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CHARACTER SUMS WITH THE ALIQUOT
DIVISORS FUNCTION

SANKA BALASURIYA — FLORIAN Luca

ABSTRACT. In this paper, we obtain nontrivial bounds for character sums
involving the aliquot divisors function s(n) = o(n) — n.

Communicated by Radhakrishnan Nair

1. Introduction

For every positive integer n, let s(n) be the sum of the aliquot divisors of n
given by
s(n) = Z d=o(n)—n,

d|n
d#n

where o(n) is the sum of divisors function. Here, we consider some arithmetic

properties of the aliquot sequence (s(n)),>1. In particular, for a fixed prime p,

we obtain nontrivial estimates in certain ranges for character sums of the form
N

Sp(N) = Zx(s(n)) for N > 1,
n=1

where x is a nonprincipal multiplicative character modulo p. Note that if n is
prime, it follows that s(n) = 1, therefore x(s(n)) = 1. Hence, we are left with
giving a nontrivial upper bound on the expression S,(N) — w(N), where m(N)
stands, as usual, for the number of primes g < N.
Our results for the sum S,(N) depend on estimates for the cardinality of the

sets

Up,N)={1<n<N:on)=0 (modp)},
and

Tp,N)={l<n<N:s(n)=0 (mod p)}.

2000 Mathematics Subject Classification: 11N37.
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Upper bounds for exponential sums involving s(n) have been obtained in [3],
and analogous results for the Euler function ¢(n) have been obtained in [2, 4, 5].
We apply similar methods in the present paper although some modifications are
needed not only since s(n) is not a multiplicative function but also since it takes
any prime number to 1.

Our main results are the following.

THEOREM 1. The following bound holds
N
#U(p, N) < — min{(log N)*/?, (log p)*(log log N')*/*}
p
uniformly in the prime p and in N.

THEOREM 2. The inequality
N(log N)?
#7(p, N) < (]91/12)
holds uniformly in the prime p and in N.

Using the above results, we prove the following estimate.

THEOREM 3. The following bound holds
N(log N)S N

‘SP(N) - 7T(N)| < p1/12 v/3+0(v(loglog v)/log v)’

uniformly in the prime p and in N, where v = (log N)/(logp).

Using Theorem 3, we get the following nontrivial bound on S,(N) in almost
the entire range of p versus N.

THEOREM 4. The estimate

N
1Sp(NV)] <

log ]Og log N + v/3+0(v(logloglogv)/ log v)

holds uniformly in the prime p and in N, where again v = (log N)/(log p).

In particular, |S,(N)| = o(N) holds uniformly in the range 3 < p < N°() as
N — o0.

In the above statements, as well as throughout the paper, any implied con-
stants in the symbols <, > and O are absolute unless indicated otherwise. We
recall that for positive functions F' and G the notations F' = O(G), F' < G and
G > F are all equivalent to the assertion that the inequality F' < ¢G holds with
some constant ¢ > 0, whereas F' = o(G) means that F/G — 0.

Throughout the paper, the letters p, ¢, r with or without subscripts are used
to denote prime numbers, and k, ¢, m,n denote positive integers.
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2. Preliminaries

Let P(n) be the largest prime factor of an integer n > 1, where we put
P(1) = 1. An integer n > 1 is said to be y-smooth if P(n) < y. As usual, we
define

Y(z,y) = #{n < x : nis y-smooth} (x=2y>1).
The following bound is a relaxed and simplified version of [12, Corollary 1.3]
(see also [6]).

LEMMA 5. The estimate

P(x,y) < gumwrOuloslogu)/logu), where v = (logx)/(logy),
holds uniformly in the range 2 <y < x and u < y*/?.

For given coprime integers 1 < a < b, we let 7(x;b,a) be the number of
primes p <  such that p = a (mod b). The next statement is a simplified form
of the Brun-Titchmarsh theorem (see, for example, [9, Section 2.3.1, Theorem 1]
or [10, Chapter 3, Theorem 3.7]).

