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BERNOULLI POLYNOMIALS AND (na)-SEQUENCES

Luis RogADAS

ABSTRACT. Let a € (0,1) be an irrational with continued fraction expansion
a = [0;a1,...] and convergents ZTTLL’ n=0,1,.... Given a positive integer N there
exists a unique digit expansion, N = 27;0 b;qi, where the digits b; are non-
negative integers satisfying the conditions by < a1,b; < a;41 and such that
b; = a;+1 implies b;—1 = 0. It is called the Ostrowski expansion of N to base
«. In this text we present an explicit formula for 27]:]:1 Bu({na}) entirely in
terms of the digits bg,...,bm if u = 2 and an asymptotic formula for v > 2.
The formula for u = 2 allows us to compute EnNzl Bz(na) in O((log N)3) steps.

Finally we determine all of this a’s for which this sum is bounded.

Communicated by Oto Strauch

1. Notations and statement of the result.

Let Q be the set of all irrational numbers in the interval [0,1]. Then every
a € ) has a unique continued fraction expansion o = [0; ay, ...] and convergents

Pn - Given a positive integer N there exists a unique digit expansion,
n

! m
N = Z biqi7
=0

where the digits b; are non-negative integers satisfying the conditions by < aj,
b; < a;4+1 and such that b; = a;41 implies b;_1 = 0. Is is called the Ostrowski
expansion of N to base a.

We define the Bernoulli polynomials B, (z) by the generating function

tetw e Tk
= B —.
et —1 nz::() n(x)n'

We use B,, to denote the n-th Bernoulli polynomial and the n-th Bernoulli
number as it will always be clear from the context what is meant.

2000 Mathematics Subject Classification: 11J71, 11K31, 11K50.
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It is well known that by Weyl’s criterion if « is an irrational number and f is
a Riemann-integrable function f, periodic of period 1, one has

1 i
N 2 fne) / f(@)da

N
Especially if fol f(x)dz =0 we get > f(na) = o(N). In this text we are con-
n=1
cerned to provide a more precise bound in the case where f is the u-th Bernoulli
polynomial. More exactly, our main result (Theorem 2) is:
Let u > 1 be an integer and o = [0; a1, ...] be irrational with convergents L=

m
and let N := > b,q, be the Ostrowski expansion of N to the base «. Then
n=0

ZB (tna) = g S0 (B (2] = Bt ) el + 0L

a
k=0 k+1

The O-constant depends only on .

The asymptotic formula for 27]:[:1 Bs({na}) we present, was already an-
nounced, without proof, in [9]. Formulas for this sum and its asymptotic value,
in a different form of the one presented here, can be found in [10], also without
proof.

2. The case u = 2.

N
For the proof we start by giving an explicit formula for Z By ({na}) in terms

n=1
of the b;’s of the Ostrowski expansion of N to base «.

Let h, k be integers, (h,k) = 1 and k > 1. Dedekind sums are defined by

en-s((@-D) (- o

=1

For a = [0;a1,...] € Q with convergents ’;%L and 4,7 > 0, define L; :=
i1 .
Z (_1)1a'i+1 and 84,5 = Qmin(i,j) (Qmax(i,j)a - pmax(i,j))7 fOHOWlng [8]
i=0

There is a close connection between L; and the Dedekind sums s(h, k):
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BERNOULLI POLYNOMIALS AND (na)-SEQUENCES
PROPOSITION 1. For m > 0 and « € (),

m— 3q'm m
1q?ﬂ*l +pm + qum - (1 - (_1) ) (2)

Proof. This relation was seemingly independently proved in [2], [3] and [4]. O

LEMMA 1. Leta € Q and N = Zbi(b’ the Ostrowski expansion of N > 1. Then
i=0

(i) 2 Z Bi({na}) = Zzslﬁjbib‘j + Zbi(so,i — (-1)").

j=0i=0 i=0
qm—1 3
(i) 6 > Ba({na}) = <a + Lin + 25mm — 3s0.m — 5 (1 — (1)m)> 50.m
_(_1)7”(Qm—104 - pm—l)-

Proof. (i) For a proof see [9].
(ii) Note that for 1 <n < g, {na} = {np’"} +n (a pm) We obtain

qm

n=0 n=0
qm—1
+2(ozpm> Z n{npm}
qm ne0 dm
D 2 qm—1 D gm—1
+<m) an(aWL)Zn
dm n=0 dm n=0

