SINGULARITIES OF PROJECTIONS OF FULL INTERSECTIONS

V. V. Goryunov UDC 512.761

The paper contains a survey of results in the theory of projections: a classifica-
tion of simple projections of surfaces onto manifolds of low dimension is pre-—
sented, assertions are formulated regarding the homotopy type of complements to
bifurcation diagrams of projections onto a line as are theorems on rectification of
vector fields in bundles in a neighborhood of manifolds with singularities, and the
connection of the theory of projections with other areas of the theory of singular-
ities (critical points of functions on a smooth manifold and on a manifold with
boundary) is considered.

INTRODUCTION

In studying the dependence of various mathematical objects on parameters, we encounter
the investigation of projections and their singularities. For example, in the theory of bi-
furcations of singular points of differential equations an essential role is played by the
projection of the surface formed by the singular points in the product of the space of param-
eters and phase space onto the space of parameters. Singularities of this projection cor-
respond to bifurcations of singular points.

An equivalence relation more rigid than in the general theory of singularities of map-
pings is the main distinguishing feature of the theory of projections. The projections of
two submanifolds from the bundle spaces onto the bases are considered equivalent if there
exists a diffeomorphism of the bundle spaces taking fibers of the first bundle into fibers
of the second and the submanifolds being projected into one another. Such an equivalence
is precisely an equivalence of deformations of full intersection cut out by the submanifolds
being projected in distinguished fibers of the bundles. Therefore, for example, Golubitsky
and Schaeffer [21] called the projections "imperfect bifurcations” (in contrast to "perfect'—
versal bifurcations).

The beginning of a systematic study of singular projections was set by Arnol'd in [1]
where, in investigating singularities in the problem of fastest passage about an obstacle,
he obtained a list of 10 projections encountered in the projection of general smooth sur-
faces from three-dimensional Euclidean space onto the plane along any direction (in this
situation for a common choice of the direction of projection only singularities of mappings
of the plane onto the plane occur; these were indicated already in the classical work of
Whitney [25]).

In the present paper we give a survey of results of the theory of projections: a classi-
fication is presented of simple projections of surfaces onto manifolds of low dimension, as-
sertionsg are formulated regarding the homotopy type of complements to bifurcation diagrams
of projections onto a line as are theorems on the rectification of vector fields and bundles
in a neighborhood of certain manifolds with singularities, and the connection of the theory
of projections with other areas of the theory of singularities (critical points of functions
on a smooth manifold and on a manifold with boundary) is considered.

1. General Facts Concerning Projections of Surfaces

The projection of a submanifold V from a bundle space E onto the base B is a triple
V > E + B consisting of an imbedding and a projection.

An equivalence of projections Vi > Ej » Bj, i = 1, 2 is a commtative 3 x 2 diagram with
vertical elements which are diffeomorphisms h:E; - Ep and k:By = B, whereby hVy = V;.

Similar definitions hold for germs.
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Locally a bundle E - B is isomorphic to the trivial bundle C" x CP > CP (to be specific
we consider the complex case). We suppose that the manifold V projected is a full intersec-
tion: if the codimension of V in E is equal to m, then the germ of V is given by a system of
m holomorphic equations

f1= P =fm=0
This system is determined up to multiplication by a germ on E of a nondegenerate holo-
morphic m X m matrix M. Therefore, equivalence of given systems f = 0 and g = 0 of germs
of projections from C® x CP onto CP, (x, u) » u implies the existence of a local diffeomor-
phism h of the form

h(x, u)=(X(x, u), U(u)),

for which h*g = Mf.

The germs of the projection (x, u) = u of the manifold given by the system of equations
f(x, u) = 0 we call the projection of f.

Let &.u [or &(n-4p) ] be the space of germs ét zero of holomorphic functions of the
variables x and u, x6C?, ucCr ; let 8fm be the space of germs of holomorphic mappings from

c™P to c™; let B (m)—&(m) be a maximal ideal.