LEMMA 6. For any x > b, we have

m(x;b,a) K S —
o o(b) log(22/b) °
When b is bounded above by a power of the logarithm of x, then the Siegel-
Walfiz theorem (see, for example, page 133 in [7]) gives us a much more precise
estimate on 7(z;b, a). We record this as follows.

LeEMMA 7. For every positive constant A, there is a constant B = B(A) depend-
ing on A, such that the estimate

N I T
m(x;b,a) o(b) +0 (exp(B\/@))
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holds uniformly in coprime integers 1 < a < b with b < (logz)4.

Furthermore, writing g o for the least prime in the arithmetic progression a
(mod b), the following Linnik type bound on g, is due to Heath-Brown (see

[11]).

LEMMA 8. The inequality g, < b°° holds uniformly in coprime integers 1 <
a<b.

We will also need the following lower bound for a linear form in logarithms.
For a rational number @ = r/s with coprime integers r and s > 0, we write
H(a) = max{|r|, s}. The following result is a particular case of Baker’s theorem
on lower bounds for linear forms in logarithms (see [1], for example).

LEMMA 9. Let aq,a9,a3 be rational numbers different from 0, +1, and let
b1, b, by be positive integers. Put B = max{by,ba, b3, 3}. Assume that

r=alabay —14#0.

Then
3

—log |T| < (log B) [ [ log(H (av)).
i=1
The above lemmas are enough for the proof of Theorems 1 and 2. For the
proof of Theorem 3 however, we also need the following bound for character
sums over prime numbers, which is a relaxed version of [15, Theorem 1].

LeEMMA 10. For any nonprincipal multiplicative character x modulo p > 2, any
integer a coprime to p, and any real z > 2,

1 pl/2 1
o(1) 5(_ - | -
E< x(g+ a) < zp°H(log 2) <p1/2 + T e )
q\z
as p — .

3. Proof of Theorem 1

By the multiplicativity of the sum of divisors function, it follows that when-
ever n € U(p, N), there is a prime power ¢* such that p | o(¢*) and ¢¥||n. Recall
that ¢*||n means that ¢ | n and ¢! { n. Note that since o(¢¥) < 2¢* < 2N,
it follows that unless p < 2N, the set U(p, N) is empty. From now on, we as-
sume that p < 2N and for simplicity we write U = U(p, N) (i.e., we omit the
dependence on either p or N).
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Let Uy be the subset of those n € U for which there exists a prime g||n such
that p | o(q). Then p | ¢+ 1. Since q | n, it follows that ¢ < N. Let ¢ = —1
(mod p) be fixed. The number of positive integers n < N such that ¢ | n does
not exceed N/q. Hence, summing up over all the possibilities for ¢, we get

N 1 Nloglog N
<D ~=N S Se0s (1)
e<v 1 goon P
g=—1 (mod p) g=—1 (mod p)

In the above estimates, we used the familiar fact that if 1 < a < b are coprime
then

<

Z 1 n loglog N
4 Gba o(b)

qSN
g=a (mod b)
holds uniformly for 1 < a < b < N, where we recall that g, denotes the
smallest prime number ¢ = a (mod b). Indeed, the above estimate follows by
Abel’s summation formula from Lemma 6.
From now on, we assume that n € U\Uy. Every such n has the property that
p | o(¢¥) for some prime power ¢¥||n, where k& > 2. Note that 28 < ¢* < N,
therefore k < clog N, where ¢ = (log2)~!. For fixed p and k, the congruence

o) =¢"+¢" '+ - +1=0 (mod p)

puts ¢ into s < k arithmetical progressions ¢ = ¢; (mod p). Here, we write g¢;
for the smallest positive integer in the above progression and we assume that
1<qg <qga<---<qs <p—1. Note that

