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KLOOSTERMAN SUMS FOR MODIFIED
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ABSTRACT. For every integer n € N, let R(n) be the integer obtained by

reversing the order of the base-g digits of n and call R(n) the reversal of n (with
oo

respect to g). In this paper, we introduce and study a sequence C(g) = {R(n)}22,
which is closely related to the van der Corput sequence. We establish a few
fundamental divisibility properties of reversals that lead to sharp estimates for
the number of solutions to a system of congruences of the form n = s (mod v)
and R(n) =t (mod w) (s,v,t,w € N).

Communicated by Florian Luca

Dedicated to Professor Robert F. Tichy on his 50th birthday

1. Introduction

In this paper we study divisibility properties of reversals, and using methods
from the theory of exponential sums, we study their distribution over congruence
classes and as solutions to systems of linear congruences. The close connection
between reversals and van der Corput sequences (first defined in [8]), which is
explained in this introduction, makes these investigations relevant to problems
in several areas of applied probability and numerical integration theory.

We begin with some definitions. Let X = {z,}52; be an infinite sequence of
points in the interval [0,1), and let X} denote the finite subsequence {z,}k_;
for each k € N. The discrepancy 0(X) = 6(X%) of the set Ay is defined by

Sp(X)= sup |IEE TV (B A).
0<A<BL<1 k
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The sequence X is said to be uniformly distributed if limy_,~ 0, (X) = 0, and X
is said to have low discrepancy if 6 (X) is small for all k € N (see [19]). As is well
known, classical Monte Carlo methods used in numerical integration give rela-
tively small errors for estimates using random sets of points or vertices (see [22]);
however, pure randomness is hard to come by in practice. If the vertices are not
completely random but are chosen as terms of a low discrepancy sequence, then
one talks about quasi-Monte Carlo methods ([20, 22]), with Koksma-Hlawka
and Erdés-Turdn-Koksma type inequalities (see [10, 14, 15, 16, 17]) bounding
the error terms of the approximations (see also [23, 25]).

One of the most useful one-dimensional examples of a sequence of quasi-
random numbers is the famous van der Corput sequence (see [8] and also [5, 9,
22]), which is defined as follows. For a fixed base g > 2, consider the base-g
representation of an integer n > 0:

n= ak(n)gk. (1)

Here, each digit ax(n) liesin {0,1,...,g—1}, and the leading digit ar_1(n) # 0.
The integer ¢(n) = L is called the length of n; we also say that ¢(n) is the number
of digits of n. The van der Corput sequence is the sequence C(g) = {c,}52 4,

where
L1

Cn = Z ap(n)g= k. (2)
k=0
In other words, each term ¢, of the van der Corput sequence is obtained by a
symmetric reflection of the base-g digit expansion of n about the decimal point.
The discrepancy of C(2) was first investigated by Haber [12], who showed that

FCENE _ 1

lim sup

ko0 logk  3log?2’
where
0<A<1 k

This work was later improved by Béjian and Faure [4]. For an arbitrary base
g = 2, Faure [11] proved that

g—1
ouCloDk _ i)k _ | 1108

lim su msu =
k_,oop log k k_,oop log k g2

4(g+1)logg

if ¢ is odd,

if g is even.
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In this paper, we introduce and study a sequence C(g) = {R(n)}22,, which
is closely related to the van der Corput sequence. For every integer n € N, let
R(n) be the integer obtained by reversing the order of the base-g digits of n.
More explicitly, using the representation (1) we define

L—1 L—1
R(n) =Y ar_1-k(n)g" = ar(n)g" 7" (3)
k=0 k=0

and call R(n) the reversal of n (with respect to g). Note that R(n) = c,g”,
where ¢, is given by (2). It is easy to see that R(ng) = R(n) for all n > 1, and
L(R(n)) = £(n) if and only if ag(g) # 0 (that is, g n).

One of the advantages of working with the sequence C(g) rather than C(g) is
that every reversal R(n) is an integer, hence a variety of number theoretic tools

can be brought to bear on questions about the arithmetic structure of C(g). In
particular, instead of studying the distribution of the van der Corput sequence
in [0, 1), our focus in this paper is on the arithmetic of reversals, a point of view
that has not been previously considered.

