4d $=5

s a rational integer for any n. Let

1 o0 o0
§=¢(z) = w SN pilar, - ap)pi(@ap, - )Ty (5.4)
i=—o00 j=0
Then for any n
N 1 oo oo
fa” = w SN pilar, . ap)pi(@1p, - ) Tis (5.5)
i=—o00 j=0

In particular,

o0

—1
1
Ea = o Z Zpi(al, o op)pi(aigp, -, @q)Tigj—n  mod Z

i=—o00 7=0

REMARK 5.1. Let n be an integer. Then, since z,,, = 0 for all sufficiently large
m, the series

0o 00
1
a_ Z Zpi(ala s 7ap)pj(a1+p7 L) ad)x'H»jfn
d 20 j=0

0o
1

- _Zpi(aly‘”aad)xifn
ad ;55

is a finite sum. By using Lemma [31] we also deduce that the series

-1 o
1
=30 3 pans s anie s

i=—o00 j=0

converges.

18
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Proof. Since (5.3) is a rational integer, it suffices to check (5.5)). By using (3.4)
and (B.2), we get

1 oo o0
5 = a_zpj(al-Fpa"'vad) Z ph_j(alv"'aap)xh
d =0 h=—o0
- LS neon 3 ([T )t
aq “4 a— o
7=0 h=—oc0 \I=2
Thus we get
1 o) o 1 o
n n+h—j+p—1
Ea" = G—ij(oalﬂ,,...,ad) Z Ha—a a xh
4520 h=—oo \i=2 !
1 oo o0
= a_zpj(al+p7"'7ad) Z phfj(ala"wO[IJ)thn
4 j=0 h=—oo

o0

1 oo
= a—d Z Zpi(ah“‘uap)pj(akkpw~‘7ad>xi+jfn-

i=—o00 7=0

O

REMARK 5.2. {(x) defined by Proposition is not necessarily a nonnegative
number.

In the end of this section, we introduce a lemma which we use to prove
Corollary and the first statement of Theorem 23

LEMMA 5.1. Let (upm)o__; and (ym)se—q be sequences of integers. Assume that

(Um)oo__ 4 is mot ultimately periodic and that (Ym)me—o is ultimately periodic.
Suppose further

Ym = AdUm + Ad—1Um—1 + -+ QU —d
for any m > 0. Then ag = 1, namely, « is an algebraic integer.

For the proof of Lemma [5.] we begin with Lemma 1 of [5] which is rewritten
from [4]:

LEMMA 5.2. If P(x) = agz®+ag_1297 4+ +ag = ag(z—ay) - - - (v—aq) € Cla]
has distinct roots and

X1ozji+~-+Xdoé§:Zj7jzoalw-wd_lv
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then, for j =1,2,...,d,

where

d
I—k—1
Bjk = E o .

I=k+1

Proof of Lemma B Assume that ag > 2. Write the period of the se-
quence (Ym)oo_y by T. Put w,, = Upyr — up. If n is sufficiently large, then
Yn+T = Ypn and so

AqWy + @g—1Wp_1 + -+ + agwp_q = 0.

Hence, there are a natural number ny and complex numbers &1, .. ., &4 such that,
for any n > ny,

wy, =&1a7 + -+ 0. (5.6)
Let m > ng. Apply Lemma to the linear system
X ™"+ Xgo, M =wy, n=m,m+1,.... m+d—1

with variables X; = §;a7", j =1,2,...,d. Thus we get

P (aj)&a = Gm(ay) (5.7)
for each j = 1,2,...,d, where GG, is an integer polynomial of degree at most
d—1.

Now suppose that & = 0. By B7), &1, ...,&q are algebraic numbers and
conjugate over Q. Therefore, & = -+ = £ = 0. By (&.8) we have w, =

Up41 — Up = 0 for n > ngy. This is impossible since (u,)5°__,; is not ultimately
periodic. Finally we obtain & # 0.
Take a nonzero integer R for which

R Ra Rad—1
P (a)é’ Pl(a)s’ 7 Pl(a)&

are algebraic integers. Then Ra™ = (RG,,(«))/(P.(«)&1) is an algebraic integer
for every sufficiently large m. However, by considering the factorization of Ra™
into prime ideals, we see that this is impossible since « is not an algebraic
integer. U
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6. Proof of the main results

Proof of Theorem Il Let agX¢+ -+ + ag € Z[X] be the minimal poly-
nomial of a. Define the sequences (u,, )5 _, and (ym)oe_, by
u_d:u_d+1:‘-‘:u_120,

up = 1, yo = aq

and, for m > 1,

Y

Ad—1Um—1 + -+ QoUpm—d
Uy = —
Qg

. {ad—lum—l +"‘+a0um—d}
Ym = Qa4 .

aq
Then we have
Ym = AdUm + Ag—1Um—1 + * - + QoUm—d

for any m > 0. Moreover, y,,, € {0,1,...,aq — 1} for m > 1.

