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A CONSTRUCTION OF PSEUDORANDOM BINARY
SEQUENCES USING RATIONAL FUNCTIONS

LAszLO MERAI

ABSTRACT. In this paper a large family of finite pseudorandom binary se-
quences is constructed by using rational function modulo p. This construction
generalizes earlier ones based on the use of the multiplicative inverse modulo p
and additive characters, respectively.

Communicated by Christian Mauduit

1. Introduction

In order to study the pseudorandomness of finite binary sequences, Mauduit
and Sarkozy introduced several definitions in [7]. For a given binary sequence
Ex ={ei,...,en} € {-1,+1}V

the well-distribution measure of E is defined by

t—1
W(E) = max|U(En,t,a,b)| = max z% Cartib|
j:
where the maximum is taken over all a,b,t € N such that 1 <a <a+ (t—1)b <
N, and the correlation measure of order k of Ey is defined as
M
Cr(En) = r]\x}?,g |V(En,M,D)| = rj\r}?g( Zlenerlenerz e Cntdy |
n—=

where the maximum is taken over all D = (dy,...,d;) and M such that 0 <
di<dy<---<dp <N -—M.

The sequence E is considered as a ”good” pseudorandom sequence if both
these measures W(Ey) and Ci(EN) (at least for small k) are ”small” in terms
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of N (in particular, both are o(N) as N — 00). This terminology is justified
since for a truly random sequence Eyn each of these measures is < /N log N
and > v/N. (For a more precise version of this result see [1].)

Using the Legendre symbol, Mauduit and Sarkézy [7] defined a binary se-
quence by putting N = p — 1 and

e”:(n> forn:la"'7p_17 (1)
p
where p is a prime number. They proved:

W(Ep-1) < p'/*logp, Cr(Ep—1) < kp1/2 log p.

In [5], Goubin, Mauduit and Sdrkozy constructed a large family of pseudo-
random sequences by generalizing (1). Namely, if f is a polynomial of degree k
satisfying certain conditions, and the sequence E, = (e1, ..., e,) is defined by

i)
o[ (B) forptr.
1 for p | f(n),
then they proved:

W(E,) < 10kp'/*logp, Cu(E,) < kép'/*logp.

Later, in [4], Mauduit, Rivat and Sarkozy showed using additive characters
that if the sequence £, is defined by
L () <2 o)
" —1 otherwise,

where p is a prime number, 7,(n) denotes the least nonnegative residue of n
modulo p, and f(z) € F,[z], then

W(E,) < kp'/?(logp)?, Cu(E,) < kp'/?*(logp)“**.

where k = deg f(z) and 2 < ¢ < k — 1.

Although this construction can be computed fast, they showed by an example
that if the order of the correlation is greater than the degree of the polynomial,
then the correlation can be large.

Mauduit and Sarkozy, in [6], suggested an other easily computable construc-
tion based on the multiplicative inverse. Namely, if p is a prime number,
g(x) € Fplr], g(z) has degree k (0 < k < p) and no multiple zero in F, and the
binary sequence E, = {eq,...,e,} defined by

o - +1 if (g(n),p) =1 and r,(¢7'(n)) < § (3)
n —1 otherwise,
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then
W(E,) < kp'/?(logp)>.

Additionally, if £ € N with 2 < £ < p, and one of the following conditions holds:

(1) £=2,

(2) (4k)" <p,

(3) k¢ < % and g(x) is of the form g(z) = (z +a1)(x +az)...(x+ax) over ),
then we also have

Cu(Ep) < ktp'/?(logp)*. (4)

We can give a common generalization of construction (2) and (3). Instead
of studying the distribution of f(n) or 1/g(n) in the residue classes modulo p,
we can study f(n)/g(n). Here and henceforth % is defined as f(n)g(n)~1, if
g(n) # 0.

We will show that this construction is an efficient generalization, namely if
f(z)/g(x) is a non-polynomial rational function, i.e. g(z) t f(z), then we can

avoid a restrictive condition on the order of the correlation and we can also give
a nontrivial upper bound for correlation of "large” order.

THEOREM 1. Assume that p is a prime number, f(x),g(xz) € Fylz], g(x) {
f(z) and g(x) has no multiple zero in F,. Define the binary sequence E, =
{e1,...,ep} by

[Ms}

. . f(n)

. — +1 if (g(n),p) =1 and rp (g(n)) <
—1 otherwise.

