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DISTRIBUTION OF THE SEQUENCE p,/n mod 1

OTO STRAUCH — OLGA BLAZEKOVA

ABSTRACT. In this paper we show that the sequence p,/n mod 1,n=1,2,...,
where py, is the nth prime and the sequence logn mod 1, n = 1,2,... have the
same set of distribution functions. The presented proof is divided into two steps.
In Step 1 we derive that p, /n mod 1 has the same set of distribution functions as
the sequence log(nlogn) mod 1 and in Step 2 we prove that log(nlogn) mod 1,
has the same set of distribution functions as logn mod 1. Step 2 is based on
a new method for computing distribution functions of xzy, + yn, mod 1 from the
distribution functions of the two—dimensional sequence (n,yn) mod 1 by using
the Riemann-Stieltjes integration of related two-dimensional functions. We apply
this method to z,, = logn mod 1 and y, = loglogn mod 1,n =2,3,.... In an al-
ternative Step 2 we use some generalization of a result of Koksma on distribution
functions.

Communicated by Florian Luca

1. Introduction

In this paper we study the following sequences:

(i) 2= mod 1,n =1,2,..., where p, denotes the nth prime;
(ii) lognmod 1,n =1,2,...;
(iii) log(nlogn) mod 1,n =2,3,...;
(iv) (logn,loglogn) mod 1,n =2,3,....

We prove that the sequences (i), (ii) and (iii) have the same distribution. Our
proof is divided into two steps. In Step 1 we derive that (i) and (iii) have the
same distribution and in Step 2 we prove the coincidence of the distributions
of (iii) and (ii) by using the distribution of (iv). Here we identify the notion
of distribution of a sequence x, mod 1, n = 1,2,..., with the set G(x, mod
1) of all distribution functions (abbreviating d.f.s) of the sequence x, mod 1,

2000 Mathematics Subject Classification: 11K06, 11K36.

Keywords: Prime numbers, sequences modulo 1, distribution functions.
This research was supported by the VEGA Grant 2/4138/24.

45



OTO STRAUCH — OLGA BLAZEKOVA

n = 1,2,..., see definitions in Part 2. In Step 2 we present a new general
method of finding the distribution of (z, + y,) mod 1 from the distribution of
(Zn,Yn) mod 1. This is a main result of the paper, but its application to (iii) is
complicated. In an alternative Step 2 we present a simpler method (not such
general), using some extension of the Koksma theorem (1933)[K1] (see [KN,
p. 58, Th. 7.7]). We also apply it to the sequence

(v) log(nlog™ n) mod 1, n = ng,ng + 1,. .., where log®” z is the ith iterated

logarithm, ¢+ = 0,1,2,...,
which again has the same distribution as (ii).
A plan of this paper is the following: After definitions and notations (Part 2),

we describe our method and results without proofs (Part 3), and then we add
proofs of results one by one (Part 4-10).

2. Definitions and notations

Consult monographs [KN], [DT] and [SP].
e x mod 1 or {z} denotes the fractional part of the real number z.
e [z] is the integer part of .

e A function g : [0,1] — [0, 1] will be called distribution function (shortly d.f.) if

(i) 9(0) =0, g(1) =1, and
(ii) g is nondecreasing.

e Two d.f.s g(x) and g(z) are called equivalent if they have the same values
for all common points of continuity, or equivalently, if g(z) = g(z) a.e. In the
following we shall not distinguish them.

e Let x,, be an infinite sequence of real numbers from the unit interval [0,1) (in
the opposite case we will use x,, mod 1). For the initial segment 1, ...,z N, let
the step d.f. F(z) be defined as

N
1
Fn(z) = ~ Z co.2) (Tn)
n=1

for all # € [0,1) and Fix(1) = 1. Here cjg ) is the characteristic function of the
interval [0, x).

e A d.f. g(z) is a distribution function of the sequence x,, if there exists an in-
creasing sequence of positive integers Ni, k = 1,2,..., such that limg_,oc Fi, ()
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= g(z) a.e. on [0, 1], i.e., in all points x of continuity of g(x) (this weak definition
differs from the point-wise definition given in [KN, p. 53, Def. 7.2]).

e G(x,,) denotes the set of all d.f.s of a given sequence z,,. If G(z,,) = {g}, then
g is said to be the limit law or asymptotic d.f. (abbreviating a.d.f.) of z,. If
g(z) = x, then x,, is called uniformly distributed (shortly u.d.) sequence.

