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ON AN ARITHMETIC FUNCTION CONNECTED
WITH THE DISTRIBUTION OF SUPERSINGULAR
FERMAT VARIETIES

WERNER GEORG NOWAK *

ABSTRACT. For an integer m > 2, let 6(m) denote the asymptotic density of
primes for which some power is congruent to —1 modulo m. This arithmetic
function has a deep algebraic background as indicated in the title. The task of

this paper is to obtain a precise asymptotic formula for the sum Y  §(m),
2<m<x
where z is a large real variable. Furthermore, an analogous result for higher

power moments of §(m) is established.
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1. Introduction

To describe the problem considered in this article in purely number theoretic
terms, let us call a prime p ”m-admissible”, where m > 2 is a given integer, if
there exists a power of p which is congruent to —1 modulo m. For fixed m, let
d(m) denote the asymptotic density of the m-admissible primes, i.e.,

<2 pis meadmissi
§(m) := lim #{p€P, p<z: pis m-admissible} .
x—00 x/logx

(1.1)

This quantity has attracted interest because of its connection with so-called
supersingular Fermat varieties: Is is known [6], [7], [9] that the Jacobian variety

of a Fermat curve
X"+yYym=27m,
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considered in characteristic p, is supersingular (i.e., isogenous to a product of
supersingular elliptic curves), if and only if p is m-admissible. See also [7] for
some more equivalent formulations of this property, as well as for an extension
to higher dimensional Fermat varieties.

An explicit formula for §(m) has been established by N. Yui [9] and W.C. Wa-
terhouse [7]. To state it, we define first arithmetic functions a(m),y(m) by

220 | g(m), 220 |l ged({p—1: p|m, p>2}). (1.2)

Here ¢(-) is the Euler totient function, p denotes primes throughout, and 2% || b
means as usual that 2% divides b but 2! does not. Further, let

P(m):={peP: p|m}, wlm):=#P(m), w(m):=3(P(m)\{2}).
Then, according to N. Yui [9] and W.C. Waterhouse [7],

g—alm) if 4 |m

o(m) = o—a(m) gu™(m)y(m) _ 1 e, (1.3)

9 (m) — |
The average order of this arithmetic function is described by the sum Z d(m),
2<m<x

where z is a large real parameter. W.C. Waterhouse [7] showed that this is a
o(x). This permits the interpretation that supersingular Fermat varieties are
overall a rare phenomenon. The result was subsequently sharpened and given a
quantitative form by W. Schwarz and W.C. Waterhouse [5]: They proved that

AO xT
> dm) ~ (1.4)
2<m<x (lOg 1’)2/3

with a positive constant Ay for which they gave an explicit (though quite in-
volved) representation. Their argument is based on a deep Tauberian theorem
of E. Wirsing [8].

The objective of the present paper is to establish a more precise asymptotic
expansion for this sum.

THEOREM 1. For every fized positive integer K there exist positive constants
Ag, Ay, ..., Ak such that, as x — oo,

K
olm)= =z Ay 27 140 (z(logz)? /A1),
> m) = @Y Apllogz)* 7140 (w(loga)* /)
k=0

2<m<zx

where the O-constant may depend on the integer K.
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REMARKS. 1. The error term can be readily improved to O(z(logz)2 " /6=1),
just by considering this asymptotics with K replaced by K + 1. In fact, for any
€ > 0, the remainder can be made less than O (x(log x)’HE), by an appropriate
choice of K.

2. The matter is related to the problem concerning the average p-adic valuation
of the Euler totient function ¢(n). The latter has been investigated in a recent
paper by W.D. Banks, F. Luca and I.E. Shparlinski [1], Theorem 7.

2. Auxiliary results

The progress accomplished is primarily due to the application of a more ac-
curate Tauberian theorem, with an error term, which has been established by

R.W.K. Odoni [3].

