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ON WEIGHTED DISTRIBUTION FUNCTIONS OF
SEQUENCES

RITA GIULIANO ANTONINI — OTO STRAUCH

ABSTRACT. In this paper we prove that the set of logarithmically weighted
distribution functions of the sequence of iterated logarithm log(i) nmod 1, n =
ni,n; + 1,... is the same as the set of classical distribution functions of the
sequence log(i_l) n mod 1 for every ¢ = 2,3,.... Also we prove that log(nlogn)
mod 1 is logarithmically uniformly distributed. This implies that the sequence
pn/n mod 1, where p, denotes the nth prime, is also logarithmically uniformly
distributed.

Communicated by Reinhard Winkler

1. Introduction

In this paper we study some connection between the set of weighted distri-
bution functions and the set of classical distribution functions of sequences. For
the definitions see Part 2.

In Part 3 we prove Theorems 1, 2 and 3 which give methods for computing
the set of weighted distribution functions of some sequences f(n) mod 1, n =
1,2,..., where f(z) increases. These Theorems are a weighted generalization
of Koksma’s Theorem 7.7 in [KN, p. 58], Theorem 5 in [SB], and extend some
results by J. Cigler (1960)[Cig] and J.H.B. Kemperman (1973)[Ke, pp.157-158]
(for a discussion see Paragraph 3.1).

In Part 5, (Theorem 6), we give a formula for the set of weighted distribution
functions of a given sequence. It involves a sequence having the same set, but
formed by classical distribution functions.

2000 Mathematics Subject Classification: 11K06, 11K31.

Keywords: Distribution function, weights, Helly theorems.

This research supported by the M.I.U.R., Italy, and by the VEGA Grant No. 2/7138/27,
Slovakia.



RITA GIULIANO ANTONINI — OTO STRAUCH

In Theorem 7 we give a condition in order that two sequences z(n) and y(n),
n=1,2,... such that (z(n) —y(n)) mod 1 — 0, have the same sets of weighted
distribution functions.

Also we prove a simple result (Theorem 8) which gives two conditions in
order that the sets of weighted and non—weighted distribution functions of some
sequences coincide. An open problem is to find other suitable conditions.

In Theorem 9 a criterion of connectivity of a set of weighted distribution
functions is given.

In Part 6 we apply our Theorems 1, 2 and 3 to the set of logarithmically
weighted distribution functions of the sequence of iterated logarithm log(i)(n)

mod1l, n = n;,n; +1,... and we prove that it coincides with the set of clas-
sical distribution functions of log(zfl)(n) mod 1, n = n;,n; +1,..., for every
i = 2,3,.... This implies, generally speaking, that two sequences having the

same distribution functions do not need to have the same weighted distribution
functions.

Furthermore, we also prove that the sequence log(nlogn) mod 1 is logarith-
mically weighted uniformly distributed and as a consequence, applying Theorem
3, we prove that p,/n mod 1 is logarithmically weighted uniformly distributed,
where p,, denotes the nth prime. Note that in [SB] it is proved that the se-
quence p,/nmod 1, n = 1,2,..., has the same set of distribution functions as
the sequence logn mod 1.

All proofs are elementary and main parts employ the well-known Cauchy-
Stolz lemma, Helly theorems (see [SP, 4. Appendix]) and the Lagrange mean
value theorem in the following form:

Cauchy-Stolz lemma: Let x, and y,, n = 1,2,..., be the real-valued se-
quences. If y,, is strictly monotone, |y,| — oo, and if the limit (finite or infi-

nite) lim,, o ~2="" exists, then the limit of the sequence Z= also exists and
Yn+1—Yn ’ Yn

. x . xT 17£E
lim,, oo o= lim,, oo 2 —n

Yn+1—"Yn :
First Helly theorem: Any sequence g, of distribution functions contains a

subsequence g, such that the sequence gy, () converges for every x € [0, 1] and
its point limit lim,_,« gx, (z) = g(z) is also a distribution function.

Second Helly theorem: If we have lim, . g.(z) = g(z) a.e. on [0, 1], then
for every continuous function f : [0,1] — R we have lim, fol f(z)dgn(z) =
Jo F)dg().

