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ON THE SUM OF BOUNDED MULTIPLICATIVE
FUNCTIONS OVER SOME SPECIAL SUBSETS
OF INTEGERS

IMRE KATAI

ABSTRACT. Let Ji,...,Jx C[0,1) be finite unions of intervals,
Pyi(x),...,Py(x) € R[z] of degree at least one,
Qma,...omp (@) =m1Pi(x) + ...+ mpPy(x), m1,...,my € Z.
Assume that Qm;,...,my () — Qm,,...,m,;, (0) has at least one irrational coeffi-
cient for every (mi,...,my) # (0,...,0)
Let S:={n|neN, {P(n)} e,
shall prove the following theorem.
Under the conditions stated above

=1,...,k}, A = Lebesgue measure. We

sup l Z g(n) — 7)\((]1) - (A0k) Z gn)| =1 —0

geEM, | X n<z $ n<z

n€ s
as x — oo. Here M; is the set of complex valued multiplicative functions g
satisfying |g(n)| <1 (n € N).

Communicated by Sergei Konyagin

1. Introduction

Let c,c1,c0,..., K, K1, Ko, ... be positive constants, not necessarily the same
at every occurrence.

Let M be the set of complex valued multiplicative functions, and M; C M
be the set of those g € M for which |[g(n)] <1 (n € N) holds as well.

Let e(a) 1= 2™,
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A famous theorem of H. Daboussi published in his joint paper with H. Delange
[2] asserts that

1
fseli\rf)tl . Z f(n)e(na)| =0, = 0 (. — o) (1.1)

n<zx

whenever « is an irrational number. Here o, may depend on «.
The author proved that

1
sup |= Y f(n)e(P(n))| = 0s(P) =0 (z — o0) (1.2)
femM;, irnga:
for every polynomial P(u) = azu® + --- 4+ aju, where ag,...,a; € R, and at

least one coefficient is irrational [4].
Let [1 be the set of those arithmetical functions g for which

1
=1 — .
lgllx imsup — E lg(n)]

n<z

The function class B C I; is defined as follows. We say that g € B!(= set of
almost periodic functions) if for every € > 0 there is a trigonometric polynomial

N
Z aye(a,n) =t.(n) with real oy, (v =0,...,N) such that ||g —t.|1 <e.
v=0

Assume that g € B!. We say that o € R belongs to the spectrum of g if

1
lim sup - Z g(n)e(—an)| > 0.

T—00
n<z

It is known that the spectrum contains at most countable many numbers. On
the other hand, o(f) can be empty. Furthermore

i) = lim 3™ g(n)e(—an)

n<z
exists for all @ € R. Let a1, as,..., € o(f) be the spectrum points of g arranged
so that |a1] < |az| < ..., and let ¢, = §(ay).

We say that the formal series

o0
Z cpe(ayn)
v=0
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is the Fourier expansion of g. It is known that

lg —rnli — 0 (N — o0),
N
where ry = Zcue(al,n).
v=0
These assertions can be obtained from more general theorems in functional
analysis. It is treated in J.L. Mauclarie [5], A.G. Postnikov [6], W. Schwarz [7].
Daboussi and Delange proved in [3] the following assertion:
Let S be an arithmetical function satisfying the following conditions:
(i) S is almost-periodic B?,
(ii) the Fourier series of S is A+ > Ae(ayn)
where all the «,, are irrational.
Then, as x tends to infinity, we have

S F)Sm) 5 3 )| < 0u(S), 0ulS) =0 as (x—o0).

n<x n<x

1
sup |—
feMy x
(1.3)
In [1] among other results a special case of (1.3) is rediscovered, by proving (1.3)
for the set
1 if ne{jam+6]|meN}
0 otherwise

S(n) = Sa,p(n) = {

o > 0 be irrational.