Put
= Z ynzn; g(z) = Zunzn;
n=0 n=0
and so
fz) = (ag+ag1z+---+ aozd)g(z)
d
= aq(l —az) H(l —a;2)9(2).
i=2

Therefore, by using [B.I]) we get

g('Z) = - Yiz ij a,qg,...,Q d)ZJ
=0

— ZZylpjaag,..., aq)z"

n=0 i+j>0

i+j=n
We now define the two-sided sequence & = (z,,,)20__ . as follows:
S 0 (m>0),
"l yem (M <0).
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Then x satisfies the assumptions of Proposition In fact, if n < 0, then (5.3)
is zero. In the case where n > 0,

1
— E pilo,an, ..., aq)Tip = Up
ad —

is a rational integer. Moreover, (5.2) clearly holds since p = 1. Put
= — Z Zap] a2, ., Q) Titjn
4 =00 j=0
for integer n. Then Proposition implies
E(@)a™ = u, + vy (6.1)

and

&(x)a" = v, mod Z, (6.2)
where

OIS S SN

i=—o00 j=0

oo
= —g pilag, ... aq)a™ E Tho
aaq =

h=—o00
o0
- L (a la Ja o zpoh
= Pj 25 - d) h
Qd 4= =
7=0 h=—0oc0
0
_ 1 h
a 1 ThQ
aqg[Ji—o(1 —a~tay) h=—o00

Thus &(x) # 0 since xg = ag and x,, > 0 for m < —1. Since 0 < z,,, < ag — 1
for m < —1 and since

1 .
: (2
lim — g a'pi(ag,...,aq)xg =0,
nTeo ag i<0,5>0
itji=n

every limit point of the sequence (v,,)5_ is denoted by

Z Zap] Q2,...,Q )Qi,ja

i=—o00 j=0
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where 0; ; € {0,1,...,aq — 1}. Putting

vy = Z max{0, pj(ag,...,aq)} (6.3)
j=0
and
v_ = Zmax{o, —pjlag,...,aq)}, (6.4)
j=0
we obtain
aq — 1 / aq — 1
—_—— v <V < .. 6.5
awa-D" =" S aa- " (0:)
By (62)), (65) and v = v4 + v_, we verified the theorem. O

Proof of Corollary We use the same notation as in the proof of The-
orem 211 In the case of —1 < a < 0, the corollary follows from (6.5) and

1 e %}

= — V_ —= — .
2 2

1- a3 1—aj

Vi

We now assume 0 < ap < 1. Then v, is rewritten by

E min{0,h} ~max{0, }xh .

h=—o0

Un = asz(a — a2)

(63) implies that the sequence (v, )5°_, is bounded. On the other hand, by using
€1) and &(x) # 0, we deduce that the sequence (uy,)°__,; is not ultimately
periodic. Thus, since ay > 2, Lemma [5.]] means that the sequence (z_,,)5%_,

is not ultimately periodic. In particular, by z,, € {0,1,...,a2 — 1} (m < —1),
there exists an M > 0 with

T_M S ap — 2. (66)
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By (6.6) and zg = ag, if n > M, then

oo

1 .
< E min{0,h}  max{0,h} -1
Un = as(a — o) @ @2 (a2 )

h=—oc0

h#n+1,n+1—M

+a§+1a2 + Oé;l+17M(a2 — 2))

1 > i max
" a(a—a) ((a2 —-1) Z amin{0h} o p(Ont 4 gptt O‘;+1M>

h=—0oc0
ag — 1 ag — 1

S ma-D-a)  [Pa(D)]

for n > M. By putting

¢ =¢(x)a,
we obtain
ag — 1
o} < ——n
&t < )
for any n > 0. ]

Proof of Theorem 23l For the proof of the first statement, we use the
same notation as the proof of Theorem 2.1l If d > 2, then we may assume that
1>ay>...>aq>0. Then by using Lemma 31l we get

d
lim pp,(ag,...,¢q)a;™ = H %2

m—0o0

Hence, there is an M > 0 such that, for any mq, mo > 0 with my > mo + M,

Pmy (OZQ, v ,Oéd) < Pma (052, ey O[d).