e The lower d.f. g(x) and the upper d.f. g(x) of the sequence x,, are defined by
g(x) = liminfy_ o Fn(z) and g(x) = limsupy_,, Fy(z). Note that these d.f.s
need not be d.f:s of ,, see [SP, p. 1-11].

e A two-dimensional function g : [0,1]* — [0,1] is a d.f. (see[SP, p. 1-61]) if

(i) 9(0,0) =0, g(1,1) =1,
(ii) g(z,0)=0,9(0,y) =0,if 0 <z <1,0<y <1, and
(iii) g(z,y) is nondecreasing, i.e. for every point (z,y) € [0,1]? its differential

satisfies
dg(z,y) = g(z,y) + g(x + dz,y + dy) — g(z + dz,y) — g(z,y +dy) > 0.

e In the following we shall not distinguish two d.f.s g(x,y), g(x,y) for which

7
(ii) g(z,1) = g(z,1) for all common points of continuity = € (0,1), and
g(1,y) for all common points of continuity y € (0, 1).

e Similarly, for a two-dimensional sequence (z,,¥,), n = 1,2,..., N in [0,1)2,
we denote the step d.f. by

N
1
Fy(z,y) = N Z €[0,2)x[0,5) (Tns Yn))

n=1

if (z,y) € [0,1)2.
o G((zn,yn)) denotes the set of all d.f.s g(z,y) which are weak limits Fiy, (z,y) —
g(z,y) for suitable sequences of indices Ny, k — oo, i.e. the following holds:

(i) Fun,(x,y) — g(z,y) for all points (x,y) € (0,1)? of continuity of g(x,y),
(ii) Fn,(x,1) — g(z, 1) for all points x € (0,1) of continuity of g(z, 1),
(iil) Fn,(1,y) — g(1,y), for all points y € (0, 1) of continuity of ¢g(1,y).

See [SP, p. 1-61].
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3. Methods and results

Step 1. Starting with an old result of M. Cipolla (1902)[C] (cf. P. Riben-
boim (1995)[R, p. 249])

log 1
pn = nlogn + n(loglogn — 1) + o (nogogn) (1)

logn
we prove that
G(pn/n mod 1) = G(log(nlogn) mod 1).
To do this we use the following theorem (later proved in Part 8):

THEOREM 1. Let x, and y, be two real sequences. Assume that all d.f.s in
G(z, mod 1) are continuous at 0 and 1. Then the zero limit of fractional parts

lim (z, —yn) mod 1 =0

implies G(x,, mod 1) = G(y, mod 1). The same implication follows from the
continuity of d.f.s in G(y, mod 1) at 0 and 1.

We shall obtain the required continuity of g(z) € G(log(nlogn) mod 1) at
2 =0 and 2 = 1 by proving (in Part 6) the coincidence G(log(nlogn) mod 1) =
G(logn mod 1) and by using [KN, pp. 58-59]

6min(az,u) -1 1 e*—1

G(logn mod 1) = {gu(z) =—+ ;u € [0, 1]} (2)

el et e—1"

Step 2. To prove G(log(nlogn) mod 1) = G(logn mod 1) using the first method
we express (in Part 5 and directly by definition) d.f.s of the two-dimensional se-
quence (logn,loglogn) mod 1 as

G((logn,loglogn) mod 1) = {gy.(z,y);u € [0,1],v € [0,1]}
U{Gu,0ja(@y)iue(0,1,acAj=12...}
) {gu,0,0,a(m7y>;u € [av 1],0[ S A}7

(3)
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where A is the set of all limit points of the sequence e® mod 1, n = 1,2,...1
and, for (z,y) € [0,1)2,
guﬂ)(‘ray) = gu(x) : Cv(y)a
9u,0,5.0(T,Y) = gu,0,5,0(2) - co(y),
94,0,0,0(T,Y) = gu.0,0,a(2) - co(y), where
0 ifo<y<w,
co(y) = .
1 ifo<y<l,
and ¢,(0) = 0,¢,(1) =1,

emax(a,m) — o emin(fc,u) -1 1e*—1 1
Gu,0,j,0(T) = ol tu + el + eve—1 (1 a ej1> )

emax(min(m,u),a) — e

9u,0,0,a(2) = o

and, for x € [0,1] and y € [0, 1], marginal d.f.s are
Guw(2,1) = gu(2) = gu,v(2,1-0),
Guw(1,9) = co(y) = guo(1 = 0,9),
9u,0,5.0(%,1) = gu() > gu0,j.a(z,1-0),j =0,1,2,
9003:0(18) = h3(6) = Guo el 0,y), where =1~ and
hp(y) = B if y € (0,1), hp(0) = 0,hp(1) =1,

