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DISCREPANCY ESTIMATE OF NORMAL VECTORS

MORDECHAY B. LEVIN — IRINA L. VOLINSKY

ABSTRACT. Let A be an s X s invertible matrix with integer entries and with
eigenvalues [A\;| > 1, ¢=1,...,s. In this paper we prove explicitly that there
exists a vector a, such that the discrepancy of the sequence {aA”}ﬁ’zl is equal
to O(N~1(log N)25t3) for N — oco. This estimate can be improved no more
than on the logarithmic factor.

Communicated by Robert F. Tichy

1. Introduction

Let (zy)n>0 be an infinite sequence of points in an s—dimensional unit cube
[0,1)%; v =[0,41) X --+ X [0,75) a box in [0,1)*; and J,(N) a number of indexes
n € [1, N] such that z,, lies in v. The sequence (z,),>0 is said to be uniformly
distributed in [0, 1)* if for every box v, J,(N)/N — 1 ...7s. The quantity

1
D((#n)p=r) = sup | Jo(N) =717 (1)
ve(0,1]®
is called the discrepancy of (z,))_;.
In 1954 Roth (see [DrTi], [KN]) proved that for any sequence in [0,1)*
Iimy_o ND(N)/log®? N > 0. (2)

Let A be an s X s invertible matrix with integer entries. A matrix A is
said to be ergodic if for almost all & € R® the sequence {aA™},>1 is uniformly
distributed.

A vector o € R is said to be normal (A normal) if the sequence {aA™},>1
is uniformly distributed.

Let A\; (1 <4 < s) denote the eigenvalues of a matrix A. For the case of
|Ai| > 1,i=1,...,s normal vectors were constructed by Postnikov (s = 2) and
by Polosuev (s > 2) (see [Po]). Normal vectors were constructed for the general
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case of an ergodic matrix in [Lel]. The author [Lel] obtained also the following
discrepancy estimate

D ({aA™}N_) =0 (N—%(log N)S+3) .

In [Ko1], Korobov posed the problem of finding a function ¢ (N) with maximum
decay, such that there exists o with
D ({aA"}TJYZI) =0 (¥(N)), for N — oc.

The author [Le2] proved that 1(N) = N~*(log N)?**3 for the case of a diagonal
ergodic matrix. In this paper we extend this result to the general case of an
integer matrix with |A;] > 1, ¢=1,...,s. By (2) this result can be improved
no more than on the logarithmic factor.

2. Construction and Auxiliary results

Let s > 2, p > 3 be a prime number, A an s X s invertible matrix with integer

entries, A1,...,As eigenvalues of the matrix A, where |A\;| > 1, i = 1,...,s,
q = |det A|. Let F,, C Z° be any complete set of coset representatives for the
group Z°/A?komzs  m =1,2,.... It is easy to see that #F,, = ¢?*™. Let us

take ko such that

k
S S LY A
. 3
gglgs( 5 >p (3)
Now let
n1 =0, Ny =nm1+3k(m-—1Dp" ", m=23..., (4)
0o p'm_l 9

a= Z Z Z {nbu,mAimﬂom} Ai(nm+k0m(3”+’/))7 (5)

m=1 n=0 v=0

where by, € Fip.
THEOREM. There exists by m € F, (m=1,2,... v =0,1,2) such that

2s+3
D ({aA”}g:l) =0 <10gNN) , for N — 0.

‘We prove this result in Section 3.

REMARK. We will prove a similar result for the case of a hyperbolic matrix
(Ml #1,i=1,...,s) in a forthcoming paper.
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Let f(z) = 2% — bya* ! — ... — bs_12 — bs be a polynomial with roots \;,
Ail > 1,1 <i < s. Consider the following recurrence sequence

Y(n) =bi(n —1) +bop(n = 2) + ... + bsp(n — ),
where (i) = «; (i =1,...,s) and by, ..., b, are integers.