In this paper we establish a few fundamental divisibility properties of reversals
(see Lemma 3.1 and Lemma 3.2 in Section 3) that lead to sharp estimates for
the number of solutions to a system of congruences of the form

n=s (mod v) and R(n)=t (modw) (s,v,t,w € N);

see Theorem 3.3 and Theorem 3.4 below. In particular, we show that if s, ¢, v, w
are integers with v,w > 1 and ged(vw, g(g?> —1)) =1, and A C {0,1,...,9— 1},

then
I
#N(A,S,t,’l},’lﬂ,ﬂ?)—ﬂx <L rexp —i ,
gvw 2(vw)?log g

where
N(A;s t,v,wiz) ={n<z:neN(A), n=s (modv), R(n)=t (mod w)}
and
N(A)={neN:n=a (mod g) for some a € A}.

These results on uniformity of solutions of congruence systems of similar form
are equivalent to generalizations of the van der Corput type problems to subse-
quences created by various arithmetic progressions (see [2, 24, 26]).

We remark that our methods rely heavily on ideas from the paper of Banks,
Hart and Sakata [1] on palindromes; the results of that paper provided inspira-
tion for the present work.

Acknowledgements. The authors would like to thank Igor Shparlinski for his
comments on the original version of the manuscript, especially for pointing out
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to us the relevance of our results to the study of van der Corput sequences. We
also thank the referee for a careful reading of the manuscript and for bringing
to our attention some recent work of Sylvain Col [7].

2. Estimates on exponential sums

We need the following simplified version of Lemma 2.2 of [1]:
LeEMMA 2.1. Let us write e(x) = exp(2mix) for all x € R. For all integers
q, k,m with g,k > 2 (where ¢t m), we have:
k-1

S e(am/q)

a=0

<k exp(—4/¢%).

For every integer L > 1 and every subset A C {0,1,...,g — 1}, let us define
NL(A)={n:¥4(n) =L and n =a (mod g) for some a € A}.
Note that the condition £(n) = L is equivalent to g*~1 < n < g*. Clearly

_ [ #Alg—1)g"? if L >2,
#NLA) = { #(A{{O}) ! if L=1. )

LEMMA 2.2, For all integers s,t,v,w, L with v,w, L > 1 and an arbitrary subset
ACH{0,1,...,9—1}, let

Sp(A; s, t,v,w) = Z e (sn + tR(n)> )

neNL (A) v w

Ifvts orwit, ged(vw,g(g?> — 1)) =1, and L > 6, then
|SL(A; s, t,v,w)| < #NL(A) - exp(—L/(vw)?).

Proof. Let D=1{0,1,...,9 — 1}, and fix L > 6. Using (1) and (3), we have

L—1 L—1
t
SL(Av s,t,v,w) = Z )6 (Z Z ak(n)gk + E ak(n)gL1k>

neNL (A k=0 k=0
s L—-1 " L-1
L—1—
= > e 2D angt+ = apg" ' F
v w
ap,a1,...,ar,—1€D k=0 k=0

ag€A, ar_17#0

aQ,a1,..., ar,—1€D k=0 k=0

ap€A, ar 170
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where
a(sw + tvgt—1 a(swgt=1 + tv
T, = Ze(( 9 )>7 TL—1ZG(( g ) 7
VW vw
acA a€D
a#0
k4 ppgb—1-k
T, = Ze(a(sw9+vg )>, 1<k<L-—2
VW
a€D
Let us define
B={1<k<L-2:vw|(swg®+togt=17%)},
G={1<k<L-2:vwt(swg®+tog" ="}

Using Lemma 2.1 to estimate each term T} in the product Hﬁ;ol Ty when k € G
(note that vw > 2 since v { s or w t ), and using the trivial estimate for the
remaining terms, we derive the bound

Sp(As,t,0,w)] < #A-(9-1) - g7F - g7 exp(—4#G/ (vw)?)
= #NL(A) exp(—4#G/ (vw)?). (5)
If B= o, then #G = L — 2 and the desired bound follows immediately from (5);
hence, we may assume that B # @.
Let u = ged(vw, sw, tv). Note that u < vw since v { s or w 1 t; therefore, as
ged(vw, g) = 1, the condition vw | (swg® + tvgh~1=F) is equivalent to

swu~tg? = —tou" gt (mod vwut). (6)

If ged(vwu™t, swu=!) = d > 1, this congruence (for any k € B) implies that
d|tvu~1, which is impossible as ged(vwu !, swu=!, tvu~!) = 1. Thus,
ged(vwu™t, swu™t) =1, and we see that (6) is equivalent to

() = —tvu Y (swu™H)"1gP (mod vwut). (7)

Since u < vw and ged(vw, (¢ — 1)) = 1, it follows that vwu=' { (g% — 1), hence
the multiplicative order of g in the group (Z/vwu~1Z)* is at least 2, which
implies that the number of integers k& with 1 < & < L — 2 and satisfying (7)
(that is, the cardinality of B) is at most [(L — 2)/2]. Then

