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NOTE ON THE JOINT DISTRIBUTION
OF THE WEIGHTED SUM-OF-DIGITS FUNCTION
MODULO ONE IN CASE OF PAIRWISE COPRIME
BASES

RoswiTHA HOFER*

ABSTRACT. In this note we respond to the open question of Pillichshammer
in [Uniform distribution of sequences connected with the weighted sum-of-digits
function, Uniform Distribution Theory 2 (2007), 1-10.] : Under which conditions
on the weight sequences is the multi-dimensional weighted sum-of-digits function
for given pairwise coprime bases uniformly distributed modulo one? We do not
give a complete answer, but we give a sufficient condition on the weight sequences.
Furthermore, we prove that almost all kinds of weight sequences produce a uni-
formly distributed sequence.

Communicated by Michael Drmota

1. Introduction

For the definition and an introduction into the theory of uniform distribution
modulo one we refer to [5] and [2]. Here we consider uniform distribution prop-
erties of sequences which are based on the weighted g-ary sum-of-digits function.

Let v = (y0,71,---) be a sequence in R and let ¢ € N,¢ > 2. For n € N
with base g representation n = ng + ni1q + --- we define the weighted g-ary
sum-of-digits function as

”
Sqy(n) := Z%‘ T,
s=0

where 7 = [log,(n)]. Here and later on [z] denotes the integer part of a real
number x.
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Let d € N. For j € {1,...,d} let yU) = (véj),'ygj),...) be given weight se-
quences in R and ¢; € N, g; > 2 be given bases. We define the multi-dimensional
weighted sum-of-digits function as

Sq1,..., Qd77(n) = (Sq17’)’(1) (n)7 s Sgg 4@ (n)) ) (1)
where

v=(v071,--) and = (.. ") for keNo.

Pillichshammer stated in [7] the following open question, which appears as
Problem 1.22 in [6]:

Let ¢1,...,94 > 2 be pairwise coprime integers. Under which conditions
on the weight sequences ) = (7((]j),'y§j), . ) in R for j € {1,...,d}, is the

sequence
({Sql,m,qd,v(n)})nzo (2)

uniformly distributed modulo one. Here {z} denotes the fractional part of a real
number z and for a vector ¢, {} is understood componentwise.

In the following theorem we find a sufficient condition on the weight sequences,
so that uniform distribution of (2) follows. For x € R we define ||z| :=
mingey |z — k|-

THEOREM 1. Let qq,...,qq > 2 be pairwise coprime integers and 7(1), . ,’y(d)
be given weight sequences in R. If for each dimension j € {1,...,d} the following
sum

17 () Ok

ZHh(’szH - QJVQZ )H

i=0
is divergent for every nonzero integer h, then

({Squm,qd,v(”)})nzo
is uniformly distributed in [0,1)%.
As a consequence of this theorem we get the following corollary:

COROLLARY 1. The multi-dimensional weighted sum-of-digits function,

8(117"-7(1(17')‘(’”’) = (th'\/(l) (’I’L), s Sqgy (@) (Tl)) )
in given pairwise coprime bases is uniformly distributed modulo one for almost

all weight sequences v : Ng — [0,1)%.

Before we prove our statements in the next section we mention some previous
results. Pillichshammer [7] investigated the distribution of the sequence (2) in
case of fixed, equal bases and proved the following result.
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THEOREM 2 (Pillichshammer). For any arbitrary v and 1 = -+ = q4 = q,
where ¢ > 2,q € N the sequence (2) is uniformly distributed in [0,1)? if and
only if for every h € Z3\{0} one of the following conditions holds:

Fither
e 2

=0

k
(R ) 922

or there exists a k € Ny such that (h,~v.) ¢ Z and (h,~,)q € Z.

If the weighted g-ary sum-of-digits function is replaced by the weighted digit-
block-counting-function, a similar criterion for uniform distribution of the cor-
responding sequence can be found in [3].

At least one of the conditions above in the one-dimensional case is of course
a necessary condition on each weight sequence y\9), j € {1,...,d}, for uniform
distribution of (2). It can be easily checked, that if our sufficient condition of
Theorem 1 holds for a weight sequence /) and base gj, then the first condition
above for d = 1 and ¢ = ¢; will be fulfilled as well for this weight sequence.