COROLLARY. There exists a = (aq,...,as) such that
D ((w(n), costh(n+s— 1))2[:1> = O (N~}(log N)*+3)

Proof. Using the Theorem it follows instantly, if we will denote
(). 6+ 5 — 1)) = @A™,
where A is the companion matrix of f(z). O

We will need the following inequalities:
The Erdés-Turdn-Koksma inequality(see [DrTi], p. 15):

; oo el(m.zn))
b ({xn}i\];()l) = (Z> M2+ 1 ’ ;70<maxz;m‘|§M ’ mil ST -

where e(y) = exp(2miy), Tn = (Tn1,.--,Tns), M = (M1,...,ms), Ty =
max(1, |m;|), and < (a1,...,as), (b1,...,bs) >=a1by + ...+ asbs.

LEMMA A (see [Ko2, p. 1]). Let 8 be a real number, M and N natural, then

M+N-1 1
< min (N, > ,
2081

> enf)

n=M
where ||B|| = min({F},1 — {B}) and {8} is the fractional part of 3.
LeEMMA B (see [Ko2, p. 72]). Let P > 2, (a, P) = 1, then for any real ¢

P

1
> min ( P, ————— | <8P(1 +log P).
— < ||cm/P+<p||> ( )

LEMMA C (see [Ko2, p. 2]). Let
1, if a=0 (modgqg
dq(a) = { ( )

0, else

where g > 1,a € Z. Then

o =335(5)

r=1

21



MORDECHAY B. LEVIN — IRINA L. VOLINSKY

3. Proof of the Theorem

LEMMA 1. Let 0 < |m| < p’, 0<1< koj. Then there erists jo > 0, such that
for all j > jo, we have

1<i<s pJ
where bo = (b01, ‘e ,bos), m = (ml, ‘e ,ms).
Proof. Let us denote
Amin = min |\ )\—M aiy = aip(t) = (A7) 1<4,k<s
mlnflgiSS ils 0 — 2 ) ik — Wik - ik = b > 9.
Using Jordan’s form of the matrix A, we obtain
air(t) = O (A\gint’) =0 (Ag") - (7)

Bearing in mind (3), we obtain
/\(;jkO <p 2, and ag(—1+2koj) =o(p™?), di,k=1,...,s. (8)
Hence

|<m,b0Al72k0j>’ = Z mibok(Al72k0j)ki =0 (pj max |b0k|> .

. 1<k<s
i,k=1

Lemma 1 is proved. O
LEMMA 2. Let 0 < |m| < p?, m = (mq,...,ms), j > jo, 0 <1 < koj,

G(m,j) = {{< m,bAI72keI S | p e F;} and vy = #G(m,j).
Then

(%mQZ{Z70SM<m}

with 4
#G(m, j) > p’,
where #G(m, j) is the number of elements of G(m, j).

Proof. Bearing in mind that A is an integer matrix, we get

m, bA=2koi)y — S ,

{ 3=t

where p = pu(b) > 0, wv1(b) are integer numbers. Let vy = maxper; v1(b) and
let

{{m,boA! 07} = £ (1, 09) =1
2
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for some by € F;. Taking into account that G(m, j) is the group, we obtain
{{nm, by A'=2koi)} — {W} €eG(m,j), 0<n<wvy—1.
Vo

Hence, there exists an integer ng with {(ngm,bgA'=2*0J)} = 1/vy and also
{n/va} € G(m,j) for all n € [0,v2). Suppose that there exists b € F; with
w(b)/v1(b) ¢ {0,1/va,...,(va —1)/va}. This means that v1(b) t v and v1(b) <
vg. Therefore there exists d > 1 such that d|v1(b) and (d,v2) = 1. Bearing in
mind that {hu/v1(b)} € G(m,j) (0 < h <wvy(b)) , we have {h/d} € G(m, j) for
h € [0,v1(b)). Hence

{£+E}EG(m,j) (0<m<wy, 0<h<d) and {L}EG(m,j)
(%) d ’U2d
for I € [0,v2d — 1]. But vy = max ycp; v1(b). We have the contradiction. Then,
V2 = Vg.

