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STAR EXTREME DISCREPANCY OF
GENERALIZED TWO-DIMENSIONAL
HAMMERSLEY POINT SETS

HENRI FAURE

ABSTRACT. We generalize to arbitrary bases recent results on the star extreme
discrepancy of digitally shifted two-dimensional Hammersley point sets in base 2
by Kritzer, Larcher and Pillichshammer. The key idea is to link our fundamental
formula for the discrepancy function of generalized van der Corput sequences to
the corresponding quantity for generalized two-dimensional Hammersley point
sets. In that way, we can derive precise formulas for the star extreme discrepancy
of these point sets and obtain simple generalizations which are the best presently
known with regard to low star extreme discrepancy. This study is parallel to the
recent one by F. Pillichshammer and the author on the (star) L, discrepancy
(p < o0) of the same point sets (to appear in Monatsh. Math.).

Communicated by Yukio Ohkubo

1. Introduction

For a point set P = {x1,...,xy} of N > 1 points in the s-dimensional unit-
square [0,1]® and a subinterval J of [0, 1]°, the discrepancy function is defined
as

E(J;P)=A(J;P)— NV (J)
where A(J;P) = #{M;1 < M < N,z)s € J} and V(J) is the volume of J.
In this paper, we are interested in the measures of irregularity of distribu-
tion obtained with the supremum (L., ) norm of the discrepancy function which

measures are usually called extreme discrepancies. Classically, one considers the
supremum either on all intervals or only on intervals anchored at the origin and
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defines the (extreme) discrepancy D and the star (extreme) discrepancy D* of
P as

D(P) =sup;|E(J;P)| and D*(P)=sup;.|E(J";P)|
where J (resp. J*) is in the shape of []}_,[y;, z;) (vesp. [[;_;[0,9;)). Recall it
is not difficult to prove that we always have

D*(P) < D(P) < 2°D*(P).

Various monographs have been devoted to the theory of discrepancy in the past
decades; we refer to [4] and [19] among the last; see also [20] and [23] for an
overview.

For an infinite sequence X, we write respectively
E(J;N;X)=A(J;N;X)— NV(J),

D*(N,X) and D(N,X) for the discrepancy function, the star discrepancy and
the discrepancy of its first N points. Also, we do not normalize by the number
of points N and keep the original definition which is better adapted to our
statements.

In the following, we deal only with dimensions 1 or 2. In these two dimensions,
in order to simplify the writing, we use the notations

E(z,y,P) == E([0,2) x [0,y); P) and E(a; N; X) := E([0,a); N; X)

for the discrepancy function relative to intervals anchored at the origin.

Relation between sequences and point sets. A general principle (also valid
in any dimension) states the link between one-dimensional sequences and two-
dimentional point sets deduced from them [6, 20]: let X = (Xn)n>1 be an
infinite sequence taking its values in [0,1] and let P be the two-dimentional
point set

p:{<XM,MN_1) : 1§M§N}C[0,1]2. Then

max D*(M,X) < D*(P) < max D*(M,X)-+1. (1)
1<M<N 1<M<N

Roth was the first to use such point sets in base 2, deduced from the original
van der Corput sequence, in his famous paper [21] on the Ly discrepancy. Then,
their utilization with bases b > 2 and in arbitrary dimension has been proposed
by Hammersley for numerical integration [14] just before the introduction by
Halton of his well-known sequences [12], which can be seen as multi-dimensional
versions of van der Corput sequences. In this paper, we will consider generalized
two-dimensional Hammersley point sets deduced from the generalized van der
Corput sequences introduced in [5]:
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DEFINITION 1 (generalized van der Corput sequence). Let b > 2 be an integer
and let ¥ = (0,),>0 be a sequence of permutations of {0,1,...,b— 1}. For any
o0

integers n and N with n > 0and 1 < N < b", write N — 1 = ZGT(N) b" in
r=0
the b-adic system (so that a,.(N) = 0 if » > n). Then the generalized van der
Corput sequence S in base b associated to ¥ is defined by
= o, (a-(N)
SY(N)=>" % for all N > 1.
r=0

If (0,) = (o) is constant, we write S = SZ. The original van der Corput
sequence in base b, Sl’;d, is obtained with the identical permutation id.

DEFINITION 2 (generalized Hammersley point set). Let b > 2 be an integer,
let SbE be a generalized van der Corput sequence in base b and let n > 0 be an
integer. Then the generalized two-dimensional Hammersley point set in base b
consisting of b" points associated to X is defined by

= { (s, St s v <o

In order to match with the traditional definition of arbitrary (shifted or not)
Hammersley point sets which are “n-bits” (i.e., whose b-adic expansions do not
exceed n bits), we restrict the infinite sequence of permutations ¥ to permuta-
tions such that o,.(0) = 0 for all » > n, for instance

Y= (O'(),...,Un,hid,id,idw..).

