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ON DISTRIBUTION FUNCTIONS OF CERTAIN
BLOCK SEQUENCES

FERDINAND FILIP — LADISLAV MISiK — JANOS T. TOTH

ABSTRACT. In this paper we study the sequence 1 < x2 < --- < of positive

integers for which Ixi1 — 1. In this case we prove that the set G(X,) of

distribution functions of the sequence of blocks X, = (z—l, 2 . m—”) can be

Tn ' Tn P Ty
infinite. On the other hand if the ratio sequence
T

xZ — —
x’:,m71,2,...,n,n71,2,...

is uniformly distributed, then — o 1.
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1. Introduction

Let z,, n = 1,2,... be an increasing sequence of positive integers. T. Salét
[10] in 1969 introduced and studied everywhere density in [0,00) of the double
sequence

Im o n=1,2,... (1)
In
which is called ratio sequence. The density of (1) is equivalent to the everywhere
density in [0, 1] of the sequence
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It is also called ratio block sequence of z,, n = 1,2,... and we see that it is
composed by blocks

%= (225, - 0
xn x'ﬂ ‘rﬂ
which can be studied individually. The density of the sequence of individual
blocks (3) implies the density of (1). Also, if the distribution functions of (2)
or (3) are increasing, then again the sequence (1) is everywhere dense. This is a
motivation for the study of sets G(x,,/x,) and G(X,,) of distribution functions
of (2) and (3), respectively (defined in Par. 2), cf. [14], [15] and [5].

The second motivation for study of block sequence (3) is that also other kinds
of block sequences were studied by several authors, see [3], [6], [7], [8], [9], [11],
[17], etc.

This note is focused on increasing integer sequences x,,, n = 1,2, ... satisfying

lim —2% = 1. (4)

n—oo ZTL+1

In Part 3 we prove that (4) does not imply that G(X,,) is singleton. This
gives the negative answer to the question recently published in [5, p. 76, Q.2]
and in [12, Problem 1.9.2] [Unsolved Problem section (eds. O. Strauch and R.
Nair)] placed on the home page http://udt.mat.savba.sk of the journal Uniform
Distribution Theory.

In Part 4, assuming for singleton G(x,,/x,) = {g(z)} that g(z) < 1 for x €
[0,1), we prove (4). This proves that the uniform distribution of (2) implies (4).

2. Definitions and basic results

In the following we use standard notations and definitions from [7], [2], [13].
1. By distribution function we mean any function g: [0,1] — [0,1] such that
g(0) =0, ¢g(1) =1 and g is nondecreasing in [0, 1].
2. For the block sequence X, in (3) denote

4 A X’ru
AXp, ) =#{i <n: j— <z} and F(X,,z)= %

for x € [0,1) and F'(X,,1) = 1.
3. Denote G(X,,) the set of all distribution functions g(x) for which there exists
an increasing sequence of indices ng, £k = 1,2,... such that

klim F(X,,,x)=g(z)
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for all points = € [0,1] of continuity of g(z), i.e. almost everywhere (abbrev.
a.e.) in [0,1]. In other words F(X,,,z) converges to g(x) weakly.

4. Put N = BEED 1) with 0 < 1 < k+1. Abbreviating A(X,,, ) = ZlA(Xj,x),
J:

for the ratio block sequence z,,/x, in (2) denote
#,)): 1<i<j<k 2 <ap+#{i: i<, 5 <ax}
Fn(zm/Tn,2) = ] RS
N
D vr)
where x € [0,1) and Fn(zp/zn,1) = 1.
5. Similarly G(zy,/x,) denotes the set of all distribution functions g(z) of

block sequence (2) for which there exists an increasing sequence of indices N,
k=1,2,... such that

()

lim Fy, (€m/Tn, ) = g(z)

k—oo
a.e. in [0,1].
6. On the set of all distribution functions the L? metric is defined by
1/2

p(g1,92) = (/01(91(x) — gz(l‘))zdx>

It is known: (i) G(xy,/xy) is nonempty, closed and connected (see [18]), similarly
for G(X,,), but G(X,,) is not connected in general, cf. [5].
(ii) If G(X,,) = {g(z)} is singleton then again G(z,,/x,) = {g(z)} (see [14]).

3. Counterexample

Tnt1
This is a negative answer to the Problem 1.9.2 in [12].

In this part we prove that — 1 does not imply that G(X,,) is a singleton.