Lagrange theorem: Let f : [a,b] — R be a continuous function in a closed
interval [a,b] with a finite or infinite derivative f’(z) in each point x € (a,b).
Then there is at least one point & = v inside the interval such that f(b) — f(a) =
()b —a).
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2. Definitions

Here we refer to the monographs [KN], [DT] and [SP]:

e Given a real number z, [z] denotes the integer part of z, and {z} is the
fractional part of = (i.e., {x} = z mod 1).

e A function g : [0,1] — [0, 1] will be called distribution function (abbreviated
d.f.) if g(0) =0, g(1) = 1 and g(x) is nondecreasing. We shall identify two d.f.s
g(x) and g(z) if g(x) = g(x) almost everywhere (i.e., in every point  of common
continuity). Note that any d.f. g(z) can be seen as a Borel probability measure
i, where p([0,2)) = limy—.,_g g(t), but we prefer the notion of d.f.s since the
graph of g(z) can be represented by a picture.

e For a sequence x,, n = 1,2,... and a positive integer N we define step d.f.
Fy(z) for z € [0,1) by Fx(z) = + Z;\;l cjo,z)({Tn}), while Fy(1) = 1. Here
Clo,z)(t) is the indicator function of the interval [0, x).

e A d.f. g(z) is called d.f. of the sequence x,, mod 1 if an increasing sequence
of positive integer Ny, Na,... exists such that limg_,o Fiv, (z) = g(x) holds at
every point € [0, 1] of continuity of g(x) and thus a.e. on [0, 1].

e The set of all d.f. of a sequence x,, mod 1 will be denoted by G(x,, mod 1).

e Let f(n) and w(n), n = 1,2,..., be two real-valued sequences. We assume
that w(n) > 0 and 22[:1 w(n) — oo, as N — oco. We call w(n) weights and we
define the w(n)—weighted distribution function (shortly w(n)-d.f.) g(z) of the
sequence f(n) mod 1, n=1,2,..., as follows:

e For every positive integer N we consider the w(n)-step d.f.

N

1
Fy(z) = ——— w(n)cio. o n)}). 1
~(2) Ziv:lw(n); (n)epo,z) ({(f(n)}) (1)

Assume that for an increasing sequence of indices N, k = 1,2, ..., there exists
the weak limit g(x) of Fy, (), i.e., lim;_,o Fy,(z) = g(x) for every continuity
point x € [0,1] of g(x). Then the d.f. g(x) is called the d.f. of f(n) mod 1 with
respect to the weights w(n) (i.e. w(n)-d.f.). We denote as G.(,)(f(n) mod 1)
the set of all such possible limits.

o If the set G,(»)(f(n) mod 1) is a singleton, say G, (f(n) mod 1) = {g(z)},
then g(x) is said to be the w(n)-weighted asymptotic distribution function (shortly
w(n)-a.d.f.) of the sequence f(n)mod 1, n =1,2,..., and if g(x) = = we say
that the sequence f(n) mod 1 is w(n)-weighted uniformly distributed (shortly
w(n)-u.d.).
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e If w(n) =1 for n=1,2,..., then in all the above notation the symbol w(n)
is omitted.

e If w(n) = 1/n, then the weights w(n) are called logarithmic weights.

e The w(n)-weighted lower d.f. g(z) and the w(n)-weighted upper d.f. g(x) are
defined as

)= inf g(x), glx)= sup g(x).
( 9EGu(n) (f(n) mod 1) (=) (=) 9EG () (f(n) mod 1) (=)

e ¢, (x) is the one-step d.f., ie., ¢cu(z) = 0if 0 < = < w and ¢,(z) = 1 if
u <z < 1. hg(x) is the constant d.f.,, i.e., hg(z) = 8 if z € (0,1). In all cases
cu(0) = hg(0) =0 and ¢, (1) = hg(l) = 1.

e Two sequences f(n) mod 1, h(n) mod 1, n =1,2,... are statistically indepen-
dent if every two-dimensional d.f. g(x,y) € G((f(n) mod 1,h(n) mod 1)) has
the form g(z,y) = g(z,1).9(1,y) for every continuity point (x,y) € [0,1]? of
g(x,y) (see [SP, p. 1-17, 1.8.9.]).

3. Main results

In the following, let

() f(z) and w(z) > 0 be two real-valued functions defined for x > 1 such
that f(x ) is strictly increasing with its inverse function f~!(z).