Hence, the behavior of Hl?n will only depend on the finite sequence of n permu-
tations o = (09, ...,0,—1) and we will write 'HbEm =:H?

bn*

Again, if we choose in the above definition o; = id for all permutations, then
we obtain the classical two-dimensional Hammersley point set in base b, H};fin. In
base 2, this point set is known as Roth point set since it was first considered by
Roth to give a complement to his lower bound on Lo discrepancy (in fact Roth
obtains the order log N for the star discrepancy of that point set and deduces

his complement from it [21, (3) p.74]).

A profound result of Schmidt [22] (improved by Béjian [1] ten years after)
states that D*(P) > clog N for any two-dimensional point set P of N points
with an absolute constant ¢ > 0.06. This lower bound is best possible, apart
from the constant ¢, thanks to Roth and Hammersley point sets. Hence, the
goal is to improve the leading constant term in the estimate O(log N). Such
improvements are achieved with generalized Hammersley point sets.
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The main results concerning the star discrepancy of two-dimensional Ham-
mersley point sets are of two kinds: some give exact formulas including comple-
mentary terms and the other give formulas for the leading terms within an error
not computable, usually lower than a small additive constant. We recall them
without going into the details of the formulas. If necessary more information
will be given at the right place in the paper.

Three papers belong to the first kind:

First, Halton and Zaremba [13, 1969] obtained exact formulas both for the
star extreme and Ly discrepancies of the Roth point set H4%, and for a modi-
fication of this set which, in our terminology, reads as H7, with the sequence
o = (id,,id,,...,id, ), where 7 is the transposition (7(k) = k + 1 (mod 2))
usually called digital shift. The leading terms in their formulas for D*(H4%,) and
D*(Hg,,) are respectively £n and £n.

Next, L. De Clerck, in a remarkable paper [3, 1986] summing up her thesis
(in Flemish), has been able to compute exactly the star extreme discrepancy of
the classical Hammersley point set H};fin in an arbitrary base b, giving at the
same time the intervals for which the discrepancy is reached (sometimes called
extremal, see [18] p. 380). The leading term in her formula for D*(H}4,) is ln

if b is odd and z;(zfiil)n if b is even.

Finally, Larcher and Pillichshammer, as a by-product of their study of (0, m, 2)
-nets in base 2 [18, 2003], gave a new proof of the exact formula found by Halton
and Zaremba (and De Clerck) for D* (H;dn) There is an interesting discussion in
this paper concerning the discrete discrepancy (instead of reals, the supremum is
taken over n-bits numbers): the authors observe that “it differs from D* at most
by the almost negligible quantity 2 and that it seems for nets to be the more
natural measure for the irregularities of distribtution”. Moreover, their proofs of
the exact formulas for these two discrepancies of H%ﬁn “clearly illustrate that the
discrete discrepancy is much easier to handle than D*, in spite of the minimal
difference between them” [18, Section 4 p. 399).

The other papers belong to the second kind:

First, the author [6, 1986], in parallel with the work of De Clerck, deduced
approximate formulas from his study of generalized van der Corput sequences in
arbitrary bases: general upper bounds valid for generalized Hammersley point
sets ’Hbz’n not necessarily n-bits nor limited to b™ points (Theorems 1 and 2)
and more specific estimates for D*(H;%,) giving the results of De Clerck within
an additive term ¢, € [0,2] (Theorem 3). As a consequence of Theorem 2, we
got the smallest star discrepancy for finite two-dimensional point sets with the
leading constant 0.223... in base 12 (compare with the lower bound 0.06), but
with a complementary term in O(y/log N).
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Next, Kritzer [15, 2006], extending the fundamental Theorem 1 of [18], proved
that H%‘fn is the worst distributed net among shifted digital (0, m, 2)—nets in base
2 and also that digitally shifted Hammersley nets in base 2 are still better than
'Hé‘)jn. Among them, with the net §Tn, where iT = (id,...,id,7,...,7) (half
and half about), he obtained D*(H%7,) < % + ¢ with ¢ < §, which gives the
leading constant @ =0.240....

Next, Kritzer, Larcher and Pillichshammer [16, 2007], continuing the preced-
ing paper, made a very detailed investigation of sums of distances to the nearest
integer and deduced an explicit formula (Theorem 3) for the star discrepancy of
shifted Hammersley point sets in base 2, within an additive term ¢, € [0,2] (in
fact, they computed exactly the discrete discrepancy of these sets, see above).
Using that formula, they were able to generalize the result of Kritzer with the
sequence o = (id,...,id,T,...,T,...,id,...,id,7,...,7) (the same number m

——— —— —— ——
m m m m
of permutations in each block). This formula also allows them to recover two
results they proved before in the paper with less accuracy (Theorems 1 and 2).
We will generalize these results to arbitrary bases in Section 4 of the present

paper.