Then we have

W (E,) < (deg f + deg g)p'/?(log p)>. (5)

THEOREM 2. Define p, f(z),g(x) and E, in the same way as in Theorem 1.
Assume also that (f(x),g(x)) = 1, £ € N with 2 < ¢ < p, and one of the
following conditions holds:

(1) =2,
(2) (4degg)’ < p.
Then we also have

Co(Ep) < (deg f + (¢+1) deg g)p/*(log p)*. (6)
THEOREM 3. Assume that p is a prime number, £ € N, 2 < ¢ < p,

{degg < g, (7)
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and g(x), f(x) € Fplz], g(z) 1 f(z) and g(x) is of the form
g(z)=(x+a1)(x+a)...(x+a) (8)

with a; # a; for i # j. Then defining E, in the same way as in Theorem 1, (6)
also holds.

2. The Eichenauer-Herrmann—Niederreiter inequality

The proofs will be based on the following variant of a result of Eichenauer-
Herrmann and Niederreiter [3]:

LEMMA 4. Let p be a prime, let Q(z), R(z) € Fplz] such that R(z) t Q(x), and
let s be the number of distinct roots of the polynomial R in F,. Furthermore, let
X be a nontrivial additive character of F, and 1 < N < p.

If deg Q < deg R, then

> x (ggzg) <(deg R + s)p*/? <i10gp+0.38+ 0.;54) .

0<n<N
R(n)#0
N 1/2
+ " ((degR—l—s—Q)p —I—l) ,

and if deg QQ > deg R, then

Z x(%EZi) < (degQ+571)p1/2 <j10gp+0.38+0'64p+N>.

0<n<N
R(n)#0

It follows from these inequalities that in both cases we have:

Z X (%) < 3(max{deg @, deg R} + S)pl/Q log p.
0<n<N
R(n)#0

The proof of the lemma is based on the Bombieri-Weil bound [2] in the fol-
lowing form given by Moreno and Moreno (Theorem 2 in [9]).
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LEMMA 5. Let g be an arbitrary prime power, Q/R be a rational function over
F, which is not of the form AP — A with A € F,(x) and p the characteristic of
F,. Let s be the number of distinct roots of the polynomial R in F,. If x is a
nontrivial additive character of Fy, then

E X <g§:;> < (max{degQ,degR}+s* 72)q1/2+5
0<n<N
R(n)#0

where s* =s and 6 =1 if deg@ < deg R, and s* = s+ 1 and 6 = 0 otherwise.
Now we can prove Lemma 4:

Proof of Lemma 4. Since the proof is similar to the proof of the original
version of the lemma in [3], we will leave some details to the reader.

We can assume that deg@,deg R < p and p > 5 since the result is trivial
otherwise. Denote the exponential sum in the lemma by Sy, then

- % = M N_llp_l u(n —r
Sy —OS;NX (R(n)) - n%F: X (R(n)> Z:IO p;x( (n—1)).
R(n)#0 Ble)20

The absolute value of Sy can be estimated in the following way

|S \<1pi:1 Nﬁlx(ur) Z X<Q(n)+un) +
M pu:O r=0 nekf, R(TL)
R(n)#0

—i—% Z X<m+un>' (9)

nelf,
R(n)#0

For fixed u € IF, we consider the rational function

Qulr)_ QW) |
R(z) _ R(x)

To use Lemma 5 it is sufficient to show that Q,(z)/R(z) is not of the form
AP — A with A € F,(x). Suppose that
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with polynomials K (), L(z) € Fp[z] with ged(K (z), L(x)) = 1. Then
rQ, = (K*~' — LP"Y)KR.
L? | R by ged(K (z), L(x)) = 1. Since deg R < p then L is a nonzero constant
polynomial. Thus
Qu = (aK” + BK)R
some «, 3 € F, with a3 # 0. By the definition of Q,(r) = Q(z) + urR(z) we
can rewrite the previous equation in the following way:
Q(z) = (aK?(x) + SK(z) — uz)R(x).
Since R(z) t Q(x) and either deg(aKP?(z) + K (z) — ux) > p or deg(aKP?(z) +
BK(x) —ux) =1 (if K(x) is the constant polynomial) we get that (10) cannot
hold.

