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AN EXACT FORMULA FOR THE L, DISCREPANCY
OF THE SHIFTED HAMMERSLEY POINT SET

PETER KRITZER — FRIEDRICH PILLICHSHAMMER

ABSTRACT. In this note we prove an exact formula for the Lo discrepancy
of the shifted two-dimensional Hammersley point set in base 2. Our formula
shows that this quantity only depends on the number of zero digits in the dyadic
expansion of the shift and the cardinality of the point set. Our result is the
solution to an open problem stated by O. Strauch. Further we obtain the best
shifts from our formula and we show that the L2 discrepancy of the shifted two-
dimensional Hammersley point set in base 2 satisfies a central limit theorem.

Communicated by Michael Drmota

1. Introduction

For a point set P = {x,...,zy_1} in the two-dimensional unit cube [0,1)?
the Ly discrepancy is defined as
A([0, ) x [0, B), P)

L2(79)=/01/01 =

where A(E,P) = |P N E| for a subset E C [0,1)2. This is a measure for the
irregularity of distribution of the point set P in [0,1)?, see [1, 3, 8, 10, 14].

In this note we consider the Ly discrepancy of the shifted Hammersley point
set which has been considered in a number of papers [2, 4, 5, 6, 7, 12, 15] and
which is defined as follows.

For m € N let z,y be two dyadic m-bit numbers with dyadic expansions

T Tm Y1 Ym
Lty .pom d — 2L,y Idm
T 2+ +2m an Y 2+ +2m

— af|dadp,
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Define

.
x@y—z—2—|— +2m,

where z; = z; + y; (mod 2), 1 <i <m.

Further let ¢o : Ng — [0,1) be the van der Corput radical inverse function
defined by

oy mo
¢2(n) = 5 +22+

if n € Ny has dyadic expansion n = ng +n12+ --- (note that this expansion is
in fact finite).

For a dyadic m-bit number o the o-shifted two-dimensional Hammersley point
set H,n (o) in base 2 is given by the points

(qsg(n),Qim@a), n=0,.,2"_1.

Note that the point sets H,, (o) are examples of a so-called (0,m, 2)-net in base
2 (for an introduction on the theory of (¢, m, s)-nets we refer to [11]).

In [7, Theorem 2 and Theorem 3] the authors gave tight lower and upper
bounds on the Lo discrepancy of H,,(c) depending on the number of zeros in
the dyadic expansion of the shift o. This leads to the conjecture that the Lo
discrepancy of a o-shifted Hammersley point set only depends on the number
of zero digits in the dyadic expansion of the shift and not on the distribution of
these (opposed to the star discrepancy as proved in [6]). Furthermore, finding
an exact formula for Ls(H,,(0)) remained an open problem in [7] as recently
pointed out by O. Strauch [13, Problem 1.1.8] in the unsolved problem section
of the journal Uniform Distribution Theory.

In this note we close the gap between the lower and upper bounds in [7,
Theorem 2 and Theorem 3] and give an exact formula for Ly (H,, (o)) depending
only on the number of zero digits in the dyadic expansion of the shift and m.
This gives the answer to the question of O. Strauch and proves the conjecture
mentioned above. From our result we easily deduce the best shifts and we show
that the Lo discrepancy of the shifted two-dimensional Hammersley point set in
base 2 satisfies a central limit theorem.
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2. Statement and proof of the results

‘We have

THEOREM 1. For m € N let o be a dyadic m-bit number and let | denote the
number of zero digits in the dyadic expansion of o. Then

(2" L2 (Hm(0)))* =

_ m?  19m  Im  [? I 3 m l 1 1

T61 192 16 16 48T 16.2m ®oam T qam  72.dm
REMARK 1. This formula generalizes the well known formula for the Ly discrep-
ancy of the unshifted two-dimensional Hammersley point set in base 2 which can
be obtained by setting [ = m, see [4, 12, 15]. Once again we point out that it
only depends on m and the number of zero digits in the dyadic expansion of the
shift o.

The following easy consequence of Theorem 1 improves [7, Theorem 4].

COROLLARY 1. For m > 5 we obtain the best Lo discrepancy if we choose a
shift with exactly | = [WT_S + Q%J zero digits in its dyadic expansion. Therefore
it follows that

)1/2

1 5 1 1 1 . .
o (355 T 5+ 3o — 730w if m is even

min  Lo(H(0)) =

o m—bit 1/2
1 (5m 4 9 7 1 / . .
o (35 + 61 + 3t — a0 if m is odd.

We can also show that the Lo discrepancy of the shifted two-dimensional
Hammersley point set satisfies a central limit theorem.

COROLLARY 2. Let Z,, be the set of all dyadic m-bit numbers. For any real

x> /2 we have

102
. 19222 —
lim 2—m# {0 € Zy : La(Hp (o)) < z\;f} =2¢ <9:C35) -1
where

1 v e

denotes the normal distribution function.
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For the proof of Theorem 1 we need the subsequent lemma for which we
introduce a quantity that appears therein.