On the other hand, we can deduce that the sequence (z_,,)5_ is not ultimately
periodic in the same way as in the proof of Corollary 2.2l Therefore, there exists
an M > 0 satisfying M > M and x_3; < ag — 2. Thus by using x¢ = aq we get,
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forn > M,
1 Z i
OS’UnS— apj(oag,...,ad)(ad—l)
ad 575
itji#n,n—M
1 i 1 i
+— E a'pjlaz,...,aq)aq + — E a'pjlaz, ..., aq)(aqd — 2)
ad ; 25550 ad ;5150
itj=n itj=n—M
1 i
=— > a'pjlaz,...,aq)(aq — 1)
d;<0,;>0
1 i 1 i
+a_ E an(a2,~-~;ad)—a— E a'pjlag, ..., aq)
d 1<0,j>0 d i<0,5>0
i+tj=n i+j=n—M
Since M > M, we obtain
1 i 1 i
— E a'pilag,...,0q) — — E a'pilag, ..., oq)
ad i<0,5>0 ad i<0,5>0
itj=n itj=n—M

SO
-1

ad—l o ad—l
0<w, < o' pilag,...,aq) = .
TR PRI 2.0

1=—00

By combining this inequality with (6.2), we proved the first statement.
We now verify the second statement. We define v, and v_ by (6.3]) and (6.4),
respectively. Let us choose a positive integer A with

ag — 1 A } ( 1 }
- v_+ e (0, ———1|. (6.7)
{ ad(a_l) ‘Pa(l)‘ |Pa(1)|
Write the left-hand side of (6.7) as 7. Put P,(X) = agX?%+ -+ ag. We define

the sequences (u,,)>°__, and (y,,)0_o by

/ ! _ R —
U_g=U_g; = =u_ =0

and, for m > 0,

o _ —A+ad,1u;n_1+---+a0u;%d
m ad )
—A+ag_ul, |+ -+ agu
Y = A+ad{ a1 ; ‘ m_d}~
d
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Thus we get, for any m > 0,
Ym = dly, + Q1,1+ F QOUy, g
and
y, €{AA+1,..., A4+ aq—1}.
Since the rest of proof is the same as that of Theorem 2Tl we give only its sketch.

Define &’ = (z/,)° and £(x') by

m=—0Q

,{ 0 (m>0),

m =Ly, (m<0)

and by (5.4]), respectively. Then, because z/, > 0 for m < 0, we get {(x’) # 0.
Moreover, every limit point of the sequence £a™ mod Z (n = 0,1,...) is written
by

-1 00
1 .
o E E a'pj(ag, ..., aq)0; ; mod Z,

i=—00 j=0

where 0; ; € {A,A+1,..., A+ aq — 1}. By putting

1 .
w/—a—d Z Zalpj(ag,...,ad)eg’j,
i=—o00 j=0
we get
_L_ly + A < < L_ly _~_i
agla—1)" " [Pa(D)] = Taala—1) " [Pa(D]
Therefore,
ad—l A
0< < w - {— v_ + }
! aala =1 P.(1)]
Gzt 1 1y
v - .
agla —1)  |[Pa(1)] 27

Consequently, we get

—1
w modZ €T <[77,77+ad7u}>.

Since

ad—l

)1/] c (0,1),

{77777+ aa=1)
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we obtain

-1
0 < liminf{ga"} < limsup{ga™} < + %”‘

O

Proof of Theorem 24 Let agX¢+ -+ + ag € Z[X] be the minimal poly-
nomial of «. It suffices to prove the theorem in the case of

lim sup{¢a”} < 6.

n—oo

Moreover, we may assuine

{60&“} < 51

for any n > —d. Let o(«) be defined as in Remark [£.21 We verify that if m <0,
then o(a)s,, (a; €) is a nonnegative integer. Suppose o(a) = (—1)?P~! = 1. Then,
since P, (X) has exactly p zeros on the interval (1, c0),