1
2¢f > qf <1+q_+-~-> > p,
K2

therefore q; > p'/*. Put \ip = (¢FF! = 1)/(p(gp,q, — 1)). Note that A;p <
Qq;f’qi/p, and that 1 < A < -+ < Agp k- Fixi € {1,...,s,} and write U, ), for
the subset of U\Uy formed by those integers n < N such that ¢* | n for some
q = ¢; (mod p). Given such a prime ¢, the number of such integers n < N does
not exceed N/q. Summing up the contributions to U\Uy over all such primes

q, we get

N N N N N
#U; . < — < + < +2¢(2)
gv " G Z}ww g P
¢=q; (mod p)
N
Phik  PF

)

<
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Summing up the above inequality over all the possibilities for i € {1,..., s},

we get that
X N\ 1 Nk
H#U; ) < — — + —.

Finally, summing the above inequality up over all k > 2, we get

- N N | k
YD #Hhir<— > Y T +NY (2)

a<k<clog N i=1 P ock<olog N i=1 "Bk k> P
It is clear that the second sum is O(N/p). Thus, it remains to deal with the
first double sum. Let A = {N\;jx : 2 <k <clogN, i =1,...,8,}. As (4,k) is
a pair such that 2 < k < clog N and 1 < ¢ < s;, we have that A; , € A, but
each number from A might appear from more that one pair (4, k) (incidentally,
a well-known conjecture about the Goormaghtigh Diophantine equation asserts
that in fact the only such case is 31 = (5> —1)/(5— 1) = (2° = 1)/(2 — 1); see
[16]). Fixing A € A, the multiplicity with which is appears as A; j is bounded

by the number of solutions (g, k) with ¢ a prime of the Diophantine equation

qk-‘,-l -1

PA = %71 (3)

It remains to count, for a fixed M = p), the number A(M) of solutions (g, k)
with g prime to the equation

qk-l-l -1

q—1 "~
A result of Loxton [14], says that A(M) < (log M)*/?t°(1) as M — oco. Since
for us M < 2N, we get that
A(pA) < (log N)V/2Ho) 55 N — . (4)

When p is sufficiently small, one can do better as follows. Assume that A(pA) > 2
and let (g1,k1) # (g2, k2) be two solutions to equation (3). If ky = ks, then
q1 = g2, which is impossible. So, let us assume that k; > ky. Then, ¢; < ¢2.
Equation

M =

q’f1+1 1 _ q§2+1 _1
q—1 g2 —1

can be rewritten as

Mg 1) — @ — 1) = (g2 — 1) > 0,

therefore

— (k- —1 —
q/1c1+1q2 (k2+1) <Q2 ) 1= y q2 — q1

=1 5 (g - 1)
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The expression appearing above is positive and obviously < g5 k2, Applying
Lemma 9 with I" being the expression appearing in the left hand side of the
above equation, where

g2 — 1
-1
(note that H(a1) = q1, H(ag) = g2, H(as) < q2), yields

a1 = (1, azzqgl,()ég: b1:k1+1, b2:k2+1,b3:1

ko log g2 < log g1(log g2)* log k1,

leading to k2 < (loggz2)?logky. Obviously k1 < log N. Furthermore, since the
numbers g; and g are the first primes in certain arithmetic progression modulo
p, we get, by Lemma 8, that qo < p°>®. Thus, ks < (logp)?loglog N. This
shows that if A(p\) > 2, then

PA < 2g5* < exp(kzlog g2) = exp(O((log p)* loglog N)),
and now Loxton’s result shows that

ApA) < (log ph)'/#H0) < (loglog N)M/2 20 (log p) 2+ as N — oo
(5)

Thus, putting
A =max{A(phir):2< k<clogN, 1<1i< s},
we get that
A < min{(log N)/2+°() (log p)%(loglog N')1/2+o(1)}
uniformly in both p and N as N — co. In particular, the inequality
A < min{(log N)3/°, (log p)?(log log N)*/®} (6)
holds uniformly in N and p. Thus,