Note that (pm,¢m) = 1 and hence for k = 1,2

qm—1 P k qm—1 n k qm—1 n k
el - {n -2 () ®

n

hence one can easily compute the first two sums.
For the third one we note that

( y= 1 qrﬁ_ﬁl {M} Ligm—1)
S , = — — — = —1).
Pmydm p ) JQm 4 adm

m
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So, using Proposition (1) we obtain

T p 1 3¢
Z J {jm} - 12 <(_1)m1qm—l + Pm + GmLlm — m(3 — (=)™ —2gm)

=" Udm
(4)
Summing up we obtain the formula above. O

We prove the formula for Z Bs({na}) by a nested threefold proof by induc-
tion. As this proof does not glve the slightest idea how the formula was found
we give some hints how we have proceeded.

For short, it was done in the following manner: for every n with Ostrowski

expansion Y ¢;(n)g; we have the simple formula (see [9])
i=0
{na} = Z ci(n)sio +

=0

1

S0 = (1)), 5)

where i, is the first index j with ¢j(n) # 0. In order to compute Z ({na}? —
{na}+1/6) it is enough - by taking into account Lemma 1(i) above to compute
N

>~ {na}?. Using relation (5) we obtain
"
Z{na}2 Z Z 5i.055,0 Z ci(n
n=1 i=0 j=0 1 N
+ Z 84,0 Z —1 1 Z

n=1 n=1

(6)
N-1

The most difficult part is (for ¢ < j) the sum )" ¢;(n)c;(n). Instead of summing
n=1

over n < N, we sum ¢;c; over all m + 1-tuples (co, ...,cm) € Zm+1 with the side
m

conditions ¢y < a1, ¢; < a;41, ¢ = a;41 = ¢;—1 = 0 and Z ciqi < Y. big;.
= =0

This last side condition is equivalent to the existence of a ¢, O <t < m such

that c; = b; for j >t and ¢; < b;. Hence if
1
Vi i={(cos ey ct) € Z o < ar, ¢ < ajyr, ¢ = aip1 = ¢_1 =0,

for i < t,c < bt}
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BERNOULLI POLYNOMIALS AND (na)-SEQUENCES

one has to compute for ¢t > j, > cicj, for i <t < j, b; Y ¢ and for t < g,
ceVy ceVy
bib; > 1. Finally one has to sum up over ¢, 0 < t < m. This results, after
ceVy
rather tedious calculations, into the following formula which we can prove now

by induction.

m

THEOREM 1. Let a € Q and N = Zbi%’ the Ostrowski expansion of N > 1.

i=0
Then
m t—1
232 {na}) = Zsk kS0 kbk+2287~t80 +bb?
t=0 r=0
m t—1 m t—1k—1
YD srasorbibe +2) 0D 0 skrso.bibiby
t=0 r=0 t=0 k=0 r=0
1 m m t—1
5 2 sok(son — (DM + DD s0a(sor — (~1)7)brbr
k=0 t=0 r=0

+ % i <<a + Ly — g(l + (—1)k)> sor — (=1)*(gr1cx —Pk—1)> b

k=0

Proof. Let N;: Z b;qj, for 0 <i < m. Now observe that
=

N m biq;

> By({na}) = Z Z By({na}) =YY" By ({na+ Ni_1a}).

n=1 1 =0 n=N;_1+1 =0 n=1

We proceed by induction on m. If m =0 and n < N then n has only one digit
co, and i, = 0. Then, using (5) and (6)

m bigqi

>3 Ba({na+ Ni_1a})

=0 n=1
bo bo bo bo 1
2
= E :B2({na}> = 50,050,0 E Co — S0,0 E co + E 6
n=1 n=1 n=1 n=1

1
~((50,0 — 3)s0,0 + 1)bo.

1
+ =s0,0(80,0 — )b + G

3
==150,050,00) 3

3
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The same result is obtained using the formula in the theorem, noting that pg = 0,
qo =1, p_1 =1, and g_; = 0. The induction step is equivalent to

b gm
Z BQ {na+Nm 10[}) 13mm30 mb +50m Zsr,mbr
n=1
m—1 m—1k—1
+ by ZsTmSOTb +250,mbm Y D Skabrby
k=0 r=0
1 m—1
+ 550m(50.m = (=1)")07, + 50,mbm Z (s0.r = (=1)")by