Finally, at the end of our paper [10, 2008|, we derive improved results for
generalized Hammersley point sets from improvements on van der Corput se-
quences, in the same way as in [6]. For instance, we show that the (so-called)
linear digit scramblings give very good leading terms (around 0.3) in any given
prime base. But the best constants in bases 2, 3 and 12 are still obtained with a
complementary term in O(y/log N) due to the definition of the related van der
Corput sequences [10, Section 5.2]. It was one of the aims of the present paper
to remove this restriction, as announced in the last lines of [10].

The paper is organized as follows:

Section 2 introduces the necessary material for the proofs of theorems of
Sections 3 to 5. In Section 3, we prove a general formula for generalized two-
dimensional Hammersley point sets in arbitrary base b which is the analog of [16,
Lemma 1] in base 2. Section 4 is devoted to results obtained with the identical
permutation: generalizations to base b of [15, Theorem 3.2] and [16, Theorems 1
and 2]. Finally, in Section 5 we deal with arbitrary permutations in base b and
obtain simple generalizations of two-dimensional Hammersley point sets which
are the best presently known with regard to low star discrepancy, hence carrying
out the proposal at the end of [10].
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2. Prerequisites

In this section, we recall the main results we will need for the proofs of our
theorems. They concern generalized van der Corput sequences and come from
[5, 2], in French. Another reference is [9] in English in which, even if the subject

is different, many definitions are the same and formulas are quite similar (see
also [8]).

2.1. Functions 7, related to a pair (b,0)

0 b—1
Let o be a permutation of {0,1,...,b—1} and let Z7 = (U(b ), o )

? b *
For h € {0,1,...,b—1} and = € [(k—1)/b, k/b), where k € {1,...,b}, we define

o A([o,ﬁ);k;zv)—hx if0<h<o(k—1),
#hale) = (b—h)?:—A(fZ,l);k;Zg) it o(k—1) < h<b.

Further, the function ¢f, is extended to R by periodicity. For future use in
Lemma 2, (¢7 )" denotes its right derivative. Note that ¢f, = 0 for any o and
that ¢f ;,(0) = 0 for any o and any h. '

As a matter of fact, the functions ¢y , are linearizations of remainders related
to ZJ. They are the fundamental tool for the study of irregularities of distribu-
tion of sequences Si. Actually, they give rise to other functions, depending only
on (b, o), according to the notion of discrepancy we are dealing with. Presently,
we will need

o+ __

= max (¢f ;7 = max (—¢7,) and
b Oghgbil(%,h)a b 0§h§b71< %,h)
T+ )=
Yg =)+ = max |5 he — b pl-

0<h<h’<b-1

Many properties of ¢ functions are given in [5, 3.2]. Recall for future use that
they are continuous and convex on intervals [51, &] (1 <k <b).

An important permutation which plays a leading part in constructions im-
proving discrepancy [5, 6, 10, 11] is the so-called swapping permutation T defined
by 7(k) =b—k—1 (0 <k <b-—1). For a given permutation o, 7 swaps ’L/)Z’Jr
and 9>~ which means that ¢;°7" = 7" and ¢]°7" = 7" (see [5, 4.4.1]
and also [11, Lemma 1] when o = id). We will use it in Sections 4 and 5.

In the special case b = 2, we only have two permutations which give either
w51 =1 -llif e =idor 93, = —| -| if o = 7, where || - || is the distance to
the nearest integer. Naturaﬂy, this function takes a central place in the studies
in base 2 of Kritzer, Larcher and Pillichshammer, especially [18, 15, 16] for the
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star discrepancy. Recall that in base 2, the swap 7 is usually called digital shift
because 7(k) = k+ 1 in Fs.

2.2. Exact formulas for the discrepancies of sz

For any infinite sequence X, we define the positive and negative discrepancies
as

DT(N,X):= sup E(a,N,X)and D~ (N,X):= sup (—E(a, N, X)).

0<a<l1 0<a<1

Then [5, Section 3.3.6], for all integers n > 1 and N with 1 < N < ", we have

+(N, 5%) Zw"“+< )+—NZ "“ (2)

j=n+1

oo

and D~ (N, SY) Zw"f e (bzf.>+N 3 Uj‘bi.(o). (3)

Jj=n+1

Recall that D* = max(D*, D) and D = Dt + D™, so that we also have exact
formulas for D*(N, S7) and D(N, S7).

In our paper [5], formulas (2) and (3) needed a lot of lemmas to be proved
because, at this time, we did not have an exact formula for the discrepancy
function E(a, N, sz) Indeed, they can be obtained more simply with the help
of such a formula (see Section 2.4 below) which also will play a leading part in
the study of generalized Hammersley point sets.