> Z/\lk <<AZ§<<Alog#A. (7)
b AEA

2<k<c(log N) i=1

Since
#A< Y s< ) k< (logN),
2<k<clog N 2<k<clog N

we get that log #A < loglog N, which together with estimates (1), (2), (6),
(7), and the fact that (log N)?/®loglog N < (log N)?/3 completes the proof of
Theorem 1.
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4. Proof of Theorem 2

We may assume that p is sufficiently large otherwise there is nothing to prove.
We also assume that 7 (p, N) is nonempty. Since there exists a number ng < N
such that p | s(ng) and s(ng) # 0 (because ng > 1), it follows that

p < s(ng) < o(ng) < Nloglog N. (8)

We let « € (0,1/10) be a number to be determined later. Recall that a number
m is squarefull if ¢? | m whenever q is a prime factor of m. The set 7; of numbers
n < N such that d | n for some squarefull d > p?>* has cardinality at most

#n< Y Y ¥

2a<d<1\] 1<n<N p2ﬂ¥<d
d squarefull d|n d squarefull
1 N
< N D S =, (9)
d p»
p2a<d

d squarefull

For the last inequality above, we used the fact that the estimate

1 1
Y., i< a7
t<d
d squarefull
holds uniformly in ¢ (with the particular value t = p>®), which in turn follows via
the Abel summation formula from the fact that the counting function of the set
of squarefull integers d < t is O(t'/?) (see, for example, Theorem 14.4 in [13]).
For the remaining n, let n = gm, where ¢ = P(n). Assume first that ¢ > p©.

Then ¢ > P(m). In this case, s(n) = gs(m)+o(m). Note that m # 1 since when
m = 1, we get that s(n) = 1, but this is not a multiple of p. Let 73 be the subset
formed by these n such that p | gs(m). Then p | o(m), so m € U(p, N/p%).
Since for a fixed m the number of values of ¢ < N/m is < N/m (in this last
count we ignore the fact that ¢ is a prime), we get that

1
< —
#L<N Y — (10)
meU (p,N/p®)
Theorem 1 tells us that the inequality
tlog N

HU(p,t) <
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holds uniformly for ¢ < N, and now by the Abel summation formula we get that

N(log N)?
#’]’2<<w.

Let 73 be the set of such numbers n < N such that p 1 gs(m) and still ¢ > p*. If
n = gm € T3, we then have that p { gs(m)o(m), and ¢ = —o(m)s(m)~! (mod p),
where s(m)~1 stands for the inverse of s(m) modulo p. Let a,, € {1,...,p—1}
be such that a,, = —o(m)s(m)~! (mod p). Thus, if m is fixed, then ¢ is in the
fixed arithmetic progression a,, (mod p), and the number of such numbers is
< N/(pm) +1 < 2N/p®m (here, we ignore again the fact that ¢ is prime, and
we use the fact that mp® < mq < N). Thus,

2N 1 Nlog N
< — < — 12
> le 12

p(X

Let us now consider the set 7y of the remaining n in 7 (p, N). Then P(n) < p*.
Since o(n) < nlog(P(n)) < nlogp, p | s(n), and s(n) # 0, we get that p <
s(n) < o(n) < nlogp, therefore n > p/logp. Let A be the smallest divisor of
n such that n/\ < p'/2/logp. Write n = Ad. Thus, d < p'/?/logp. Note that
d > p'/?>=/(log p) because n is p“-smooth.