(II) Put [ w(t)dt = M(z) for z > 1 and express Doneley W) = M(y) —
M(x )+9(w y) for 1 <z <uy.
Assume that the following limits exist:
1 z 1 . .
(II1) limg— oo MEf lgiilgg %8, 12’8; = g(z) for each = € [0, 1], point of continu-
ity of g(z);
(IV) limg— 00 %W = ¢(u) for each u € [0, 1], point of continuity of ¢(u),

or ¥(u) = oo for u > 0;

(V) limg—oo M(f1(k+1)) — M(f~(k)) = oo and |0(z,y)| < cfor 1 <z < y;
or alternatively

(V) limg oo M(f~H(k+1)) — M(f~1(k)) = ¢ > 0 and lim, .o, O(x,y) = 0.

For computing G, () (f(n) mod 1) we can use the following three theorems.
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THEOREM 1. If 1 < (1) < 0o and f'(z) — 0 as x — oo, then

Guto () mod 1) = { ) = 2D =04 gonue o),
(2)
where g(x) = ig;j and Fn,(x) — gu(z) as i — oo if and only if

J(Ni) mod 1 — wu. The w(n)-lower d.f. g(x) and the w(n)-upper d.f. G(x)
of f(n) mod 1 are

Furthermore g(x) = go(x) = gi1(x) belongs to Gy (f(n) mod 1) but g(x) =
gz (x) does not.
THEOREM 2. If ¢(1) = 1, then the sequence f(n)mod 1, n = 1,2,... has
w(n)-a.d.f. g(x), i.e.

G (f(n) mod 1) = {g(z)}. (3)
THEOREM 3. Let 1)(u) = 0o, for every u > 0 and assume that for u = 0 the limit
P(u) is not defined in the way that for every t € [0,00) there exists a sequence
u(k) — 0 such that

(i) limg— oo W =t. Moreover assume that

D 1 w(z) _
(i) limgz— oo 7@y = 0

Then we have

Gu(n) (f(n) mod 1) = {ey(2);u € [0,1]} U {hp(x); 5 € [0, 1]}, (4)
where Fy, — ¢, () if and only if f(N;) mod 1 — u > 0 and Fy, — hg(x) if and
only if f(IN;) mod 1 — 0 and W —1-4.

3.1. Comments

1. In the case ¢(1) = 1 in Theorem 2, the limit (IIT) can be any d.f. g(z). To
check this, put H(z) = M(f~!(z)) and H(k+z) = k+ g(x) for x € [0,1]. Then

(1v) 2o = B 1, and

() =i = g(a). Similarly, for H(k+z) = (k + §(x))?.

2. The situation is different if we replace the limit

1 _ 1 B
(IT1) limy_.oc %Efv—l%iiﬁg—ﬁgﬂ% = g(z) for z € [0, 1] by the

(II") limy—yeo %%;:813;:%8:8; = g(x) for z € [0,1], where ¢ is a real vari-
able.
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This limit was introduced by J. Cigler (1960)[Cig], generalizing J.F. Koksma’s
(1936) result on lower and upper d.f.s of f(n) mod 1, see [Ko, p. 88]. J.H.B. Kem-
perman (1973)[Ke, Th. 11] proved that in (IIT") exactly one of the following
relations must hold:

(a) g(z) = for z € [0,1];

(b) §(z) = &= for z € [0, 1];

(¢) g(xz) =0 for z € (0,1).

Furthermore he remarked that

(a) In the case g(z) = x, the sequence f(n) mod 1 is u.d.
b) In the case §(z) = <=t the set Gy (f(n) mod 1) is described by the
ec—1 (n)
following Theorem 4, where ¢t = 1/c.

(c) The case g(z) = 0 is equivalent to lim;_,o W = oo and the set
Gu(n)(f(n) mod 1) contains only one-step d.f.s c,(z), where Fy,(z) —

¢y () if and only if f(IV;) mod 1 — w.
3. For the sequence f(n) mod 1 with increasing f(x) Kemperman [Ke| proved

the following two theorems which are different in nature from our Theorems 1,
2 and 3.

THEOREM 4 (Kemperman [Ke, Th.9]). Assume that
(1) limy, o RO (£ 4 1) — f(n)) = .

w(n)
Then Gymny(f(n) mod 1) contains only d.f.s of the type
@ et metl fo<a<u, -
ulT) = —u)/t z—u)/t
g ] - et Zl/?i / ifu<ax<l.
Here the density g.,(x) of gu(x) has the form

, elo—u}/t
gu(T) = m-

Furthermore Fn,(x) — g.(z) if and only if f(N;) mod 1 — w.
THEOREM 5 (Kemperman [Ke, p. 148, Coroll. 1]). Assume that

(§) limp oo f(n+1) = f(n) = 0;

(1) limy, o UML) (£ (5 4 1) — f(n)) = o0,

fn+1)—f(n)
w(n)

(i) is monotone in n.