We introduce a quantity called the codimension of the projection of f€&% g

codim f =dimeQ (N

where
Q) =87 u{f* m(m) 85 ut&eu (O 10%1; «ooy 0f10%n ) +8,(0f10uy, ..., 0f 101, ) }.

This number is the codimension of the germ of the orbit of the projection of f relative
to the equivalence group of projections which realizes transport of distinguished points
(those at which the germs are considered). The first term in the denominator of Q(f) cor-
responds to infinitesimal replacements of f by mappings with the same preimage of zero, while
the other two correspond to infinitesimal fibered changes of coordinates.

The following result is proved by means of the Mather-Wassermann technique [18, 24].

THEOREM 1 (Finite Determination). If the codimension of the projection of f is finite,
then there exists a finite number k such that any other projection for which the k-jet at
zero 1s the same as for the germ of f is equivalent to the projection of f.

It should be noted that Theorem 1, just as Theorems 2 and 3 below, is true not only in
the holomorphic case but also in the analytic case as well as for C” and formal projections.

An s'-parameter deformation of the projection of f is the germ of a mapping A - f) of
s'-dimensional complex space (the base of the deformation) into the space &™(n+p) of all
projections taking 0 into £. 1In the language of diagrams this means that we consider a germ
of the diagram

(v, V)—(E', E)—~(B’, B)—~(C*, 0),

where the first arrow is the imbedding of a full intersection and the two others are fiber-
ings. This deformation is called versal if any other deformation

V", V)~(E", E)—~(B", B)~(C", 0)

of this same projection can be induced from it: there exists a commutative 4 x 2 diagram
whose horizontal elements are the two diagrams indicated and whose vertical elements are
germs of mappings of the spaces labeled with two primes into the spaces with one prime (here
the mapping E" + E' must be the identity on E).

Suppose that a mapping F (x, #,}), AMC*, gives a deformation of the projection (x, u) » u
of the surface f(x, u) = 0 (i.e., f) = F{)x=const). We say that the deformation F is in-
finitesimally versal if the images of the vectors of the initial velocities of the deforma-
tion (3F/8Ai|r=9) in the module Q(f) generate it as a space over C.

THEOREM 2 [11]. A deformation of the projection of a full intersection is versal if and
only if it is infinitesimally versal.
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From this it follows, for example, that the dimension of the base of a miniversal (i.e.,
versal with the smallest possible number of parameters) deformation of a projection is equal

v
to its codimension. TFor such a deformation it is possible to take M—f +-ISA4e“ MCY, where
1

v = codimf, and {e&E%?ﬂ are representers of a basis of Q(f).

For C projections onto a line Theorems 1 and 2 were proved by Golubitsky and Schaeffer
in [21]. There was hereby imposed on the projection the condition of finiteness of the num-—
ber

dimg & (n 1)/ {f* @ (m)) & (n+1)+ & +1) 0f10xy, ..., 0f10x, )}
This number is clearly no less than the codimension of the projection.

We now consider projections of zero codimension. It is easy to see that these are pre-
cisely versal deformations of full intersections Vy [6] of a distinguished fiber of the bundle
E > B. For them there is a stability theorem [10] which in our case can be reformulated as
follows.

THEOREM 3. The germ at 0€E of the projection f='(0) » E » B of zero codimension is
stable: for any mapping g sufficiently close to f there exist a representer g of it and a
point close to zero at which the germ of the projection g=*(0) + E +~ B is equivalent to the

‘projection of the germ of the manifold £71(0).

It should be noted that Theorems 1-3 are also valid in a more general situation — for
cascades of projections, i.e., for diagrams of the form

V—>E—E—...—>E,

where the first arrow is an imbedding of a full intersection and each of the following arrows
is the projection of the space of the bundle Ej onto the base Ej41, dimEj; = pj +...+ pk (the
algebraic definition of the codimension of a projection can be generalized to this case in an
obvious, but somewhat cumbersome, way).
CHAPTER T
COMPLEX PROJECTIONS ONTO A LINE

2. Projections onto a Line and Boundary Singularities

The most substantial results in the theory of projections are obtained for projections
onto one-dimensional bases. The coordinate function of the base induces a function on the
projected manifold. Therefore, as we shall see, projections onto a line have mich in common
with functions with isolated critical points on a smooth manifold.

