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PSEUDO-RANDOMNESS OF QUADRATIC

GENERATORS

Oľga Blažeková — Oto Strauch

ABSTRACT. Let xn, n = 0, 1, . . . , M − 1, be a sequence produced by quadratic
generator ax2 + bx + c (mod M). In this paper we describe a new method which
gives a new bound for discrepancy DM (xn, xn+1). The analysis is restricted by
the case of xn with maximal period length M .

Communicated by Harald Niederreiter

1. Introduction

There is no formal fully satisfactory definition of random and pseudo-random
number sequences, we have only a scale of tests which such a sequence should
satisfy, see [DT, pp. 424–430], [SP, p. 2–243, 2.25], and [N, pp. 161–175].
D.E. Knuth [K] proposed the test that for an infinite uniformly random se-
quence xn, n = 0, 1, . . . in [0, 1), all of sequences (xn, xn+1), n = 0, 1, . . . ;
(xn, xn+1, xn+2), n = 0, 1, . . . ; etc. must be uniformly distributed. For fi-
nite pseudo-random sequence xn, n = 0, 1, . . . , M − 1, (which is generated
by a deterministic algorithm) the sequences (xn, xn+1), n = 0, 1, . . . ,M − 2,
(xn, xn+1, xn+2), n = 0, 1, . . . ,M − 3, etc. must have ”sufficiently” small dis-
crepancies.

In this paper we study so-called quadratic generator (see [SP, p. 2–248,
2.25.5], [N, pp. 181–182] and [DT, pp. 428–429]) which again was proposed by
D.E. Knuth in 1969 (see [K, p. 25]): Let M ≥ 2 be a large integer, called the
modulus and let a, b, c be three integer parameters and y0 be the initial integer
starting point, all from [0, M). The quadratic congruential generator produces
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the sequence

xn =
yn

M
, where yn+1 ≡ ay2

n + byn + c (mod M) and 0 ≤ yn ≤ M − 1 (1)

of pseudo-random numbers xn, n = 0, 1, . . . ,M − 1. By Knuth [K, p. 34] the
sequence yn is purely periodic with the maximum possible period length M (i.e.
{0, 1, 2, . . . , M − 1} = {yn; n = 0, 1, . . . , M − 1}) if and only if:

(c,M) = 1;
p|a for every prime p|M, p > 2;
b ≡ 1 (mod p) for every prime p|M,p > 2;
If 9|M , then either 9|a or b ≡ 1 (mod 9) and ac ≡ 6 (mod 9);
If 4|M , then 2|a and a ≡ b− 1 (mod 4);
If 2|M , then a ≡ b− 1 (mod 2).

We assume from now (as usual) that these conditions for the maximum possible
period length hold.

Some papers (cf. [EHHW]) investigated the performance of quadratic gen-
erator (or pseudo-randomness of xn, n = 0, 1, . . . , M − 1) under the extremal
discrepancy DM of the two-dimensional sequence

(xn, xn+1) =
(yn

M
,
yn+1

M

)
, n = 0, 1, . . . , M − 1. (2)

Here the extremal discrepancy DM is defined by

DM (xn, xn+1) = sup
I⊂[0,1]2

∣∣∣∣
A(I; N ; (xn, xn+1))

M
− |I|

∣∣∣∣ , (3)

where the counting function A(I;M ; (xn, xn+1)) is defined as the number of
terms of (xn, xn+1), n = 0, 1, . . . , M − 1, for which (xn, xn+1) belong to the
interval I and |I| is the area of I. In this paper we use so-called star discrepancy
D∗

M (xn, xn+1), where the intervals I in (3) have the form I = [0, x) × [0, y),
x, y ∈ [0, 1]. In any case D∗

M ≤ DM ≤ 4D∗
M , consult [KN, DT, SP].

For a quadratic generator with power of two modulus M = 2ω assumed that
a ≡ 2 (mod 4), b ≡ 3 (mod 4), c ≡ 1 (mod 2), J. Eichenauer-Herrmann and H.
Niederreiter (see [EHN1]) proved that

DM <
2
√

2 + 8
7π2

· (log M)2√
M

− 0.0791
log M√

M
+

0.3173√
M

+
4
M

and (4)

DM ≥ 1
3(π + 2)

√
M

.