In the following we list some examples of special weight sequences, for which
the question of Pillichshammer has been answered already.

ExampLE 1. If ’y,(ﬁj) = q}“aj for all 7 € {1,...,d} and all k € Ny, we get the
d-dimensional Kronecker sequence ({n(al, cee ad)})n N’ which is well known

to be uniformly distributed in [0,1)? if and only if 1,aq,...,aq are linearly
independent over Q.

EXAMPLE 2. For pairwise coprime bases and ngj) = qj_k_1 forall j € {1,...,d}
the sequence (2) is called the d-dimensional van der Corput-Halton sequence,
which is uniformly distributed in [0,1)?.

ExAMPLE 3. For pairwise coprime bases and constant weight sequences
Yi i= (a1,...,aq) for all k& € Ny Drmota and Larcher [1] found, that the se-
quence (2) is uniformly distributed modulo one if and only if «y,...,qq are
irrational numbers.

Our sufficient condition is a generalization of the sufficient condition on the
special weight sequences of Drmota and Larcher given in Example 3. As will be
pointed out later our method neither leads to a sufficient condition on the class
of weight sequences in Example 1, nor reproves Example 2.

Throughout the paper let the dimension d € N and the bases ¢1,...,qq > 2,
pairwise coprime integers, be fixed.
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2. Proofs

Here we generalize the method of Kim [4] and especially the method of Drmota
and Larcher [1] from completely g-additive functions to ¢g-additive functions.

Let ¢ > 2 be an integer. A function f : Ny — R is called ¢-additive if
f(0) = 0 and if for any nonnegative integers a,b,j with 0 < b < ¢/ — 1 the
relation f(ag’ + b) = f(ag?) + f(b) holds. f is called completely g-additive if
f(ag’) = f(a) is true for all nonnegative integers a, j in addition.

Note that the weighted g-ary sum-of-digits function is g-additive and only in
case of constant weights it is completely g-additive.

Proof of Theorem 1. We fix the weight sequences v(!), ..., v(?) and define
g(n) = ]_[?Zogj(n)7 where g;(n) = e(h]sqj L (n),7 € {1,...,d} for any
(hy,...,hq) € Z4\{0}. Here and later on e(x) denotes e2™. As in [4] and [1]
we use Weyl’s inequality

= Lo 4N iy
;g(n) < > nZ:: g(n+ k)|, (3)

for K = [Nl/(3d)], to estimate exponential sums.

We generalize Lemma 6 in [4] from completely g-additive functions to g-
additive functions and get the following auxiliary result, which is proved as the
original one.

Let f be a g-additive function. Let ¢t and k be positive integers with 0 < r <
¢' — k. Then we have, for all nonnegative integers n satisfying n = r mod ¢?,

fn+k) = fn) = f(r+k) = f(r).

Hence, as in [4], we obtain

HMN
M*‘f
ES
Jr
=
+
Q

RS

[\

i

SN—

2 g(n)

d
< 4N? H
j=1

where Q; = q;-j with t; = [2log, (K)] for j € {1,...,d}.

We refer to [4, p. 329-332] for more detailed information.

To prove uniform distribution of (2), it suffices to show that for every
(hi,...,hq) € Z4\{0} at least one factor of the upper bound above tends to
zero as N (and therefore K) increases. Note that each factor is bounded by 1
In order to do this we prove for arbitrary j € {1,...,d}, if h; # 0 and if the
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weight sequence fulfills the condition, 7% ||k, (v$2; — a;7%) H2 is divergent,
the corresponding factor on the right side of (4) tends to zero as K increases.

For simplicity of notation we restrict to d = 1 in the following. We omit the
index j and the superscript (j) and fix integers ¢ > 2 and h # 0.
For arbitrary positive integers N, K and r € {0,1} we define the correlation
functions

n(k) = ~ 3 gyl -+ k),
n=0
1K71

(I)K’N(T) = ? @N(k)q)N(k+T)
k=0

for g(n) = e(hsq(n)).