1. We begin with a classification of simple projections onto C'.

We call the germ of a projection simple if a sufficiently small neighborhood of it in-
tersects only a finite number of equivalence classes. More precisely, a germ is simple if
there exists a finite collection of equivalence classes such that for any k any k—jet suffi-—
ciently close to the k-jet at zero of the collection of functions f giving the germ is the k-
jet of a collection giving the germ of the projection of one of the classes indicated.

A superstructure over a projection V -+ E > B is a projection V =+ E' » B where V is im-
bedded in E' as a submanifold of the space of the subbundle EcE’. Stable equivalence of
projections is equivalence of corresponding superstructures.

THEOREM 4 [2, 11, 12]. 1. Any simpleprojectionof a full intersectiononto the complex
line is stably equivalent to the projection either of a hypersurface or a curve in three-
dimensional space or a multiple point on the plane or in three-dimensional space.

2. Any simple projection of a hypersurface onto the line is equivalent to the germ at
zero of the projection (x, u) » u of the manifold f(x, u) = 0 where f is one of the functions
of Table 1. 1In the table q = x% + ...+ xj whereby r = 3 for D, and Ej and r = 2 for the re-

maining singularities.

3. Simple germs of projections (x, u) » u of curves f = 0 onto the line which do not
reduce by stable equivalence to projections of plane curves form two series:
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TABLE 1

Type f Type f
Ay pn>0 gt a4 g Eq U X1+ X" g
Dy 24| edxlx+xh ™ +q | By u>2 L ]
B, AL AR Cp p>3 uxy+x{ +q
£, ut X3P 2" g Fy utt st g
TABLE 2
n Type f n Type f
1 By, p>1 x, a* 1 Ve X3, u?
X, p 2<k<l x*rn, xt v, X+ u?, ux
Uy n>5 N e AT I I S v
w4 xb

Ck;l, 2<k<l i=(x1x27 xlf—’[‘xé—{“u);
F2h+ly k>2 f=(x12+x23, x2k+u);
Fonvs, k=21 [= (2124 %25, xxe®+u).
4. Simple projections of multiple points of £ = 0 onto the line are listed in Table 2.

Here n is the dimension of a fiber of the projection (x, u) » u; the series %> contains five
members: b = 2, 3 for g = 2 and b = 2, 3, 4 for a = 3.

The codimensions of the projections Cg,7 and Xx,7 are equal to k + 7 — 1 and k + 1 — 2.
The codimension of any other of the projections listed is one less than the lower index of
the symbol denoting the projection.

The projections By, u Z 1 of part 2 (for n = Q) and of part 4 are stably equivalent (in
part 2 B1 = A1).

2. A projection f abuts a projection g (f + g) if by an arbitrarily small perturbation
of £ it is possible to obtain a projection equivalent to g.

Before enumerating abutments of simple projections onto the line, we indicate the coin-
cidence of two different classifications of simple singularities.

Arnol'd pointed out that the manifolds in simple projections of hypersurfaces onto the
line are precisely the zeros of simple function on a manifold with boundary [4]: the boundary
is a distinguished fiber of the bundle of the enveloping space over the line. This fact can
be obtained not by comparing two lists of simple singularities obtained independently but
directly, by having only lists of simple and bordering boundary functions (a nonsimple sin-
gularity is called a bordering singularity if all singularities of smaller codimension to
which it abuts are simple). The main role here is played by the fact that both simple and
bordering boundary singularities are quasihomogeneous (see [4] or Sec. 7 of the present work).

A mapping h(yi,...,¥k), h = (h1,...,hy) is called quasihomogeneous if there exist ra-
tional numbers wi,...,wx (weights of the variables y) and di,...,dy (degrees of the coordi-
nate functions of the mapping h) such that

hi (ewlfyl, ey ewkiyk)=edithi (yl’ ey yk)

for any f¢C . For a quasihomogeneous mapping there is the Euler relation
@iy ..o dpby)=Zwy,0k/0y,.