# 5 (@ Lo = 50+ 00 = (1 @no10 =) ) b

As the left hand side is equal to

by —1 (t+1)gm bm—1 gm
Z Z Bs ({na+ Np_1a}) = Z Z By ({na + tgma + Np—1a}),
t=0 n=tqm,m+1 t=0 n=1

we use again induction to prove this relation, this time on b,,. The case b,,, =0
is trivial. Noting that 2® — (r —1)3 =322 -3z + 1, 22 — (z — 1) = 2 — 1, and
using Lemma 1, the induction step is equivalent to prove for N < ¢,,4+1 that

1
Z By ({ Ja+ Na}) = sm.mSo,m (bfn b + 3)
m—1k—1
+80’m(2bm— )Z mbr + Z STmSOTb +280m Z Zskrb b
r=0 k=0 r=0

+ s0,m(so,m — (—1)™) <bm - ;) + S0.m Z_: (so,r — (—1)")by
r=0

5 (o En= 304 0™ ) 50 = (1" @10 = po)) =
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m k—1

—ZsrmSOrb +280mzzskrb bk+50mz SO'r_ -1 S'r,m)br

k=0 r=0
1 3
= ((a ¥ L+ 2800~ 80, — (0= (<1 )0, — (<1 (g0~ pmn)

Q7YL_1

N
=250.m Z Bi({na}) — s&mN + Z By ({na}).
n=1 n=0

N

+am

Observe that the left hand side is equal to Y.  Ba({(n — ¢m)a}). We prove
n=N+1

this formula again by induction, this time on N, for N < ¢,,1+1. The case N =0

is trivial. The induction step is equivalent to
By({Na}) = Bo({(N = gm)a}) = 2s0,mBi({Na}) = 53 -

Now, for N < gm+1, the law of best approximation for continued fraction ex-

pansions gives ¢jo {g.a})({N}) = $(1 = (=1)™), where ¢y is the character-

istic function of the set M. If m is even we have {¢na} = ¢gna — pm, Na =
NE2 4 N(a—E2)and 0 < N(a—E2) < q%; If gt N, {Na} > qim > gm0 —Pim;
if qm\N we have N = b,,¢,, and {Na} = by (¢ma — pm) > ¢ma — pr, again.
Now {(N — gm)a} = {Na} — {gma} + o (gnap) {Na}) = {Na} — sg,m. This
implies
By({Naj) = Bo({(N — gm)a})
={Na}? - {Na} — ({Na} - so.m)? +{Na} — so.m
=2som{Na} — — So.m = 2somB1({Na}) — 50 m-
The proof is similar if m is odd. U
EXAMPLE. Let o = 7 — 3 = [0;7,15,1,292,1,1,1,2,1,3,...] and N = 10°.

Thenm:9andb0:5,b1:6,b2:0,63:42,b4:b5=b6=b7:0,bg:1,
b9:2. SO,

L0° _ 9869619205613893094
Z B2 {’ﬂ,

3
+ 3333338333335000007% = —0.1377605692....

To calculate this sum, software Mathematica took 130.469 seconds using the
definition and 0.031 seconds using the formula in previous theorem.

— 2094398243998885744m

n=1

N
We are now in the position to prove an asymptotic expansion for Y Bsy({na}).
n=1
We start with an auxiliary result.
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LEMMA 2. Let o € Q2 and r > 0 an integer. Then

Z be(qror — pt)

t=r+1

< ‘QTOC _prl'

Proof. (i) This follows from the well known fact that, on denoting the r-th
Fibonacci number by F,., ¢, > F;..

(ii) We have

m m m
th((ha — pt)| < max Z be(gror — pe)| s Z be(gre — pe)
t>r t>r, 20t t>r, 24t
For even r,
Yo blma—p)< Y amalaa—p)
t>r, 2|t t>r, 2|t
< Z (@410 = peg1) — (@—10 = pr—1)) = Gr100 — Prs1.
t>r, 2|t

Analogously, for odd r

> bl@wa—p)| <lgra—po|.

t>r, 2|t
The case Z be(qea — pt)| < |gra — pr| is proved similarly. O
t>r,24t

COROLLARY 1 ((See also [8])). Let a = [0;ay,...] be irrational with convergents
Z—” and let N = Z bnqn be the Ostrowski-expansion of N to base a. Then,

n=1

ak+1
Bs({na Bs — 4+ 0(1),
Z (tnad) = Z (ak+1> dk M)

where the O-constant neither depends on o nor on N.
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N
Proof. By Theorem 1, Y  Bs({na}) is the sum of 7 polynomials in by, ... b,
n=1