For modulus M = pω, p > 2 is a prime, ω ≥ 2, p|a, b ≡ 1 (mod p), p - c, and
if p = 3, then a 6≡ 3c (mod 9) and a 6≡ 0 (mod p2), J. Eichenauer-Herrmann
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and H. Niederreiter (see [EHN2]) found

DM <
4 + 5p−3/2

√
M

(√
p

9
+

1
π2√p

(
log M +

2π

3
log p

)
(log M + 1.395)

)
+

2
M

.

(5)
For composite modulus M = pω1

1 . . . pωr
r with primes pi ≥ 3 and exponents

ωi ≥ 2, S. Strand [S] found

DM <
1√
M

r∏

i=1

(
1 +

5
4
p
−3/2
i

)
·

·
(

4
π2
√

P

(
log M +

4
√

3π

9
log P

)
(log M + 0.778) +

16
27

√
P

)
+

2
M

, and (6)

DM ≥
√

P

2(π + 2)
1√
M

, where P = p1 . . . pr.

Every bound in (4), (5) and (6) contains some term multiplied by (log M)2√
M

. In
this paper we find an upper bound of star discrepancy D∗

M of (2) which contains

some term with (log M)3/2
√

M
.

Theorem 1. Let M ≥ 91and M - ha be for 1 ≤ h ≤ [
√

M ] (it holds if a <
√

M)
and assume that the quadratic generator ax2+bx+c (mod M) has the full period
of the length M . Then the star discrepancy D∗

M (xn, xn+1) of the sequence (2)
satisfies

D∗
M <58

1
M

+ 40
a

M
+
√

2
1√
aM

c

M

(
1− c

M

)1/2

+

√
2
3

1√
aM

(
1− c

M

)3/2

+

+ 24

(
2√
M

+ (8
√

2 + 3)
(log M)3/2

√
M

+ 36

√
(a,M)√

M
(log M)2ω(M)

)
. (7)

In our proof, by using a geometric approach, we transform the discrepancy
problem of a two-dimensional sequence to one-dimensional sequences. More pre-
cisely, to approximate the discrepancy D∗

M of (2) we use D∗
k = maxy∈[0,1] D

∗
k(y),

where D∗
k(y) is the star discrepancy of one-dimensional sequence

√
M

a

√
b2 − 4ac

4aM
+ i + y mod 1, i = 1, 2, . . . , k,

1
We require it for 1 + log

√
M < log M .
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where y ∈ [0, 1] is arbitrary but fixed. Then, to approximate D∗
k(y) we use

D∗
K = maxt∈[0,1] D

∗
K(t), where D∗

K(t) is the star discrepancy of one-dimensional
sequence

(i + t + B)2
a

M
mod 1, i = 1, 2, . . . ,K,

where t ∈ [0, 1] is arbitrary but fixed and B is an integer depending on y.
To approximate D∗

K(t) we use an approximation of an incomplete Gaussian
quadratic sum by applying a result of C. Mauduit and A. Sárközy [MS] and
then Erdős-Turán formula which gives the term (log M)3/2

√
M

.

2. Geometric approach

For the quadratic congruent polynomial ax2 + bx + c (mod M) we define the
function FM : [0, 1] → [0,∞) such that

FM (x) = Max2 + bx +
c

M
.

If the generator ax2 + bx + c (mod M) has a full period, then the sequence (2)
contains the same points as( n

M
,FM

( n

M

)
mod 1

)
, n = 0, 1, . . . , M − 1. (8)

We begin to compute the star discrepancy D∗
M of (8) by using that all points

of (8) are lying on the graph of FM (x) mod 1, see Fig. 1. Define two auxiliary

Figure 1. Graph of FM (x) mod 1
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sequences ti and xi by equations FM (ti) = i and FM (xi) = i + y. Explicitly

ti =
−b

2aM
+

1√
aM

√
b2 − 4ac

4aM
+ i, xi =

−b

2aM
+

1√
aM

√
b2 − 4ac

4aM
+ i + y. (9)

Lemma 1. The star discrepancy D∗
M

(
n
M , FM

(
n
M

)
mod 1

)
satisfies

D∗
M <

2
M

+
c

M
t1 + max

c/M≤y≤1
(x0 − yx0) + max

1≤k≤aM+b

2kD∗
k

M
, (10)

where D∗
k = maxy∈[0,1] D

∗
k({Mxi}).