Let T; be the tangent space to an orbit of a quasihomogeneous function f(x, u) in the
maximal ideal m(n+1)<&,,, relative to the equivalence group of germs of projections at zero;
let T2 be the tangent space to the orbit of f(x, u) relative to the group of germs at zero of
diffeomorphisms of the space CM*! which preserve the plane u = 0 (this is the group realizing

2788



—= By —= B, —— By ——B5 —~B,
Fy — B3

Tl Tl =l s Ly L3 8,

\\\\\\ .

——Ag —=Aq Ag —=hAs —=Ay —= Az —=A, —= A, "’Au

Lo LS
VAN

bty —Eq —Eg

Diagram 1

Au%Au_l,“ p.>0 Bu'—>Bp,_1, u> 1
Cp=>Crotn 1<k fw*ﬂwhﬂ>3

y — 1
Ak+l—l Ck,[—l, l<k<l Cs,ll—s—li s=1, « ey [&T]

Diagram 2

— <

sy ZheZs
Xgq,0,26KkEE Fyi— rssczrs,z—'v')/uﬁ Xy g

U#—"U_p.-1pﬂ')s \XZS

| Xy
4
B'u-‘p, MG

Diagram 3

equivalence of germs of functions on a manifold with boundary). Using the expression for a
quasihomogeneous function in terms of the sum of its derivatives, we see that T; = T,. For
this reason a function is simple (bordering) on a manifold with boundary if and only if it
gives a simple (bordering) projection of the hypersurface.

Because of the quasihomogeneity of simple and bordering projections onto the line (Theo-
rem 4 and Secs. 7, 8) the lists of simple full intersections on a manifold with boundary and
projections of surfaces of positive dimension onto the line also coincide (if a full inter-
section is a hypersurface, then we again obtain the list of simple boundary singularities of
functions). As a whole the classification of boundary full intersections is rougher than the
classification of projections onto the line: one distinguished hyperplane is preserved rather
than the entire bundle on the hyperplane.

3. THEOREM 5 [11, 12]. All abutments of simple projections of hypersurfaces, curves,
and multiple points onto the line can be obtained by composition on a finite number of the
abutments indicated, respectively, in Diagrams 1, 2, and 3.

We here consider that C]_’Z = Ci+7> Cl,l = By, By = A1, F3 = Bj, X]_,Z = By.

Projections of hypersurfaces abut one another if and only if the boundary functions of the
same name abut one another.

Example. Fy > Cy-1, u Z 4
(2 X3 — 82657, X1pu+ Kequ- 1),
where py and q;, are defined recursively: .

X pa=1, qa=¢;
pu=(—1F"Tepu_1+qu-1, qu=(%2—&) pu—1+(—1)" &qu-1.

3. Dynkin Diagrams

1. The coincidence of the lists of simple boundary functions and simple projections of
hypersurfaces onto the line suggests a generalization to the case of projections of the defi-
nition of the intersection form of a boundary singularity (see [4]).
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We consider the projection E > C, (x, u) » u of a manifold V = £~*(0) of positive di-
mension. In E we fix a ball of small radius r with center at zero. In this ball we con-
sider a nonsingular fiber Vo = f~'(e), lel « r of the mapping f. For a general choice of &
the 1ntersect10n of Ve with a fiber of the pro;ectlon (x, u) » u over zero is a smooth mani-—
fold V¢ of complex codimension 1 in Vg. Let VE + Vg be a two-sheeted covering with ramifica-
tion along Vg, and let H be the integer homologies of middle dimension of the manifold Ve-

On H there acts the involution induced by permutation of the sheets of the covering., We de-
note by H™ the antiinvariant part of H. The intersection form on H gives a bilinear form on
H™. It is called the intersection form of the projection [2].

The same mapping can be introduced for full intersections on a manifold with boundary
[the boundary plays the role of the zero fiber of the projection (x, u) = ul.