(5)

where, the parameters u, v, j and « play the following role: Let Fiy(z,y) denote
the step d.f. of the sequence (logn,loglogn) mod 1 (for definition see Part 2)
and let F, (x,y) — g(z,y) be a weak convergence as k — co. Then

o Fn,(z,y) = guw(z,y) for {log Ny} — u and {loglog Ny} — v > 0,

° FNk (xvy) - gu,[),j,oz(xvy) for {logNk} — U, {IOgIOgNk} - 07 {eJ} — Q,
K —[e!] = j > 0, where K = [log Ni], J = [loglog N], and

[e”]
* Fn, (,9) = guo,0a(z,y) for {log Ni} — u, {loglog Ny} — 0, {e’} — a,
K —lel]=0.

By using the following Theorem 2 (which will be proved later in Part 9) we
obtain the set G(log(nlogn) mod 1) from G((logn,loglogn) mod 1).

1
The exact form of A is a well-known open problem.
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THEOREM 2. Let x,, and y,, be two sequences in [0,1) and G((xn,yn)) denote the
set of all d.f.s of the two-dimensional sequence (T, Yn). If 2z, = Tpn + yn, mod 1,
then the set G(z,) of all d.f.s of z, has the form

Glzn) =1 glt)= / Ldg(z,y) + / Ldg(z,y); g(z,y) € C((2n,yn))
0<z+y<t 1<z+y<l+t

assuming that all the used Riemann-Stieltjes integrals exist.

Applying this theorem to z,, = logn mod 1 and y,, = loglogn mod 1, we obtain
in Part 6 that the resulting G(log(nlogn) mod 1) coincides with G(logn mod 1).

Some properties of the sequence log(nlogn) mod 1 can also be obtained im-
mediately, e.g., it is not uniformly distributed. This follows from the well known
Niederreiter theorem (cf. [N]):

THEOREM 3. If x,, n = 1,2,..., is a monotone sequence that is uniformly
distributed modulo 1, then

tim L2l

n—oo logn

Also the result that this sequence does not satisfy any limit law follows from the
fact that its upper and lower distribution functions are different. They can be
obtained by the following theorem of Koksma [K1], [K2, Kap. 8] (cf. [KN, p. 58,
Th. 7.7]):

THEOREM 4. Let the real-valued continuous function f(x) be strictly increasing
and let f~1(x) be its inverse function. Assume that, for k — oo,

(i) fHEk+1) = fH (k) — oo,
-1 N g1 .
(i) limg— o % = g(z) ewists for x € [0,1],
-1

(iil) liminfg_ e % = x(z).

Then the sequence
fr)mod1l, n=1,2,...

has the lower d.f. g(x) and the upper d.f.

g(x) =1 —x(z)(1 = g()), forz €[0,1].
Using this we find the lower and upper d.f. of log(nlogn) mod 1 as

e’ —1 e—el™®

g(z) = e_1 g(z) = Te_1
and they are the same as for logn mod 1, cf. [KN, pp. 58-59]. This gives an
impulse to the following generalization (later proved in Part 10) which we use in
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Alternate Step 2.

THEOREM 5. Let the real-valued function f(x) be strictly increasing for x > 1
and let f=1(x) be its inverse function. Assume that

(1) limg_ o f/(x) =0,

(i) limg—oo [k +1) — f71(k) = o0,

(iil) limg— o %w = P(w) for every sequence w(k) € [0,1] for which
limy 0o w(k) = w, where this limit defines the function ¢ : [0,1] —
[1,9(D)],

(iv) ¥(1) > 1.

Then

_ s oy o min@@), pw) -1 1 p) -1
G(f(n) mod 1)—{gw(x)— o) +w(w)w(1)_l,w€[0,l]}.
The lower d.f. g(x) and the upper d.g. g(x) of f(n) mod 1 are
ECIC) E R 1

Here g(x) = go(x) = g1(x) € G(f(n) mod 1) and g(x) = gu(x) ¢ G(f(n) mod
1).
The parameter w has the following meaning: Let Fy(x) denote the step d.f.
of the sequence f(n)mod 1, n = 1,2,...,N and w(k) = {f(Nr)} — w, then
Fn, — guw(x) for every z € [0,1].
Applying Theorem 5 to f(x) = log(zlogz) we again obtain that
G(log(nlogn) mod 1) = G(logn mod 1).