P r o o f. Abbreviating A
(
I; M ;

(
n
M , FM

(
n
M

)
mod 1

))
= A(I) we distinguish

three following steps:
1o. Let y be fixed, y ∈ [c/M, 1), I = [0, x)× [0, y) and x runs through the interval
[0, 1]. Then, we can express the discrepancy function A(I)

M − |I| exactly (if x is
irrational):

(i)A(I)
M − |I| = x− {Mx}

M + 1
M − xy for x ∈ [0, x0];

(ii) A(I)
M − |I| = x0 − {Mx0}

M + 1
M − x0y − y(x− x0) for x ∈ [x0, t1];

(iii)A(I)
M − |I| = x0− {Mx0}

M + 1
M +

∑k−1
i=1 (xi− ti)+ 1

M

∑k−1
i=1 ({Mti}−{Mxi})+

x− tk + {Mtk}
M − {Mx}

M − ytk − y(x− tk) for x ∈ [tk, xk];

(iv)A(I)
M − |I| = x0 − {Mx0}

M + 1
M +

∑k
i=1(xi − ti) + 1

M

∑k
i=1({Mti}− {Mxi})−

yxk − y(x− xk) for x ∈ [xk, tk+1];

(v)A(I)
M − |I| = x0 − {Mx0}

M + 1
M +

∑aM+b−1
i=1 (xi − ti) + 1

M

∑aM+b−1
i=1 ({Mti} −

{Mxi})−ytaM+b−y(x− taM+b) for x ∈ [taM+b, 1]; In (v) we have used that the
interval [taM+b, 1] does not contain terms from 0

M , 1
M , . . . , M−1

M since tk+1−tk <
1√
aM

1√
k
, which implies 1− taM+b ≤ taM+b+1 − taM+b < 1

aM .

Now, by the theorem of J.F. Koksma [SP, p. 1–42] we have
∣∣∣∣∣
1
k

k∑

i=1

{Mti} −
∫ 1

0

xdx

∣∣∣∣∣ ≤ 1.D∗
k({Mti}),

which gives
∣∣∣∣∣

1
M

k∑

i=1

({Mti} − {Mxi})
∣∣∣∣∣ ≤

2k

M
max(D∗

k({Mti}), D∗
k({Mxi})). (11)

Furthermore, absolute values of −{Mx}
M + 1

M , −{Mx0}
M + 1

M , {Mtk}
M − {Mx}

M are
small than 1

M and other parts of (i)–(v) depend on x linearly and thus their
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extremes appear on boundary points of intervals. Denoting

Vk = x0 +
k∑

i=1

(xi − ti)− yxk, Tk = x0 +
k∑

i=1

(xi − ti)− ytk+1, (12)

we have
(i)

∣∣∣A(I)
M − |I|

∣∣∣ ≤ 1
M + x0 − yx0;

(ii)
∣∣∣A(I)

M − |I|
∣∣∣ ≤ 1

M + max(x0 − yx0, |x0 − yt1|);
(iii)

∣∣∣A(I)
M − |I|

∣∣∣ ≤ 2
M + 2k

M max(D∗
k({Mti}), D∗

k({Mxi}))+max(|Tk−1|, |Vk|), where
k = 1, 2, . . . , aM + b− 1;

(iv)
∣∣∣A(I)

M − |I|
∣∣∣ ≤ 1

M + 2k
M max(D∗

k({Mti}), D∗
k({Mxi}))+max(|Vk|, |Tk|), where

k = 0, 1, 2, . . . , aM + b− 1;

(v)
∣∣∣A(I)

M − |I|
∣∣∣ ≤ 1

M + 2(aM+b−1)
M max(D∗

aM+b−1({Mti}), D∗
aM+b−1({Mxi})) +

max(|TaM+b−1|, |x0 +
∑aM+b−1

i=1 (xi− ti)− y|). Here the final part of (v) obtains

at x = 1 and we shall replace it by
∣∣∣A(I)

M − |I|
∣∣∣ ≤ 1

M , since for I = [0, 1)× [0, y)

we have A(I)
M = y − {My}

M + 1
M (if y is irrational).