0> Po(1) = Ly(a) — L_(a),

namely,
1
01 =
Li(a)
Thus we get
d
sm(a;§) = — Zad—i{&fm*i} > —Li(a)d = -1
i=0
In the case of o(a) = —1, we have
0< Py(1)=Li(a) — L_(c),
namely,
1
6 =
T I (o)
Hence,

d
Sm(o; &) = — Zad_i{fof"“i} < L_(a)d; =1.
i=0

Since lim; o0 71 = 0, there exists an N € Z such that 1y = sup,c; m. By @3)
we get
n 1 —
{€a”} = m ZOO Mo (a)si—n—p(a;§).

l=—
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Lemma 1 of [6] implies that o(a)s,,(a;&) > 1 for infinitely many m < 0. Thus,
since 7, > 0 for any integer [ and

1 o0

lim mo(a)si—n—p(a; &) =0,
n—oo M(Oé) l:r;p+1 P
we obtain
1
li "> = Ja.
171gsolip{£a > M(a)nN 2

Proof of Theorem Theorem [2.4] means

inf limsup{éa”™} > 8.
£20(a) nﬁoop{f }_ 2

It suffices to show that there exists a £ € Q(a) with
lim sup{¢a”} = ds.

n— 00
Let the sequence & = (x,,)5°__ . be defined as follows:
[ 1 (n=—m!for somem >1),
Tm= 0 (otherwise).

Then x satisfies the assumptions of Propositions We have

1 &>
f(.’L‘) = E Z ZO&Z,O]‘(OQ, s ,Oéd).%‘7;+j

i=—o00 j=0
1 oo oo
_ —J h
= - aIpi(ag,...,aq) oz,
j=0 h=—o00

The transcendency of &(x) has been proved, for instance, in [13]. By proposition
we get

1 —i
f(il)‘)a” = o Z Z a ,Oj(ag, R Odd)ibj_i_n_l mod Z,
1=0 5=0
and so
faor =1 3 az
a = — Ti—p—1 mod Z.
o z:—oom l 1
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Note that there exists an N with ny = sup;czm. Put A = {m!+ N —1jm > 1}.
Then we get

lim  {¢(z)a"} = %N = 4,

n—oo,nEA

and

limsup {{(x)a"} < 0.

n—oo,ngA
Thus,
limsup{¢(x)a™} = ds.

n—oo

O

Proof of Corollary Values 61, 62, which are defined in Theorem [2.4]
are rewritten by

1 1

as + ag - 1+C¥Cl(2

01 =

and
1

0g = .
o — Qg

It suffices to show that
a—1—(a+1)as
01 — 0p = > 0. 6.8
! 2 (1+ aag)(a—ag) — (6.8)

First, we assume o > 1+ 2v/2. Then
a—1+(=2+V2)(a+1)
(1 + OéOéQ)(Cl( — CKQ)

On the other hand, it is easily seen that if o« <1+ 2v2 and as < 2 — V/2, then
a=2++3ora=(3++5)/2. Thus 68) holds in each case. O

01 — 0g > > 0.

7. Note on Mahler’s Z-numbers
Mabhler conjectured that there does not exist a positive number & satisfying

() )<

for all integers n > 0. Such a £ is called a Z-number. Mahler’s First Theorem
[8, 2] implies for any u > 0 that there exists at most one Z-number whose
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integral part coincides with u. Flatto [§] generalized the theorem above as
follows.

Let w > 0 and a > b > 1 be integers. Assume that a and b are coprime. Then
there exists at most one positive £ satisfying

€] =u

(i)} <mnlior

In this section we introduce generalization of these results to the powers of
algebraic numbers.

and, for any n > 0,

THEOREM 7.1. Let a > 1 be an algebraic number and let aq(> 0) be the leading
coefficient of the minimal polynomial of o. Suppose that o has no conjugate on
the unit circle. Lety be a positive number. If L_(«) > Ly (), then assume that

Li(a)y + [L-(a)y] < aa. (7.1)
Otherwise, suppose that
L_(a)y + [L+()y] < aq. (7.2)
Then there exist at most countably many nonzero £ such that
{€a"} <y
for any n.