Thus, we can use Lemma 5 to the complete exponential sum in (9). If deg Q <
deg R, then we have

1 p—1|N-1 N
|Sn| < » Z Z x(ur)| (deg R + s)p*/? + ;((degR +s—2)p'/% + 1)
u=0 | r=0

and

p—1|N-1 4

Z Z x(ur)| < g logp + 0.38p + 0.64.

u=0 [ r=0
This establishes the bound in the case when deg@ < deg R, the bound for
deg @@ > deg R can be proved similarly. O

3. Proof of Theorem 1

For the proof of each theorem we will need the following result from harmonic
analysis (Lemma 2 in [4]):

LEMMA 6. Ifn € Z and p is an odd integer, then we have

; > v(@)ep(an) :{ +1ifry(n) <3

—1 otherwise
Prai<pr2 ’

where vy(a) is a function of period p such that
vp(0) =1

and
(—1)° — cos(ra/p)
sin(ma/p)

vpla) =1+ for 1 <|a| < p/2.
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Furthermore, v,(a) satisfies

vp(a) = o) if a is even,
p\a) = _%i +O(1) if ais odd.

Here we used the notation e,(a) = €2™/? (and the letter i is used in the

sense /—1).

We are ready to prove Theorem 1.

Proof of Theorem 1. To prove (5), consider any a,b,t € N with a < a +
(t—1)b < p, b < p. Then by Lemma 6 we get

t—1
U(Ep,t,a,b) = eatji =
j=0

1 fla+jb)
Y e X ep<h, vo|l 2 1l]. ay
P \ni<ps2 0<j<t—1 gla+jb) 0<j<p
9(a+7b)#0 g(atib)=0

It follows from the condition on b that (b,p) = 1. Thus writing Q(j) =
f(a+ jb) and R(j) = g(a + jb), we have

deg f =deg@ and degg = degR.

For h # 0 the inner sum in (11) can been estimated by Lemma 4 with
max{deg f,degg} + s < 2(deg f + degg) (where s is the number of distinct
zeros of R) :

1
U(Bp,a,b,0)] < [op(0)]+ = Y [vp(h)]-
1<|h|<p/2

~((deg f + deg g)p'/* logp + deg g). (12)
By Lemma 3 we have
[op ()] < 2
uniformly for h # 0. Thus by Lemma 6, it follows from (12) that
\U(Ep,a,b,t)] < (degf+ degg)p'/?logp Z % <
1<|h|<p/2
< (deg f + deg g)p"/*(log p)?

which completes the proof of Theorem 1. O

41



LASZLO MERAI

4. Proof of Theorem 2

In order to prove the theorem we will need the following lemma (Lemma 4 in
[6]):
LEMMA 7. Assume that p is a prime number, k,¢ € N and k, ¢ < p. Assume
also that one of the following conditions holds:

(1) £<2,

(2) (k)" <p
Then for all A,B C Z, with |A| =k, |B| = £, there is a ¢ € Z, so that the
equation

at+b=c, acA beB (13)
has exactly one solution in a,b.
Proof of Theorem 2. In order to prove the theorem consider any D =

(dy1,dsg,...,d¢) and M such that 0 < dy < dg < --- < dy < p— M. Then by
Lemma 6 we have

V(E,, M, D) ZeWh. entd, =

n=1
¢
1 f(’fl + dz)
X, X we(nl)
p 1<n<M i=1 |hi|<p g(n+d;)
g(n-‘rd]), 7g(n+dl)¢0
+Oo| > 14+ D1
1<n<M 1<n<M
g(n+d1)=0 g(n+de)=0
whence, separating the contribution of the term with h; =--- = h; =0,
V(E,,M,D) = (14)

1
= Z?(M + O(fdegg)) +

Z =Y vp(ha) - vplhe)

|h1\<p/2 [hel<p/2
(h1,..she) #(0,...,0)
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1<;M v (hl g(n+d1) * + he g(n+ d/) +

Q(n+d1)7_)§(n+dz)7éo
+0(ldegg) =

_ Z% S Y ). vphe)

[hil<p/2  |hel<p/2
(h1,..,he)#(0,...,0)