Thus, for every fixed y ∈ [c/M, 1] and any x ∈ [0, 1] we have
∣∣∣∣
A(I)
M

− |I|
∣∣∣∣ ≤

2
M

+ max
1≤k≤aM+b−1

2k

M
max(D∗

k({Mti}), D∗
k({Mxi}))

+ max( max
0≤k≤aM+b−1

|Vk|, max
0≤k≤aM+b−1

|Tk|). (13)

In the following, we extend maxima also for k = aM + b. We can see that V0 >
V1 > · · · > VaM+b, T0 < T1 < · · · < TaM+b, Vk > Tk for k = 0, 1, . . . , aM + b
and V0 > 0. Thus we have

T0 < T1 < T2 < · · · < TaM+b < VaM+b < · · · < V1 < V0 (14)

and from this

max( max
0≤k≤aM+b

|Vk|, max
0≤k≤aM+b

|Tk|) = max(|T0|, V0).

2o. Now, let y vary in the interval [c/M, 1]. Putting x0 = x and y = aMx2 +
bx + c

M , we rewrite functions T0(y) = x0 − yt1 and V0(y) = x0 − yx0 to forms

T0(x) = x−
(
aMx2 + bx +

c

M

)
t1, and V0(x) = x−

(
aMx2 + bx +

c

M

)
x

and we shall find their maxima for x ∈ [0, t1]. By definition, for x = 0 we have
T0(x) = − c

M t1 and for x = t1 we have T0(x) = 0. Since by (14) for T0(x) ≥ 0
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we have T0(x) ≤ V0(x), then

max
x∈[0,t1]

|T0(x)| ≤ max
(

c

M
t1, max

x∈[0,t1]
V0(x)

)
. (15)

3o. Let y ∈ [0, c/M ]. Omitting all parts of (ii)-(v) which include x0 and replacing
Vk and Tk by Ṽk and T̃k defined as

Ṽk =
k∑

i=1

(xi − ti)− yxk, T̃k =
k∑

i=1

(xi − ti)− ytk+1, (16)

we find (13) in the form
∣∣∣∣
A(I)
M

− |I|
∣∣∣∣ ≤

2
M

+ max
1≤k≤aM+b

2k

M
max(D∗

k({Mti}), D∗
k({Mxi}))

+ max( max
0≤k≤aM+b

|Ṽk|, max
0≤k≤aM+b

|T̃k|). (17)

Again,

T̃0 < T̃1 < T̃2 < · · · < T̃aM+b < ṼaM+b < · · · < Ṽ1 < Ṽ0 = 0 (18)

and from this

max( max
0≤k≤aM+b

|Ṽk|, max
0≤k≤aM+b

|T̃k|) = max
y∈[0,c/M ]

(|T̃0(y)|) =
c

M
t1.

Summing up 10, 20, 30 we find (10). ¤

Note that for any I = [0, x)× [0, y) we have
∣∣∣∣
A(I)
M

− |I|
∣∣∣∣ ≤ y +

1
M

(19)

since
∣∣∣A(I)

M − |I|
∣∣∣ ≤ max

(
A(I)
M , |I|

)
, |I| ≤ y, A(I)

M ≤ A([0,1)×[0,y))
M = y + θ,

|θ| ≤ 1
M , where we apply the full period

{ n

M
; n = 0, 1, . . . , M − 1

}
=

{
FM

( n

M

)
mod 1, n = 0, 1, . . . , M − 1

}
.

For y ∈ [0, c/M ] this gives worse estimation
∣∣∣A(I)

M − |I|
∣∣∣ ≤ c

M + 1
M .
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3. Discrepancy of f(n) (mod 1) for special increasing f(x)

Looking for bound of DM by (10) we must find a bound of

D∗
k = max

y∈[0,1]
D∗

k({Mxi(y)}),

where D∗
k({Mxi(y)}) is the star discrepancy of the sequence

{Mxi(y)} = − b

2a
+

√
M

a

√
b2 − 4ac

4aM
+ i + y mod 1, i = 1, 2, . . . , k, (20)

and y ∈ [0, 1] is fixed but arbitrary, see definition (9). Now, we exclude the
term − b

2a . We employ that for an arbitrary real sequence w1, . . . , wN and any
constant c the extremal discrepancy DN (wn mod 1) = DN (wn + c mod 1) and
for the star discrepancy D∗

N ≤ DN ≤ 2D∗
N , then we have D∗

N (wn mod 1) ≤
2D∗

N (wn + c mod 1). Thus

D∗
k({Mxi(y)}) ≤ 2D∗

k(f(i) mod 1)

for the star discrepancy of the sequence f(i) mod 1, i = 1, 2, . . . , k, where

f(x) =

√
M

a

√
b2 − 4ac

4aM
+ x + y −B, where (21)

B =

[√
M

a

√
b2 − 4ac

4aM
+ 1 + y

]

and y is fixed but arbitrary in [0, 1].