EXAMPLE 1. Let ag, ng, k=1,2,..., and x,,, n = 1,2,... be three increasing
integer sequences and h; < hg be two positive integers. Assume that

(1) n:il — 0 for k — oo;

(ii) =%~ — 0 for k — oc;
Nkt1
(iii) for odd k we have
ay? < ap, = (ag—1+ng —ng—1)" < (ax + 1)" and

z; = (ap +1 —ng) for ng < i < npyq;
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(iv) for even k we have

aZl < Xy, = (@p—1 + g — ng_1)" < (ar + 1)" and

x; = (ag +1i —np)" for ng <i < npy.
Then mi+1 — 1 and the set G(X,,) of all distribution functions of the sequence
of blocks X, is G(X,) = G1 UG2 UG3 UGy, where'

Gy = {272 ;¢ € [0,1]},

Go = {z™(1—t)+t;t € [0,1]},

Gs = {max(O,xﬁ —(1- xﬁ)u),u € 10,00)} and

Gy = {min(l,xﬁ.v);v € [1,00)}.

Proof. 1. Firstly we prove that for any h; < hs the sequences ay,ng,x,
satisfying (i)—(iv) exist:

Fori=1,...,n1 we put z; = i" and then we find a1 such that a}f2 <y, <
(ay + 1)"2. If we have selected, for an odd step k, all a;, i = 1,2,...,k — 1, z;,
1=1,2,...,nk, then we find aj such that aZ"’ < xp, < (ar +1)"2, and then we

put x; = (ax + i — ng)"? for nyp < i < nyyq, where we choose nyy sufficiently
large to satisfy the limits (i) and (ii). For an even step k we proceed similarly
replacing hs by hj.

2. In contrary to the independence of ay and ng41 we have

ag ag

— — 1 for odd k — oo, —~ — 1 for even k — oc. (6)
s "y

T, Ty,

This follows from (iii) and (iv), directly, e.g. from (iii) we have

h
ay’ < (%—1 +1_nk—1> ! < (ak-i-l)hq.

nZl n Nk nZl
As an application of (6) we have
CL—k—>0for0ddl<;—>oo, %k, 56 for even k — oo. (7)
ng Nk

3. Now we prove mﬁl — las i — oo. Let i € (ng,nks1) and let e.g. k be
odd. Then by (iii)

h2 h2
i 1 1
Tio_ <1) > <1)
Tit1 ap+1+1—ng ay

1
All functions in G1,..., G4 are defined for z € (0,1) and for z = 0 or x = 1 are assumed to
be equal to 0 or 1, respectively.
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and for ¢ = ny again

h2 1 h2
L (1)
Tnp41 (G + 1)ke a

which implies the limit 1 as odd k — oco. Similarly for even k.
4. Let N € [ng,nk+1] be an integer sequence (we shall omit the index in Ny,)
for k — oco. For « € (0,1) we have

I <i< g 7E <a} N #{nk—1 <i < ng; 2- <}

F(XN,SC)— N N
#{nk <i < N3 2= <z} A B
+ ~ =o(l)+ ~t N (8)

To compute % for odd k we use

T; Ap_1 +1—ng_1)™ . 1 hy
sc;f_((kakl-l-N—:k)lh)z <$<:>Z_nk—1<xh1(ak+N_”k)h?—ak—l

and we have

F‘H

h
A min(ng — ng—1, max(0, [z™1 (a + N — nk)ﬁ —ak-1])) (9)
N N '
Similarly, for even k

|~

hy
A min(ng — ng_1, max(0, [z2 (a + N —ng)™2 — ag_1]))

= . 10
For % and odd k£ we use
. ho
Ti [ ap+i1—mng . = _ _
xN_<ak+Nnk> <x<<=i—n; <z2(a+N—ng)—ag
which gives
B min(N — ng, max(0, [x%(ak + N —ng) — agl)) (11)
N N '
Similarly, for even k we have
B _ min(V — ny, max(0, [x’%l(ak + N —ng) —ax])) (12)

N N

In the following we will distinguish three cases

23 23

F—>t>0, — — 0 and —t>0.