7
say Y. Sy. We have

u=1
1ES [ (—1)F 1 ? 1 &N qub? T gebd
=52 (o 0 () =3 2 s o (X ok
3 o \@k+19k 19k 3 0 Th+19% o Yk+19k
_ li ( br )3 ag41 +o()
3= \akq1 Tk ’
m m m
1 —1)kp? b?
S5 =0 lgror — pr|?b? —72(—1)kw+0 y
P 2 P Qk+1qk =0 k19K
1SN [ by )2 1
=—- ar+1— +0(1),
2> (i) @40
m—1 m 1 m b m
k
S7 =0 iyl Z br(qra — pr) > +627+O (Z(qka—pk)bk )
i=0 k—it1 o Ik k=0
1 i bk )ak+1
— L L 0(1).
6 kZ:O <ak+1 qk )

Also, Sy = S4 = O(1), by Lemma 2 (i); interchanging the order of summation
and applying Lemma 2 (ii) and (i) we obtain S5 = O(1). Finally,

m t—1 m t—1
Se = O (Z lgrae — pe|by Z lgra — pr|by + Z((Jta —pe)by Z(_l)Tbr )
t=0 r=0 t=0 r=0
m m—1 m
~o (z ” —mbt) ‘o (z | 37 G v )
t=0 r=0 t=r+1

=0(1)+0 <i: brlgrax —prl) =0(1).

r=0
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COROLLARY 2 (See also [8]). Let @ be an irrational number in the unit interval
and m > 0. Then:

() _max 5 Ba{na)) = gy e+ O(),

ISN<gm+1 <N

(i)  min ST By({na}) = 36f Z “E+0(1).

1ISN<gm+1 n<N

The O-constant does not depend on .

Proof. It is an immediate consequence of Corollary 1 and the fact that the

function f(z) = 2® — %xQ + %x has the maximum and minimum values W and

_T{/E’ respectively, in the interval [0, 1]. O

3. The general case

LEMMA 3. For an integer ¢ > 0 and z,y € R,

ZB( )— g (7)

Bu() — Baly) = 3 (’;) Buey () (& — )’ (®)

j=1

The proofs of these elementary relations are omitted and can be found in
textbooks.
If n,h,k are integers, n > 0, k > 0 and h, k coprime we define the higher

Dedekind sums as
g, hm
=N I, ({220,
st = > ({50)) Q

m=0

In particular one has s1(h, k) = s(h, k).
PROPOSITION 2. For n,h,k integers with n >0, k > 0 and h, k coprime,
(n+1) (hk"sn(h, k) + kh"sp(k, h)) =
= "fjl ("I (1) BiBpp1—h k"t 4 nBy . if nis odd.

(1 _ kl—n) , if n is even.
(10)
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Proof. These formulas were first proved by T. M. Apostol in [1]. O

We need some auxiliary and technical results for the proof of the main theo-
rem.

LEMMA 4. For n > 2 we have

qm—1

1
> B ({kah) = Bl + 150,501 () 40 ().
k=0 qm+1

Proof. For 0 <k < q,, we have ’(a— Z’”)kz‘ < qi and hence

- {2

Relation (7) implies

"2 () ({) (- {24})
%

)
wp)relsa
)olzn)

I
3
N
/‘\/‘\/s;\/\
|
el
3
N~ N~ "
oy}
3
L
e N U N
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Hence by the definition of s, (h, k) and relation (7) we get

qm—1

> Bu({ka})
k=0

S () v E e () ()

k=0 k=0

= Bngr, " + 1 (@ma — D) Sn—1 (P Gm) (q >
m—+1

The following result is a generalization of Proposition 1.
ProprosITION 3. Consider an odd integer n > 1 and define
Um,5 = (_1)Z (mei - piQm) s

for 1> —1. Then

m—1

1 Rn+1 :
Sn (Pms @m) = T Z( . ) (—1)' BiBny1-1a, " Z (=1)" U, i1
=0 i=0

(1)L nBni1qm—1
(n+1)qp

Proof. Evidently for h = h’ (mod k) we have s, (h, k) = s, (k', k). We put

n+1 t—1
1 n+1 ‘ h nBp41
F"(h’k)_nﬂzt_o( t >(_1) BtB”“‘t<k> (n+ 1) b

Relation (10) implies s, (h, k) = — (%)n_l sp, (k,h) + Fy (h, k) . In particular,

n—1
U =
mz+1) Sn (um,i; 'Uzm,iJrl) + Fn (Um7i+17 Um,i) :
Um,,i

Sn (um,i+1; um,i) = - (
From tm ; = Um,it2 + Gip2lm iyl = Um itz (Mod Uy, j11) We get

n—1
U
T’”“) Sn (Um,it2, Um,i+1) + Fn (U it 15 Um,i) -

Sn (um,iJrlaum,i) = - ( U 2
m,i

138
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. n—1
With ¢; := (—1)" (%) Sn (U i+1, U ;) this results in