2.3. Estimates for sums of ¢ functions

In order to compare generalized Hammersley point sets and find the best
possible with respect to low discrepancy, we will need estimations of sums of 1
functions which appear in (2) and (3). We collect the necessary information in
the following lemma, in which the notation v stands either for 7 or wg’+ or

O,—

b

E) and o := inf d—n

n
LEMMA 1. (i) For any integern > 1, let d, glgﬁzlw b n>1 n
=

d, )
Then a = lim o and there exists B, € [0,1] such that d,, = an + [, for all
n—oo
n>1.
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(ii) For any x € [0,1] and any n > 1, let F,(x Zw (xb*).  Then

dn, = max F,(x) and for all integers v,a with 1 < a < b”, we have

z€[0,1]
1 a
-F|— ) <a.
v (b” — 1) =«

Proof. The proof is scattered in [5, 4.2.2 and 5.2.1] (see also [2, 6.3.1-2]).
Practically, the exact computation of « is possible in some specific cases, for
instance for small b or for the identical permutation. In that cases, the notion
of dominating interval is very useful to reduce the problem and to formulate an
induction hypothesis for the value of d,, (see [5, 5.3] and also [8, 4.4]). But in
any case, it is easy to obtain upper and lower bounds with small values of n and

v in the formulas a = inf,,>1 —" and F (b,, 1) < « above. O

2.4. Descent Lemma

This is the fundamental Lemma 5.2 of [2] and, in the adaptation to (0, 1)—se-
quences, Lemma 6.2 of [9]. The foremost version was found for the precise study
of the Ly discrepancy of the van der Corput sequence and its symmetrisized
version in base two [7].

LEMMA 2. Letn > 1,N and X\ be integers with 1 < N < b" and 1 < \ < b"
and let A = X" 1 4+ . 4+ \,_1b+ N\, be the b-adic expansion of X. Then, the

discrepancy function of the first N points of St on [0, b);[ satisfies

A —~ o, (N
B NisF) = 2 i () )
=
the ;s being defined step by step as follows: €y, := 1, 1= Ay and,

. Nji+1 1 o ! N
for << myi= o B g () () ©)

gj=mn; f 0<n;<b and &;:=0 if n;=0b

REMARK 1. For A = 0" the formula is trivially true withe; =0forall1 < j <n
(since E (1;N;S7) = N — N = 0) and for N = b™ also since again both terms

are naught (F (b); ;0™ SE) = A— )\ = 0 and the functions ¢ are zero on integers).

Proof. We refer to [2] for the proof. The analog for (0, 1)—sequences in [9], in
English, is more complicated but follows the same framework: step by step, we
obtain the discrepancy function F(A 5y N3 S Z) by means of discrepancy functions
with more and more rough intervals and with less and less points; at each step,
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the difference between the discrepancy functions is under control with the help of
the functions ¢y 5, while the relation between the intervals depends on the right

derivatives of these functions. At the end of the descent, we obtain Equation
(4). O

3. A general formula for D*(H{,)

Now, we deal with generalized Hammersley points sets Hy,, and first link the
discrepancy function of Hy, on the two-dimensional interval [0, 2) x [0, ) to

the discrepancy function of the first N points of S on [0, bﬁ) (recall from the

definition of Hf, that ¥ = (00,...,0n-1,4d,id,...) and o = (0g,...,0p-1)).

LEMMA 3. Let n > 1, N and A\ be integers with 1 < N < 0" and 1 < \ < b".

Then,
AN A
El—,—H,|=F N;
(2 35 (3on)
Proof. The proof is almost immediate: from the definition of Hy,, the counting
functions A (b%” %,Hb‘fn) and A(
AN

other hand, b”b—nb—n =N— m , so that the discrepancy functions are equal. O

me S’Z) take the same value and on the

Note that Lemma 3 together with Lemma 2 is very close to [11, Lemma 1]
(only the form of digits ¢; in Lemma 2 differs). Next, we prove an exact formula
for the so-called (star) discrete discrepancy (see [18, Section 4]):

LEMMA 4. Letn > 1 be an integer. Then, the star discrete discrepancy of Hgn,

AN _ o
= (i 70
= max | max Zw‘” (N ZW’ S (EY). e
1< N<bHn 4 1<N<bn b

Proof. From Lemmas 2 and 3 we first have (the ¢; being defined by the for-
mulas (5)):

E(b/}llj;\riHb> Z@Zéﬁ(?) forall 1< AN <b"

max
1<\, N<bm
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Now, from the definitions of wg’+ and 1/)2’_, we deduce that

B (o geot8) < 05 ()8 () < o0 ()

But these upper bounds are reached for some \’s by using the reverse algorithm
of the construction (5) of the ¢; from the \; as we did in the proof of Theorem 1
of [9, 6.4]. We recall the proof for the sake of completeness: for 1 < j < n, let p;