Note that each factor in (4), apart from the exponent, is similar to ®x ¢, (0),
where g;(n) = e(h;s,, . (n)) and it suffices to show that ®x ¢, (0) tends to zero
as K increases in order to show this asymptotic behavior for the corresponding
factor. In the following we compute ®x n(0). Our method is similar to the
one of Kim [4] and Drmota and Larcher [1], but we have to take care always
when completely g-additive properties are applied. Therefore we define the su-
perscript O for | € Ny, which changes the argument in an arithmetic function
from n to ¢'n. Note that if f(n) = s,~(n), f¥(n) remains a weighted g-ary
sum-of-digits function s,/ (n) with the new weight sequence (7v;);>0 = (Vi+1)i>o0
for all i € Ny. For the correlation functions the superscript () denotes

1N—l
l -
k) = 5 D 9Omg (n+ k),
n=0
1 K-1
l l l
PN = 2 2N (R (k+r),
k=0

where ¢ (n) = g(q'n), since g : Ng — C is an arithmetic function.
If I = 0 we will often omit the superscript () for simplicity.

We get the following estimates for the correlation functions, similar to Lemma
9, 10 and 11 [4].

- For any integers k£ > 0 and 0 < r < g we have

oW (ak + 1) = aP@GV (k) + BOBL (k + 1),
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where
0 15~ 190
all = = 3" g0V (i+r),
q 1=0
1 —
g = = gD (@)gV (i + 7 —q).
qi:q—r

The quantities a ) and ﬁ satisfy

‘a@) <47r
q

Note that it is possible to extend the domain of r to 0 < r < ¢ by setting

a(gl) =0 and ﬁél) =1
- For r € {0,1} we have

l I+1 I+1 +1 I+1
e () = AR (0) + Y (1) + IR0 0) + B (),

where E%ﬁ)(r)’ <2/K and

5
L

)\(l) _

(s

l l l
( ( ) 5427« ﬁ( )61—&-7") ’

SE R
Qs.

I
»—AO

1
Nsl) - > Z a(l ﬂz+r ’

=0

(=

j——
val) = 6 ﬂl( ) H—r .
=0

Here a ) and ﬁ are given as above. Furthermore, for r € {0,1} we have

‘)\7@‘ + ’u,(n Dl <1.

- For r € {0,1} we have

7

@l <o 2R O]+ o 2l )]+ o

q2K7q2N<T)‘ =
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where
o = ‘)\g))\gﬂ)+u1(»l)/\§l+1)+u,§l))\§l+1) ’
o® Ai”ugl“) +u£’)u§”“+vﬁ”u§l“)‘

)

MO 4 D 0D

where )\g), ,u7(~l), V,(«l) are given as above.

For the sake of completeness we prove the first estimate in order to show how
to use the superscript (). Note that,

9" (aq +b) = ¢V (ag)g"" (b) = "V (a)g® (b),
for any integers a > 0 and 0 < b < g—1, since g is the exponential of a g-additive
function. Analogously to Kim [4, p. 317] we get the following chain of equalities:

g—1N-1

qN@fIZ)\,(qk +r) = Z Z gD (gn+1)gV(gn+i+ gk +r)
i=0 n=0
q—r—1N-—-1

= > O(gn)gD(i)g" (aln+k))g“ (i +7)

=0 n=0

+ 2 2 90D (@)g" (a(n+k+1)gV (i +7 - q)

q—r—1 N-—1
= S 0O +1) Y T (m)g D (0 + k)
i=0 n=0
q—1 N—-1

+ 3 g0@e i+ —a) 3 gDl (k1)

—r n=0

q
= N (o (k) + 8OV (k1))

The estimates for a&l) and ﬁg) follow immediately since ¢(*)(n) has absolute

value 1 for all nonnegative integers n.

The proofs of the other estimates are similar. For the interested reader we re-
fer to [4, p. 318-320] and to the definition of the superscript (). Every time com-
pletely g-additive properties are applied we have to increase the superscript (!
as in the proof above.