For integers 0 < u < m and dyadic m-bit numbers «, § and ¢ with dyadic
expansions

aq Qo ﬁl ﬁm 01 Om
L,y Tm oy fm deo=2L4...0 2
« 2+ +2m,ﬁ 2+ +2m and o 2+ +2m
we define
0 if u=0,
N 0 if my1—j = B @ 0
i) = forj=1,...,u,

max{j <u:my1—; # B; Boj} else,

where @ denotes addition modulo 2. Further we set a,,+1 := 0. This function
appears in the exact formula for the discrepancy function of H,,(c). Since we
do not need this formula here we refer to [7, Lemma 1] and [9, Theorem 1] for
further details.

LEMMA 1. With the definitions from above we have

gm_1
Y 2 iy ® A1) =
2ma=1

— 2277172 _ 2m72 4 2m+u72 _ 2m71 Z(’YJ o 1)2j71,
Jj=1

where & denotes addition modulo 2 and where v; == 3; ® 0j. (Here and in the
following ng;il means summation over all « > 0 m-bit (in dyadic expan-

sion).)

Proof. We have

—_—
Y o= Z 2" Qm—u D Qg 1—j(u))
2ma=1

1 1

I
(]
(]

2ma(am7u S2) am+17j(u))
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Since j(u) only depends on 1w, .-+, Qpp1—j(u) a0d DOt ON A1, ..., Qg WE
have

Z 2mOl(O/zm—u 2] am—i—l—j(u))
=2 Y (B 22 (e @ )
= D) om m—u m+1—j(u)

. Oy —
_ 9 Z (7 4+t %) (Cm—u @ Qpg1—j(u))

A1,y O — =0

1
m [ Om—u+1 am
+2 (72m—u+1 +---+ 27) Z (Oémfu S am+1—j(u))

Qe — 0, =0

1
[0%] Qo —y
om 2 ( 5 44 gm—u ) (Oém—u D am#’l*j(u))

Q150X — =0

amfqul (6779 —u—1

We study

oy Om—y
S(am+1—j(u)) = Z ( 9 4+ 4+ 2m—u> (Oém—u SY am+1—j(u))~

Q1 yeees O —, =0

(i) If appg1—j() =0, then

S(0) = 3 (ﬂ+--~+am*“)am7u

1 a m—u—
= 5+ D g =2

(ii) If 41— j(u) = 1, then we obtain, in a similar way,

1
m—u—2
S(1) =2 -5
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Together we have

S(mt1-jw)) = 2" 7472~ Amtiitw)

2
Hence
1
S (e ® )
Q1 yeees @m0y =0
= (o SR e (T 1 )

and therefore

¥ =
1

_ m m—u—2 am+1—j(u) om—u—1 [ ®m—u+1 O
CE el e ()

QAmt1—wu-Om =0

2% —1 1
2m—u—2 2m—u—1 Z a —1
= 2emTuTaQu + 2 m-u Tm — 2™ E am+17j(u)
a=0 At l—wuyee ¥ =0
2 2 2" -1 1 El
= 2 m= + 2m 4 — 2m7 am+1—j(u)'

Qmtl—wsees Q=0
We evaluate the last sum in the above expression.

1

u 1
Z Umtl—j(u) = Z Z Am41—j5

At l—wyee ¥ =0 J=0 Qmt1—u,- s ¥m=0
Jj(u)=j
1 u 1
= E Qmt1 + E E Qmg1—j
QUmtl—wy- ey ¥m =0 J=lamt1—use-s¥m=0
i(w=0 j(w)=j

u 1
0+ Z Z Z Am41—j

J=1lami2—j,.;am=0 Am+i-—u=Tu

QAm—j=7j+1
Amt1—5=7;D1
u

= Z(’yj @127t

j=1
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We obtain

24 —
- 22m—2 4 9m

1)27-1

and the result follows. O

Now we give the proof of Theorem 1. Since large parts of the proof are iden-
tical with the proof of Theorem 2 in [7], we restrict ourselves to demonstrating
only the new parts of our argument in greater detail. For further details, we
refer the interested reader to [7].

Proof. For short we define A(a, 5) = A([0, ) x [0,3),P) — Naf, where N =
|P|. Then we have

(2™ Ly (H / / )? dadg

—m 1—o—m —m

/ / A ) dad“/ /12 (A(a. ) dadB
/m/” ) dadﬂ*/m/w @) decs

=: 11+Ig—|—13—|—14.
In [7, Proof of Theorem 2] it was shown that

Lg% 5 2% 2 1
2T T 36.9m 9.4m 36.4m ' 3.8m  9.16m

and

7 1 2

I, = - .
4= 5am Ty 1em 3.8

In [7] the authors gave lower and upper bounds on I; which then leads to lower
and upper bounds on La(H,(0)). Here we give the precise value of I;. From

7
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[7, Proof of Theorem 2] we find that
2™ _12m—1 0 b
L = 22m ) Z A(wm) +
a=1

2m—12m—-1 a

2m Lm 2
4o2m ; Z / ﬁ (22m —aﬂ) dadf +
B3B3 ab
m+1
- Zl Z/m / <2m 2m><22m—0lﬁ>dadﬁ

== 21 -I-EQ +23

[\]

By [7, Lemma 6],

Y1 = ——(9m? + 15m — 36lm + 361% + 16 — 4>~™).