OpoNI’s LEMMA. Let f be a nonnegative, multiplicative arithmetic function.
Assume that f(p*) is uniformly bounded for all primes p and integers k > 1.
Suppose further that there exists a constant ¢ > 0 so that

2 I long((lO;)z)

p<z

as x — oo. Then there exists a positive constant A such that, for every fized
e >0,
Z f(n) = Az(logz)*"' 4+ 0O (x(log x)c_3/2+8) .

1<n<z

Proof. This is a special case of Theorem III in Odoni [3]. As Odoni remarks
at the end of that paper, the error term could be improved slightly by a method
exhibited in the monograph of H. Halberstam and H.-E. Richert [2]. However,
this is unimportant for our purpose. O

An important idea in the approach of Schwarz and Waterhouse [5] is to ap-
proximate d(m) by
g(m) :=27(m) (2.1)
where the latter function has the advantage to be multiplicative. Furthermore,
Schwarz and Waterhouse in fact proved that

2_9(p) = 3logx+0<(1ogz)2)‘

p<z
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Applying Odoni’s Lemma readily yields the following.

COROLLARY. For every fixed € > 0 and large =,
AO X T
= g2 T %\ Gogayio—s 2.2
2<%:<m s(m) (log z)?/3 * ((log x)7/66> ) (2.2)

where the constant Ag is the same as in (1.4).

3. Proof of Theorem 1

Our strategy is to construct a more precise approximation to é(m), by a sum
of multiplicative arithmetic functions. To this end, for every integer k > 1, we
define sets of primes

k
Ppi={peP: 2"| (p-1)}, =P
j=1

LEMMA 1. For each integer k > 1, define nonnegative multiplicative arithmetic
functions By and 0y as follows:

okw (m)=alm) i 4t m and P(m) NP = 0,
Bu(m) = f 41 (m) NPy
0 else,

resp.,

2—w(m) i Abm and P(m) NP, = 0,
ak(m) — f 1' ( ) k+1
0 else.

Put finally, for m > 2 and K > 1,

K
Ag(m) :=d(m) — (g(m) + Zﬂk(m)> :
k=1

Then
for arbitrary integers m > 2 and K > 1.

Proof. If 4 | m, then §(m) = g(m), hence the assertion is obvious. Thus we
assume that 4 t m in what follows.

For given m > 2 and K > 1, let L denote the least positive integer for which
P(m)NP; # 0. Le., there exists p € P(m) for which 2L || (p—1), and 2F | (p'—1)
for all odd p’ € P(m). Thus, by (1.2), v(m) = L.
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Case 1. L < K +1. By definition, g (m) = 0. In view of (1.3) and (2.1),

L-1 L—-1
§(m) = g—a(m) Z gkwx(m) _ g(m) + Z Bk (m),
k=0 k=1

and the last sum can readily be extended to 1 < k < K, since B (m) = 0 for
L<k<K.

Case 2. L > K +1. Now 0x(m) =2"%™. Again by (1.3),

oy 20D ) g K
6(m) = 2 W:gm)—&—;ﬂk(m),
hence
K
0<d(m)— (g(m) + Zﬂk(m)> < 8(m) < 22790 = 40, (m),
k=1
using a simple inequality stated as a Lemma in Waterhouse [7]. g

The next step is to evaluate the asymptotic behavior of the sums over each
of the functions S (m).

LEMMA 2. For every k > 1, there exists a positive constant Ay, such that
3" Bulm) = Apa(logz)? P71+ 0 (x(log:c)H/SfS/%s) ,
1<m<z

for each fized € > 0 and © — oo, the O-constant depending on k.