Then the sequence f(n) mod 1, n=1,2,... is w(n)-u.d.
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4. Proofs of Theorems 1, 2 and 3

For a positive integer N define

o K =K(N)=[f(N),

o u(N) ={f(N)},

e Sn([z,y) = Zr]LV:l,f(n)E[:r,y) w(n),

o Wy = 22;1 w(n).
Clearly f~'(K 4+ u(N)) = N and for every = € [0,1] by the very definition of
w(n)-step d.f. Fy(z) we have !

Y Sn(lkok +2)) + SN (K, K +2) N [K, K +u(N)))

Fn(z)

Wn
L 0S5 ((0.2)
Wn
From the monotonicity of f(z) (assumption (I)) it follows that Sy([z,y)) =

Zleyne[f_l(w)’f_l(y)) w(n), and Wy = Sy ([0, K + u(N)) and we have

o Sn(le,y) = M(f~1 () = M(f~H (@) +0(f~ (@), F ' (),
o Wy = M(f7H(K +u(N))) +6(f1(0), f (K +u(N)))
and thus
S (M k@) = M(f(R))

FN({E) WN
L min(M(f K + @), MO+ u(N))) = M (K))
Wn
L O 0 (), S (k) OO (), £ (K +u(N))))
WN WN .

Assumption (V) implies that 1/(M(f~1(k+1)) — M(f~1(k))) — 0; this in turn
yields that K/M(f~1(K)) — 0 by the Cauchy-Stolz lemma, which gives
Ok O (h), (k) _ O(K)
WN WN .
Assumption (V) implies that 1/(M(f~*(k + 1)) — M(f~1(k))) — (1/c); this
gives that K/M(f~1(K)) — (1/¢) by the Cauchy-Stolz lemma, so that

O i 0~ (k). Sk +2)) O 0 (k). f 7 (k4 2) K
W K Wn

— 0.

LWithout loss of generality we assume that f (1) € [0,1).
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Thus in both cases

Fy(z) = F\)(x) + F (x) + o(1),

PO () = Shoo M+ 2) = ML (R)))
M(f~H(K + u(N))) ’
min(M (f (K + ), M(f~1(K + u(N)))) — M(f~1(K))
M(f~H(K +u(N))) '
We shall express the first term F' J(Vl )(x) as
() = Do M1 2)) = MR M(FLE)) ~ M(7(0)
koo (M(fH k1) = M(F71 (k) MUTHE +u(N)))
and by the Cauchy-Stolz lemma and assumption (III),
o o M (k4 @) = M(S7'(R)))
Ko Sy (M (L (k1)) = M(F=1(R)))

Now, let Fi,(z) — g(z). Then there exists a subsequence N/ of N; such that
u(N]) = w, — o for some u’ € [0,1]. Thus, in the following we can assume that

FP(2) =

= g(z).

Fr,(@) — 9(z), and
K; = [f(N;)], and u(N;) = u; — u, simultaneously.

We shall prove Theorems 1, 2, and 3 one by one.

Proof of Theorem 1. In this case g(z) = %, and the relation u; — u
implies 2
M(f~1(Ki) =M (F~(0) 1

MK u) $(a)’

(1) P(z)—1 .
Fy) () = S5 - 5y

2 min x),p(u))—
FP () — min(b@ g1

Thus the w(n)-d.f. g(z) has the form g(x) = g, (z). On the other hand, for every
u € [0,1] there exists an increasing sequence of indices N; such that u(N;) =

u; — u. It follows from the assumption f’(z) — 0 because for some ¢; — 0 we
can find N; € fﬁl((Ki +u—g, Ki+u+ 61')).