Figure 2. Graph of f(x) mod 1

Lemma 2. Let ui, vi be two sequences defined by f(ui) = i and f(vi) = t +
i. For given k find K such that k ∈ (uK , uK+1]. Then the star discrepancy
D∗

k(f(i) mod 1) satisfies

D∗
k ≤

2
k

+
a

M

(K − 1)
k

+ 2
u1

k
+ 2

uK+1 − uK

k
+ 2

(K − 1)D∗
K−1

k
, (22)
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where D∗
K = maxt∈[0,1] D

∗
K({vi}).

P r o o f. Abbreviating A(t) = A([0, t); k; f(i) mod 1) and by definition

D∗
k = max

t∈[0,1]

∣∣∣∣
A(t)

k
− t

∣∣∣∣ .

Using Fig. 2, for t ∈ [f(1), 1], we have

A(t)
k

− t =
v0 − {v0}

k
+

(∑K−1
i=1 (vi − ui)

k
− t

)
+

∑K−1
i=1 ({ui} − {vi})

k

+
min(k − uK + {uK}, vK − uK + {uK} − {vK})

k
, (23)

and for t ∈ [0, f(1)] the first term in (23) must be omitted. From definition of
ui and vi we have

ui = (i + B)2
a

M
− b2 − 4ac

4aM
− y, vi = (i + t + B)2

a

M
− b2 − 4ac

4aM
− y, (24)

and
vi − ui

ui+1 − ui
= t− t− t2

2i + 2B + 1
,

which gives
(∑K−1

i=1 (vi − ui)
k

− t

)
= −t

(
(1− t)

a

M

K − 1
k

+
u1

k
+

k − uK

k

)
.

Adding
∣∣∣v0 − {v0}

k

∣∣∣ ≤ u1

k
+

1
k

,

∣∣∣
∑K−1

i=1 ({ui} − {vi})
k

∣∣∣ ≤ 2
(K − 1)D∗

K−1

k
,

where D∗
K = max(D∗

K({ui}), D∗
K({vi})) and

min(k − uK + {uK}, vK − uK + {uK} − {vK})
k

≤ uK+1 − uK

k
+

1
k

,

we find (22). ¤
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OĽGA BLAŽEKOVÁ — OTO STRAUCH

4. Discrepancy of
{
(i + t + B)2 a

M

}
, i = 1, 2, . . . , K

For application of (22) we must approximate D∗
K = maxt∈[0,1] D

∗
K({vi(t)})

where D∗
K({vi(t)}) is the star discrepancy of the sequence in (24)

vi(t) = (i + t + B)2
a

M
− b2 − 4ac

4aM
− y mod 1, i = 1, 2, . . . ,K,

and t ∈ [0, 1] is arbitrary but fixed. We see that D∗
K({vi(t)}) ≤ DK , where DK

is the extremal discrepancy of the sequence
{

(i + t + B)2
a

M

}
, i = 1, 2, . . . ,K,

for t ∈ [0, 1].

Lemma 3. For every t, y ∈ [0, 1] the extremal discrepancy DK of the sequence{
(i + t + B)2 a

M

}
, i = 1, 2, . . . , K satisfies

DK ≤ 3


 1√

M
+

(
8√
K

+ 3
√

M

K

)
(log M)3/2 +

6√
M

[
√

M ]∑

h=1

1
h

√
(ha,M)


 (25)

assuming that M - ha for 1 ≤ h ≤ [
√

M ].

P r o o f. We start with the result of C. Mauduit and A. Sárközy [MS, p. 207,
Lemma 8]:

Lemma 4. Let α1, α2 be any real numbers, p, q be integers such that q > 1,∣∣∣α2 − p
q

∣∣∣ < 1
q2 and (p, q) = 1. Then

∣∣∣∣∣
N∑

n=1

e2πi(α2n2+α1n)

∣∣∣∣∣ ≤
(
8
√

N + 3
√

q
) √

log q + 6
N√
q
.

