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THE FOUR-DIMENSIONAL DIVISOR PROBLEM

Ekkehard Krätzel

ABSTRACT. Let ~a4 = (a1, a2, a3, a4), where ai are natural numbers with 1 ≤
a1 ≤ a2 ≤ a3 ≤ a4. The divisor function d(~a4; n) counts the numbers of ways of
expressing n as the product n = na1

1 na2
2 na3

3 na4
4 . A new proof for the representa-

tion of the remainder term in the asymptotic formula for the summatory function
of the four-dimensional divisor function is given.

Communicated by Werner Georg Nowak

1. Some remarks to divisor problems

Let p ≥ 2 and ~ap = (a1, a2, . . . , ap). If a1, a2, . . . , ap are natural numbers with
1 ≤ a1 ≤ a2 ≤ . . . ≤ ap the divisor function d(~ap; n) denotes the number of
representations of an integer n ≥ 1 in the form n = na1

1 na2
2 · · ·nap

p with natural
numbers n1, n2, . . . , np. We are interested in the asymptotic behaviour of the
summatory function

D(~ap; x) =
∑

n≤x

d(~ap; n).

We can also write

D(~ap; x) = #
{
(n1, n2, . . . , np) ∈ Np : na1

1 na2
2 · · ·nap

p ≤ x
}

.

We see that now it is not required that a1, a2, . . . , ap are natural numbers.
Therefore, we shall always assume that a1, a2, . . . , ap are real numbers with
1 ≤ a1 ≤ a2 ≤ · · · ≤ ap. We put Ar = a1 + a2 + · · ·+ ar for r = 1, 2, . . . , p.

It is known that the summatory function has the representation

D(~ap; x) = H(~ap; x) + ∆(~ap; x)
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with the main term H(~ap; x) and a remainder term ∆(~ap;x). The main term is
given by

H(~ap;x) =
p∑

k=1




p∏
i=1
i6=k

ζ

(
ai

ak

)

 x

1
ak ,

provided that all the numbers ak are distinct. In case of some equalities we
may take the appropriate limit values in the sum. ζ(s) denotes the Riemann
zetafunction.

In general, the remainder ∆(~ap, x) will be estimated by means of the analytic
theory of the Riemann zetafunction. But for small values of p, especially for
p = 2, 3, 4, we also may apply the theory of estimations of exponential sums.
For this purpose we obtain for the remainder the representation

∆(~ap;x) = −
∑

~k∈π(p)

∑
1
ψ




(
x

n
ak1
1 n

ak2
2 · · ·nakp−1

p−1

) 1
akp


 + O

(
x

p−2
Ap

)
. (1)

ψ denotes the function ψ(t) = t − [t] − 1
2 . ~k ∈ π(p) means that the p-tuple

~k = (k1, k2, . . . , kp) is a permutation of the numbers 1, 2, . . . , p. Then the sum
is extended over all permutations. The summation condition SC of

∑
1 is given

by

SC
(∑

1

)
: n

ak1
1 · · ·nakp−2

p−2 n
akp−1+akp

p−1 ≤ x, n1(≤)n2(≤) · · · (≤)np−1.

ni(≤)ni+1 means that ni ≤ ni+1 for ki < ki+1 and ni < ni+1 for ki > ki+1.
The case p = 2 can be found as Theorem 5.1 in [1]. The proof is easy. The

case p = 3 is given by Theorem 6.1 in [1]. The complicated proof is based on a
proof of the special case ~a3 = (1, 2, 3), given by P.G. Schmidt [3]. M. Vogts
[5] has given a proof of (1) for p ≥ 4 with a complicated error term. For the error
term in (1) see [2]. The proof of M. Vogts is very complicated and difficult and
not clearly arranged. Therefore, one can be doubtful on the correctness of the
proof. Hence, in this paper a new and sufficiently simple proof for the important
case p = 4 will be given applying the method of proof of Theorem 6.1 [1].

Theorem 1. The representation (1) holds in the special case p = 4 under the
condition 2a4 < A4.

The condition 2a4 < A4 ensures that the error term is smaller than the
smallest term in the main term H(~a4;x).

We mention some important estimates of the remainder, which can be derived
from (1). Besides of the trivial estimate

∆(~a4; x) ¿ x
3

A4 for 3a4 < A4 (2)
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the general estimate

∆(~a4; x) ¿ x
3

a1+A4 (log x)4 for 3a4 < a1 + A4 (3)

holds under a weak condition. Further we mention two pairs of estimates.
Firstly

∆(~a4; x) ¿ x
31
13 · 1

A4 (log x)4 for
31
13

a4 < A4 ≤ 31
7

a1 (4)

and
∆(~a4; x) ¿ x

17
5a1+6A4 (log x)4 (5)

for
17a4 < 5a1 + 6A4, 15a1 ≤ 4A3

and
A3

15
≤ a1 ≤ A2

5
or

A2

5
≤ a1 and 4a3 ≤ 7a2.