Now let us prove that vo > p/. Let by; = (0,0,...,1;,...,0), i = 1,...,s,
¥ = (71,...,7s) = mA'=2F0i We have that there exist integers cj,...,c, > 0
with

_ ; C;
[(m, bo i AT2R00) | = [(,b0,4)| = |l = =
V2
According to Lemma 1, ¢;/vy < 1/p’, i = 1,...,s. Taking into account that
|m| > 0, we obtain v # 0. Therefore there exists ig with ¢;, > 0. Thus ve > p’.
Lemma 2 is proved. O
LEMMA 3. Let ¢ be a real number, 0 < |m| < p?, m = (mq,...,ms), j >

Jo, 0<1<kpj. Then

)= min ( p’ L = j
)= s 3 w0 (¢ gy ) ~O0)

beF;

where the O-constant does not depend on @, m, and .

Proof. Bearing in mind that b — {(m,bA!=2%07)} where b € F}, is a group
homomorphism, we get

#beFy | {(mbA™2)y =gy =#{be F; | {(m,bA"*")} =0}
for all g € G(m, j). Hence, using Lemma 2, we obtain

1 : 1 1 & : 1
— min | p’, - ) = — min (pj, > .
q?koJ 2 ( 2[[{m, bAI=2Rod) + ||} wo ; 2[|/vo + |

beF;
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Applying Lemma B, we have

o2 o) <
< — min < v, =——— 8(1 + log vp).
w2 Moo + 9

Taking into account that vo = #G(m, j) < #F; = g**0J | we obtain the assertion
of the lemma. O

Let us denote

So(mJ,R bo,j,b1,5,b2,5)

= Z (m,baj(n — 1) A =F0T 4 by mAl=2Rod 4 (b ;nA=2RoT} AI=RoTY) |

n=0
(9)
Sl(m7 la R7 b07j7 bl,jv b2,j)
= Z (& (<m, bo’jnAl_kOj + bl’jnAl_%Oj + {bg’jﬂA_2k0j}Al_ij>) 5
S (m l R b()],bl ],bQJ)
= Z e (<m, bl’jTLAl_kOj + bz’jnAl_QkOJ + {bo’j(n + 1)A_2k0]}Al_k0]>) R
n=0
. 1 . .
ﬁo = <m, bg’jAl_kM) + <m b()’]Al 2k0]> q2k0j <Z71)1’j(]2k0]A_2k0]>7 (10)

. 1 . .
Br = (m, b g A7) 4 (m, by jATT2ET) — e (2 by g PRI AT PR,
q
. 1 . .
B = (m, by g ATTFT) 4 (m, by jAIT2RT) — e (2 g g0 AT,
q
LEMMA 4. Forv =0,1,2, we have

IS, (m, 1, p7 — 1,bg,4,b1,5,ba;)]

g%k0i_1

R TR 1
< Z min (pja W) Hmln < 2¢2koi | miag b A maaieta I) (11)
Vi =1

215..-,25=0 q kos

where (aij)” | = Al=%kod,

Proof. It is easy to see that A=! = By/det A, where By is an integer matrix,
so A72ki = By /¢?k0i where Bj is an integer matrix. Let by € Fj, n € Z and
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ng?*0iby A=2k0i (modg?*IZ*) with k = (k1. .., ks) € Z°N[0,¢**7)*. Hence

[nby A=2K03} = JJg2hoi.

k=

Let v = 0. Removing a fractional part, we get

So(m, L, p" = 1,boj,b1,j,b2,;)

qQkOJ_l pj—l §
Z > e <<m by j(n — 1) A7 4 by jnAl=2Rod 2,WAZ’W'>>

ks=0 n=0

X H5 2k07 b1 q2k0jA ZkOJ) )