Putting α1 = 0, α2 = ha
M and p

q = ha
M , then

∣∣∣α2 − p
q

∣∣∣ = 0 < 1
q2 , where for

coprimality of p and q we give q = M
(ha,M) . By Lemma 4, assuming M

(ha,M) > 1,
we have∣∣∣∣∣

N∑
n=1

e2πihn2 a
M

∣∣∣∣∣ ≤
(

8
√

N + 3

√
M

(ha,M)

) √
log

M

(ha,M)
+ 6

N√
M

(ha,M)

≤
(
8
√

N + 3
√

M
) √

log M + 6
N√
M

√
(ha,M). (26)
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The same bound holds for
∣∣∣∑N

n=1 e2πih(n+t+B(y))2 a
M

∣∣∣ for every t, y ∈ [0, 1]. Ap-
plying Erdős-Turán formula, for any positive integer m ≥ 3 we have

DK ≤ 3

(
1
m

+

(
8√
K

+ 3
√

M

K

)√
log M.2 log m +

6√
M

m∑

h=1

1
h

√
(ha,M)

)
.

Putting m = [
√

M ] we find (25). ¤

5. Proof of Theorem 1

We use the following four steps:
10. Denote by D̃K the right-hand side of (25). Because D̃K is independent
on t ∈ [0, 1], then also D∗

K = maxt∈[0,1] D
∗
K({vi(t)}) ≤ D̃K . Replacing D∗

K−1

by D̃K−1 in (22) and using D∗
k({Mxi(y)}) ≤ 2D∗

k(f(i) mod 1) and that KD̃K

increases, we find

kD∗
k({Mxi(y)})

M
≤ 4

M
+ 2

a

M

K

M
+ 4

u1

M
+ 4

uK+1 − uK

M
+ 4

KD̃K

M
. (27)

Then, using K = f(uK) ≤ f(k), k ≤ aM + b and by (24) we find

K ≤
√

M

a
(k − 1) + 1 ≤ 2M,

u1

M
=

1
M

+
a

M2

(
(1 + B)2 − (f(1) + B)2

) ≤ 6
M

,

uK+1 − uK

M
=

a

M2
(2K + 2B + 1) ≤ 4

a

M
.

Substituting preceding in (27) we have

kD∗
k({Mxi(y)})

M
≤ 28

M
+ 20

a

M
+ 4

KD̃K

M
. (28)

The right-hand side of (28) does not depend on y ∈ [0, 1], thus for

D∗
k = max

y∈[0,1]
D∗

k({Mxi(y)})

we have

max
1≤k≤aM+b

kD∗
k

M
≤ 28

M
+ 20

a

M
+ 4 max

1≤K≤2M

KD̃K

M
. (29)

Here

max
1≤K≤2M

KD̃K

M
= 2D̃2M .
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Substituting (29) in (10) we have

D∗
M <

58
M

+ 40
a

M
+

c

M
t1 + max

c/M≤y≤1
(x0 − yx0) + 16D̃2M , (30)

where D∗
M = D∗

M

(
n
M , FM

(
n
M

)
mod 1

)
and

D̃2M = 3


 1√

M
+

(
8√
2M

+
3

2
√

M

)
(log M)3/2 +

6√
M

[
√

M ]∑

h=1

1
h

√
(ha,M)


 .

(31)
20. We simplify (31). We have

[
√

M ]∑

h=1

√
(h,M)
h

=
∑

d|M

1√
d

[
√

M ]∑

h=1,(h,M)=d

1
h/d

≤ 3.2ω(M) log M

because
∑

d|M

1√
d
≤

∏

p|M

(
1− 1√

p

)−1

≤ 3.2ω(M),

where ω(M) is the number of distinct prime divisors of M . From this we have

6√
M

[
√

M ]∑

h=1

1
h

√
(ha,M) ≤ 6.3

√
(a,M)√
M

(log M)2ω(M)

and we substitute it in (31).
30. For maxc/M≤y≤1(x0 − yx0) = maxx∈[0,t1] V0(x) we have

max
x∈[0,t1]

V0(x) =
2
3

1√
3aM

(((
1− c

M

)
+

b2

3aM

)3/2

−
(

b2

3aM

)3/2
)

−
(
1− c

M

) b

3aM
(32)

directly and this maximum is required at

x =
1√

3aM

(√(
1− c

M

)
+

b2

3aM
−

√
b2

3aM

)
.