+d +d
5 %<mfm )t do>+
ey g(n+dy) g(n + dy)
g(n+di),..., g(n+de)#0
+0(ldegg).
Now consider one of the innermost sums (where now (hy,...,he) # (0,...,0)),

and let h;, < --- < h;, denote the h;’s with 1 <4 < ¢, h; # 0. Then we have

B L Tt rensd ERCD

1<n<M g(n+d) g(n + dy)
g(n+di),..., g(n+de)#0
+d; +d;,
- Z ep(hilw-f'"""huM)—i-
1<n<M g(n+ 2l) g(n+ 1r)
g(n+diy),..., g(n+d;,. ) #0
+0(ldegyg) =
= Z ep (th """ hr(n)) + O(¢degyg)
1<n<M Rhlwu;hr (n)
Rhy,..oohp (n)#0
with
Qhy,...n(n) = Zhitf(”+du) H g(n+di;) (16)
t=1 1<j<r
J#t
and
,
Ru,n() = [[o(n+di))
j=1
so that

deg Qn,,...n,(n) =deg f+ (r —1)degg < deg f + (£ —1)degg  (17)
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and
deg Rp,....n,(n) =rdegg < {degg. (18)

In order to apply the Lemma 4, we need the following result:

LEMMA 8. If p, the polynomials f(x),g(x), and £ satisfy the assumptions in
Theorem 2 then

Bhyne(0) £ Qny,ne (0) (19)
for (h1,...,he) #(0,...,0).
Then by Lemma 8 we can use Lemma 4 to estimate each of the sum (15). By
(18), we obtain that uniformly in (hy,...,he) # (0,...,0), each of these sums is
< (max{deg Qn,. . n,,deg Ru, _n}+ sh,...n)p"*logp <
< 2(deg f + (L +1)degg)p'/*logp,

where sp, . pn, is the number of the distinct zeros of Ry, .. p,.
Thus by Lemma 6, it follows from (14) that

V(EINMaD) <
< i Z Z Up(h1)...1}p(hg)-

[hil<p/2 lhe|<p/2
(h1,..,he)#(0,...,0)

(deg f + (£ + 1) deg g)p*/? log p + O(fdeg g) <

< (degf+ (€+1)degg)p/>“logp | Y lup(B) | +
|h|<p/2
+0(fdegg) <
¢
< (degf+(+1) degg)pl/zfe logp [ 1+ Z % +
0<|h|<p/2

+0(fdegg) <

< (deg f + (£ +1)deg g)p"/*(logp)“™"
which proves (6). O

Finally, it remains to prove the lemma.

Proof of Lemma 8 We will use the approach used in [6]. We will say that
the polynomials ¢(z), 1 (x) € Fp[z] are equivalent: ¢ ~ 1 if there is an a € F,
such that p(z + a) = ¥(x). Clearly, this is an equivalence relation.
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Write g(x) as the product of irreducible polynomials over F,. It follows from
our assumption on g(z) that these irreducible factors are distinct and co-prime to
f(z). Let us group these factors so that in each group the equivalent irreducible
factors are collected. Consider a typical group ¢(z + a1),...,¢(x + a,) (where
r < k), and consider the polynomial

o(a) = [ ole+ds)
1<j<r
It

occurring in the ¢-th term in the definition of Qp, . . (), and write ¢;(z) as
constant times the product of unitary irreducible polynomials. Then all poly-
nomials p(z + a, + dij) with 1 <u<s,1<j<r j#t wil occur amongst
these irreducible factors of ¢:(x). All these polynomials are equivalent, and no
other irreducible factor belonging to this equivalence class will occur amongst
the irreducible factors of ¢¢(x).

Now set A ={ay,...,as}, B={d;,,...,d;.}. It follows from assumption (1)
and (2) in Theorem 2 that either

Bl=r<t=2
or
(4lA)P! < (4deg g(2) < (4k)" < p
holds, so that one of the assumptions (1) or (2) in Lemma 7 holds, and thus the
lemma can be applied. We obtain that there is a ¢ € I, so that it has exactly
one representation in form (13), i.e., in form
au+di;‘:cv 1<u<s, 1<5<n

denote the unique u, j in this representation of ¢ by U, resp. J. Then clearly, the
J-th term in the sum (16) is not divisible by the polynomial ¢(n+c¢), but all the
other terms in this sum are divisible by ¢(n + ¢). Thus their sum, Qp, ... 4,(n)
is not divisible by this polynomial so it is not divisible by Rp, .. p,(n). O

5. Proof of Theorem 3

Using the notations in the proof of Theorem 2 it suffices to prove the following
lemma.

LEMMA 9. If p, the polynomials f(x),g(x), and £ satisfy the assumptions in
Theorem & then

Ruy oo () 4 Qs (1) (20)
for every (hy,...,he) # (0,...,0) (with |h;| <p/2 fori=1,...,¢).
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To prove Lemma 9 we will need the following result of Mauduit and Sarkozy
(Lemma 7 in [6]).