) n—1 ) n—1 U s n—1
(_1)7, ti ( dm ) _ (_1)2+1 ( dm ) ( m,'LJrl) ti+1
Um,i Um,i+1 Um,i

+ Fn (unz,i+17 Um,i) )

. n—1
that is t; = t;11 + (—1)" (qu) F (W i41,Um,i) - As a corollary

m—2 ) U n—1
1 —tma1 = Z (-1) (m> Fr (Umit1, Um,i) -

dm

1=—1
As Um,—1 = 9m, Um,0 = Pm, Um,m = 0, Um,m—1 = 1 and s, (07 ]-) =0 we get

tm—1 =0, t_1 = —5, (Pm,qm) and hence

m—1 n—1
i [ Um,i—
Sn (pma Qm) = Z (_1) (1) Fn (um,iaum,ifl) .

i=0 m
The formula

(—1)m < (Qm—lpz'+1 - pm—lqz'+1) (pmqi - piQm)

- (Qm—lpi - pm—1Qi) (pmﬂh‘ﬂ - pi+1qm)>

(—=1)™ (Gm—-1Pit1Pmi + Pm—14mPiGi+1 — PmAm—14i+1Pi — Pm—1Pi+1dmd:)
(=)™ (@m—-1Pm (i1 — Pidit1) — Pm—1Gm (Pi+1G — Pidit1))
(_l)m—H (pWQ’m—l _pm—IQm) = (_I)H_l

implies

(=" (@n-1Pit1 = Pm—1i+1)  (=1)" (@m-1Pi = Pm-14i) _ (-1’

Pm4i+1 — Pi+19m Pmd4i — Pidm U, i Um,i4+1
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Hence
m—1 . U ) n—1 n 1
Z(—l)’( m’“) Buta
=0 dm n 4+ 1 Um, zumz 1
m—1 A
n _ (1)
_ B 1-n _ N 7
nt 1 ntim ; Up, iU i—1
n = ((Gmo1Pi — Pm10i  Gm-1Pio1 — Pm-1d;
_ B 1ql—n 1™ < m—1Di m—149i  dm-1Pi-1 m—1 zl)
n+1 nrtim ( ) ; Pmqi — Pidm Pmdi—1 — Pi—14m
n Qm—1 n m+1 dm—1
-__" B 1-n —_1\™ — B —1 —_— .
] 10y ( ) i ntl n+1( ) qrrrl’z

From this we get the formula

m—1 n—1n+1 t—1
umz 1 +1 ( 1) Um,i
m m BBn —t :
ctoman) = 2 (122 ) S () S (R

i— dm =0 Um,i—1

(_1)m+1 nByu11 Gm-1

+ n+1 g%

)

which is the assertion initially made. O

LEMMA 5. Let N = > b;q; be the Ostrowski-expansion of N to base o. Then
i=0
forn > 1 we get

m qi—1

ZbZZBn ({ka}) = B, szql L 0(1).

Proof. By Lemma 4 we have

m gi—1 m
So ZB ({ka}) =B, qu Ty b (i — i) sn1 (i ¢i)
=0 k=0 =0
+0 zm: b
=g )
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The last term is O (1). We note that for j < i, 2q ” < |piq; — pja £

= 41’
By formula (10) for n odd the second summand is therefore equal to ’