(0 < p;j < b) be an integer such that ¢, ’~ vt (%)= ng]p '(3¥), so that we have a
fixed sequence ; = p; from which we can deduce an integer A = A\1b" "1+ -+,
satisfying (2, bmH n) = 2 gpz";;l(é\;) =3 NI +( -). Indeed, using
the formulas of (5) for n; and €;, we build A step by step, first by setting A,
M, := Py, and then, if n; and \; are achieved, by using the reverse algorithm:

if %2+ 4 (@Z; Y/(&) =0 then A\j_q :=n;_1 :=pj_1

else (i.e. % (cpZé)Jl) (%) =1) then
lf pj 1 Z 1 then Nj—1 = Pj—1 and )\j—l =Mj-1— 1
else (16 Pj—1 = 0) then Nj—1:= b and Aj—l =15—-1 — 1.

The same is valid for ¢, and therefore we have proved that
A N
o Oj—1,+ _. N+ P
 max E (b”’ o b,n> E Py (—) =: D(N, S;) and

>\ N o Oj—1,— . — > . . .
 Jax <E <b”’ bn’Hbm)> Z’L/) ( ) =: D, (N, S;’), which implies

N
E <A _ Z’n)‘ = max (D, (N, Sy), D,, (N, Sy)), so that

1 |7\ o
max |F AN e = max (max (D; (N, S;),D; (N,S)))
1<AN<b? pn’ pn’bm 1<N<b» n AT b e A b ’

(D} (N,S?) and D, (N, S;) are called the discrete positive and negative dis-
crepancies of Si°). Finally, discussing the two possibilities for the integer Np
which achieves the value of maxi<y<pn (max (D5 (N, S)), D, (N, S?))), we see
that

s (max (DS (V. 57), D5 (V. 57))

— + py
= max <1<rr]1va<xbn (D (N, S;)), | Dnax |

and Lemma 4 follows. O

max (D,: (N, SE)))
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THEOREM 1. For any integer n > 1 and any o = (0¢,...,0,—1) we have, with
some ¢, € [0,2],

N
* o _ oj—1,+ Oj—1, o
DY (M) = max 1§151V3§Xb" Z¢ < ) * 1SN S Zw (bﬂ> e

bn

Proof. For z € [0,1], let z(n) := [Ibn 1

all points of Hf, have n-bit coordinates (i.e., are of the form «//b"), we have
E(z,y, "y ) = E(z(n),y(n), HY ) + 0" (x(n)y(n) — zy).

From the definition of z(n) we deduce that 0 < b™(z(n)y(n) — zy) < x(n) +
y(n) — 7 < 2 and therefore there exists ¢, € [0,2] such that

AN
E(bn bn’ >‘+C"

1
, so that z(n) — o <z < z(n). Since

D*(Hy,) = sup |E(z,y,Hy,)| = _max

z,y€[0,1] ’ 1A, N<bn
By Lemma 4, the proof of Theorem 1 is complete. U
COROLLARY 1. For any integer n > 1 and any o = (09,...,0n—1) we have,

with some ¢, € [—2,2],

(Hb n) < D* (Hb n) + Cn-

Proof. This corollary results from the following properties of ¢ functions:
T < i YT < i, zd+ = 1i? and w;)d’_ = 0. The complementary

term ¢, could be removed Wlth more effort in the context of (0,m,2)—nets. O

4. Swapping with the identical permutation

In this section, we consider generalized Hammersley point sets Hy, , where
o = (00,...,0n-1) € {id, 7}", i.e. where the permutations o; are either id
or T oid = 7, T being the swapping permutation defined by 7(k) = b—k —1
(0 <k <b—1). The more general case with an arbitrary permutation o instead
of id will be handled in Section 5, but recall (see Section 2.1) that the interest of
permutation 7 is to swap ;" for 47" and ¢~ for 7" ie. to give ¢ 7t =

77 and ¢, °”" = 7" which, when o = id, reads as ¢} = ’(/sz = 0 and
7'7 _oidit _id
b T W% TV

95



HENRI FAURE

3 n
2
—— e
First let us consider the sequence i = (id,...,id,7,...7), if n is even and
n—1
- n+1
2

it = (id,...,id,7,...7), if n is odd, like Kritzer did in base 2 [15]. Applying
Theorem 1, we can easily extend his result [15, Theorem 3.2 and proposition
3.1] to arbitrary bases:

THEOREM 2. For any integer n > 1 we have, with some ¢, € [0, 3],

b—1 .
) —n+cy if n is even
ifbis odd: D*(HiT,) = 8
T(n—i— 1)+e¢, ifnisodd
b2
—n+cy, if n is even
if b is even:  D*(HyT,) = S(bb—; 1)
Proof. We first deal with an even integer, say n = 2m, and apply Theorem 1
with ¢/~ = g = il T =T =0 1< j <mand ¥ =
Z’+ =0, wsj”ﬁ =Yy = i if m 41 < j < 2m. The two sums of n terms

reduce to sums of m terms and we get with some ¢, € [0, 2]

m 2m
. i N a( N
* T\ id (21 W 4
D*(Hi7) max<1<%1va§bnzl¢b (bj> 1N Son _Zﬂwb (bj>) o
J= j=m