2. Formulation of the theorem

Let £ > 1 be fixed, Jy,...,Jr € [0,1) be such sets which are the union
of finitely many intervals. Let Pi(z),...,Py(z) be non-constant real valued
polynomials,
Qma,...my () =maPi(x) + - - + myPy(x) (2.1)
for mq,...,my € Z.
Assume that Q.. m, (€)= Qm, ... .m, (0) has an irrational coefficient for every
mi,...,mi € Z, except when m; = --- =my = 0.
Let
S={n|neN, {PMn)}ed, l=1,...k} (2.2)
Let A be the Lebesgue measure.

39



IMRE KATAI

We shall prove the following

THEOREM. Under the conditions stated for Py,..., Py, J1,...,Jr we have
1 AJ1) - A JTg)
sup |— > g(n)— ———— > g(n)| =14, (2.3)
geM, | T nz:gar z n§<:x
nes -

7= — 0 as (x— ).
REMARK. The relation (2.3) in the special case

S(n) = 1, if n.E{[amHmeN}
0 otherwise

has been proved earlier in [3], section 3.2.1.

3. Proof of the theorem

Let f;(x) be defined by

o 1, if zeJ
fl(x)_{o, it zef0,1)\J (3.1)

and be extended to R as a function periodic mod 1. One verifies that its Fourier

series Y cgl)e(m x) satisfies
mez

W) <

A0 e = A,

K; may depend on J;.
Let A > 0 be a small constant,

A
1
2 / filz +y)d (3.2)
A
It is clear that if z € [0,1), and fi(z) # gi(x), then the interval [x — A,z + A]
intersects both of the sets J; and [0,1) \ J;.
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Furthermore, 0 < g;(z) < 1 always holds. Let g;(z) = > dg,ll)e(m z). One

mEZ
can compute that dél) = A(J;), and that dl) = c@%, whence
1 1
l . .

and K may depend only on Py,..., Py, J1,..., Ji.
Since Pj(x) — P;j(0) has an irrational coefficient, according to a well-known
theorem of H. Weyl, {P;(n)} is uniformly distributed mod1, consequently

SO 1ARM) = gi(Pi(n))] < ClAx (3.4)
n<x
where C) is a constant, C; = Cy(P}, J;).

Let
o(n) = fi(Pi(n))--- fr(Pr(n),
r(n) = g1(P1(n)) - - ge(Pr(n)).
We can observe that n € S if and only if o(n) = 1, furthermore that

lo(n) = k()] < ¢ Y 1filPi(n)) = ai(Bi(n)];

n<lz
consequently
%#{n <zlom)#kn)} <cA, (3.5)
Cc = C(Pl,...,Pk,Jl,...,Jk).
Let
E(x):=Y gn)=>_ gn)a(n),
n<z n<x
K(z) := Zg(n)l-@(n)
Then from (3.5) .
|E(z) — K(z)| < cAx (3.6)
furthermore
K(@)= Y dy)...d¥) > gm)e(@um.omi (). (3.7)
mi,...,Mk n<x

We have dél) . .dék) = A(J1)...A(Jg). From (3.3) it follows that
S ldY) . dP) | < o,

mi,...,mMg
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Furthermore, taking into account (1.2) applied for P = Qm,,....m,, [ =g, our
theorem immediately follows.

4. Corollary

Let u(n) be an additive function for which there exist A(z), B(x) such that

u(n) — Az)

— = <y}=F 4.1
o <= Fw) (11)

exists for almost all y € R, and F' is a distribution function.

Let Py,..., Pg, J1,...,Jr and S be as in Part 2.
Then

1
lim —#{n <z |
x

r—00

. 1 u(n) — A(zx)
R VAR AT S AL =T

at every continuity point y of F(y).

<yt=Fl) (42

iA@1
zli)n;o e TB@) . E ; hx(n) — 90(7') = 07

 is the characteristic function corresponding to F'. From our theorem we obtain
that

i Alz) 1 Z
l. _m—B<I) f— hz — = 07

nEs
whence the assertion immediately follows. O
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