S i+1 (n—1) Bngi—
I
=0 7

+Z QZa pz sz( ) BtBn tq72 n><

=0 t—
i—1 )
x Y (=1 |pigj — piail"Hpigj—1 — pjo1q|" T =
j=0
“ b; n n m—1 )
=0 Z .l ) +Z <t> (=1)" B;Bn_, Z (—-1)7 x
i—0 qi+1 =0 =
% Z bi (giov — pi) ¢; "[pigj — qui|t71|piqj71 —ijqil”*l*t
i=j+1
n m—1 m ' 1 ‘ 1t
o[ EEE S () ()
t=0 j=0 i=j+1 qu dj+1 q;
n m—1 m .
=0 |1+ Z bi %2 an 1+n—1— tq§+1 anlJrf
=0 j=0 i=jr1 L+l
n m—1
=01+ qt+1 nq]Jr{ Z qZ
t=04=0 i=j+1
n m-—1 " et
=01+ qt+1 ”q]l+fq;4r11 0|1+ Z Z qjl_fn —o(1).

t=0

<.
I
o
o
iy
S
<
I
o

This is the assertion if n is odd. If n is even, we get likewise

m Bn .
nY b (gie — pi) s (P, 1) = —n—o— Zb (gia —pi) (1—¢7")
1=0 1=0

m bi B
_O(;QiJrl) =0
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THEOREM 2. Letu > 2, a = [0;aq,...] be irrational with convergents 2—" and let

N = 3 buqy be the Ostrowski-expansion of N to base a. Then

n=1

ﬁ:lBu ({na}) = — i T i (—1)* (BUH <all:il> - Bu+1> g + 0 (1)

The O-constant depends on u only.

Proof. We prove the assertion by induction on u. The case u = 2 is Corollary
1 (note that Bg, 1 =0, for n > 1).
First of all, we prove an auxiliary formula: if 1 < N < ¢;41 — ¢;, then

3 Bu({(n+ N)a}) = 3 By ({na})

i Y b Y -
+(ga—p) Y (~1H (Bu< . ) _Bu> aji1q; "+ 0 (g14) -

=0 AR
(11)

Let Sya:= 5 By ({(n+N)a}). Then

n=1
N+q; N+gi—1
Sni—SN-1,i= Z B, ({na}) — Z B, ({na})
n=N-+1 n=N
= By ({(N +¢;) o}) = By ({Na})
and hence
N qi
Sni=Y_ (Bu({(n+a)a}) — By, ({na})) + Y _ Bu({na}).

Asfor n < N, n+ ¢ < git1, we get {(n+ ¢;) a} = {na} +qa —p;.
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BERNOULLI POLYNOMIALS AND (na)-SEQUENCES

Then, formula (8) and the induction hypothesis give

qi

Y (Bu({(n+N)a}) = By ({na})) Z {(n+q)a}) = By ({na}))

n=1 _

2

I
Mz

(Bu ({na} + (¢ia = pi)) — Bu ({na}))

( )ZBu j ({na}) (g = pi)’

3
Il
-

I
M§

j=1

N ‘"N
:uZBu_1({W}) (qiov —pi) + O Z j

j=2 Qit1
: u—1)1 b —u
— (g~ p3) (Z(—n( 2 (B( g )—Bu> By +0<1))
k=0 Gkl

+0 (Z qilﬂ)
=2

= (g — p;) ZZ: (-t (Bu ( b ) - Bu) app1gi "+ O ( ! ) .

a .
=0 k+1 di+1

We have Nj < qx+1 and

N m N; m biq;
Y Bul{nah)=>" > Bulfna})=> > Bu({(j+Ni-1)a})
n=1 =0 n=N;_1+1 =0 j=1
m i*l (t+1)Qi
=> > Y Bu({(G+Ni1)a})
i=0 t=0 j=tq;+1
m b;—1 q;
= B, ({(j +tg; + Ni—1) a})
i=0 t=0 j=1

Note that if b; < ajp1, tqi+Ni—1 < (bi — 1) ¢i+qi = biqi < ai1¢i—¢ < Qiy1—Gi
and if b; = a;41 then b;_; = 0, and hence again tq; + N;—1 < @;41¢; — ;i +Gi—1 =
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@i+1 — qi- Therefore we get, by (11):

N m

Z B, ({na}) Zb Z B, ({na})

n=1 =0 =1
i—1 ) b

+3 (g —p) b S (1) (B( s ) —Bu) aag
i=0 @jt1

b;—1 m

(u—1)1 2 w bz
gioe —p;) (=1 q; “a ( ( > —Bu)+0 .
(@~ ) (1) a3 (a (G >

The second and fourth sum yield

+

M 1M

Il
<

7

m—1
Z ( —1)j ( 5 (a-j > — )a]Jrlq] Z b (giov — p;)
j= g+ i=j+1
m—1 m—1 a
_u j+1
=0 Zajﬂq? lgjo —pj| | =0 ZL =0(1).
- ) QJ+1
Furthermore
bi—1 . bi . bi
ZBu< ): Bu( >+O(1):/Bu< )dx+0(1)
—0 41 =0 Ai+1 J Q41
by
a4l b
Aj41 i
=aqa; B, d O(1) = B, - B, 1).
o [ Bu@art00) = 2 (B (2] < Bun ) o)
0