2. On the basis of the intersection form we can construct a Dynkin diagram. We hereby
use the definitions of short and long cycles which are given in [4] for the symmetric case
and in [2] for the skew-symmetric case. We consider projection as a full intersection on a
manifold with boundary, and we shall construct for it a Dynkin diagram in the basis of the
space H™ which is labeled in the sense of [2, 9, and 11].

For the singularities Ay, By, Cys Dy»> Ey, and Fy the diagrams in labeled bases coincide
with the Dynkin diagrams of the corresponding Lie algebras [8].

THEOREM 6 [11]. There exist labeled bases in which the Dynkin diagrams of the intersec-
tion forms of curves Ck,7 and Fy on the manifold ¢® with boundary are as shown in Diagram 4.

The form of the diagram explains the notation chosen in denoting simple full intersec-
tions and projections.

For the curves Cg,; and F,; there are relations between the labeled cycles (one for the
series C and two for F) In constructing a diagram from these cycles we must choose a basis
and discard the rest. This feature contains an undesirable element of arbitrariness. A more
invariant object in the present situation is the '"complete' Dynkin diagram constructed on the
basis of all labeled cycles regardless of their dependence.

3. We shall indicate a means of defining a vanishing basis of a projection onto the
line which differs from that given in [11].

Let A » Fj be a versal deformation of the projection, and let u be a coordlnate functlon
on the base of the projection. For a common value of A the manifolds V) = F) 1(0) and VX =
th{u 0} are smooth, and u is a Morse function on Vy. Ifp is the number of its critical
points (and critical values), then the factor space VA/VX is homotopically equivalent to a
bouquet of pu spheres of middle dimension (u is also the rank of the subgroup H™ of antiin-
variant homologies of the covering V) - V) branched along V}). We note that if the projec-
tion in question is a quasihomogeneous projection of a hypersurface or is simple, then u =
v + 1, where v is the codimension of the projection (it is not hard to show that for the
projection of an arbitrary hypersurface u 2 v + 1).

The motion of u along a complex line from the noncritical value O on V) to the p criti-
cal values along p nonintersecting paths defines a basis of u vanishing semicycles in the
relative homologies of the pair (Vy, VX). To this basis there corresponds a basis of the
antiinvariant homologies of the space V) composed of short, labeled (in the new sense) cy-—
cles.

For projections onto the line of smooth hypersurfaces (including Aj, Dy, E,) this defi-
nition of a labeled basis gives the same Dynkin diagrams as the definition indicated above.
For simple projections distinct from those indicated the new diagrams are strongly different
from the classical diagrams. For example, in the symmetric case the diagram of the projec-
tion By is p isolated vertices, while in the skew-symmetric case it is a complete graph with
two edges. For the projections C; and Fy there exist labeled short bases in which the dia-
grams of their symmetric intersection forms look like the classical diagrams of Dy and Di.

THEOREM 7. There exist labeled bases in which the Dynkin diagrams of the projections
Ck,7 and Fy have the form presented in Diagram 5.
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CHAPTER II
THE GEOMETRY OF BIFURCATION DIAGRAMS

4. k(m, 1)-Theorems

We recall that the bifurcation diagram of zeros of a function on a smooth manifold is
the set of those values of the parameter A6C* of a miniversal deformation X = f3 of it for
which 0 is a critical value of fj. The set of those A for which the function f) is not a
Morse function is diffeomorphic to a cylinder over some singular hypersurface imbedded in
CM~%, This hypersurface is called the bifurcation diagram of functions [3].

In analogy with these definitions we introduce the definitions for projections onto the
line.

1. Let F(x, u, A) be a miniversal deformation of projection onto the line (x, u)'+ u of
a full intersection f(x, u) = 0. T =0 is a smooth surface in CRFT*V,

The bifurcation diagram of zeros WcC!Y of the projection £ is the germ at zero of the
set of critical values of the projection (x, u, A) = (u, A) restricted to F = O.

For example, if f = 0 is a multiple point, then W is the image of the restriction in-
dicated.