We see that the balance between the two sums of Theorem 1 is perfect, which
will divide by 2 the discrepancy of the usual Hammersley net. Indeed, we know
the behavior of sums of 1 functions, see Section 2.3, and since these functions
are continuous, 1-periodic and convex on intervals [%7 %] (1 <k <), the
maximum for z € R in Lemma 1 (i) is reduced to the maximum for integers
N € [1,b"] only. Hence, applying Lemma 1 (i), we obtain (note that the two

first equalities below hold as well from the same property):

max zm:wid N = max 2§m il N = max Em it N
L<N<bm £ b\ b I<N<bn b\ b 1SN <bm £ b\ b
j= j=

j=m+1
= ap'm + B
with 3,, € [0,1]. We have computed the constants «¢ in [5, 5.5] and we found
that ai? = b- 1, if b is odd and o = 4(bbj-1)’ if b is even. This achieves the

proof, when n is even (with ¢,, = ¢, + ).
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In the case, where n = 2m + 1 is odd, in the same way we obtain

m N 2m—+1 N
w(agiT id [ £V id [ Y
D*(HyT,) = maX(lﬁrglvagbn Z% (b]) e > U (bj )) + .
j=1 j=m+1
Here, the balance between the two sums of Theorem 1 differs by one term only,
which explains the factor n + 1 instead of n in the result for odd n. O

COROLLARY 2. Asymptotically, we get
ey DOOGT) b1
n—oo logb?  8logh
D*( i‘r) b2

lim b/ _ if b is even

n—oo log b 8(b+1)logd ’
REMARK 2. The interval for ¢, could be reduced, in particular with the exact
values for f,,,. Of course, we recover the result of Kritzer [15] and Kritzer—
Larcher—Pillichshammer [16], with the same sequence 7, in the case of b = 2.

The best constant is obtained for b = 3 with @ = 0.227..., whereas for b = 2

if b is odd and

we only have @ =0.240....

Now, we will show that the choice of the sequence #7 in the set {id,7}" of
sequences o = (0g,...,0,—1) is best possible in the sense that the leading terms
in Theorem 2 cannot be made smaller whatever the o;_ € {id, 7}, 1 < j <mn,
can be.

THEOREM 3. For any integer n > 1 and any o € {id, 7}" we have
D* o 1
lim ( b,n) > b
n—oo log b 8logh
D* an b2
lim ( b ) >

n—oo logb® ~ 8(b+1)logh

if b is odd and

if b is even.

Proof. We use the properties of infinite sequences S;° together with the first
inequality in relation (1) to derive the desired lower bound for D*(H7 ).
Recall from Definition 2 that ¥ = (09, ...,0n-1,id,id...) with o;_; € {id,7}.
This implies that for all j, 1 < j < n, we have ¢;’ " = ¢ since ] = ¢, so
that, from formulas of Section 2.2, we deduce D(N, S;’) = D(N, Si¢). Recall
too that in one dimension we have D < 2D*. Now, we can give the proof:

1 , 1 .
* o > * z - id > = id
D*(Hg,) > 1§HlNaSanD (N, S;") > 5 1§mNa§Xb"D(N’Sb ) > 50 1

and the result follows from the reminders in the proof of Theorem 2. O
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In base 2, Theorem 3 has been shown in [16] by other arguments involving
more computations. Another question raised and solved in base 2 in [16] is the
following:

o

“Is the star discrepancy D*( b’n) independent of the distribution of id and T in
the sequence o = (0q,...,0n-1) € {id, 7} and does only depend on the number
of id and T as it is the case with the Lo—discrepancy (see [17] and [11]) 27

In arbitrary base, the answer is no like in base 2, with the same counter-
example as in [16]: the sequence (id,T,id,7,...,id,7). To prove this result
(see Theorem 4 below) we will utilize the notion of intrication of permutations
introduced in [5, Section 3.4.3]:

DEFINITION 3. The intrication of two pairs (b, o) and (c, p) is the pair (be, 0.p)
defined by o.p(l) = co(h) + p(k) with l = bk +h, 0 <h<band 0 <k <c¢
(Euclidean division of I by b, 0 <1 < be).

LEMMA 5. (i) The function ;""" satisfies the relation
VPt () = 7 (cx) + 0T () for allz € R

and the same relation is also valid for ¢, and ¥y.".