576
Analyzing Y5 is a matter of straightforward computation and yields
1
Yo = (2™~ 1)%(32-2™ — 25 4™ - 8).
= = (27— 1) )
So it remains to deal with X3. Here, we find that
127"—1
1 ab 1
Y. = 2 A -
m 3 ; Z (2m 2m) 22m 22m

2’"1 1 27Y1
11

=3 A(Qm,2m>424m(4ab 2(a+b) +1)
a2ml_12 . .
- o z > (ot (0% )
2m_12m_1
s L 2 A ()

a=1 b=1
=: 24—25.

We start with 4.
2m_12m_1 2m_12m_1

1
= 247m (24’1 + 24’2) .
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Using [7, Lemma 1], we find that

m—1 2™ -1 2m _1
Z Z 128l Z 2™ o @ Qpy1—j(u)) —

Yu1 =
u=0 QmB:l 2m =1
oyu41=0
— 2™Mm—1 2™Mm—1
BB SIS )
u=0 2mp=] 2ma=1
oyt1=1

where ||z|| denotes the distance to the nearest integer of a real number x. By
Lemma 1, we obtain

m—1 2"M-—1

241 _ Z Z ||2uﬂ” 22m 2 _gm— 2+2m+u 2 _gm— 127 @1 2] 1

u=0 QHLB 1 ] 1
Tyu41=0

— 2m—1

Z Z ||2uﬁ” 22m 2 _gm-— 2 2m+u 2 _gm— IZ,}/ @1 9i—1 7

u=0 Qmﬁ 1
out1=1

which, in turn, by [7, Lemma 4] equals

2m

o ((z — (m = D)2 (- ) — 2"+

+ 7”21 2m+u—2_ mi:[ 2m+u—2) +

Outr1=0 Uu+1:1

et S e S o -

u=0 QmB 1
Tut1=1

m—1 2M-—1

—mmh YN |2“5||Z%ea1 271,

u=0 2mﬂ 1
Ty41=0
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For given u € {0,...,m — 1} let us study the expression
om_q u
DolUBI Y (et =
2m B=1 j=1

1

SoRUsID Bie et

ﬂlv“'-,ﬁnz:() j=1
u 1

= Y2t Y (e e
j=1 517---76w1=0

1 1

u
2.2 > > sl
j=1 B1se585—1:85415Bu=0 But1,-,8m=0

=93

Since the value of |[2%3|| does not depend on fi,..., By, the latter expression
equals

1

Sttt 3 g =
j=1

But1,--B8m=0

i 2j—12u—1 i %L ﬁquz + 1 _ % 6u+z
= 2t 2 20

But2,--:8m=0 =2 1=2
2m=3(2% — 1),
Hence,
2m 2m—2 m—2

i1 = (U= (m=1)2 +((m—10)=0)2"77) +

gm m—1 ues gm m—1 . )

- 2m U—a _ = 2m u—

Out1=0 Cut1=1

m—1 m—1
+2m—1 Z 2m—3(2u _ 1) _ 2771—1 Z 2m—3(2u _ 1) —
u=0 u=0
O'u+1:1 G’u+1:0

10
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om
= (= m=-0)22" 2+ ((m—1) -D2"7%) +
m—1 m—1 m—1
2m 2m 2m
s 2m+u72 e 2m+u72 “ 2m+u72 o
5 > T X
u=0 u=0 u=0
O‘u,+1:0 Uu,+1:1 Uu,+1:1
om m—1
ST TR (1)) =
O'uu+:10:0

= (20 —m)23™ 4,

1 1 /1 m
— Sy =— (= —— ).
4m “H1 T om (8 16)

It follows that

Furthermore, it has been shown in [7] that we also have

1 1 /1 m
Y = _
94m ~H2 T om (8 16) ’

such that we arrive at

thus,

L4+ To+1s+1 A TSI A
1ttt 60 102 16 116 178
n m l 1 1
16-2m  8.2m ' 4.om  72.4m
as claimed. 0

Finally we give the proof of Corollary 2.

11
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Proof. We denote the right hand side of the formula in Theorem 1 by d(m,1).
Then we have
1 vm 1 - m
Qm#{UEZm:Lg(Hm(J))SQO}—Qm ; <l>
Vd(m D)< /m
We have y/d(m,l) < x - /m iff ap,(x) <1 < by(x), where
m_, 1 /44 — 288 - 2m — 72 22m 4+ 3. 22my (19222 — 5)

(@) =5 =2+ 50 6-2m

m 1 44—288-2’”—72-22m+3~22mm(192x2—5)
bm(””):§_2+7m+\/ 6o '

Therefore (at least for m large enough)
1 vm 1 m
Qm#{JEZm:LQ('Hm(J))gz} Z l)'

2m 2m
Aoy (T«)Slgbm(z)

Since for x > %2 we have

. ap(r) =% /19222 — 5

lim ———= = -\ ———
and

bp(x) — 2 19222 —

lim L =1 M

the result follows from the central limit theorem. O
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