We now fix A. We count the number of n = Ad < N which are multiples
of \. Write d = dids, where d; and dy are coprime, d; is divisible only by
primes dividing A, and dy is coprime to A. Note that d; < p?>®. Indeed, for
if not, then d; > p®, so n is divisible by d; Hrlch r, where, as stated in the
Introduction, we use r to denote a prime number. The last number above is
squarefull and exceeds p?®. However, positive integers n with such a divisor
have already been accounted for in 7;. Thus, d; < p>®. Write dy = dsd,, where
d3 and d4 are coprime, ds is squarefull, and d4 is squarefree. Since n & 77,
we get that d3 < p?>*. Fix ), di and ds, and write £ = Adids. Then dy >
d/(dyd3) = p'/?75%/(log p). Note that 3 = 1/2 — 5a > 0 since we are assuming
that o € (0,1/10). Thus, ¢ < N/dy < N(logp)/p”. We now show that the
number d4 is uniquely determined. Indeed, assume that there exist two distinct
values d4 and dj both < p1/2/logp and coprime to ¢, such that both numbers
n = ¢dy and n’ = £d) have the property that p | s(n) and p | s(n’). Since d4 and
£ are coprime, we get s(n) = o(¢)o(dy) —€dy =0 (mod p). Since P(n) < p* < p,
we get that p does not divide n. Thus, p does not divide o(¢) either, and so
o(ds)d;* = to(£)~" (mod p). The same congruence holds when d is replaced
by dy. Thus, o(ds)d;* = o(d})d;" (mod p), leading to

p|o(ds)d) — o(dy)da. (13)
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Since max{dy, d}} < p'/?/logp, it follows that

1/21 1
p '~ loglogp
max{o(d4), O'(dil)} < W

In particular, for large p, we have
|o(ds)dy — o(d}y)dal < p. (14)

Inequality (14) and congruence (13) yield o(dy)/dy = o(d})/d,. It is however
easy to see that the function s — o(s)/s is injective when restricted to square-
free numbers s (hint: observe that o(s)/s determines uniquely P(s) when s is
squarefree). Since dy and dj are squarefree, we get that dy = d/j, which is a con-
tradiction. Hence, we see that n is uniquely determined by the triple (A, dy,ds),
where ¢ = Adids < N(logp)/p®. Given £, the divisor A can be chosen in at most
7(¢) ways, where for a positive integer k we define 7(k) to be the number of
divisors of k. Given both ¢ and A, we have that dids = ¢/\ is such that d; is
divisible only by primes dividing A, and ds is coprime to A, therefore the pair
(d1,d3) is uniquely determined. Thus, we just showed that

N(1 log N N(log N)?2
#L< Y, T< (ng)ﬁ(og ) « (Ogﬂ )
P D
<N (logp)/pf

(15)

In the last estimate (15) above, we used the known fact that the estimate

Z 7(m) < tlogt

m<t

holds uniformly in ¢, together with the bound (8) which implies that logp <«
log N. Note that 77, 72, 75 and 74 cover 7 (p, N). Now the desired result follows
from estimates (9), (10), (12) and (15) by noticing that if one chooses av = 1/12,
then a = f =1/12. O

REMARK. We point out that a different bound on 7 (p, N) appears also in [3].

5. Proof of Theorem 3

We may clearly assume that N is arbitrarily large, that p > (log N)™, and
that v > 100, since the result is trivial otherwise. Put K = p3 and let &£; be the
set of integers n < N such that n is K-smooth. Clearly, #& = U(N, K). Note
that

_logN logN v

_ _ =Y 16
“TlogK  3logp 3 (16)
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Since p > (log N)™, we have that the inequality u < p'/2 holds uniformly in our
range for p and N once N is sufficiently large. Now Lemma 5 yields

N < N
uutO(u(loglogu)/logu) = p?/3+0(v(log log v)/ log v)

#& = P(N, K) < (17)

uniformly in p and N.
Next, let £ be the set of integers n < N not in & such that P?(n) | n. For
each such integer n there is a prime ¢ > p such that ¢ | n. Thus,

N N
#EHKH D 1KY S < —. (18)
q>p n2<N q>p q p
qIn

Let &3 be the set of primes n < N. Clearly, s(n) =1 for all n € &.