°Note that if u is a point of continuity of (), the monotonicity of M(f~1(z)) im-

. c M(fTH (K ) M(f~1(Kitu—e)) M(f~ 1 (Kitu;))
plies the relation =y rr—riss MG S MR S
M(f~' (K;tu+te))

M(f~1(K;))

— 1(u), because

for u; € (u—e,u+¢).
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We find the w(n)-lower and upper d.f. by computing g, (x) for fixed = € [0, 1]
and u € [0,1]

1 _ YP(z)—1 .
gulz) = 1 w(u) (1 w(l)_l) if u < x,
“ Y1) (z)— if u >,

¥ (u) 1/1(1)—1

thus inf, <z gu(2) = go(), infy,>4 gu(z) = g1(z) and since go(z) = ¢1(z) we have
9(x) = go(x) = g1 () = SF=1. Similarly, sup,, <, gu() = ga(x), U, gu(w) =
go(), and thus g(z) = 9u(2) ¢ Gty (F(n) mod 1) 0

Proof of Theorem 2. In this case we cannot use the relation g(x) = ﬁggj

and moreover 9 (u) = 1 for all u € [0,1]. Then
1 -
Fy) (@) = §(2) 33
F](VZL) (.T) R min(ll,l)—l

)

and thus g(x) = §(z) for z € [0,1). O

Proof of Theorem 3. In this case

o) — i MU+ ) = M)
k—oo M(f=1(k+1)) — M(f~*(k))
for every x € [0,1), thus FI(Vl)(x) — 0. To compute the limit of F](V%_) () we
distinguish the two following cases, where u; — wu.
19, If w > 0, then

i Py G ) M ) = M (0)
1— 00 M(fil(Kl—i_ul))

20, If 4 = 0, then

=0

= ¢y ().

M(f~'(Ki)) '
M(f~H (K + ui))
From K; we select K| (i.e. from N; we select a subsequence N}) such that

LMUTMED)
o MK + )

FQl(x)=1-

€ [0, 1], (6)

where again K = [f(N})] and u}, = {f(N/)}. Then we have F](VQ_,) (z) — hg(x),
where § = 1—t and hg(x) = § for x € (0,1). On the other hand (by assumptions
(i) and (ii)) for any given ¢ € [0, 1] there exists a sequence of positive integers

M(ffl(Kz)))) = t. Then there

K; and real numbers u; — 0 such that lim;_, ., MTE )

9
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exist integers K| (K! = K; for almost all ¢) and real numbers u; € (0,1) such
that N/ = f~1(K/ + u}) is an integer and
|fH G+ wg) — fHE] + )] < 1
Thus |M(f~H(K; +w;)) — M(fH(K! +u}))| < w(N})+ O(1) and applying the
(z)

relation % — 0 we have (6) again. O

5. Further results

THEOREM 6. Let the function f(x) and weights w(x) satisfy assumptions (I)—
(V) in Part 3 and either assumptions of Theorem 1 or Theorem 2 or Theorem

3. In case Theorem 1 we assume in addition that lim,_, % = 0. Then we

have
Gy (f(n) mod 1) = G(f(M "' (n)) mod 1). (7)

Proof. Denote h(z) = f(M~1(x)). Let Fx(x) be the step d.f. of the sequence
f(n) mod 1 with respect to the weights w(n) and let F¥ (z) be the step d.f. of
the sequence h(n) mod 1 with respect to the weights 1. For a positive integer N
define again

* K=K(N)=[f(N)], K* = K*(N) = [A(N)];
w(N) ={f(N)}, u"(N) = {h(N)};
Sn([z,y)) = ery,vzl,f(n)e[x,y) w(n), An([z,y)) = Zr]j:l,h(n)G[z,y) L
o Wy =N win).
By the very definition we have
o Sn([k, k+2) + Sy([K, K +2)N[K, K +u(N))) Lo

Fn(z) =

WN WN7
e S ANk k + 2) + AN (K KT + ) N [K* K* +u*(N)))
FN(x)_ N

Assumption (V) and the relations
Bl @) = M(fH@));
Yonelwy L =y — 2 +0'(2,y), where |¢/(z,y)| < 1;
Wy = h (K +u(N)) + O(1);
N = h 1 (K* +u*(N)),

10
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imply
K1/, _ _
o (W Yk +x) — h~1(k))
F _ k=0 (
() e
N min(h~ (K + z), h" (K + u(N))) — h"1(K) N O(K)
WN WN ’
K*—1,7 1 -1
Fj:/(l’) _ k=0 (h (k + .23) h (k))
N
min(h~ (K* + z), A~ Y (K* +u*(N))) — i1 (K*)  O(K*)
+ ;
N N
and
K *
oK) |, 0w
Wi N
Note that we cannot use (V’) since this implies OM%) — 0 but not % -0
because we have only |0'(x,y)| < 1. O