EXAMPLE 7.1. Let us recall that 6, (= 24.97...) is the unique zero of the poly-
nomial 2X? — 50X + 1 with X > 1. We have

Li(61) =3, L_(61) = 50.
Put
S, = {€ # 0|{€67} <y for any n > 0}

for positive y. If y < 1/25 = 0.04, then () holds. Thus the cardinality of S,
is at most countable by Theorem [TIl Assume further y > 1/47 = 0.02127.. ..
Then S, is not empty by Example 21l Moreover, S, is a countably infinite set.
In fact, take an element £ = £(61) € S,,. So we have

S, > (€67 |m > 0},
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Proof of Theorem [I.Il Suppose
L_(a) > Ly (). (7.3)

First, note that the set S of ¢ satisfying {{a”} = 0 for some n > 0 is countable.
In fact,

S c {kallk,l € Z}.
Next, let S’ be the set of £ such that
0<{&a"} <y (7.4)

for any » > 0. In what follows, we prove that the cardinality of S’ is at most
countable. Put

Sy =5"N(0,00), S- =5 N(—0,0).

Take any £ € Sy and n > d. Let agX? + --- + a9 € Z[X] be the minimal
polynomial of «. Since

d d
Y aaifa" =3 aa-i([€a" "+ {€a"}) =0,
i=0 i=0

we get
1 & S A
ko] = == aaifa™ ] = = ag-i{éa". (7.5)
ad ;25 ad ;55
By putting
h Li(a h L_(«
I = In(y) = <—— + )y,—+ ( )y> (0<h<ag—1),
aq aq aq aq
we have
1 & .
- — Zad_i{fa"ﬂ} € Ip. (7.6)
ad i 55

We now verify for any integer h with 0 < h < ag— 1 that I;, contains at most
one integer. If such an integer exists, we denote it by wy. By putting

R [h + L(a)y} ’
ad
we get
Rag—L_(a)y<h< (R+1)ag— L_(a)y.
Since h is a rational integer, by (7))
h> Rag—[L-(a)y] > (R - Daa+ Ly (a)y,
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andso I, C (R—1,R+1).
By (3), ([76), [€a™] is calculated as follows:

[€a"] 7_61_(126 e —£+wh;

where

—Zad i[€a™™" = h mod a4 with h € {0,1,..., -1 4 ag}.

Thus, if ¢ € S, and n > d, then [¢a"] depends only on [€a"71],..., [€a™"9].
Therefore, the two- Sided sequences ([€a™])2°___ and (s;,(;€))5°__ . are ob-
tained by ([€a™])%" Note that the cardinality of the set

{([€a™)m2oslé € 54

is at most countable because [{a~"™] = 0 for all sufficiently large m. By Propo-
sition 1] € € S is uniquely determined by the sequence (s, (a;€))oe and

m=—oQo"

m=—oQ?
so by ([€a™])4 L . Consequently, the cardinality of Sy is at most countable.
Next we verify that S_ is a countable set. Let £ € S_. Note for m > 0 that

1—{-¢a™} = {¢a™}
since £a™ € Z. If n > d, then

) L o d L .
[—ﬁa]:—a—d;ad—i[—fa ]—a—d;amLa—d;ad—i{fa }

and
1< .
— > ag-i{¢a" '} € Iy,
ad ;55

where

I(y) = (i—L_—(a)y,iJrh—(o‘)y) (0<h<ag—1).

ad ad ad aq

The interval I; has at most one integer point. If such an integer exists, we
denote it by wj,. In fact, by putting

h—L(a)y} |

R’—1+{
aq
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we get I; C (R —1,R"+1). Thus, if n > d, we calculate the value [-{a™] by

using [—£am 1], ..., [—&€a™ 9] as follows:
d d
1 1 hoo,

—€a" | =—— > ag_i[-€a" T - — > a;— — +wp,

e = =) aail-ga"] ad; o
where

d A d
- Zad,i[—fan_’] — Zai = h mod ag with h € {0,1,..., -1+ aq}.
i=1 i=0

Finally, by Proposition .1l —¢ depends only on ([—ﬁam})fln;lfoo, which implies
that the cardinality of S_ is at most countable. We can also verify the theorem
in the case of L_(a) < L4(«) in the same way as above by showing that I, C

(R® —1,R® 4 1) for 0 < h < aq — 1, where

R — 14 [P Le(a)y
ad

and that I; C (R® —1,R®) 1) for 0 < h < ag — 1, where

p® _ [ At Le(a)y
aq ’

O

Let o > 1 be an algebraic number and y a positive number. Suppose that
y satisfies the assumption of Theorem [[.Il Then by Theorem [.I] there exist
at most countably many nonzero £ such that all limit points of the sequence
éa™ mod Z (n=0,1,...) lie in 7([0,y]). We now consider the cardinality of the
set of reals £ such that all limit points of £&™ mod Z (n =0,1,...) lie in a given
interval in R/Z.