Now let N = {1,...,N}\ (&1 U &2 U&;). From the above bounds (17)-(18),
it follows that

Sp(N) = D" x(s(n)) +m(N) + O(#E: + #E2)
neN
N N
= F(N) + Z X(S(n)) +0 <,Uv/3+0(v(loglogv)/logv) + p) . (19)
neN

Every integer n € A can be uniquely represented in the form n = mgq, where
2<m< N/K and L, =max{K,P(m)} < ¢< N/m.

Conversely, if the numbers m and ¢ satisfy the above inequalities, then n = mq
lies in /. Observing that s(mgq) = s(m)q + o(m), we arrive at

doxsm) = Y Y xlstm)g+o(m)

neN 2<m<N/K L,,<qg<N/m

- Y Y stm)g+a(m)

2<m<N/K L;,,<qg<N/m
pfo(m)s(m)

0 > M (20)

m
meU(p,N/K)UT (p,N/K)

_|_

Let us deal first with the “errors” in (20). For the sum over the first subset, we
get

N 1 N(log N)?
S —<N D> —<<7(Og ), (21)
m m P
meU(p,N/K) meU(p,N/K)
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where the last estimate above follows like in the proof of Theorem 2 based on
the estimate (11) and on Abel’s summation formula. As for the sum over the
second one, we get

3 Nen 3 1 o N(ogN)® (22)

m pl/12
méeT (p,N/K) méeT (p,N/K)

The last estimate above follows also from Abel’s summation formula via the fact
that, by Theorem 2, the estimate

t(log N)?
#T (p,t) < (pl/lg)

holds uniformly in t < N.

We now deal with the “main term” in (20). Assuming that p{ s(m)o(m), let
am € {1,...,p — 1} be the least positive integer in the arithmetic progression
a(m)s(m)~! (mod p). We have

> Y x(stm)g+o(m)

2<m<N/K L,<qg<N/m
pfo(m)s(m)

= > Y x(s(m)(a+am))

2<m<N/K Lyn<q<N/m

plo(m)s(m)
= > xsm) Y xa+am). (23)
2<m<N/K L., <q<N/m

pto(m)s(m)

Since a,, is not a multiple of p, by Lemma 10, we have that

Z X(g+am) < % (p71/2 £ NTY2pt/2p02 JrN71/6m1/6) D (log N)?,

Ly, <g<N/m

as p — oo. For m < N/K, the first term inside the above parentheses dominates
the other terms, and we thus obtain

Np°M(log N)°
mpl/2

Z x(q + am) <

Ly, <g<N/m

as p — o0.
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Substituting the above inequality in equation (23), we get,

°(D) (1o 5
2. > x(stmg+am) <Y Np”(log N)®

1/2
2<mM<N/K Ly<q<N/m 2<m<N/K mp
plo(m)s(m) pto(m)s(m)

Np°M (log N)® 1

< pl/2 Z m
1<m<N/K

N(log N)S

< plL/2Fo(D)

as p — oo. In particular, the estimate
N(log N)S

Z Z x(s(m)g +o(m)) < i3 (24)
2<m<N/K L;,,<q<N/m p
pto(m)s(m)

holds uniformly in N and p. The desired estimate follows now from estimates
(19), (20), (21), (22), and (24).

6. Proof of Theorem 4

For a set A of positive integers and a positive real number ¢ we put A(t) =
ANl .