THEOREM 7. Let x(n) and y(n) be two given real sequences and w(n) > 0,
n = 1,2,... be a sequence of weights such that Wy = EnNzlw(n) — 00 as

N — oo. Assume that all the d.f.s in G, (x(n) mod 1) are continuous at 0
and 1. Then

lim (z(n) —y(n)) mod 1 =0 = Gy (2(n) mod 1) = G ) (y(n) mod 1).
(8)
The same implication follows from the continuity of d.f.s in G ) (y(n) mod 1)
at 0 and 1.

Proof. We shall adapt a proof of a similar result (Theorem 1 of [SB]) in which
the weights w(n) = 1 were used. Assume that, for an increasing sequence of
positive integers Ny, k=1,2,...,

N
Py (o) = 7 > wln)eioan (o)) — g(o).
: .
P (o) = 7 D wln)eioun ({y(m)) — g(a),

11
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for every continuity point = € [0,1]. By Riemann-Stieltjes integration and the
well-known second Helly theorem

1 %w(n)e%rihx(n) — /1 27rzh:ch _)/ 2mhxdg
WN’“ n=1 0
1 ik:w(n)e%rihy(n) — /1 QﬂzhzdF _)/ 27'rzhxd
WN"' n=1 0
Since,
1 &
2nihz(n) 2mihy(n)
w(n)(e —e
e 2o )
1 &
— 2mih(z(n)—[z(n)—y(n)]) _ 2mihy(n)
= w(n)(e e
T 2w )
orh & 21h
< w(n)|z(n) — [z(n) —y(n)] —y(n)| = w(n){z(n) —y(n)}
the relation {z(n) — ( )} — 0 implies that f e?mihedg(z) f e?mihedg(z) for

every h = +1,42,.... Thus for every continuous h : [0, 1] — R, h(0) = h(1), w

have
/h e /h Jdi(z), ie. /Olg(ac)dh(as):/olg(x)dh(x).

For two common points 0 < 21 < x2 < 1 of continuity of g(z) and g(x) and for
sufficiently small A > 0, define

h(z) =0 for z € [0,21 — 4],

W(z) =1/A for (z1 — A, x1),

h(z) =1 for [z1,22 — A],

R (z) =—1/A for (zg — A, z2), and
h(z) =0 for [x2,1].

Then
! 1
| s@in@) = Sataa - To)a+o(a),
| #@in) = gitna - Za)a+oa),

12
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and A — 0 gives

g(z1) — g(@1) = g(@2) — g(x2).
Now, assume that g(z1) # g(z1) and g(z2) # g(x2). Fixing x; and letting
ro — 1 we have that one of g,§ must be discontinuous at 1, and fixing s,
letting 1 — 0, then one of g, ¢ must be discontinuous at 0. 0

REMARK 1. By the referee, if z(n),y(n) € [0,1), n = 1,2,..., then the as-
sumption that all the d.f.s in G.,(,)(z(n) mod 1) are continuous at 0 and 1 (in
Theorem 7) can be omitted. The referee’s proof: Given a sequence z = (z(n)),
y = (y(n)) and a sequence of weights w = (w(n)) we can define the mea-
sures pu(x,w, N) = vﬁ 22[:1 w(n)d,(n) where, as usual, d,(,) denotes the point
measure in the point z(n). Let d be a compatible metric on the space of all
measures (equivalently: distribution functions). Then (by uniform continuity)
|z(n) — y(n)| — 0 implies d(6,(n), dyn)) — 0. Thus the assumption Wy — oo
easily yields d(u(z, w, N), p(y, w, N)) — 0. As a consequence the corresponding
sets of d.f.s have to coincide.