The bifurcation diagram of zeros is a hypersurface in C**V composed of those (u, A)
for which 0 is a critical value of the mapping

FuyA=F(., u, }")'

The bifurcation diagram XcC' of the projection f is the union of the image of singu-
lar points of the diagram W under the projection (u, X) = A and the set of critical values of
this projection onto the regular part of W.

L is a germ of a hypersurface in cV composed of those A for which either the manifold
V) = FYI(O) 1s singular or the function u on this manifold is not a Morse function.

If £ =0 is a multiple point, then this corresponds to the coalescence of points into
which f = 0 decomposes under deformation or to the fact that the coordinates u of different
points coincide.

In the general case I consists of three components:

%1 — the projection of the cusp edge of the manifeld W (for points of I1 the function
u on V) has a degenerate critical point);

%Ly — the projection of the set of self-intersections of the diagram W (the function u
assumes the same values at different critical points);

%3 — the set of critical values of the projection (u, A) = A onto the smooth part of W
(the manifold Vy is singular).

Examples. 1. A miniversal deformation of the projection Cj3: x3 + a1x? + ux + Ap. Here
W is the set of those points (u, A) for which this polynomial in x has a multiple root. It
is diffeomorphic to a cylinder over a semicubic parabola. The component I3 of the diagram &
is the lime X2 = 0, Z1 is the cubic parabola tangent to this line, and I, is empty (see Fig.

D.

2. If £ is a simple projection of a smooth hypersurface (f€d, D, E,), then the diagrams
W and ¥ coincide, respectively, with the bifurcation diagrams of zeros and functions of the
analogous functions with isolated critical points. Here I3 = ¢. TFigure 2 shows the case f€
As.

2. For simple functions on a smooth manifold the Lyashko—Loojenga theorem holds,
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THEOREM 7 [3, 23]. The germ of the complement of the base of a versal deformation to
the bifurcation diagram of a simple holomorphic function with a p-fold critical point is the
space k(w, 1) where 7 is a subgroup of finite index in the Artin braid group of p strands.

We recall that the multiplicity of a critical point is the number of Morse points into
which it decomposes under small perturbation. Lyashko later extended this theorem to func-
tions on a manifold with boundary [17]. For projections there is an analogous assertion.

THEOREM 8 [11]. The germ of the complement of the base of a miniversal deformation to
the bifurcation diagram of a simple projection of a full intersection of positive dimension
onto €' is the space k(m, 1). Here 7 is a subgroup of finite index in the braid group of
v + 1 strands (v is the codimension of the projection, i.e., the dimension of the base of
the miniversal deformation).

If in Theorem 8 we restrict ourselves only to projections of smooth manifolds, then we
obtain precisely Theorem 7 (cf. Example 2, part 1). For the projections of By, Cy, Fu the
assertion of Theorem 8 differs from Lyashko s theorem for the analogous boundary functions:
the bifurcation diagrams of the corresponding singularities and the fundamental groups T
are different. Thus, the bifurcation diagram of the boundary function C3; is a quadratic
parabola with a tangent, and w has index 27 in the braid group of three strands. For the
projection C3 (Fig. 1) 7 has index 8 in this same group.

The proof of Theorem 8 follows the scheme of proof of Theorem 7.

In part 5, Sec. 3 it was noted that for a general value of the parameter MAEC’ of a
mlnlversal deformation F of a simple projection the function u has on the manifold V) =
FA (O) precisely (v + 1) critical values Ulsseeslys+l. It is not hard to see that the condi-
tion that X be general is A6C'\X , and u: are the coordinates of points of intersection of
the line A = const with the bifurcation dlagram of zeros W in C'*V (as A approaches a regular
point of any of the three components of the diagram I two points uj coalesce; for example,
for general degeneration of the manifold V) the value of the function u at its singular point
is considered a twofold critical point).

Thus, to any A6C'\Y we can assign a polynomial 2" 14-q2 !+ ...+a, with (v + 1) dis-
tinct roots uj — (Zuj)/(v + 1). We obtain a mapping @ into the space C,\E of polynomials
of this form [this is the classifying space of the braid group of (v + 1) strands]. It ex-—
tends to a holomorphic mapping ¢:(GY, 0) -+ (¢cY, 0).