Furthermore, Theorem 5 can also be applied to f(z) = logz and to f(z) =
log(xlog” ), i =1,2,... (see Part 7) and which have the same distribution.

4. Lower and upper d.f.s of log(nlogn) mod 1

Theorem 3 implies directly that log(nlogn) mod 1 is not u.d. For computing
g, g of log(nlogn) mod 1 we apply Theorem 4 to the function f(z) = log(x log ).
Since

0<logfH(k+1) —log f7'(k) < f(fT'(k+1)) = f(f 7' (k) =1
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1
we have 2871 _(F+1) 1 49 & s o0 and because
log f=1(k)

k+1—k=f(f"Y(k+1) - f(f1(k)) = log (f—l(k+ 1) log f~(k + 1))

f=1 (k) log f=1(k)

we find £ }l,(lk(z)l) — e. Similarly

ek = () — 177 8) = tog (LA o S ) )

f=1 (k) log f=1(k)

gives ! ;i(lk(',:)x ) e, Summary:

R OBt S S N
FUk+1)— f~1(k) e—1" fYk+xz) e’

and for the sequence log(nlogn) mod 1 Theorem 4 gives

e’ —1 _ e—el™®
g(z) = e_1 9(x) = ——

and they are the same as lower and upper d.f. of logn mod 1, cf. [KN, pp. 58-59].

5. D.f.s of (logn,loglogn) mod 1

To find G(log(nlogn) mod 1) we shall apply Theorem 2 and thus we need to
find the set G(({logn}, {loglogn})) which we shall compute directly by defini-
tion:

For 0 <2 <1,0 <y <1 and a positive integer N denote by Fx(z,y) the
step d.f.

#{3 < n < N; ({logn}, {loglogn}) € [0,z) x [0,y)}
N

and desired d.f.s are all possible weak limits limy_,oc Fin, (z,9y) = g(z,y), for
suitable sequences N1 < Ny < .... Put

o K(N) = [log V],
e J(N) = [loglog N1,
e N={1,2,...,N}.

FN(x7y) =
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Note that, for given positive integers J and K, we have J(N) = J for every N in
(eeJ,eeJH) and K(N) = K for every N € (ef,ef+1), Further, let k = 1,2,...
and 7 =0,1,2,.... Since

0 < {logn} <z <= F(0 <logn — k < ) <= Fp(e" <n < M)

0 <{loglogn} <y <= 3;(0 <loglogn —j <y) < Elj(eej <n< eeHy),

we have

Fy(any) = S0 DD OO 8 ) N,

Denote by |X| the Lebesgue measure of X C R. Using the facts that
#{[eF, eFt?) NN} = bt — ek + O(1);
o 1 <k <K =[logNJ;

J—1+y
ee

+— — 0 as J — oo and for fixed 0 < y < 1;

o N > eeJ;
we have Fy(z,y) = Fx(z,y) + o(1), where

J

e, e<”™) N (U oy leF, eb o)) n e, V|
N
for every 0 <z <1 and every 0 <y < 1. Put
e u(N) = {log N}
o v(N) = {loglog N}.

For any sequence Ny, for which Fy, (z,y) — g(x,y), there exists a subsequence
N}, such that u(V},) — u, v(IV},) — v and in this case we shall write

FN(m7y) =

khjgo FN,’c (z,y) = gu,v(xﬂy)’

On the other hand, the sequence ({logn}, {loglogn}), n = 2,3,..., is every-

where dense in [0,1]%. Proof: Let (u,v) € [0,1]® and let Jy, k = 1,2,...,
. . e . Jptv

be an increasing sequence of positive integers. Put N = {ee } Express-

. T+

ing N = "™, then we have v, — v as k — oo. Put Kj = [log N} and
’ J ,+v/,

Nj, = [e®sFu]. Express Nj = etk = ¢¢™* """ then u} — u and v}, — v. The
final limit follows from the mean-value theorem

T+ T v T+t

TR e kv Tkt Tt

N|, — N =e = (v}, — vk )e

for t € (vg,v},) and since N, N € (ef*, eXr+1) we have (v}, — vg) — 0.
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Thus for every (u,v) € [0,1]? there exists a sequence of indices N}, such that
u(Ng) — w and v(Ng) — v and moreover, by Helly theorem, there exists a
subsequence N; of Nj such that Fy; (z,y) weakly converges to gu.(z,y). We
shall see that for v # 0 the d.f. g, ,(x,y) is defined uniquely.