THEOREM 8. Let f(z),w(x) € [0,1) be two functions defined for x > 1. If
(i) the sequences f(n) and w(n) are statistically independent, and
(i) 22;1 w(n) > c.N for N=1,2,..., where ¢ is a positive constant,
then
Guem (f(n)) = G(f(n)).
Proof. Let h(z) be a continuous function defined on [0,1] and Fy(x) be the
step w(n)-weighted d.f. of the sequence f(n), F](vl)(x) be the step d.f. of f(n)

with weights 1 and FI(VQ)(x) be the step d.f. of the sequence w(n) again with
weights 1. Assume that for the sequence N; of indices we have

Fy,(z) = g(z),
Fy) (@) = g1(a),
FY) (@) = ga(a),
in the points « of continuity. By (i), (ii) and by Helly’s second theorem we have

N; 1

SN 2 MR ) = [ (@)dg(a).
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Thus fol h(z)dg(z) = fol h(z)dg;(z) for any continuous h(z), thus g(z) = g1 (z)
for the common points x of continuity. 0

It is well known that G(f(n) mod 1) is nonempty, closed and connected in
the weak topology (see [W] and [SP, p. 1-9]) and this topology is metrisable by

the L2 metric
1/2

p(91,92) = (/Ol(gl (z) — gg(m))zdx>

The Helly selection principle (i.e. the Helly first theorem in Part 1, also see
[SP, p.4-5]) implies nonemptiness and closedness of G.,(,)(f(n) mod 1) for all
weights w(n). For connectivity we have:

THEOREM 9. Assume that ]\qf(iN)

n=1 w(n)

— 0 as N — oco. Then the set

of all weighted d.f.s is connected, for every real-valued sequence f(n), n =1,2,...

Proof. For simplicity, let f(n) € [0,1). A proof follows from the following
theorem:

THEOREM 10 (H.G. Barone [B]). If ¢, is a sequence in a metric space (X, p)
satisfying

(i) any subsequence of t,, contains a convergent subsequence, and

(11) limy, o0 P(tn+1, tn) =0,
then the set of all limit points of t,, is connected in (X, p).

Now, put X= the set of all d.f.s on [0,1], ty = Fx(x), and p= the L? metric
on X, then the Helly selection principle implies (i), and thus (ii) p(tn41,tn) — 0
implies the connectivity of G, (f(n)).

Putting g1(z) = Fn41(z) and go(x) = Fn(z) where

1 N
Fy(z) = —g—— > w(n)cp s (f(n)),
Zn:l ’UJ(TL) n=1

and applying the formula [SP, p. 4-11]

/Ol(gl(m) — g2(2))?dx = /01 /01 2 — yldgi (2)dgs (x)

- ;/01 /01 |z — yldg1 (x)dgi(x) — ;/01 /01 |z = yldgz(z)dga(2)

14
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we find

/0 (Fy (1) — Fy(2))2dz =

2 N
1 w(N +1
—2<ZN SR (n)> 3 1£m) - £n)w(mpu(n)

n=1 w(n) Zn:l w m,n=1

+< w(N +1)

St w(n)

w(N +1 ?
- (z&%)

and the proof is finished. O

2
) le S°1£(m) — F(N + Dw(m)

n=1 w(n) m=1

6. Applications

In the following paragraphs I, IT we use weights w(z) =1/2%, 0 < a < 1. In
ITI we define a set Q C [0, 1]? for given f(n) and w(n).

I. Put w(z) = 1/x. Thus M(z) = logz and lim,_, 0(x,y) = 0. For f(z) we
investigate the following cases:
1. If f(z) = log x, then we have f~!(z) = e*, M(f~(z)) = x, and

. M(f~Y(k+z)—M(F~ (k) _ ~ e
(IT1) Timy, oo I ERL LD — () = o

. -1 u

Thus by Theorem 2 we have the well known result that the sequence logn mod 1
is logarithmically u.d. (see M. Tsuji [T](1952)). For this result we cannot use
Theorem 6, since limy,_, oo M(f~1(k+1)) — M(f~1(k)) = 1.
2. If f(z) = loglogx, then we have f~1(z) = ¢, M(f~'(z)) = €%, and we
have the case of Theorem 1 with ¢ (x) = e*. Since

(V) Timg oo MO + 1)) — M(F1(F)) = o0

and lim,_, o AJ;,,((Z)) = 0 we can apply Theorem 6, thus the logarithmic d.f.s of

loglogn mod 1 are the same as the classical d.f.s of f(M~*(n)) = logn mod 1,
n = 1,2,.... Similarly, for f(z) = log(l) x, 1 = 2,3,..., we have the case
Theorem 3 and by Theorem 6

Gl/n(log(i) nmod 1) = G(log(ifl) nmod 1) for i =2,3,....