We may assume that v > 100, otherwise there is nothing to prove. By Theo-
rem 3 and the Prime Number Theorem, it follows that

N N
|S;D(N)| < logN + pv/3+0(v(loglog v)/ log v)

provided that p > (log N)!%. So, from now on we may assume that p < M =
(log N)%. Then v > (log N)/(log M) = (log N)/(1001oglog N), therefore
N

1—-1/3004+0(1
p?/3+0(v(loglogv)/ log v) SN / ( )’ (N - OO),

therefore certainly the above expression is < N/(logloglog N). Thus, it remains
to show that

1,(N)] for p < M. (25)

< logloglog N
Lemma 4 in [8], shows that there exists a constant ¢; > 0 such that o(n)
is a multiple of all primes ¢ < ¢;loglog N/logloglog N for all n < N with
O(N/(logloglog N)?) exceptions. Set L = c1loglog N/(logloglog N), assume
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that p < L, and suppose that p | o(n). Then s(n) = —n (mod p), therefore
x(s(n)) = x(=n) = x(=1)x(n). Thus,
N N
N) = x(-1 )= 0t
Sp(N) X(=1) Z><(n)—~_0(logloglogN) O<p+logloglogN)

N
=0 <logloglogN> '

Thus, we may assume that p € (L,M]. Put U = N1/logloglog N onq | =
N1/(ogloglog N)*  \White n = PQY, where P = P(n) and @ = P(n/P). The set
&1 of n < N such that P < U is, by Lemma 5, of cardinality O(N/loglog N)
as N — oo. Thus, we may restrict our attention to the positive integers n <
N not in &. The set & of such integers such that @ = P is of cardinality
O(N/U) = O(N/logloglog N) (see, for example, the estimate for #& in the
proof of Theorem 3). We claim that the set & of n < N such that Q@ < V is
also of cardinality O(N/logloglog N). To see this, assume that m = Q¢ < N/U
is some number with P(m) = Q < V. Fixing m, the number of possibilities for
P < N/m is at most

N N Nlogloglog N

N < =
m(N/m) mlog(N/m) < mlogU mlog N

Summing up over all m with P(m) < V, we get that the number of possibilities
for such n < N is

N logloglog N 1 N logloglog N A
& e — 1—-
#E < E - < I I

log V L <m log V' v P
P(m)V
N(logloglog N)logV N
log N ~ logloglog N

Here, we used Mertens’s estimate for the product Hpgt (1 — 1/p) with the choice
t=V.

We also discard the set &4 of positive integers n < N divisible by the square of
a prime > V since the number of such n < N is O(N/V) = O(N/logloglog N).
On the remaining set of n < N, we have that P > Q > P({),Q >V and P > U.
Let M be the set of positive integers m < N/U, mP(m) < N, P(m) =Q >V
and P(m)|/m. Put, as in the proof of Theorem 3, L,, = max{P(m),U}. Then
all but O(N/logloglog N) of the positive integers n < N are of the form mP,
for some m € M and P € (L,,, N/m], and distinct pairs (m, P) of this form
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give rise to distinct n’s. Thus,

N=Y ((N/m) - 7(Lm »+0<A7>

¥ logloglog N

Furthermore, as in the proof of Theorem 3, we also have

= Z Z x(s(m)P +o(m)) + O <loglm]gvlogN> .

meM L,, <P<N/m

We next need to understand the subset M; of M formed by numbers m such
that p | s(m). Let m = Q¢ be such a number. Then s(m) = Qs(¢) + o(£) =0
(mod p). Let My be the subset of M such that p | s(£). Then p | o(¢), therefore
p | £. Furthermore, p | o(¢) | o(m). Write m = pm;. Let t < N and let us
bound the cardinality of Ma(t). If p | my, then p? | m and the number of such
m is < t/p*. If p f mq, then o(m) = (p + 1)o(my), therefore m; < t/p is a
number such that p | o(mq). Theorem 1 shows that the number of such m4 is

t(loglogt)®/3(log p loglog N)?/3(log p)?
SU(ptfp) < ( )2 (ogp)® _ i )2 (logp)*
p p
Thus, we just proved that the estimate
t(loglog N)®/3(log p)?
LM (t) < (loglog )2 (logp) (26)

p

holds uniformly in t < N.