Thus, in what follows we assume u(N) — u, v(N) — v, Fn(2,y) = gu,o(Z,Yy)
weakly (i.e. Fy(x,y) — guw(z,y) weakly) for a suitable N = Ny, k — co. We
distinguish two main cases: v > 0 and v = 0.

1. v> 0.
l.a. 0 <y < wv. In this case

J+y

Fn(2,9) < ey — 0
for a suitable N — oo and thus

Guw(,y) =0
for every z € (0,1).
1.b. 0 <v <y < 1. In this case the contributions of the following intervals
to the limit Fiy(z,y) — gu(z,y) are:
e The first interval [e[®’], ele’]+1) gives

cle/141 _ le’]

eeJ+v(N) - O;

e the interval [ef, eX+1) gives

emin(K-{-x,K-{-u(N)) _ €K emin(w,u) -1

= .
eK+u(N) e )
e Since K — [¢/] = ([e/T*"(M)] — [¢7]) — oo, the intervals [e¥,eFT?), k =
[e’] +1,..., K — 1 contribute with
K-1
1 R
peere B DR G R i
k=[e’]+1

l.c. v = y. Taking in consideration the cases l.a. and 1.b. we see that
gu,v(x,y) has for y = v the step d.f. g,(z).
As summary, in the case v > 0 we have g, (2, y) = gu(2) - ¢y (y), where d.f.
emin(@w) _1 ] ¥ 1]
e et e—1
for every x € [0,1) and g,(1) = 1. Here ¢,(y) = cp,1)(y), i-e., co(y) = 0 for
0<y<w, c(y)=1forv<y<l, andalwayscv(O) 0, ¢, (1 )—1.

gu(z) =
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2. v=0.
We shall see that in this case we need two new parameters j(N) and a(N)
defined

* j(N)=K - [eJ]v

o a(N) = {e’},
and we again assume that for the sequence of indices N' = Ny, (k — 00) we have
Fy(z,y) — g(z,y), jJ(N) — j, «(N) — a and in this case we shall write

En(@,y) = Gu0,j.a(2,y).
We distinguish three cases: j = 00, 0 < j < 0o and j = 0.
2.a. j = oo. This case is the same as 1.b, and thus

gu,O,oo,oz(xa y) = gu(x) . CO(y)'
2.b. 0 < j < co. In this case the contributions of intervals to Fiy (x,y) are:

e The first interval [e[ej],e[eJ]H) gives

J

e max(a,z a

J J
max(e¢, el 7)) —¢ e ) —e
N :
eK+u(N) eitu ’

e the interval [ef eX*1) gives again
emin(KJr:v,KJru(N)) — K emin(w,u) -1
oK +u(N) - ou ;
e Since K — [¢/] = j = constant , the intervals [e*,e**®) k = [e/] +

1,..., K — 1 contribute with
K—1

1 . & 1e*—-1 1
eK+u() > (e B At ol )
k=[e’]+1

Thus in the case 0 < j < oo we have ¢y.0,5.0(%,¥) = Gu,04,a(x) - co(y),
where

( ) emax(a,:r) _ e N emin(m,u) -1 1 e —1 ) 1

u,0,j,a\T) = ; - I

0.3 eitu el et e—1 ei—1

and gu.0,j,a(1) = 1.

2.c. j = 0. In this case we consider only the interval [e[*'] el¢’]+1) and its
contribution to Fy(z,y) is

. " J J
max (mln(eK‘”, 6K+u(N)), e’ ) —ef emax(min(w,u),a) — e

N
eKJru(N) el
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and thus we have ¢,,.0.0,0(Z,Y) = gu,0,0,a(x) - co(y), where

6m.?u((min(z,u) o) e

9u,0,0,a(T) = "

and gu,o,o,a(l) =1

We now show that the following triples (u, j, &) can occur: Suppose that for
integer sequence J; < Jo < ... we have {e’*} — a. Then for every fixed j,
(7=0,1,2,...) and u € [0,1] (if j = 0, then u need to satisfy o < u) there exist
two integer sequences K and Nj such that

° Kk - [ejk] = ja

o Nj € (eftr, et

e {log N} — u,

o Nj € (e ™™,

e {loglog N} — 0.
It suffices to put

o K =[e/*]+ 7, and

o Nj = [efstur] where

o up —u, 0 <up <1,

o u, > {elr}if j=0,
U >log(1+e;k) if u=0.