LeMMA 10. Lett € N and L(z) € ), be a nonzero polynomial of the form
L(.T) = )\1:ETL1 + )\21‘"2 4+ 4 /\tx"‘ (21)

with0 <ny <ng <--- <ny < p—1, and for a nonzero polynomial g(z) € F,[x],
let J(g(x)) denotes the greatest nonnegative integer J with (x —1)” | g(x). Then
we have

J(L(z)) <t-—1.
Proof of Lemma 9. Write the rational function f(z)/g(x) in the following

form
fl@) oy (@)
i@ ~ O

where g(z),r(x) € Fp[z] and 0 < degr(z) < deg g(z) (since g(z) { f(x)).
With this notation, we have

3

th (n) Z n—l—d

th he TL =
i r(n+d;,
= Z hz 1 ) + ( J) =
J J g(n + dzj)
_s . (n)+ih- r(n+d;,) S ()t A
b ‘ j=1 “ (n + dl;) v ‘ Rh1,~-~7he (n) 7
where Sy, n, (), Qp, 5, (n) € Fplal],
th, hg Zh“r Tl+d H g(n+dij) (22)
1<j<r
i#t
and
deg Q},, . 5, (n) < degRp, . n,(n). (23)
To prove that (20) holds, it suffices to show that
Ry, (n) £ @y, () (24)
or equivalently that
Qs (T) #0 (25)

in Fplz].
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To show that this holds we can use the approach developed in [6]. Namely, if
p is a prime number, Z(—g is a rational function over F,, with degu(z) < degv(z)
and v(x) is of the form v(x) = (x +ay)----- (x + a,) with a; # a; for i # j and

1 <z=deguv(z) < P

2 b
then % has a unique partial fraction decomposition of the form

u(n) Ay A,

(26)

oin) n+a  nta.

over [F,, (this holds for all n with n # —a; for ¢ = 1,...%), and this can be
rewritten as B B B
U(n) = 70 —+ L + -4 Ll’
v(n) n n+l n+p—1
where the numbers B; = B;(u(n)/v(n)) with 0 <4 < p — 1 are also unique. For

u(x

such a rational function 775, define the polynomial P(x) = P(u(n)/v(n);x) by

(27)

P(x) = Bo+ Bix + -+ B,_12P 1. (28)

Now assume that contrary to (25) there exist (hy,...,he) # (0,...,0) such
that (25) does not hold, i.e.

Qs (n) = 0. (29)
It follows that the partial fraction decomposition of from (27) of the rational
function Q;n,..‘,he (n)/Rh,,...n,(n) is

Qhyony (1) _ r(n+d) 0 0 0
Rhlp-whﬁ. (’I’L) B Z s

gn+d;) n n+l n+p—1
The condition (26) holds by (7) so that the representation (27) is unique. It
follows that

‘ r(n+d;)
E hz =
gn+d)

’ 0.
On the other hand a
P ghimm :;hiP (W;x) =
= ZZ: hi (ﬁlip (;<Z);x)> = H(z)P (;EZ; : x) (mod 2% — 1), (30)
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where
¢

H(z) = Z hixdi.

j=1
Moreover, we have z? — 1 = (z — 1)? in F)[z].
It follows from (29) and (30) that (in Fp[z]) we have

@17 |6 -1 [P (o)

1 (n@r (H8e)) 2 (31)

On the other hand by the definition of the polynomial H (z), it is a polynomial
of form (21) with ¢ in place ¢, so that by Lemma 10 we get

J(H(z)) <€ —1. (32)

therefore

Now consider the polynomial P (%;x). This is a nonzero polynomial of

degree at most p — 1, and ¢, the number of nonzero terms of it is equal to the
number of the nonzero terms of the partial fraction decomposition of type (27)
of f(n)/g(n) which, by (8), is now of form

r(n) r(n) _
g(n) (n+a))(n+az2)...(n+ak)
Aq Aq Ay
n+a n+as n+ ag

so that now ¢t < k. Thus by Lemma 10 we have

J(P(;Eg;:z:))gtlgkl. (33)

It follows from (7), (32) and (33) that

(e () <0 () 105

§k+€—2+(k:—1)(£—1):k€—1<§—1

which contradicts (31). Thus, indeed, the indirect assumption (29) leads to a
contradiction which completes the proof of Lemma 9. O
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