Proof. In view of Odoni’s Lemma, it will suffice to find an asymptotics for the
sum over primes. Following Schwarz and Waterhouse [5], we define an integer
B = B(x) := [loglog 2/ log 2], so that 28 =< log x. We find that

S )= Y 2= 3% ok

2<p<lz p<a: j>k+1  p<z:
2k+1|(p—1) 27 ||(p—1)
B
k—j k—
=2 X 2 ) 2w (3.1)
j=k+1 p=<a: pa:
27| (p—1) 2B+ (p-1)

By a crude estimate, the last sum is

<k 2783 1< a(logz) .
p<x
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Using the Prime Number Theorem for arithmetic progressions (see K. Prachar
[4], p. 144, Satz 8.3), we get for each of the inner sums

. . . . 2k—=71i .
Yoo = ok ip(a, 2t 97 1) = 2l@) | (w xefcvlogw) -

P2+
2k72j 27]’
— 71. + O 7‘% ,
log x (log x)?
with C' > 0, uniformly in 5 < B. Using this in (3.1), we arrive at

2k$ B Yy T Q_k xT x
> Bilp) = log :Z: 277 +0 ((10gx)2) T3 loga o ((10'596)2) .

p<z

p<z:
27 l(p—1)

In view of Odoni’s Lemma, this result readily implies the assertion of Lemma 2.
O

It remains to estimate the contribution of the error committed by the approx-
imation of Lemma 1. I.e., we shall show that, for every fixed K > 1,

Z O (m) <k x(log :1:)27}(/4_1. (3.2)

m<x

Similarly as before, we see that

1 1 2-K-24 x
0 = =@ 2k ) ="—— 4+ 0 ——
Z K(p) Z 9 9 7T(I, ) ) lOgCL‘ + (log 33)2 )
2<p<lz p<w:
2K+2|(p-1)

by the Prime Number Theorem for a fixed arithmetic progression. Odoni’s
Lemma implies again more than claimed in (3.2).

Together with Lemmas 1 and 2, and with (2.2), this completes the proof of
Theorem 1.

It is possible to write down an explicit representation for the constants Ay. To
this end one may appeal to E. Wirsing [8], Satz 1 and the comments thereafter.
This result is less precise than Odoni’s, insofar that it does not provide an error
estimate, but it gives the leading coefficient explicitly. Using this we readily find
that

exp(—E27%/3) P e B

A TTE) |
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where £ = 0.577215... is the Euler-Mascheroni constant, and

Pyo= ] | e e 1+Zﬂk :

P

27%
Ry := lim Zﬂk — loglogx ,

r— 00
p<lx

the existence of the limit and the infinite product being guaranteed by Wirsing’s
analysis. For the coefficient Ay such a representation has been given already by
Schwarz and Waterhouse [5].

4. The r-th power moment of §(m)

From the analysis developed so far, it is in fact an easy consequence to estab-
lish an analogous result for the sum over (6(m))", where r > 1 is an arbitrary
fixed integer. For any integers K > 1, » > 1, m > 2, it is immediate from
Lemma 1 that

K
7!
Gomy = 3 )" (Ar(m)y
TQsees TK4+1 >0 0 K+1 k‘:l
Tot+ AT 41=T
(4.1)

(with the usual convention that 0° := 1). To sum each term of the right hand
side over m < x, one may again restrict the summation to primes, and then
appeal to Odoni’s Lemma.

(4.2)

Part 1. The terms of (4.1) with rx 1 = 0. Throughout, in what follows, Z is
supposed to mean that summation is restricted to those integers j which satisfy

j>max{k: 1<k <K, ry 20 }. (4.2)

(As usual, max () :== —c0.)  Forany (rg,...,7K) € Zg@"l with ro+---+rg =7,
and a prime p, suppose that 27 || (p — 1) with j fulfilling (4.2). Then,

K K K
(g(p))"™ H(ﬁk(?))” = expy <—j7‘o + Z(k - j)%) = expy (—jr + Z krk) ,
k=1 k=1 =1
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writing exp, (z) := 2% to express powers of 2 with complicated exponents. There-
fore,

K K (4.2)
> (a) T (Br(p)™ = exp, (Zkrk> doom N1 (43)
2<p<z k=1 k=1 j>1 p<a:

27 [[(p—1)

Let B = B(x) = [loglogz/log?2] as before, so that 28 =< logz. The terms in
(4.3) corresponding to j > B are altogether

T
(logz)?