Secondly

∆(~a4; x) ¿ x
19
8 · 1

A4 (log x)5 for
19
6

a4 ≤ A4 ≤ 19
4

a1 (6)

and
∆(~a4; x) ¿ x

11
3a1+4A4 (log x)5 (7)

for
11a4 < 3a1 + 4A4 ≤ 22a2

and
19a1 < 4A4 < 30a1, 12a1 + 11a4 ≤ 6A4.

The estimates (2), (3), (4), (5) are proved in [2] and the estimates (6), (7) in [4].
In both papers there are a lot of further estimations.

2. Proof of the theorem

For the sake of simplicity we assume 1 ≤ a1 < a2 < a3 < a4. We write for
the summatory function

D(~a4;x) =
∑

~k∈π(4)

∑
1,

SC
(∑)

: n
ak1
1 n

ak2
2 n

ak3
3 n

ak4
4 ≤ x, n1(≤)n2(≤)n3(≤)n4.
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The meaning of the sign (≤) ensures that each equality ni = ni+1 occurs exactly
once. Further let εi,i+1 = 1 for ki < ki+1 and εi,i+1 = 0 for ki > ki+1. Summing
over n4 we obtain

D(~a4; x) =
∑

~k∈π(4)

∑
1

{[(
x

n
ak1
1 n

ak2
2 n

ak3
3

) 1
ak4

]
− n3 + ε3,4

}
,

SC
(∑

1

)
: n

ak1
1 n

ak2
2 n

ak3+ak4
3 ≤ x, n1(≤)n2(≤)n3.

Now we put [t] = t− ψ(t)− 1
2 . Then the sum over ε3,4 − 1

2 vanishes, because in
this sum k3 and k4 may be exchanged. Hence

D(~a4; x) = K(~a4; x) + S(~a4;x), (8)

K(~a4;x) =
∑

~k∈π(4)

∑
1

{(
x

n
ak1
1 n

ak2
2 n

ak3
3

) 1
ak4 − n3

}
, (9)

S(~a4;x) = −
∑

~k∈π(4)

∑
1
ψ

((
x

n
ak1
1 n

ak2
2 n

ak3
3

) 1
ak4

)
. (10)

Apart from the error term S(~a4; x) is equal to ∆(~a4; x).
In (9) we develop the sum over n3 by means of the Euler-Maclaurin sum

formula

∑

a<n≤b

f(n) =

b∫

a

f(t)dt− ψ(b)f(b) + ψ(a)f(a) +

b∫

a

f ′(t)ψ(t)dt. (11)

We put

f(t) =
(

x

n
ak1
1 n

ak2
2 tak3

) 1
ak4 − t,

a = n2, b =
(

x

n
ak1
1 n

ak2
2

) 1
ak3

+ak4
.

It is seen that ψ(a) = − 1
2 , f(b) = 0. Hence, we obtain from (9) and (10)

K(~a4;x) = K0 + K1 + K3 + K4 + K5,
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K0 =
∑

~k∈π(4)

∑
2

(
ak4

ak4 − ak3

− 1
2

)(
x

n
ak1
1 n

ak2
2

) 2
ak3

+ak4
,

K1 =
∑

~k∈π(4)

∑
2





ak4

ak3 − ak4

n2

(
x

n
ak1
1 n

ak2+ak3
2

) 1
ak4

+
1
2

n2
2



 , (12)

K3 =
∑

~k∈π(4)

∑
2

(
ε2,3 − 1

2

) 



(
x

n
ak1
1 n

ak2+ak3
2

) 1
ak4

− n2



 ,

K4 = −
∑

~k∈π(4)

∑
2

∫
ak3

ak4

· 1
t3

(
x

n
ak1
1 n

ak2
2 t

ak3
3

) 1
ak4

ψ(t3) dt3,

K5 = −
∑

~k∈π(4)

∑
2

∫
ψ(t3) dt3

with the summation and integration conditions

SC
(∑

2

)
: n

ak1
1 n

ak2+ak3+ak4
2 ≤ x, n1(≤)n2,

IC
(∫ )

: n
ak1
1 n

ak2
2 t

ak3+ak4
3 ≤ x, n2 ≤ t3.

In K0 we have
ak4

ak4 − ak3

− 1
2

=
1
2
· ak4 + ak3

ak4 − ak3

.