Note that the O-constant depends only on u, as in equality

b;
ZB < ) /”“ By (z)dz + O,
Qi1 i1 0

by Koksma theorem, one has O < V.D, where V is the variation of B, (x) and

D the discrepancy of the sequence ——, —2— ... %+L which is —
Q417 Q41 Ai41 Aj41
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) . Then the first and third

We will also use a;11¢;|giac — p;| = 1+ O (a;l

sum result in - if we use Lemma 5 -

i=0
m
o —pil (—1)" a7 " (Bu+1( — )—Bu+1> +0(1)
Qi1
Z q; o — pz )’M QZQ uaerlbi
= Bu) big; "
i=0
L, i
(=1)" ¢} “ais1 (1 + O< ) ( w1 ( ) - Bu+1>
Ai41 Ai41

w14
_ Bui(—l)ui ' (1 +0 (am)) o(1)

=0
! f:(— wiglug (B (bi )—B )+o f:i
w1 & q; i+1 u+1 Qitt u+1 g P

+ B, Zblq} “(1- ") +oq),
s Dy = U O

and this is the assertion made, if we take into account that for v odd, B, = 0

4. Some consequences

THEOREM 3. Let u be a positive integer and let
N
K, = {a €Q:) Bu({na}) = 0(1)}
n=1

Then
(i) K,= {a eQ: > ijf} is convergent } ;
k=0 T
(11) K, = (Z),Ku - Kqulf

(iii) [0,1]\ K2 is a set of measure 0.
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Proof. (i) Consider « € Q such that > “:} < oco. Note that B,y =

o %
Bu+1(0). Using Theorem 2 and formula (8), one has

k41

=0 <Z aqu,i—“) +0(1) =0(1).
k=0

N

Assume now that Z B.({na}) is bounded. Let xo € (0,1) be chosen such
n=1

that Bu+1($0) 7'5 Bui1. Let e € {0,1}, b\ := Hwoar1](1 + (=1)%+€) and
N( Zk 0 k (Jk Clearly 0 < b, < ag+1. We have

5% 1(1+(1)k“+6)x0+0( ! )

ag+1 2 Qk+1
and, as B, is Lipschitz-continuous,

b\ 1
s () e - om) 0 )
Ak+1 Q41
1
2

:%(1 + (_1)ku+€)B +1 (!EO) + (1 — (_1)ku+e) w1+ O (a:—i_l) .

This implies that

(D)™ + (=1))ar+14,7" =

N

(Buy1(x0) — Buy1) Z
k=0

= Z + (= 1)F) Byt (20) — Bus1)ansrq ™

m b](:) 1 -
= Z Bt —But1+0 k41 =0(1),
AR41 Q41

for e € {0 1}. Choosing € = 0, we get that ka a{f—ﬂ is convergent. If we choose

e =u (mod 2) we get that szk ff’} is convergent Hence Y7 ) %4 < 0.

u 1

(ii) The first assertion has been firstly proved by Ostrowski in [6]. The second
assertion is an immediate consequence of (i).

(iii) We have
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THEOREM 4 (Borel-Cantelli Lemma). Let U be a positive function such that

> # < oo. Then

V(q)
q2

Ty = {a e has infinitely many solutions (p,q) € Z x N}

o — p‘ <
q
has measure 0.

As a consequence we have that for almost all a € Q, aj41(a) < gr()/* for
all except a finite number of positive integers k. In fact, if apy1(a) > qi(a)'/*
for infinitely many k, then

Pk 1 1 1 1
a - < S 2 < 72 M 17/4 .
qk qrqk+1 qiak+1 95 q

Consider an a such that agq(a) < gp(a)'/* for all except a finite number of
positive integers k. Then, by Corollary 2,

N m P m  1/4
> Bay({na}) =0 <Z ’;) +0(1)=0 (Z q(;) +0(1) = 0(1).

k=0 k=0
U

REMARK. This text is part of my unpublished PhD thesis presented at Univer-
sidade de Trs-os-Montes e Alto Douro, Portugal.
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