Let us simplify (32) by using Lagrange difference theorem.
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If b <
√(

1− c
M

)
3aM then we use

max
x∈[0,t1]

V0(x) ≤ 2
3

1√
3aM

(((
1− c

M

)
+

b2

3aM

)3/2

−
(

b2

3aM

)3/2
)

=
1√

3aM

(
1− c

M

) √
b2

3aM
+ u (u ∈ (0, 1− c/M))

<
1√

3aM

(
1− c

M

)3/2√
2.

If b ≥
√(

1− c
M

)
3aM and repeating application of Lagrange difference theorem

on (32) we find

max
x∈[0,t1]

V0(x) =
(
1− c

M

) 1√
3aM

u
1

2
√

b2

3aM + v
(u ∈ (0, 1− c/M), v ∈ (0, u))

≤
(
1− c

M

)2 1
2b
≤ 1√

3aM

(
1− c

M

)3/2 1
2
.

Altogether

max
x∈[0,t1]

V0(x) ≤
√

2
1√

3aM

(
1− c

M

)3/2

. (33)

40. Now, we simplify c
M t1, where t1 defined in (9) can also be rewritten as

t1 =
1√
aM

(√(
1− c

M

)
+

b2

4aM
−

√
b2

4aM

)
.

If b <
√(

1− c
M

)
4aM we see

t1 <
1√
aM

√(
1− c

M

)
+

b2

4aM
≤ 1√

aM

(
1− c

M

)1/2√
2.

If b ≥
√(

1− c
M

)
4aM we see

t1 =
1√
aM

(
1− c

M

) 1
2

1√
b2

4aM + u
(u ∈ (0, 1− c/M))

≤
(
1− c

M

) 1
b
≤ 1√

aM

(
1− c

M

)1/2 1
2
.

Summarizing
c

M
t1 ≤

√
2

1√
aM

c

M

(
1− c

M

)1/2

. (34)
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Finally, all above results give (7).

6. Concluding remarks

10. For lower bound of DM (xn, xn+1) in Fig. 1 we see that the intervals I1 =
[0, x)× (y, 1] and |I2| = [x, t1)× [0, y) do not contain any point of (8) and thus
the extremal discrepancy DM of (8) satisfies

DM ≥ max( max
x∈[0,t1]

|I1|, max
x∈[0,t1]

|I2|)

Furthermore, directly from definitions we have V0(x) = |I1| and T0(x) = |I1| −
|I2|. Thus, we can use

DM ≥ max( max
x∈[0,t1]

V0(x), |T0(0)|),

where |T0(0)| = c
M t1, but it is worse than in [EHN1] and [S].

20. H. Niederreiter [N2] proved the following quantitative form of well-known
Fejer’s theorem: If a function f(x), x ≥ 1, satisfies

(i) f(x) →∞ monotonically,
(ii) xf ′(x) →∞,
(iii) f ′(x) → 0 monotonically as x →∞,

then the star discrepancy D∗
k of the sequence f(i) mod 1, i = 1, 2, . . . , k satisfies

D∗
k = O

(
f(k)

k
+

1
kf ′(k)

)
. (35)

This can be employed for f(x) =
√

x. Our function in (21) also satisfies (i)–(iii),
but for the left-hand side of (29) the (35) gives

max
1≤k≤aM+b

kD∗
k

M
= O

(
f(aM + b)

M
+

1
Mf ′(aM + b)

)

= O

(
1
M

√
b2

4aM
+

(
1− c

M

)
+ aM + b

(√
M

a
+ 2

√
a

M

))
,

where 1
M

√
aM + b

√
M
a > 1.
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30. Finally, we compare order of magnitudes of upper bounds in (4), (5), (6) and
(7):

In (4) we have (log M)2√
M

for M = 2α,

in (5) we have (log M)2√
pM

+
√

p
M for M = pα,

in (6) we have (log M)2√
PM

+
√

P
M for M = pα1

1 . . . pαr
r and P = p1 . . . pr, and

in (7) we have (log M)3/2
√

M
+
√

(a,M)√
M

(log M)2ω(M) + a
M .

Replacing the modulus M by Mα, for sufficiently large integer exponent α, we
see that the order in (7) is better than in (4), (5) and (6), in this case.
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