#9 = [(L—2)/2] = (L -3)/2,
and the desired bound again follows from (5). O

For v > 1 with ged(v, g) = 1, we denote by ©, the order of g in the multi-
plicative group modulo v. We now turn our attention to sums of the form:

O, k —k
b
K, (a.b) = e(ag +09 )
v
k=1
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where a, b are arbitrary, and the inversion ¢g—*

is taken in the residue ring Z/vZ.
We say that a set of primes S is good if every prime p € S satisfies the
conditions p = 3 (mod 4), p {f g(¢ — 1), and 6, = Q(log?p), and we have
ged(©,,,0,,) < 2 for all p1,p2 € S, p1 # p2. A modulus v is said to be special
if v =v(S) = [[,cs p for some good set of primes S.
The following result, whose proof is based on Theorem 1.1 of [6], occurs as
Lemma 2 of [3]:

LEMMA 2.3. Let S be a good set of primes, and let v = v(S) be the special
modulus corresponding to S. There exist absolute constants A, B > 0 such that
if min{p € S} > B, then for all a,b € Z, the following bound holds:

K. (ab)] <0, ][ <1 = logp(A5> :

s log log p)
ged(a.b.p)=1

The preceding lemma is complemented by the following result, a simplified
form of Lemma 3 of [3] whose proof depends in an essential way on Lemma 1
of [13]:

LEMMA 2.4. Ify is sufficiently large, there exists a good set of primes S in the
interval [y(logy)~2,y] of cardinality at least #S = Q(y'/*(logy)~2).
We now prove an analogue of Lemma 2.2 for v = w being a special modulus:

LEMMA 2.5. For all integers s,t,v, L with v,L > 1 and an arbitrary subset
AC{0,1,...,9— 1}, let

Sp(A;s,t,v) = Z e <sn—|—tR(n)> .
neNL (A) v

Suppose further that S is a good set of primes, and v = v(S) is the special
modulus corresponding to S. There exist absolute constants A, B > 0 such that
if min{p € S} > B and v 1 ged(s,t), then the following bound holds for L > 3
and z 2 max{p € S§}:

AL
|SL(Ass,t,v)| < #NL(A) - exp <_bgz(loglogz)5) .

Proof. Asin the proof of Lemma 2.2, we have
L-1
Sp(A;s,t,v) = Z H e(a(sg” +tg" 1) jv),
aQ,a1,..., ar,—1€D k=0

ap€A, ap 170
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and therefore

> elalsg® +tg" ") v)|.

L—2
|SL(A;Sat7U)| < #A (g - 1) H
k=1

Now let us write L —2 = m©,, + ¢, where m = |(L —2)/0,| and 0 < £ < O,,.
Using the arithmetic-geometric mean inequality, we derive that

mO, |g—1 2
|1SL(Ass,t,0) < (#A2(g - 1)20% [] 1D elalsg® +tg" %) fv)
k=1 |a=0
1 mO, |g—1 2\mOw
< (#A)P(g - 1™ o, Z Ze(a(59k+t9L_l_k)/U)
Y k=1 la=0
2 o0 (T e
— 2= (o) ®)
where
me, g—1
T = 33 ela—b)sg" +tg" 1) /)
k=1 a,b=0
971 ®u
gmO, +m Z Ze ((a — b)(sgk + tgE=1=%) /v)
l,l;ébOk:l
g—1
gmo, +m Z K,((a—b)s, (a —b)tg"™1).
a,b=0
a#b

To estimate the last sum, we apply Lemma 2.3, assuming that B > g. Since
p1ged(s,t), there exists a prime p € S such that ged(s,t,p) = 1; thus,

A
K,((a—b —btg" N < (1- ———+
| ((a‘ )8,(@ ) g )‘ < 10gz(loglog 2)5)
holds for all a,b in the sum. Consequently,
A Ag(g — 1)m®O,
r Helg—1mO, (1- ——2 ) < g?me, - ZHI— MO
T] < gmOy +9g(g—1)mO ( log z(log log 2)5) g log z(log log 2)°

and by (8) we have

st 2 9(L-2) M o
|SL(A; 5,1, )’ (#A4)*(9 = 1) (1 1ogz(loglogz)5) -
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Using (4), the estimates 1 —1/¢g > 1/2 and m®©,, > (L—2)/2 > L/6 (for L > 3),
and replacing A by 24 A, the result follows. O

3. Distributional properties of reversals

LEMMA 3.1. For all integers s,t,v,w, L with v,w,L > 1 and an arbitrary subset
ACH{0,1,...,9— 1}, let

Ni(A;s,t,v,w) = {neNL(A):n=s (mod v) and R(n) =t (mod w)}.
If ged(vw, g(g* — 1)) = 1 and L > 6, then the following estimate holds:

‘#NL(A;S,t,v,w) — W < #NL(A) - exp(—L/(vw)?).