Denoting by A the set of all limit points of {e’}, J =1,2,..., we have 3.

Finally, by definition, we have ¢(0,y) = g(z,0) = 0 and for computing
g(z,y) € G(({logn}, {loglogn})) in the case y = 1 we can not use Fy(z,y)
instead of Fi(z,y). In this case

ek, ek-‘ra[:)) AN

N
for every 0 < z < 1 and if u(N) — u, then Fy(z,1) — gu(z). Thus G({logn}) =
{gu(2);u € [0, 1]}, which also can be found in [KN, p. 59].

All computations of g(z,y) € G(({logn}, {loglogn})) are also valid for z = 1
and we see that g, ,(1,y) = ¢,(y) and

FN(LL', 1) — (Ui,(:l[

6&

gu,O,j,a(:l?y):h’B(y)? Whereﬂzl_ﬁ7 j:0a1727"'
and this 8 covers [0,1] if u runs [, 1] for j = 0 and [0,1] for j =1,2,.... Thus
9(1,y) € G({loglogn}) = {eu(y);v € [0,1]} U {hs(y); B € [0,1]},
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where hg(y) = 0 for 0 <y < 1 and hg(0) =0, hg(1) = 1. It can be compared
with [S1].

6. D.f.s of log(nlogn) mod 1

We shall find G(log(nlogn) mod 1) in the form (2) by applying Theorem 2
to G((logn,loglogn)) mod 1). To do this we use the well known theorem for
bounded f(z,y), which says that the Riemann-Stietjes integral

/[071]2 f(z,y)dg(z,y)

exists if and only if the set of all discontinuity points of f(z,y) has a zero measure
with respect to g(x,y). Denoting by

X(t)={(zy) €[0.130<c+y <t} U{(z,y) € 0,151 <z +y<1+t},
XW(t) = {(,y);y =t — 2,2 € [0,1]},

X ={(z,y);y=t+1—=zzel0,1]},

XO® ={(z,y);y=1—xz,2z€[0,1]},
in the case f(z,y) = cx()(z,y) the discontinuity points form the line segments
XM (1), XA (t) and XB). Since

dgu,v(z,y) = dgu(z)dey (y)
dgu,0,5,a (@, ¥) = dgu,0,j,a(z)deo(y)

and bearing in mind (5) we have

dguw(z,y) # 0 only for (z,y) = (x,v),

dgu.0,j,a(x,y) # 0 only for (z,0) and (1,y).

Furthermore we see that X () (¢) U X (#) U X©®) has zero measure with respect
to every g(z,y) € G((logn,loglogn) mod 1). Thus all integrals in Theorem 2
can be computed and every d.f. g(t) € G(log(nlogn) mod 1) has the form

o(6) = { Ot_p Ldgu(z) + fll_v 1.dg,(z) ift >,

€z,

11:5—1; 1.dg,(z) if t <w,

for v > 0 and for v = 0 it has the form
t t
90) = [ Ldguojale)+ [ 14(0u(0) - guosale)). =012
0 0
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Thus we have G(log(nlogn) mod 1) = {gy .(z);u € [0,1],v € [0,1]}, where

(CC)— gu(l+x—v)—g,(1—v) if0<z <o,
Jutt = gu(z—v)+1—g,(1—v) ifv<az<l.

Directly by means of computation we see that g, ,(z) = gy (), for w = u + v mod 1.

7. D.f.s of log(nlog®™ n) mod 1

We apply Theorem 5 to the function f(z) = log(x log® x), where log z is
the ith iterated logarithm log...logx.