By Lemma C, we have
|S()(m, l7pj - 1a bO,ja bl,ja b27])|

2k0] 1 pg 1 qZkOJ

1
= | Z 5SS mtgto - pah
T g ks=0 n=0 z1,...,2s=0
b s k _ k—b1; iqkod A= 2koip,
oAl g AR el s )
1 g?koi_1  g%koi_ 1 1
_ l—koj _ Al—koj
= zk: . Z 0( (m, kA °J>qzr(,j (m, by ;A ”>+q2k0j <z,k>>
=0 Zz1,...,25=

-1
) 1 —
x D e (" <<mvb2,jAl_k°’> + (m, b, ATT2MT) — 7 (z,b1,5¢°"7 A 2k°]>>) ‘

g2koi_1  g2koi_1 p—1

LSS o) Y elnth)

g?koss ki, ks=0 21,...,2s=0 n=0
g?0i—1 |pi-1 q**0d -1
< Y T et | S e, (12)
Z1,em2s=0 | n=0 q ki,....ks=0
where
o = (m, KAIR9) 1 — (1, by A0 + q;w (2, k) (13)
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and [y defined in (10).
Let us approximate the following

q2k0j -1

1
0= ¢2F0si Z e(o)

k1,....ks=0

g2k0i_1

1 1 —koj P

E1,....ks=0

We have for (aij)lgi,jgs = Al=koJ that

2160]71 s
I 1
o= W Z e (WZ(kl(mlaﬂ—i——i—msaw—&-zl)) .

ki,...,ks=0 i=1

Using Lemma A, we get

s ) 1
o< Hmm (1’ 2q2k0j” miai+.. +msais+2; > (14)

q2koJ

and

p’-1 o
2 e(nfi)| < min (pj’ 2||ﬁo|) '

n=0
By (12) we obtain
|So(ma l7pj - 1a bO,j7 bl,j) b27)|

g2k0i _1 s 1
< Z min (p]a 2([Bo ”) H min <1 ) 2ko]|| miaii+.. +m ais+zi > )

215,25 =0 q?koi

So, (11) is proved. In the same way we will get the inequalities for » = 1 and
v = 2. Lemma 4 is proved. O

LEMMA 5. Forv=0,1,2 and R € [0,p’), we have
[p? /2]
‘Su(malvRa bO,j;b17j7b27j)| S Z

mst1=—[p7/2]

q2k0j_1 1
XZ Z min (p ’2 H 6 + ms+1 ||> Hmln< 2 2koj H miai+.. +m aist2z; ) :

,25=0 q%koJ
(15)

1

Ms+1
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Proof. By the same way, as in Lemma 4 we get

1 2’901 1 q%oJ 1

R—1
[So(m, 1, R, bo,j,b1,5,b2,5)| = i Z Z Z e(nbo)|

k1,...,ks=021,...,2:=0 n=0

where ¢g defined in (13) and (g defined in (10).
Applying Lemma C, we have

R-1 R—-1p'—1
Z e(nBo + ¢o) Z Z (n1Bo + @o) 0pi (N1 —n)
n=0 n=0 n1=0
R—1p'—1 [p’ /2]
1 Mmsi1(n1 —n
DI S (R
=0z e

7 /2] R— pl—1
= E Z Z ( mSHn) Z ("1@) + o + m5;1n1> .

msyp1=—[p7 /2] n n1=0
According to [Ni, p. 35]

12 rmean
D C

I~ j
n=0 p

1

ms+1

<

, 1< R<p.

Now the proof of the following inequality is the same as that of [Ko2, p. 13].

g?0i_1  gk0i_1 Rp_q

Z YD enfo+wo)

..... ks=0 21,...,2s=0 n=0

[p? /2] g2roi 1 g%Roi_1 pi_q

1 Mgi1N
< X Z X e (nlﬁo+<po+ - 1>.
- . ms+1 _ p
msp1=—[p7 /2] k1,....ks=0z1,...,2s=0n1=0
Therefore
1
|So(m, 1, R, bo j,b1,5,b2,5)] < pooTn
[»’/2] 1 g**od—1  g*r0d p’-1
ms
Y = S8 || e () )
) Ms4+1 _ o
msy1=—[pJ /2] =021,...,2s=0 n1=0