Changing k3 and k4 it is seen that K0 = 0. Analogously, changing k2 and k3

it follows that K3 = 0. In K5 the integral over the ψ-function is of order 1.
Therefore

K5 ¿
∑

~k∈π(4)

∑
2,1

1,

SC
(∑

2,1

)
: n

ak1
1 n

ak2+ak3+ak4
2 ≤ x, n1 ≤ n2,

and thus

K5 ¿
∑

~k∈π(4)

∑

n
A4
1 ≤x

(
x

n
ak1
1

) 1
ak2

+ak3
+ak4

.

Because of 2a4 < A4 it is ak1 < ak2 + ak3 + ak4 . This gives

K5 ¿ x
2

A4 .
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With regard to K4 let us consider

K4,1 = −
∑

~k∈π(4)

∑
2

∫

1

ak3

ak4

· 1
t3

(
x

n
ak1
1 n

ak2
2 t

ak3
3

) 1
ak4

ψ(t3) dt3,

now with the integration condition

IC
(∫

1

)
: n

ak1
1 n

ak2
2 t

ak3+ak4
3 > x.

Using partial integration it follows that

K4,1 ¿
∑

~k∈π(4)

∑
2
1 ¿ x

2
A4 .

Hence

K(~a4; x) = K1 + K2 + O
(
x

2
A4

)
, (13)

where K1 is given by (12) and

K2 = −
∑

~k∈π(4)

ak3

ak4

∑

nk1 (≤)nk2

∞∫

nk,2

1
t3

(
x

n
ak1
1 n

ak2
2 t

ak3
3

) 1
ak4

ψ(t3) dt3.

It is seen at once that

K2 =
4∑

k=1

c1,kx
1

ak . (14)

We omit the detailed computation of the coefficients c1,k.
We now deal with K1 in (13). In the representation (12) of K1 we develop

the sum over n2 by means of the Euler-Maclaurin sum formula (11). We put

f(t) =
ak4

ak3 − ak4

t

(
x

n
ak1
1 tak2+ak3

) 1
ak4

+
1
2

t2,

a = n1, b =
(

x

n
ak1
1

) 1
ak2

+ak3
+ak4

.

Again it is ψ(a) = − 1
2 . Hence, we obtain from (11) and (12)

K1 = K1,1 + K1,2 + K1,3 + K1,4 + K1,5,

K1,1 = K
(1)
1,1 + K

(2)
1,1 ,
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K
(1)
1,1 =

∑

~k∈π(4)

∑

n
A4
1 ≤x

b∫

a

ak4

ak3 − ak4

t

(
x

n
ak1
1 tak2+ak3

) 1
ak4

dt,

K
(2)
1,1 =

∑

~k∈π(4)

∑

n
A4
1 ≤x

1
6

{(
x

n
ak1
1

) 3
ak2

+ak3
+ak4 − n3

1

}
,

K1,2 = −
∑

~k∈π(4)

∑

n
A4
1 ≤x

(
ak4

ak3 − ak4

+
1
2

)
bψ(b)

= 0,

K1,3 =
∑

~k∈π(4)

∑

n
A4
1 ≤x

(ε1,2 − 1
2
)

{
ak4

ak3 − ak4

n2
1

(
x

nA4
1

) 1
ak4

+
1
2

n2
1

}

= 0,

K1,4 =
∑

~k∈π(4)

∑

n
A4
1 ≤x

∫

2

(
ak2

ak4 − ak3

− 1
) (

x

n
ak1
1 t

ak2+ak3
2

) 1
ak4

ψ(t2) dt2,

K1,5 =
∑

~k∈π(4)

∑

n
A4
1 ≤x

∫

2

t2ψ(t2) dt2

¿ x
2

A4 .

IC
(∫

2

)
: n

ak1
1 t

ak2+ak3+ak4
2 ≤ x, n1 ≤ t2.

We obtain for K1,4 as before

K1,4 =
∑

~k∈π(4)

∑ ∫ (
ak2

ak4 − ak3

− 1
) (

x

n
ak1
1 t

ak2+ak3
2

) 1
ak4

ψ(t2) dt2 + O
(
x

2
A4

)
,

SC
(∑ ∫ )

: 1 ≤ n1 ≤ t2 < ∞.

Therefore

K1,4 =
4∑

k=1

c2,kx
1

ak + O
(
x

2
A4

)
.