THEOREM 7.2. Let o > 1 be an algebraic number and aq(> 0) the leading
coefficient of the minimal polynomial of . Suppose that o does not have a
conjugate on the unit circle. Let J be any interval in R/Z such that its Haar
measure satisfies

u(J) < TZ).

Then there exist at most countably many reals & such that all limit points of
&a” mod Z (n=0,1,...) lie in J.

REMARK 7.1. Let J = 7([0,y]) (y > 0). Then (7)) is rewritten by

(7.7)

L(a)y < aq.
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The assumption above is stronger than (1) and (2). In fact,
Ly(a)y + [L-(a)y] < L()y

and
Li(a)y+ [L-()y] < L(a)y.

EXAMPLE 7.2. We consider the case of @ = 6; again. For any interval J in R/Z
with p(J) < 2/53 = 0.03773...(< 1/25), there exist at most countably many
reals ¢ such that all limit points of (o™ mod Z (n =0,1,...) lie in J.

Proof of Theorem It suffices to prove the following:

LEMMA 7.1. Let J' be any interval in R/Z with length

w(J) < =

L(a)
Then there are at most countably many reals & such that
(o™ mod Z € J’

for any n > 0.

We check that Lemma [ implies Theorem Without loss of generality,
we may assume that J is closed. Write J by

J = 1([y1,92]),

where y; < yo are real numbers with yo — y1 < aq/L(«). Take a sufficiently
small € > 0 such that
ad

L(a)’

Ys — Y1 + 2 <

Put

J =1([y1 —&,y2 +€)).

Let S (resp. S’) be the set of ¢ satisfying the properties of Theorem (resp.
Lemma [TT]). Then, since

Sc{¢ca™meZ, &Sy,

the cardinality of S is at most countable.
Let us verify Lemma [1l Tt suffices to prove the lemma in the case that J’ is

J' =7(ly,y + 4]),
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where 0 < a4/L(a) and —1 < y < 0. We choose a real n with —1 < n < y.
Then, for any real x there exist a unique integer ¢(z) and a real number ¢ (x)
with ¢ (x) € [n,n + 1) satisfying

z = () + ¢ (x).

Note that 0 is an inner point of [n,n + 1) since —1 < n < 0. Thus, if  is a
real number, then we have ¥)(£a™") = o™ and ¢(Ea™™) = 0 for all sufficiently
large n.

In the rest of the proof, we show that £ € S’ is uniquely determined by
a sequence (¢(€a™))%1 . The cardinality of the set of such sequences is at
most countable since p({a~") = 0 for all sufficiently large n. Hence the theorem
follows.

Let p,ai,...,aq, and agX?+---+ag € Z[X] be defined as Section 4. Putting

d
i (056) =D ag_ip(§a™™),
i=0
we obtain

1 oo oo
£ = » Z Zpi(al,...,ap)pj(a1+p,...,ad)sgﬂ-(a;ﬁ). (7.8)
i=—o00 j=0

The proof of (7.8) is the same as that of ([A.4)).
We prove for £ € S’ that p(£a™) depends only on ¢(£a™7 1), ..., p(éam~?) for
n > d. By

1 : n—i 1 . n—i n—i
0= o ; ag—i§a” " = o ; ad—; (80(504 ) +Y(€a ));
we get
1< . 1< .
p(ga") + = D ag-ip(ga ") = “u > aa_ip(€am). (7.9)
i=0 i=1
Thus
1 d
o ; ag—P(a"7") € K,

where the interval K is defined by

d d
y L () y Ly ()9
K= LY g - 2220 U5, 2020
ad ad =0 ad

a
d =0
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Note that [y,y + 8] C [p,n+1). So y < (€a™) < y+ 6 for any n > 0 by
the definition of ¢ (z) for a real x. Thus the length of K is less than 1 by the
assumption of Lemma [Tl Hence, since ¢(£a™) is a rational integer, p(£a’™) is
calculated by (7.9).

Therefore, if £ € 57, then the sequence (p(£a™))o° and the value & depend

m=—0oQ

only on the sequence (p(&a))% 1 O

m=—oQo"
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