— 0, and
Nk41 Nk+1

5. Now, let = —t >0 as k — oc.
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a) Assume that k is odd and compute the limit of 4 by (9).
Tl — tand if £ < 1 we see

ho
E N & _
Tht a’Zl + (1—%> _ L L
N™ N7 N N

since J\,Ll for hy < hg is unbounded and by (6)

N h2
hy
ag ag Nk \ 7o hy
= _ — tha,
oo\
N h2 nkZ

is bounded. Thus, for 0 < t < 1, we have

N—>tf0roddk‘—>oo.

al) Let for the moment ¢t = 1. We have %% — 1 and

nh,2
hy
h1
1 ag N —ny Af—1 1 ha
A T + o _ ~ _)x}L1(1+u)h1
N2 NP2
N*’I’Lk

assuming the limit

N2
hg

(14 w)™ . Thus for ¢ = 1 and corresponding v € [1, c0) we have

~ min(l,thllv) for odd k — oc.
If N;h"l’“ — 00, then
N h2
N—>1foroddk‘—>oo.
b) Now, again 0 < ¢ < 1. For even k in (10) we have

hy

1 a N n " 1
el [ (1——’“) e N
N N N N
since by (6)
ho
ag ag Nk \ k1 hg
NE m (37)" —em
T
Thus
A

1
— — xh2 ¢ for even k — 0.
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c) For the limit £ as odd k — oo we compute (11) by using Y5 — 1 —¢
and

x P2 (—+1——)—%—>m%(1—t)
ar Mg

since by (7) we have % = 22 — 0. Thus

B N
N F 27z (1 —t) for odd k — oo. (17)
d) Again by (7), for even k we have % = 252 — oo, then (assuming = < 1)
At (‘Lk _ %) _ %,
x N +1 N N
Thus

B
N 0 for even k — oo. (18)

e) Summing up (13), (16), (17) and (18) we find, for every = € (0, 1),

1
h2(1—t)+t forodd k
F(Xn7) — xi( )+ or o — 00, (19)
xh2 it for even k — o0
h
for R — ¢, 0<t <1 For  —t=1, ,f}’“—>uandv—(—|—u)ﬁwehave
N h2
applying (14)
F(Xy,z) — min(l,xﬁ.v) for odd k — oo, (20)
and for ¥ Sk — 00 we have
Nha
F(Xn,z) — co(x) for odd k — oo, (21)
where co(z) =1 for z € (0,1).
6. In the case & — 0 and % — 0 we have % = 0(1) and then it suffices

to compute the limit £ by (11) or (12).

a) Assume that odd k — oco. Since ¥ — 1 and by (7) we have % =
4k Tk — () and thus

Nk N
x%(%—i—l—%)—aﬁk—mx%. (22)
b) Assume that even k& — oco. In this case (by (6) and (ii)) we have
ho ho
5% (4% 71,:71 Qe Qe TL,iTl
— = , —1, —— — 0, then — 0.
N % N % Nk+1 Nk+1

Ny, Ny,
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Thus, for any u € [0, 00) we can find a subsequence of N such that

hy
h1
"]’([ o (23)
Then
oy (ai _ %) _ % A (1— gt
P N+1 N ~ 2 (1 —aP )u. (24)
¢) Summing up (22) and (24) we find for every x € (0,1)
1
Rz for odd k
F(Xy.2) — a2 N N or o — 00, (25)
max(0,z?1 — (1 —z™1)u) for even k — oo
hy
hy
for % — 0, % — 0 and for u € (0, 00) satisfying (23) if k is even. If "~ — oo
then
F(Xn,x) — c1(z) for even k — oo, (26)

where ¢;(z) =0 for z € (0,1).
7. Finally, let % —t> 0. Then ¢ — 0, because (ii) % — 0. Comput-

ing the limit % by (11) or (12) we find

2 for odd k — oo,

=S

(27)

>

x
F(NN7 I) -
x®1  for even k — oo.
8. Now, assume that F(Xy,z) — g(x) for some sequence of N € [ng, ngi1],
ie. g(x) € G(X,). Then we can find subsequence of N (denoting again as N)
hy
hy
such that 3, Nzii’“, n;i\fd’ and "}“V converge. Consequently g(z) is contained
2

N
in the collection of (19), (20), (21), (25), (26) and (27).
Thus the proof is finished. O

REMARK 1. In [14, Th. 3.2] (see [5, p. 56, (i)]) it is proved that if G(X,,) con-
tains only continuous distribution functions then for every distribution function
g(x)

g(z) € G(X,) = gg(xy) € G(X,) (28)

assuming y € (0,1), g(y) > 0 and g(z) increases at y.
Our G(X,) = G;1 UGy U G5 U Gy is closed under implication (28), e.g. for
g(x) € Gs, ie. g(zr) = max(0,z%1 — (1 — z?1)u) and y € (0,1) for which
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g(y) > 0 we have