Using Lemma A, (13), and (14), we get
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(r’/2] 1
|So(m, 1, R, boj by g bo )| < Y

msy1=—[p7 /2]

ms+1

qZkO] 1
1 1
X min —————— min _ .
Z (p 2| Bo + mé+1 ”) H < " 9¢2koi | m1a11+q -I',C-(;m <Gist2i >

Hence (15) is proved for v = 0. In the same way, we will get (15) for v = 1 and
v = 2. Lemma 5 is proved. g

Let
2

S (m, §) Z (16)

v=0 mi-

g2k0i _1

1 2 1
X Z min ( p’ ) Hmin 1 —
( ’ 2”/8”” bl ’ 2k0g H m1a7.1+q2+(;r;l sGist2i ’

214...,2s=0

Pl /2 2

SOm. )= Y Y =

msqy1=—pJ /2V 0

Zkru s 1
X Z min (p ) H /81/ <+1 ”) Hmln (17 2¢2koi H m1a11+q +(:771 sQist+2i ) )

21,...,2s=0

my . Msy1

koj—1

Ti(boj,brjsbag) = D > 8D (m,j), (17)

O<max |m;|<M =0

where M = [p’/2],i=1,2.

LEMMA 6. Let us take by j, b1 4,b2,; so that
T1(bo,j,b1,5,b2,5) + To(bo,j,b1,5,b2,5) /7

will be minimal. Then
Tl(bo,j, bl,j, bQ,j) — O(j2s+2)

and
TQ(bOJa bl’j, b27j> = O(j23+3).
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Proof. Consider the mean values
~ 1 _
T; = qGTOJ Z Ti(b05b17b2)7 i=1,2. (18)
bo,b1,b2€Fj

It is easy to see that Lemma 6 goes after from the following assertion

T+ Ta/j = O(j272). (19)
Let
1
"= 2 “““(p] 2010 ||>
bg,bl,bQGF]

According to (10) and Lemma 3, we have

. , 1
= — i J 1 = O .
g1 quoj Z min (p 5 2H < m,boAliZkOJ > +(p(z,b0,62) ) (])7
bo,b1,b2€F);

where the O-constant does not depend on z,[.
By (16) and (17) we obtain

T =
PRIl
0 1
Z ma W Z Hmln 79 2koj|| miaiit..+msais+2;
O<max\mi|§M 1,25 =014=1 q?koJ

Using Lemma B, we get:

g?koi_1

1
Z Hmln 2q2kojH miaii+...+msais+2;
21,00,2s=0i=1 q?Fkod

< (8(1 +2log(q**7))” = O ((log ¢***7)*) = O(j*),

and we have

1 .
Z — < (3+210gpj)5 :O(js)~
) mi...Mg
0<max |m;|<pi /2
Thus -
T1 = 0(*"?). (20)
Approximation for T, is the same as for 7. So we get
Ty = 0(*"9). (21)

Now from (18), (20) and (21), we get (19) and the assertion of the lemma. [

We will use vectors by ;,b1.5,b2; (7 =1,2,...) in (5).
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Completion of the proof of the Theorem

Let us decompose our interval [1, N] into subintervals:
[1,n2),[n2,m3), ..., [nr_1,n:), [0, N],
where n,11 > N > n, (see (4)). Hence by (4)
4korp” > N > (r — 1)p" L. (22)
Let us take a full interval, i.e., k € [nj,nj41), where j =2,...,r — 1,
k=mn;+koj(3n* +v*)+1*, 0<1* <koj, 0<n*<p/ —1,0<v* <2, (23)
By (5) we have:

p™—1

2
> {nby Ao} AR tRom(@n)
v=0

= Z Z Z{nby mA*QkOm}A"j+k0j(3n*+l/*)+l*7(nm+kom(3n+y))'