(i1) Let ¥ = (0;)j>0 and T = (75);>0 be two arbitrary sequences of permu-
tations of {0,1,...,b—1}. If S¥ is the sequence defined by P = (p;);>0 with
P2 = 0j and P2i+1 = Tj, then Sllj = SE;T where X.T := (Jj'Tj)jZO'

Proof. Part (i) of this lemma is part (i) of [5, Proposition 3.4.3], proved by
starting from the definition of ;" "+ and enumerating the different cases. The
proof of (i7) follows the same lines as [5, Proposition 3.4.3 (ii)], but with a fixed
base b instead of different bases and with two arbitrary sequences of permutations
instead of two constant sequences of permutations: starting from the definition
of szz‘T, it suffices to write the relations between the expansions of N — 1 in

bases b and b2 to recover S with Definition 3. O
THEOREM 4. For any even integer n > 2, let it = (id,7,id,7,...,id,T) €
{id, 7}". Then, with some ¢, € [0, 3], we have
b—1)(b+2
~ Wn Yen ifbis odd,
iy =4 8¢
mn +cn if b is even.
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b—1 b2
These constants are greater than and , hence the answer to the
8 8(b+1)

question above is no.

Proof. Let n = 2m. First, applying Lemma 5 (ii) with ¢; = id for all
j>0, 75 =7i0<j<m-1and 7 =idif j > m, so that P =
(id, 7,id, T, ... id, T,id,id,...), we get S} = szz'T with

S.T = (id.r,id.7, ..., id.7,id.id, id.id, . . )

(m times id.7 and then id.id only). Therefore, from the definition of generalized
Hammersley point sets, we have

-~ N -1
i = { (s, 2 ) < Ngbn}

{(ron it azn <}

so that H;7, = & with 41 = (id.7,id.7, ..., id.T).

m

Next, we apply Theorem 1 to H{;™ ~and get, with some ], € [0, 2],

m

* T _ id.T,+ id.T,—
D (i) = | qu (b%),KW > (b%)
+c,

But from Lemma 5 (i), we deduce that 1/}“1 T (x) = i(bx) and w;;l-ﬂ*(x) =
id(z) for all z € R. Hence it remains to compute the two maxima:

1SI]IV1%)b(2m z w <b2] ) and 1§IJ{[12)17(2111 Z 1/} <b2] )

Finally, thanks to the periodicity of ¢ functions, in fact, the two sums in these
maxima have the same behavior and we will study the second one only. For the
same reasons as in the proof of Theorem 2, we have (see Lemma 1 for notations)

LN Shem Zw (b2j> Zw <b2j> = mnex, Fo(x) = dpym = am + By,.

The calculation of o and f3,,, is parallel to that for sequences Si¢ performed in
[5, 5.5] and since it comes under specific computations according to the parity
of b, we defer it to the following Proposition 1 which will complete the proof of
Theorem 4. O
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REMARK 3. Before starting with Proposition 1 and its proof, we wish to make
clear two things: first note that we deal with the function 2 := 1/)2‘1 in base b2,
i.e., the 1-periodic function which is equal to the restriction of qud on intervals
(551, £] (1 < k < b?). Secondly, we observe that it should be easy to obtain
the leading constants as lower bounds for o with the help of Lemma 1 (i4): if b
b(b—1) b-1)b+2)

is odd, taking v =1 and a = would lead to o > and if
4(b+1)
2 2 _
b is even, taking v = 2 and a = w would lead to @ > ————
2 402 + 1)

(we omit the proof since we will get the equality below). Therefore, the answer
to the question above would be no, without any more computations. But, like
Kritzer, Larcher and Pillichshammer did in the case of base 2 (see [16, Section
4]), we think it is interesting in itself to obtain the exact value of a together
with the remaining term [3,,.

PROPOSITION 1. For any integer m > 1 we have

(b—1)(b+2) b L Y irp i
m 1_7
MR AT BT e R TR VoA Sy R
max Zwb 57 ] = 3 3 _1ym
1< N<b2m = b7 b m+ b 1— (=1 if b is even
A2+ 1) A+ 1) b2 '

Proof. According to Lemma 1, we have to compute

m—1
A = am + B = max Fo () with Fo () = Y e (x(b?)).
ze|0,
k=0

We proceed by induction on m > 1. We have found the induction hypothesis by
plotting the first graphs of the functions 2 = i for small bases (b < 7) and
looking at the dominating intervals, i.e., intervals I, = %651, %01 such that 12
is dominated by its restriction to Iy, within a translation or a symmetry. Then
verifying the induction hypothesis reduces to add 12 (xb*™) to F,(z) and check
the formulas for m+1. In the following, we give in detail the induction hypothesis
but we leave out the tedious verifications which are long but straightforward.
For the sake of completeness, recall the formulas for ¢ [5, 5.5.1]: ¥i4(z) =
max(k(1 —x),(b—k—1)z) for all x € [k/b, (k+ 1)/b] and integers k € [0,b— 1].