Proof. Using the elementary relation

q—1 . .
LS™ () = { Lo ifn=0 (mod ),
q h=0

otherwise,

it follows that

= 5 EE(25) 5 ()

’nENL .A) a=0
b
e (an + R(n))
neNL (A) v w

e
:#+$ ffe(_“j—w) S (As a,b, v, w),

a=0 b=0
a=0 b=0
(a,b)#(0,0)
where Sy (A;a,b,v,w) is the exponential sum considered in Lemma 2.2. For all
pairs (a,b) # (0,0) in the last double summation above, either v { a or b 1 ¢;
hence, by Lemma 2.2, we have

#N v—1lw—1
’#NL(A;sJ,v,w) L’ < @ ZZ |SL (A;a,b,v, w)’

vw

a=0 b=0
(a,b)7#(0,0)
v—1lw—1
< — ZZ H#NL(A) - exp(—L/(vw)?) < #NL(A) - exp(—L/(vw)?).
a=0 b=0
(a,b)#(0,0)
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This completes the proof. O

Similarly, using Lemma 2.5 instead of Lemma 2.2, we obtain the following
result:

LEMMA 3.2. For all integers s,t,v, L with v,L > 1 and an arbitrary subset
ACH{0,1,...,9—1}, let

Ni(A;s, t,v) ={neNy(A):n=s (mod v) and R(n) =t (mod v)}.
Suppose that S is a good set of primes, and v = v(S) is the special modu-

lus corresponding to S. There exist absolute constants A, B > 0 such that if
min{p € S} > B and v { ged(s,t), then for L > 3 and z > max{p € S} we have:

% <#NL(A)-exp< AL)'

#NL(A;8,t,0) — _logz(loglogz)5

The following two theorems, which extend Lemmas 3.1 and 3.2, respectively,
describe the distribution of the pairs {(n, R(n)) : n < x} over congruence classes:

THEOREM 3.3. For a real number x > 1, integers s, t,v,w with v,w > 1, and
an arbitrary subset A C {0,1,...,9— 1}, let
N(A; s, t,v,wyz) = {n <z :neN(A), n=s(mod v) and R(n) =t (mod w)},
where
N(A) = U NL(A) ={n:n=a (mod g) for some a € A}.
L>1
If ged(vw, g(g% — 1)) = 1, then the following estimate holds:

1
< xexp (—ng) .

. o HA
‘#N(A,s,t,v,w,x) ng:c S(ow)logg

Proof. We assume that vw > 2, since the case v = w = 1 is trivial. Let
s,t,v,w and A be fixed, and write N'(x) = N(A; s, t,v,w;x) for all z > 1, and
let

Ny, z)={y<n<z:neN(A), n=s (modv) and R(n) =t (mod w)}

forall x > y > 1. Let L > 6 be an integer parameter to be chosen later, and
put ng = La? / gLJ. We begin with the following estimate:

#N(x) =Y #N(kg" + 1, kg™ + g~ — 1) + O(g" + z/g").

k=1

For fixed k with 1 < k < no, every integer n € N (kg™ + 1,kg* + g~ — 1) can
be uniquely represented in the form n = kg* + m, where m € N(A), and the
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integer B = ¢(m) (which is determined by n) satisfies 1 < § < L. The reversals
R(n) and R(m) are related as follows:

R(n) = R(m)g* = +*®) L R(k).

Since n satisfies the congruences

(mod v),

R(n) =t (mod w),

it follows that m satisfies
m=s—kg® (moduw),
R(m) = (t — R(k))g P =4®)  (mod w).
That is, m lies in the set

N(k,B) = N3 (A; s —kg", (t — R(k))g_L+5_e("')7v7w)

(10)

considered in Lemma 3.1. Conversely, if 1 < 8 < L, and m € Jv(k:,ﬁ), then
m satisfies the congruences (10), hence the integer n = kg’ + m satisfies (9);
consequently, n € N (kg” + 1, kg™ + g — 1). We therefore have

L

UN() = 3 S # Rk 8) + (g + /™). (1)

k=1p3=1

Replacing the 4-tuple (s,¢,v,w) by (0,0,1,1) in the arguments above, we get

#A no L
- o = > #Ns(A) +0(g" +a/g"). (12)
k=1p3=1

We now express the double sum in (11) as a sum of

no 5 ng L
Ti=) ) #NkB) and  Ty=3 3 #N(kp)

k=1p=1 k=1 5=6

For each term in T}, we use the trivial estimate #N (k, 3) < #N3(A) = O(1),
and we obtain 71 = O(z/g). For each term in Ty, from Lemma 3.1 we get

_ #N(A)
vw

‘ﬁ(k, 6) < #N3(A) exp(—B/(vw)?).