<kr 277) 1<
p<z

From the right-hand side of (4.3), there thus remains

K (4.2)
exps (Zkrk> Z 2797 (2,291 29 4 1).
k=1 1<j<B

Again by the Prime Number Theorem for arithmetic progressions (K. Prachar
[4], p. 144, Satz 8.3), this is equal to

T T
o) gz + 0 ()

where
K (4.2)
c(rg) = expy (Z krk> Z 279D ppe = (ro,...,TK). (4.4)
k=1 j>1

For given rg, let K’ denote the largest index for which rx, # 0. Then we notice
for later use that

K’ oo
c(ri) = expy Zkrk Z oI+l —
k=1 J=K'+1
K/
=expy [ D (k=K —K'| (2 —1)7 < (274 —1) 7,
k=0
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with equality if and only if K’ =0, i.e., rx = (r,0,...,0). By Odoni’s Lemma,
there exists a positive constant A(rg) so that

K
> (gm)™ JT(Be(m)™ = Alrx) e(log )" +
2<m<x k=1 (45)
+ OK,T (x(log ZE)C(FK)73/2+€> ,

for each fixed € > 0.

Part 2. The terms of (4.1) with rg+1 > 0. These will give the error term in
the final result. In fact, we estimate A (m) by 46 (m), in the sense of Lemma
1, and thus we have to evaluate (with Odoni’s Lemma in the back of mind)

K
> )™ TTBe@)™ (O (p) 7. (4.6)
k=1

2<p<z

Now for 27 || (p—1),j > K +1,and ro+ - -- + 741 = 7, it follows that

K K
p)" TT(Be@)™ (O (p)) "+ = expy <_j7“o + > (k=) — rK+1> .
k=1

k=1
Unless rg = --- = rg = 0, we may repeat the above argument, including the
breaking up of the sum at j = B. Thus we obtain

K
5 @) TLG ) O™ = ) o+ O (o )
k=1

25t (log x)
with
K
c(rr41) Z eXp2< i(ro + 1) +Z k—TK+1>=
J>K+1 k=1
K . (4.7
= expy | -K—r—1-— Z(K — k)r (21+T_TK+1 — 1) .
k=0

Hence, by Odoni’s Lemma,

K
> (gm)® [T Br(m)™ (0 (m)™+* < @ (loga) e =1 (4.8)
k=1

2<m<x

In the exceptional case that ro = --- = rx = 0, i.e., Tx41 = r, we simply
conclude that

. . B 27K77‘71x €T
Yo k@) =27 Y 1= “logw O ((logar)2> '

2<p<lx p<w
2K+2)(p—1)
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Thus in this case,

Z (Ox(m))" <k.r x(logx)Q_K_r_lfl

2<m<x

(4.9)

But it is easy to see that the constant ¢*(rx41) defined in (4.7) satisfies ¢*(rg4+1)
< 27K=r=1 Therefore, collecting the results (4.1), (4.5), (4.8), and (4.9), we
obtain the following asymptotics.

THEOREM 2. For arbitrary fixed positive integers v and K there exist positive
constants A*(rg) such that, as x — oo,

S Gy =a Y A oga) ) 40 (llogx) ),

2<m<zx Ty T >0
ro+-Ar=r

where the O-constant may depend on the integers r and K. Here vk and c(rk)
have been defined in (4.4). In particular,

, A*(r,0,...,0)z
2 (Bm)y ~ (logz) - V@ -1

2<m<zx

REMARK. In general, not all of the constants c(rx) exceed 275 ~"=1 thus some
of the terms A*(rg )z (logz)°x)=1 may be absorbed by the error term.

To illustrate the established asymptotic formula, let us consider the special
case r =2, K = 1. By (4.4),

| P | P |
(2,00 =) 2 3J=?, o(1,1)=2) 2 3]:%’ c(0,2)=4)"2 3J=ﬁ.
j=1 j=2 j=2

Of these constants only ¢(2,0) and ¢(0,2) exceed 27K—7-1 = Tlﬁ’ and we obtain
A*(2,0) A*(0,2) x T
6 2 = ) ) O .
2<;<$( ) r(log )5/ - (log x)13/14 * (log z)1o/16
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