15
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Furthermore, Theorem 3 implies (see also [S])

G(log™ nmod 1) = G(log" ™Y n mod 1) = {¢,(z); z € [0,1]}U{hs(z); 8 € [0,1]}
for i = 3,4,... Thus in general, the implication

G(f(n) mod 1) = G(h(n) mod 1) = G (n)(f(n) mod 1) = G ) (h(n) mod 1)
does not hold, e.g., put f(n) = logloglogn and h(n) = loglogn.

3. If f(x) =log(zlog x), then

. M(f~ Y (k+z))—M(F~ (k
(L) Timy— o MEf“EkH;;—Mgf*lgkgg

=g(z) = z;

-1
(IV) Timy oo A = g(u) = 1,
and by Theorem 2 the sequence log(nlogn) mod 1, n = 2,3, ..., is logarithmi-
cally u.d. As for the case logn mod 1, also in this case we cannot use Theorem
6, since limg_oo M(f~1(k + 1)) — M(f~'(k)) = 1. This limit and also the
limit (IIT) follows from the Lagrange mean value theorem and from the relation
limy oo (M (f~1(x)))’ = 1. The proof of (ii) follows from the inequality

0<log f~'(k+1) —log f~'(k) < f(f T (k+1)) = fF(f (k) =1

log f~1(k+1) _ 1

log f=*(k)
4. Let p,, n = 1,2,..., be the increasing sequence of all primes. By an old
result of M. Cipolla (1902)[C] (cf. P. Ribenboim (1995)[R, p. 249])

which implies limg_,

log1
pn = nlogn + n(loglogn — 1) + o (nogogn>

logn
and thus
lim (% — log(nlog n)) mod 1 = 0.

Since log(nlogn) mod 1, n = 2,3,... is logarithmically u.d., Theorem 3 im-
plies that p,/n mod 1 is also logarithmically u.d. The logarithmic u.d. of
log(nlogn) mod 1 also follows from Kemperman’s Theorem 5 and from The-
orem 2 in Y. Ohkubo [O].

IT. Let 0 < a < 1. In the following we put w(z) = 1/2%. Thus M(z) = [ & =

= Jo t=
”il:: and lim, . 0(z,y) = 0.
5. Put f(z) = loglogz, then f~'(z) = e, M(f~!(x)) = "611(771;(!) and

. .
(IV) limp_ e %’W = limy_ o ee(1—a)(e*® 1) _ W(u) = oo,

16
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asu(k) - wand v > 0. If u = 0, ¥(0) is not defined and for every ¢ € [0, 00) there
exists u(k) — 0 such that et l=a)(e ™ =1) _, Applying Theorem 3 we have
G /ne(loglogn mod 1) = G(loglogn mod 1). Since (see 1.) Gy (loglogn mod
1) = G(logn mod 1), the set limy .1 Gy /o (f(n) mod 1) ”does not converge” (in
some sense) to G/, (f(n) mod 1).

6. Putting f(x) = logz, we have f~!(z) = e* and M(f~(z)) = e(i:‘;ﬂ. Then

. M(f " (k) —M(f~ (k) _ O-o_q -
(I limy, o0 Fromr G =gt = €005 = G(a),

. M(f~ ' (k+u —a)u
(1V) T LD — 1m0 — (),
Since e!=® > 1 and f/(x) — 0, the case of Theorem 1 implies

G /ne(logn mod 1)
(1—) min(z,u) _ 1 1 (I—a)z _ 1
e e
= {gu x)= e(l—a)u + e(l—a)u  el—a _ 1 U< [0’ 1]} :

By the same Theorem 1 and putting w(n) = 1 we have the well-known result
(see [KN, pp. 58-59])

6min(m,u) -1 1 e*—1

G(logn mod 1) = {gu(aj) - Ju e o, 1}}.

e et e—1

III. Define the two-dimensional set €y, (f(n) mod 1) in the unit square [0, 1]?
as

Qw(n) (f(n) mod 1) -
{(z,y) €[0,1)% 39 € Gy(m)(f(n) mod 1)(y = g(x) or y € [g(z — 0), g(z + 0])}.

It is known that for every infinite subset of positive integers the lower asymptotic
density < the lower logarithmic density < the upper logarithmic density < the
upper asymptotic density. Then

Q1 /n(f(n) mod 1) C Q(f(n) mod 1)

for every real-valued sequence f(n), n =1,2,.... By Theorem 9, both subsets
of [0,1]2, Q4 /,(f(n) mod 1) and Q(f(n) mod 1) are connected.
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