The following estimate is similar to (7) in [1] and in case of constant weights
v; = « for all ¢ € Ny they are equal.
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- For r € {0,1} the quantities pg) and oi”, defined as above, satisfy

2
PO 4o <1 Hh(%+14— 79)|| ' ©)

In the following we sketch the proof of (6) .
As g (n) = e(hyn) for n € {0,1,...,q — 1}, it is easy to check that

a® = q;re(h(wr)),

B = ge(h%(rfq)),

where 0 < r < ¢g. Note that these equations can be used for r = ¢ as well.

Using these equations leads to the following formulas for r € {0, 1} after little
exhausting computations

2¢2 —3r+1
AD = e(h’ym)%
2
q +3qr+3r—1
pd = e(hm(r—q) 6
2_3qr+3r—1
Z/T(,l) = e(h’yl (r+ q)) 1 q6q2 .

The further steps are along the lines of [1, p. 93-94]:
For r € {0,1} we estimate P first.

5= DO
= [OUAS () + 1O I le(hu(r — @) +41))
+ 1O e (v + q) — w+1))]
< NI+ O I lethn = )| + O IATY).

We observe that |)\£l)||)\g+1)| > |p£l)||)\gl+1)|, use the inequality |a + be(6)| <
a+b—4b]|0||* (for 0 < b < a) and obtain

1 I+1 l +1
‘|A$)||Aé+ N+ P I e (h(yi4 wlq))\

1 l l l — 2
< ‘)\5)||)\é+1)| + |,Uw(”)||/\g +1)| _ |\h(71+14 )l

3

where we also used the relations |ug)| > |u(()l)| >1/8 and |/\§l+1)\ >1/2.
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THE JOINT DISTRIBUTION OF THE WEIGHTED SUM-OF-DIGITS FUNCTION

Considering these inequalities for pg), the formula for O’£l> and that \,\5”| +

\ u£.1>| + ‘I/T(»l)| <1 for r € {0,1} leads after some straightforward estimates to the
desired result.

For the next step we use a generalization of Lemma 5 in [4]. Let a;,b;,¢;, d;
for i € N be nonnegative reals satisfying a; + b; <1—¢; and ¢; +d; <1 —¢; for
some ¢; > 0. Let m > 1 and

1 & dz N Cm Dm '
Then we have

Ap+ By < [[1—e) <e =% Cp+ D < JJ(1 =€) e 220,
=1 i=1

This is easily proved by induction and the fact that 1 — x < e~ for all reals x.
Now we use the equations (5) and (6) and the mentioned auxiliary result
step-by-step to obtain the following estimate.

- For r € {0,1} and any nonnegative integer ¢ we have

t—1 Hh(“/21+1 av2d)|I? 7q%
¢q2tK7q2tN(r) < e~ Xi=o (1 + - .

K
2l 2l
e ( pé2l> 0821) )
e
and Py = |<I>qth7qth(O)f and Q9 = ’<I>qth7qth(1)|. The superscript )

for these quantities is defined by the obvious way. We estimate P5; and Qo
step-by-step and get

(2)
(&) = w(E2) i)
2t QQ(t N q K
t—1 (2t)
P, R,
[ <Q<2” )+<St )
1=0

R t 7 t—j—1

t | _ (21)

(5 )= gror Ly (1)
2

Here and later on inequalities for vectors are read componentwise.

To prove this we define

IN

where
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The trivial bounds Pé%) <1and Qém < 1 and the auxiliary result imply the
desired inequality for the first term

-1 t—1 |pGrap1 —v2 0 |?
[T 2 P e !
Q(Qt) = _ytl llavar1 —var |
0 e 1=0 1

It remains to estimate the second term:

t t—j—1
(20
> g 1L (1) <
=4 —0
t—j—1 2
Z 11 (- 7 (241 — y219) | Ly
- 2(5— 1)K 4 1 -

=0

t

EHM%] 1 1
Z M) 1)

= _tj

()

Since (1 — M) > 1/2, we observe that () < 1 and the estimate
above follows.

To estimate @k n(0) we use the following result of Kim [4, p. 327]. For
VN <K<N,N2>g° t:=[log,(N)/5]| M >1,L>10<R,S < ¢*, such
that N = ¢** M + R, K = ¢*L + S, we have

q

2t
(I)K’N(O) = CI)qthyqth(O) + 0 (\/N) .