By the same way as in Part 3 we prove that, for k — oo,

log f- (k‘—l—w(k))_)
log® =1 (k)

for every sequence w(k) € [0, 1]. Proof: we start with
0<log f~'(k+1)—log f~'(k) <log f'(k+1) —log f*l( )+
+1og"™ f7H(k + 1) —log ™tV f (k) =1

what implies % — 1, and this implies log® f_l(k—i—l)—log(Z) fl(k)—

log™ =1 (k+1)
log(® f=1(k)

Now, every w(k) can be expressed as

w(k) = f(f71(k+w(k)) = F(f71(K) =

o [ L1+ (k) 1og® £ (k + w(k))
0 log® f=1(k) )

0, what implies — 1, e.t.c.

Assuming that w(k) — w as k — oo, we have (iii) in the form ¢ (w) = e*. To
prove (ii) we see that f(f~1(k+1))— f(f~'(k)) = 1 and by mean-value theorem
(F~Yk+1)— f7Y k) f'(z) = 1 for some = € (k,k + 1), where f'(x) — 0 as
k — co. As summary, G(log(nlog'” n) mod 1) = G(logn mod 1).
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8. Proof of Theorem 1

Since {xn_yn} = l'n_yn_[xn_yn] = (xn_[xn_yn])_yn and xn_[xn_yn] =
2, mod 1, we can assume that |z, — y,| — 0. For common increasing sequence
of positive integers N, k=1,2,..., let

Ny,

Ng
Fy(@) = 5= 3 cto(lan}) = 9(0), P (o Z oy ({m}) — ()

n=1 n=1
for every continuity point € [0, 1]. Because, for every h = £1,+2,. .., the limit
|Zs, — yn| — 0 implies limy o0 N%f ZnNkl e2mhan — limy_, o N%f ZnN’“l eQﬂhy” and
since

1 Ny ) 1 1 . -
Fk Z 62771hzn _ / 27mh:vdF Z 2mihyn _ / e27r7,hxdFka7 (SE),
— 0

the well-known Helly theorem? implies f e?mihz qg(xr) f e?mihz qg(x) for every
h = +1,£2,.... This gives, for every continuous f [0,1] — R, f(0) = f(1),
that

/ f()dg(a / F()dg(a), i /Olg(x)df(x): /01§<m>df<x>-

For two common points 0 < x; < 9 < 1 of continuity of ¢g(z) and g(z) and for
sufficiently small A > 0, define

f(x)=0for z € [0,z1 — A,

fl(x) =1/A for x € (z1 — A, x1),

f(z) =1for x € [x1,22 — A],

f'(x) ==1/A for z € (z3 — A, z3), and

f(z) =0 for x € [x2,1]. Then

! 1 1 b 1 1
/0 9(x)df(z) = T9(x1)A ~ Kg(wz)A7/0 9(@)df(z) = £g(x1)A = Tg(a2)A,
and A — 0 gives

g(@1) — glz1) = g(x2) — g(a2).

Now, we assume that g(xz1) # g(x1) and g(z2) # g(x2). Fixing 7 and letting
x9 — 1 we have that one of g, ¢ must be discontinuous at 1, and fixing s, letting

x1 — 0, one of g, g must be discontinuous at 0. This gives Theorem 1 and the
following modifications:

2
Second Helly theorem, see [SP, p. 4-5].
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o If all d.f.s in G({z,}) and G({y,}) are continuous at 0, then
{zn —yn} = 0= G({zn}) = G{yn}).

The same implies continuity at 1. Moreover
e The limit {z,, — y»} — 0 also implies

{g € G({zn}); g is continuous at 0,1} = {g € G({yn}); g is continuous at 0,1}.
e Assume that all d.f.s in G({z,}) are continuous at 0. Then

{zn —yn} = 0= {g € G{yn}); g is continuous at 0} C G({z,}).

9. Proof of Theorem 2

Let (n,yn), n = 1,2,..., be a sequence in [0,1)? and 2, = x, + ¥y, mod 1.
Denote
1 1 &
FN(t) = N Z C[O,t)(zn)a FN(ma y) = N Z C[O,x)x[O,y)((xna yn))
n=1 n=1
Since
0<{z+yl<t<= 0<zt+y<t)or1<z+y<l+t),
we have Fy(t) = anzl ex ) ((Tn,yn)) and by means of Riemann-Stieltjes
integration

Fx(t) = / exio (@, y)dFy (2, 1),
[0,1]2

assuming that none of the points (x,,y,), 1 <n < N, is a point of discontinuity
of ex(y)(x,y). It is true that (2,,y,) & XV () UXP(t) for almost all ¢ € [0, 1].
By assumption the adjoining diagonal X®) of [0,1]> has zero measure with
respect to every g(z,y) € G((n,yn)), and thus the set of indices n for which
(€n,yn) € X©) has zero asymptotic density and so it can be omitted. Here
X(t), XD(t), X (t), and X3 are defined in Part 6.