Next, let us look at M3 = M;\Mas. In this case, Qs(¢) = —o(¢f) (mod p).
Furthermore, p t s(¢), and Q@ > V > M > p, therefore p { o(¢). Thus,
—a(£)s(f)~! (mod p) is a nonzero congruence class modulo p and we denote
its residue by a; € {1,...,p — 1}. This shows that the congruence class of @
modulo p is determined by ¢ whenever m € Ms. Fixing ¢ with p { s(¢) and ¢ such
that ¢ > £V, the number of possible values of Q < t/£ such that Q = —o (£)s(¢)~!
(mod p) is, by Lemma 6,

t < t < t(logloglog N)?
pllog(2t/(fp)) — pllog(V1/2) pllog N
Here, we used the fact that the inequalities
t V_V

-2V
p - p~ M

T(t/l;p, ar) <

hold whenever N is sufficiently large. The above bound is uniform in our range
for t and ¢. Summing up over all the possibilities for £ < t/V once ¢ is fixed, we
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get that

t(loglog log N)? 1 t(loglog log N)?
#Ms(t><<wzz<<w,

27
plog N P 27)

(KN

Estimates (26), (27), and the fact that #M;(t) < #Ma(t) + #Ms5(t), show
that

loglog N)®/3(logp)?  (logloglog N)?
#Ml(t)<<t((0g og )2 (ogp)® | (logloglog ) >
p p
By Abel’s summation formula, we get that
1 loglog N)®/3(logp)?  (logloglog N)?
v La ((Og 0g )2 (ogp)®  (logloglog V) >10gN.
meMy p p
Thus,
N
> (T(N/m) =7(Lm)) < Y ———
meM;y meM;y mlog(N/m)
N Nlogloglog N 1
< >
meM; mlOgU IOgN meM;
< N ((loglog N)5/3(10g210g10g N)(log p)? N (loglog log N)3> .
p p
Since p > L, it follows that the last bound above is
N(logloglog N)? N
(loglog N)1/3 logloglog N
Thus, putting Mo = M\ M1, we have just proved that both formulae
N
N = N/m) — n(Ln, ) 2
S ((N/m) sl + 0 (isiorew ) (28)
meMo

and
N
B0= 5 3 Xm0 ()

hold uniformly in our range for p and N. Now let m € My, and let A be any con-
gruence class modulo p different from o(m). Primes P € (L,,, N/m| such that
s(m)P+o(m) = X (mod p) are precisely those such that P = (A— o(m))s(m)~!
(mod p). Let a := a(\,m) € {1,...,p— 1} be such that a = (A — a(m))s(m)~*
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(mod p). Since p < (log N)'%° < (logU)?%° < (log L,,)?°° uniformly for large
N, we get, by Lemma 7 with A = 200, that the number of such primes is
7(N/m) — 7(Ly,) 0 ( N )

o(p) mexp(cay/logU)
with some positive constant co. This shows that, for a fixed m € M, we have
that the inner sums in (29) can be estimated as

w(N/m) — w(L,,
S P o) = TEZTERL s

p—1
L7n<P§N/m A (mod p)

Ago(m) (mod p)

’/T(N/Tfl,p, a) - ’R—(Lm;p7 CL) =

+ 0 ( N > .
mexp(czv/1ogU)
Since
Y x()=0(),
A (mod p)

AZo(m) (mod p)

we get, summing up over all the possible values of m € M, and using estimates
(29) and (28), that

S(N) = > > X(s(m)P+U(m))—|—O<N>

mEMo L, <P<N/m logloglog N

7(N/m) — (L) Np N
< m;g ( p—1 " meXp(Cm/W)) log log log N
1 Np 1

- = (m;j%(ww/m) w(Lm») * e o
n N < N Nplog N N

logloglogN "~ p—1  exp(cay/logU)  logloglog N

N N(logN)'! N N
< —+

L exp((logN)1/3)  logloglog N < logloglog N’

which completes the proof of this theorem.
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