Taking into account (12), we derive that

ng L
1= Y S PN o) < 220k o1+ a/st),

k=1p3=6
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where
Z Z #N5(A) exp(—/(vw)?).
k=1p3=6
Noting that
#N(A) exp(—5/(vw)?) < hP,
where h = gexp(—1/(vw)?) > 3/2 (since g > 2 and vw > 2), it follows that

no L

T3 < Z Z h? < noht < zexp(—L/(vw)?).
k=1 =0

Putting everything together, we obtain that

A
AN() = T2 04 O(g* + wexp(—L/(vw)?).
guw
We now choose
I log x
(vw)=2 +logg
(to balance the two expressions in the error term), and the result follows. 0

Similarly, using Lemma 3.2 instead of Lemma 3.1, we obtain the following
result (the proof is omitted):

THEOREM 3.4. For a real number x > 1, integers s,t,v,w with v,w > 1, and
an arbitrary subset A C {0,1,...,9 — 1}, let

N(A;s t,viz) ={n<z:neN(A), n=s (mod v) and R(n) =t (mod v)}.
Suppose further that S is a good set of primes, and v = v(S) is the special

modulus corresponding to S. There exist absolute constants A, B > 0 such that if

min{p € S} > B, then the following bound holds for L > 3 and z > max{p € S}:
Alogx

log g log z(log log 2)°

#N(A;s,t,v;1) — #—J;lx
gu

< xexp (—

To conclude this paper, we prove the following fundamental estimate:
THEOREM 3.5. For a real number x > 1 and integers t,w with w > 1, let
N(t,w;z) = {n < )=t (mod w)}.

Then
‘#]\/(t,w;x) - %‘ < /zlogx.
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Proof. Forevery L > 1,1let Np = N({1,...,9—1}) ={n:€4(n)=Land gt
n}. The reversal map R : N, — Ny, is a bijection; therefore, defining Ny, (a,v) =
{n € Np : R(n) = a (mod v)} for all integers a,v with v > 1, and taking
m = R(n), we obtain

#Np(a,v) =#{n € Ni : R(n) =a (mod v)}

#NL (13)

=#{me N, :m=a (modv)} = +O(1).

For fixed ¢, w, write N'(z) = N(t,w;z) for all z > 1, and let N'(y,z) = {y <
n<z:R(n)=t (mod w)} forallz >y > 1. Let L > 1 be an integer parameter
to be chosen later, and put ng = Lx/gLJ. As in the proof of Theorem 3.3,

no

HN (bw;z) =Y #N (kg™ +1,kg" + g~ — 1) + O(g" + 2/g").

k=1
For fixed k with 1 < k < ng, every integer n € ./\/(kg +1,kg* + g — 1) can
be uniquely represented in the form n = kg + mg®, where 0 < a < L and
g 1 m. Note that the integers « and § = £(m) are uniquely determined by n,
and 1 < 8 < L — a. The reversals R(n) and R(m) are related as follows:

R(n) = R(m)g"~*=+®) 4 R(k).

Since n satisfies the congruence

R(n) =b (mod w), (14)
it follows that m satisfies
R(m) = (b — R(k))g~EroB=F)  (mod w). (15)
That is, m lies in the set
Nk, e, 8) = N ((b = R(k))g~ 44070 ).

Conversely, f0 < a< L, 1< < L—a,andm € ./\N/(k, a, ), then m satisfies the
congruence (15), hence the integer n = kg* + mg® satisfies (14); consequently,
n € N(kg* +1,kg* + g* — 1). Therefore,

no L—1L—«

N (b, w; x) ZZZ#Nk‘aﬁ +O0(g* +x/g").

k=1 a=0 g=1

Replacing the 2-tuple (¢, w) by (0,1) in the arguments above, we also obtain

ng L—1L—«a
2] =) 1= "> #Ny+0(g" + /9. (16)
n<e k=1 a=0 g=1
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Using (13) together with (16), it follows that

#N (b wix) = = +O(g" + La/g").

We now choose

I log x + 2loglog x
N 2log g ’

and the result follows. O
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