Now we consider the term K1,1. At first we remark that in K
(1)
1,1 the special

case 2ak4 = ak2 + ak3 may arise. If we exchange k2 and k3 in this case it is seen
that the sum of the two terms in question vanishes. Consequently we assume
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2ak4 6= ak2 + ak3 . Also in this case we exchange k2 and k3. Then

K
(1)
1,1 =

∑

~k∈π(4)

∑

n
A4
1 ≤x

b(ki) ·

·




(
x

n
ak1
1

) 3
ak2

+ak3
+ak4 − n2

1

(
x

n
ak1+ak2+ak3
1

) 1
ak4



 ,

b(ki) =
a2

k4

2

(
1

ak3 − ak4

+
1

ak2 − ak4

)
1

2ak4 − ak2 − ak3

= −a2
k4

2
· 1
(ak4 − ak2)(ak4 − ak3)

.

Now we see from this representation that the two terms in question also vanish
in this case. Of course, the case 2ak4 = ak2 + ak3 has been addressed before.
Hence, we use this representation in both cases. Further we exchange k4 and k2

and also k4 and k3 with respect to the first term. Then we obtain

K
(1)
1,1 =

∑

~k∈π(4)

∑

n
A4
1 ≤x

{
c(ki)

(
x

n
ak1
1

) 3
ak2

+ak3
+ak4 −

−b(ki)n2
1

(
x

n
ak1+ak2+ak3
1

) 1
ak4



 ,

c(ki) = −1
6

(
a2

k4

(ak4 − ak2)(ak4 − ak3)
+

a2
k2

(ak2 − ak4)(ak2 − ak3)
+

+
a2

k3

(ak3 − ak2)(ak3 − ak4)

)

= −1
6
.

Then we obtain for the sum K
(1)
1,1 + K

(2)
1,1

K1,1 =
∑

~k∈π(4)

∑

n
A4
1 ≤x



−b(ki)n2

1

(
x

n
ak1+ak2+ak3
1

) 1
ak4

− 1
6

n3
1



 . (15)
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Finally, all things considered, we obtain

K1 =
4∑

k=1

c2,kx
1

ak + K1,1 + O
(
x

2
A4

)
(16)

with the representation (15) for K1,1.
In the end we use the Euler-Maclaurin sum formula (11) in (15) with

f(t) = −b(ki) t2

(
x

n
ak1+ak2+ak3
1

) 1
ak4

− 1
6

t3,

a = 1, b = x
1

A4 .

Then

K1,1 = K1,1,1 + K1,1,2 + K1,1,3 + K1,1,4 + K1,1,5,

K1,1,1 =
∑

~k∈π(4)

{
−b(ki)

ak4

4ak4 −A4
− 1

24

}
x

4
A4 ,

K1,1,2 =
∑

~k∈π(4)

{
b(ki)

ak4

4ak4 −A4
x

1
ak4 +

1
24

}
,

K1,1,3 =
∑

~k∈π(4)

{
−b(ki)− 1

6

}
x

3
A4 ψ

(
x

1
A4

)

= 0,

K1,1,4 = −1
2

∑

~k∈π(4)

{
b(ki)

ak4

4ak4 −A4
x

1
ak4 − 1

6

}
,

K1,1,5 =
∑

~k∈π(4)

x1/A4∫

1



b(ki)

3ak4 −A4

ak4

t1

(
x

t
A4−ak4
1

) 1
ak4

− t21
2



ψ(t1) dt1

¿ x
2

A4 .

In the representation of K1,1,1 we exchange ak1 with ak2 and ak1 with ak4 . Then
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K1,1,1 =
∑

~k∈π(4)

(
d(ki)− 1

24

)
x

4
A4 ,

d(ki) =
a3

k4

6
· 1
(ak4 − ak1)(ak4 − ak2)(ak4 − ak3)

.

Further we work as in the representation of K
(1)
1,1 and exchange ak4 with ak1 and

ak2 with ak3 . Then it is easily seen that K1,1,1 = 0. Hence, we obtain

K1,1 =
4∑

k=1

c3,kx
1

ak + O
(
x

2
A4

)

and by inserting into (16)

K1 =
4∑

k=1

c4,kx
1

ak + O
(
x

2
A4

)
. (17)

After all we obtain from (9), (13), (14) and (17)

K(~a4; x) =
4∑

k=1

Ckx
1

ak + O
(
x

2
A4

)

and, by means of (8),

D(~a4;x) =
4∑

k=1

Ckx
1

ak + S(~a4;x) + O
(
x

2
A4

)
.

The exact calculation of the coefficients Ck seems to be superflous. It must be

H(~a4; x) =
4∑

k=1

Ckx
1

ak .

Further it is
∆(~a4; x) = S(~a4; x) + O

(
x

2
A4

)
.

This proves the theorem.
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