Now, we assume that Fy,(x) — g(x) € G(z,). Then by the first Helly
theorem there exists subsequence Nj of Ny such that Fy/(z,y) — g(z,y) €
G((zn,yn)) and by the second Helly theorem? we have

90 = [ | exo gy (©

3
We use the following form: For every bounded f(z,y), the weak limit F(z,y) — g(z,y)
implies f[o 12 f(z,y)dFn(z,y) — f[o 12 f(z,y)dg(x,y) assuming that all the used Riemann-

Stieltjes integrals exist.
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Vice-versa, we assume that Fi, (z,y) — g(x,y) € G((Zn,yn)). Then by the
first Helly theorem we can select subsequence Nj, of Ny, such that Fy, — g(z).
For such g(z), the (6) is true, again.

10. Proof of Theorem 5

For a positive integer N define
e K=K(N)=[f(N)],
e w=w(N)={f(N)},
o An([z,y)) =#{n < N; f(n) € [z,9)}.
Clearly f~}(K 4+ w) = N and for every x € [0, 1] we have

Sy An(lkk+w)
N
LAV K +2) 0 [K K +w) | O(AN (L /7(0)
N N

From monotonicity of f(z) it follows Ax([x,y)) = f~*(y) — f~1(z) + 0, where
|6] < 1. Thus

FN(CL')

K—-1/p-1 -1
L min( K ) UK b w) - fNE) | OK)

N N
The assumption (ii) implies 1/(f~(k + 1) — f~1(k)) — 0 which together with
Cauchy-Stolz (other name is Stolz-Cesaro, see [SP, p. 4-7]) lemma implies that
K/f~Y(K) — 0 and thus K/N — 0. Furthermore we can express the first term
in F(z) as

o (T k) = f7UR) ) — £7(0)
o (fM k1) - f

and the second term as

oo (THEAD) fTHKdw) )
min ( F-U(K) » fI(K) ) 1 (8)
[T (K 4w) '
FHEK)
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Using (ii) and (iii) the Cauchy-Stolz lemma implies

N € 0 R ) NN ) e e ) D O R
Kooo SO N1k +1) — f1(k)) koo fTHEAD) = f7HR) w(1) -1
(9)
where K = K(N), N = 1,2,.... Now, for increasing subsequence N; of in-

dices N, denote K(N;) = K and w(N) = w;. If w; — w, then by (iii)

N/ fHEG + wi) — 1/Y(w), and fTH(KG +2)/f7 1K) — 4(x). Thus
(7), (8), (9) imply

Py gy~ O =11 min(e). vw) <1
(1) =1 (w) P(w)
Vice-versa, if Fiy, — g(z), we can find a subsequence of N; such that w; — w for
some w € [0,1], and every w € [0,1] can have such a form, because (i) implies
that |f~1((K +w—¢e, K+w+¢))| > 1 for sufficiently large K and related ¢ — 0.
Since, for fixed x € [0, 1], we have

) 1- 1— Y@=y iy < g,
Goo(2) = { 1/1( ) (1 ¥(1) 1)

PA) b=z

ko ifw2az,
thus inf,<z Guw(z) = Go(z), infy>s §uw(x) = §i1(x) and since go(x) = §1(x) we
Y(x)—1

have g(z) = go(z) = g1(x) = FH=
Similarly, sup,, <, §uw(z) = §z(7), sup,>, Guw(r) = gz(z), and thus g(x) =

Js(x) ¢ G(f(n) mod 1).

11. Concluding remarks

The question about distribution properties of sequences p,,/n mod 1 and n/7(n)
mod 1,n =1,2,..., was formulated as an open problem in the Seminar on Num-
ber Theory of Prof. T. Sal4t in Bratislava. We note that p,, /nmod 1 is a subse-
quence of n/m(n) mod 1 and by F. Luca the sequence n/7(n) mod 1, n = 1,2,. ..
has the same d.f.s as log(n) mod 1, cf. [S2]. In [GS] it is proved that p,,/n mod 1
is logarithmic weighted uniformly distributed sequence. The sequence p,/n
without mod1 is also studied by P. Erdés and K. Prachar (1961/62) [EP].
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