By the estimate above we have

w1 [PO2ip1—av2) |1
@q2tL7q2tM(O) =0 <6 2izo 4

o log(N)

and since ¢2 < ¢°5s@ < N3, we get for N2/5/N1/2 = N=1/10 = (1), Since
K <Qj < K%*forall j €{l,...,d}, we can apply this result for Q; instead
of N.

For arbitrary (hq,...,hq) 6 z4 \{0} we have at least one h; # 0 with j €
{1,...,d}. Since Y 2, ||h (72z+1 %722 )||2 = o0, the j-th factor on the right
of (4 ) tends to zero as N, thus K as well, increases. Thus, the right side of (4)
is 0 (N?) and uniform distribution follows by Weyl’s criterion, which completes
the proof of Theorem 1. O
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Proof of Corollary 1. We mimic the proof of Corollary 1 in [7]. Let
je{l,...,d}. We get for the sequence of independent uniformly distributed
random variables Xo, X1, Xs,... € [0,1) and arbitrary but fixed ¢; > 2,¢; € N,

h € Z\{0} the expected value E(Hh(XgH_l —quQi)H2> = . From Kol-

mogorov’s strong law of large numbers it follows that for n — oo

17(X1 = g Xo)[|* + -+ + [[A(Xzns1 — 4 Xon)||” 1
n+1

e . N ]2
S |n (58— )| =0
=0
for almost all weight sequences v) : Ny — [0, 1) and hence

i Hh (75311 - cméif)) H2 =00 VheZ\{0}
=0

a.e.

This leads to

for almost all weight sequences v/ : Ng — [0,1). O

3. Concluding remarks

Note that Corollary 1 proves uniform distribution for almost all weight se-
quences, however the sufficient condition for uniform distribution given in The-
orem 1 is certainly not a necessary one.

For example the van der Corput-Halton sequence, mentioned already in Ex-
ample 2, does not satisfy our condition. Here we have 9, = qzi% and ygi41 =

qz,i% for any arbitrary nonnegative integer i, hence Z?ionh(’hiﬂ — q72¢)||2
converges for every integer h.

Also the d-dimensional Kronecker sequence, which is uniformly distributed
if and only if 1,aq,...,as are linear independent over QQ, does not satisfy our
condition. In this case we have

2 241
Yoi = aq~" Y2ir1 = Q"

hence -
ZHh('YQH»l - (J’Yzi)Hz =0
i=0

for every integer h.

Why does our method fail for these sequences? Let us briefly consider the
following question: What properties should a sufficient as well as necessary list
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of conditions on the weight sequences at least have? First of all, for d = 1
the list of conditions should be equivalent to the two conditions in Theorem
2. Due to Example 2 and 3 one may assume, that it suffices to show uniform
distribution of each component, if we have given weighted g-ary sum-of-digits
functions in pairwise coprime bases. We restrict to sequences with this prop-
erty by using inequality (4), which contains a product of terms depending on
one component of the multi-dimensional weighted sum-of-digits function. A
counter example of this assumption is the Kronecker sequence, mentioned in
Example 1. The one-dimensional Kronecker sequence (na),>¢ is uniformly dis-
tributed modulo one if and only if & € R\Q. For the d-dimensional Kronecker
sequence irrationality of a; for all j € {1,...,d} does not suffice. For d joint
one-dimensional Kronecker sequences we get the following sufficient as well as
necessary condition for uniform distribution modulo one: 1,aq,...,aq have to
be linear independent over Q. Obviously our method fails for all sequences with
“interdependent components” and an appropriate method of proof should not
lead to one-dimensional estimates. This makes clear, why our method fails for
the d-dimensional Kronecker sequence.

Concerning the van der Corput-Halton sequence: To prove uniform distri-
bution we use Weyl’s inequality (3) to estimate exponential sums and we need
that the upper bounds for these exponential sums are of order o (N?). However,
neither for the van der Corput-Halton sequence, nor for the Kronecker sequence
the right side of (3) is of the form o (N?).

This leads us to the conclusion, that a quite different method has to be used
to obtain a complete solution of the open question in [7].
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