The case of an odd base b.
There is one dominating half interval

+ | with b (-t
msy Um 10 1 i~ — Jo. |-
o tm T gpam | W UM = 5070 pam
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On this interval, F}, is the linear function F,,,(z) = gmx + Fp,(u,,) with

2m __ _
Gm = _b717 Fo(um) = (b 1)(b+2)m+ b (1 1 > and

2(b+1) 4(b+1) 4b+1)2 \" p2m
dp = Fp(2) = F(tn,).
max (2) (um)

The case of an even base b.
There is one dominating half interval

=)™ . o (=™
U, U, + 2pEm with u,, = ES)) 1 pam .

On this interval, Fy,(z) = ¢mx + Fi(ur) with

B 3 3 (=™

d,, = E, () = F ().
max, () (wm)

These formulas achieve the proof of Proposition 1 and therefore the proof of

Theorem 4 too. g
COROLLARY 3. Asymptotically, we get (with even n)
o W if b is odd and
i D*(Hm,) 8(b+ 1)logb
im ————~ = 3
n—oo logb” b

——  ifbi .
S0 + 1) Togb if b is even

REMARK 4. Of course, for b = 2 we recover the result of [16, end of Section 4]
1
with the constant —- In fact, this result was known for a long time with much

more precision since Halton and Zaremba [13, 1969] obtained exact formulas for

D*(H%?ln) and D*( g‘rn) after a lot of technical computations (see [18, Sections
1 and 4] for comments on this paper).

5. Swapping with an arbitrary permutation

In this section, we fix an arbitrary permutation o of {0,1,...,b — 1} and
consider sequences produced by swapping ¢ with 7, that is we mix the permu-
tations o and & := 7 o o to obtain sequences o = (0q,...,0,-1) € {0,5}". The
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situation is not so clear as with the identity and we will only consider sequences

n n n—1 ntl
5 2 e 2
_ TR . . _ /—/AL_ — . .
oo = (0,...,0,0,...0), if nis even and oo = (7,...,0,7,...9), if n is odd.

This choice permits to improve upon the discrepancy, but until now we are not
able to prove it is the best, like in Section 4 with the identity and Theorem 3.

Let us recall two notations adapted to the present context (see Lemma 1)
before to state the result for the sequence oo. Set

. 1 & x _ ) 1 & _/x
oyt = inf max | — E Py (—) and o’ " := inf max [ — E by (—)
n>1 zeR | n 4 bi n>1 zeR | n 4 b
=1 j=1
Then:

THEOREM 5. . For any integer n > 1 we have, with some ¢, € [—1,4],

T+l
i} _ b n4e, if n is even
D ( g:Z) = Tt Ya®
%(n +1)4+c¢, ifnis odd.

Proof. We condider only the case of an even integer n = 2m (the case of
an odd n is handled in the same way as in Theorem 2). Applying Theorem 1
with 7" = 7°7" = 77 and ¢) " = ¢[°7" = 47", we obtain, with some
e €10,2];

m 2m
N N
o,+ s o,— s
e (20 () X v ()
j=

D*(H{%) = max B J=md +d,.
) m /N 2m N N
2 (e (5) 2 e (5)
j= j=m

Now, of course we have (with obvious Ay and By)

max (Ay +By)< max Ay + max By.
1§N§b"( N N)_lgNgbn N 1<N<bn N

But, due to the properties of the ¢ functions (see [5, Lemma 4.2.1], we also have

max Ay + max By < max (Ay+ By)+ 1.
1<N<bn 1<N<bn 1<N<bn
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Discussing the maxima and the sums like in the proof of Theorem 2 and applying
Lemma 1 with functions ¢y"" and ", we obtain (with 3, and 8;, € [0,1])

o,+ + g,— V1<
(af*m+ )+ (@ Tm+ B) ~ 1< max (Av + By)
< (a7 "m+ B) + (af Tm + B,).

Finally, bringing back these bounds in D*(H77), we get the desired result with
some ¢, € [—1,4]. O
COROLLARY 4. Asymptotically, we get

- D*( g',g) _ O[Z’+ + ag,,

n—oo  log b" 2logb

REMARK 5. Of course, we recover Corollary 2 when o = id. Until now, the best
result coming from [5, Théoréme 5] is obtained for b = 12 and the permutation
o = (15)(29)(47)(610) (product of cycles) with

D* oo o,+ o,—
fim 2HE2) _ogy toqyt 1919 223 ...,
n—oo log 127" 2log 12 34541og 12
a bit better than b = 3 and ¢ = id with —+= = 0.227.... Even if such

4log3
improvements seem small, they concern the leading constants in discrepancy

formulas and we think it is more important to improve upon these constants
rather than to search for exact formulas or to reduce the complementary terms
¢, in estimations.

ACKNOWLEDGMENT. Thanks to the referee for pointing out some typing errors
and inaccuracies, especially in English.
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