1 1 1

R (1 — AT \ _ AT
o) (o @) =) ) e —usat
g(y) yﬁ yﬂ _ (1 —y )u

1
_ AL
:max((),xﬁ —(1- thll)u'), where u' = utrhu

|~

-1 =y™)u

>

*1

T T
yr = —yhu
REMARK 2. In [14, Th. 5.2, p. 762] it is proved that the condition T — 1
implies the connectivity of G(X,) with respect to the L? metric (see also [5,
Th.3(iii)]). Here a set H of distribution functions is connected if for every two
91,92 € H and every € > 0 there exists gp,, . .., gn, € H such that p(g1,9n,) <€,
P(GnisIniyy) <& i=1,2,...,k =1, and p(gn,,g2) < . We shall say that from
g1 can be gone to go through H.

In this remark we prove, directly, that the set G(X,,) = G1 UG UG3 UGy is
connected. It follows from:

(i) From 21 can be gone to ¢o(x) through Gy;

(ii) from co(x) can be gone to whs through Go;

(iil) from 2% can be gone to ¢1(x) through G1, and
(

iv) from 2™ can be gone to c¢1(x) through Gs, again.

4. Singleton G(x,,/x,)

THEOREM 1. Let G(xy/xy) = {g9(x)} and g(z) < 1 for all 0 < x < 1. Then

Proof. Suppose that G(x,/x,) = {g(x)} and g(z) < 1 holds for every 0 <

x < 1 and, in addition, liminf,, Ilil < 1. We are going to derive a contra-

diction. Our assumptions obviously imply that (cf. (5))

A(X,
lim (X, )

n—oo n(n+1)

2

= g(z) (29)

holds for every = € [0,1) and also there exists an € € (0,1) and an increasing
sequence of positive integers my, k = 1,2, ... such that the inequality zmil <e

holds for all Kk € N. Put = ¢ and choose an « such that

O<a< fy-2 if g(z) #0,
0 < v arbitrary  if g(x) = 0.

Ty,

(30)
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The existence of such an « is guaranteed by g(z) < 1. Then the following
equality obviously holds

[amy]
A(X[mk+amk]ax) = A(ka,.f) + Z A(ka-i-i?x) . (31)
i=1
As e < Ik < g 2 holds for every i = 1,2,...[amy] we obtain

Tmp+i  — Tmp+1

A(Xomy+i,x) > my for all ¢ = 1,2, ... [amy]. This and (31) imply
A X pmytamys ) = A Xy, ) + [am]m .

Thus
*1—;<m+am.7 AXm (6%
(33) li ( [m k] .’L’) > i ( k?x) [ mk}mk

koo Imetame]([metome]+l) = g oo [metomg]((metame]+1)
2 2

Z(Xrnk ;17) mk(karl)

. m,k(rgk.+1) ) + [amk]mk g(x) 20
- khjgo [mu+om] ([me+ame]+1) - (14 «a)? * (14 a)?’
2
Rearranging the last equality we obtain
> 2 9 it g(a) £0
a>—— — i g(x
g(x)
and
2a
025 if  g@)=0,
contradicting (30). O
COROLLARY 1. If the ratio sequence 2™, m = 1,2,...,n, n =1,2,..., is uni-

n

formly distributed, i.e. G(xm/xn) = {g(x) = x}, then lim,_, wiil = 1. The
same also holds for g(x) = z*, X € (0,1].

REMARK 3. For block sequence X,,, n = 1,2,..., with singleton G(X,) =
{g(z)} in [14, Th. 8.2] is proved that either g(z) = z*, A € (0,1] or g(x) = co(7),
where ¢o(z) = 1 for z € (0, 1] and ¢(0) = 0. Thus the condition g(z) < 1 implies
g(z) = z* and the limit %=~ — 1 follows directly from G(X,) = {g(x)} =

Tn41
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G(zm/zn) = {g(x)} and from Corollary 1. Another method is given by [14, (1),
p. 756] the relation (m < n) F(Xp,z) = 2F (Xna:i—m) which for m = m,

n=my+1, I""jrl — (3 implies B = 1 since it gives g(z) = g(xf) for 8 > 0.

Tom
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