Let
RV*,n* =
oo pT—1
E E E {nb,,,mA_zk"m} Anj+koj(3n*+u*)+l*—(nm+k0m(3n+y)).
m=j7 n=0 nmtkogm@Bntv—1)>k
ve(o,2]
We have, for example, for v* =0
p’ -1
Ry = E ({nbg,jAf%‘”} AB3kojn” 41" —3kojn
n=n*+1
+ {nbl jA72k0j} ASkOjn*+l*7(3k0j"+k0j))
P’ -1
+ E {nszAf%oj} ABkojn” 41" —(3kojn+2koj)
n=n*

o pT-1 2

+ Z Z Z{nbuvafmcom}Anj+3kojn*+l*,(nm+kom(3n+l,)).

m=j+1 n=0 v=0
Bearing in mind that

{{nbl, mA—Qkom} Anj+koj(3n*+y*)+l*_(nm+k0m(3n+u))} -0
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for n; + koj(3n* +v*) + I* — (N + kom(3n + v)) > 2kom, we obtain
{aA™} = {for s + Rorne ), (24)
for n* # 0 and n* # p’ — 1, where
Jone ={ba(n* — 1) A™2k0Iy AU FRod 4 £ n* A=2k0T} AV 4 [ p* A=2k0d} AV —kod
Fime ={bon* A72R0Iy AU FRoT £y p* A=2R0T Y} AU 4 [y A=2R0T} AU k0T
fomr ={b1(n* — 1) A72koT} A FRoT 4 {pyn* A=2koT} A
+ {bo(n* 4 1) A2koiy Al —koi
Let us approximate Ry .. By (7) and (23) we have

p’—1

n=n*-+1

pj—l o pT-1 2
+ Z )\Skojn*+l*7(3kojn+2kgj)+ Z Z Z)\anrSkgjn*Jrl*7(nm+kgm(3n+u))
0 0 .

n=n* m=j+1 n=0 v=0

According to (4) and (8), we obtain
Ry e = O 4+ 3 A7) = 00 ™) = O(p~%)
n>0

for v* = 0. We have the same estimate for v* =1, 2.

Using the inequality

le(z) — 1| = |2sin(nz)| < 27|x],

we get

le(< m, fur e+ Rux e >) —e(< m, fux e >)| = |(e(< m, Ry« p» > —1))|

<2m| <m, Ry x> | < 27|m|| Ry | < 278p? | Ry | = O(p77).
By (1) we have the trivial estimate
J+L-1
LD ((zn)n:J ) <L L=12..
Hence by (23), (24) and (6), we get
(ng41 = 1) D{aA" 2
k()] 1 X
J _
<y Z (07 = DD((fo e + R TS +2)
I*=0 v*=0
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k)o] 1 P 3 S
*=0 v*=0
2 koj-—1 ‘Zn*fo <m, (fu n* + Ry~ ,n* ) )‘

X —+12k:]+2 Z Z e

v*=0 1*=0 O0<maz|m,;|<M

koj—1 ‘Zn*fo <m, fur >)‘+1

olir Sy Y I

*=0 v*=00<max|m;| <M

with M = [p’/2]. According to (9), we obtain
(ng41 = 1) D{aA" 2

koj—1

) .
—olj+ Z Z Z |Sy(m7lypinf_1.1,7,b%bl,j’bm”

0<maz|m;|<M 1*=0 v*=0

Applying Lemma 4, (16), (17) and Lemma 6, we get

(1 =)D (fad 20 ) = 0(>+2)

for any full interval [nj,nj41), 2<j<r—1L
Consider the not full interval [n,, N]. Using Lemma 5 and Lemma 6 we get,
similarly, that

(N =n+ DD ({ad"}] ) =0+,
So, finally, we have the following:
ND ({aAk}szl) < (na — 1)D({ad*}r2 )
1

r—

+> (njr1 —ny) D{aAR} 70 ) + (N = n, + 1)D({aAHL, )

=2
r—1

:O(].) + ZO(j2S+2) + 0(7’2S+3) — O(’l"28+3).
=2

Now by (22), we obtain
D({aA*}}L)) = O (N (log N)**3).
The Theorem is proved. O
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