The validity of Theorem 8 .is equivalent to the fact that ¢ 1is a covering, and it fol-
lows from the fact that ¢ is proper and ¢ is locally biholomorphic. The proof of these two
facts is contained in [11], but one aspect of it — the lemma that the preimage of zero under
the mapping ¢ is zero — contains an error. We shall fill this gap.

3. LEMMA. ¢-*(0) = 0.

Proof. We must show that as soon as the function u has on V) a single critical value,
then X = 0.

For the projections Ay D”, E,. the assertion follows from the connectedness of the Dyn-
kin diagrams of the corresponding functions on a smooth manifold.

To prove the lemma in the remaining cases we note that all simple projections onto the
line have quasihomogeneous versal deformations F (part 2 of Sec. 2) defined globally on Cr+ltv
[11]. It suffices for us to consider the global mapping & constructed for such a deforma-
tion.

Each series must be investigated separately.

The case By: F=x24ur+rub—2 1. .. Fhpy=x2-4 ps ()
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A critical value of the function u on V) is defined by the condition 3F)/3x = 0, i.e.,
x = 0. The critical values of u are the roots of the polynomial p). For AED(0) the poly-
nomial p) has a unique root: p) = (x — a)!. Now the sum of the roots of py is zero. This
implies that 3~1(0) = 0 for the series B.

The critical values of the function u on the curve F) = 0 are determined by the condi-
tion Jy = O where J) = det (DF)/Dx). All projections to which the projections Ck,7 and F
abut are simple. Let rg¢ be the number of Morse critical points into which a singular point
of the function u decomposes under small perturbation of the simple projection (x, u) » u
of the germ at (x°, u”) of the curve Fy = 0. It is equal to

dimc &2 1(Fa, o),

where the upper index of the space % indicates the point at which the holomorphic germs of
functions of the variables x and u are considered. As noted, this number is 1 greater than
the codimension of a simple germ of the projection.

Let {(xi,uo)} be all critical points of the function u on V) at the level u = u’. The
condition AED1(0). is equivalent to Irji = v + 1.

The case C 3, 1<kl F=(x1X—y, X +7\'1xf_1—}— RS WARE T S Ay W S SN +7Vk+l—2x12—1+-’c2l) =
(1%, —hg, Pa(X)+ 8+ )

The equations of critical poigts on V) at the level u = u’ are

)C1)C2:‘}\f07 Ph+uo—'rqx=0’ xlp;b—xZ_q’;wzo'

For Ao # 0, X2 = Ao/X1, and we see that the point (x3, Ao/x}, u’) is a critical point of the
function u on V) if and only if x! is a nonzero multiple root of the polynomial

Si
Q=xll(p?\.(xl)"“uo"l“ql(}"olxl)):]:[(xl_’ai) .

Suppose x9 = @p. We compute the number ry of Morse singularities of the function u
coalescing at the corresponding critical point. Noting that gy = 0, i.e., the function X3
is invertible at the point of interest to us, we have

; A . ,
ro=dimc &% /a0 2" /(X1 Xy —hoy Prt--tqn, X1p)— %aq;)
=dime & ho/ao ) (x,—ho/ Xy, Q4 (e —u0)x(,

0 [Q+ (1 — 1) x,']/9x0)) = dime &0 s (x5 [T (o1 — @;-1- )"

i#0 .
Fu(x+ag), o[ H(x1 — @4 Qo) i -1 (0 ag)]/ 0x) = 50— 1,
i#0
since ai # ap # 0.
Hence, for Ag # 0 at the level u = u® there coalesce v = Z(sj — 1) Morse critical points

of the function u. Now Zsj==k¥Fl==v(CéJ)4«l . Therefore, r < v(Ck,7), and the preimage of
zero under the mapping ® contains no points with Ao = Q.

For dp = 0 V; decomposes into two components:
Vie={x;=0, g»+u=0} and V?={x,=0, pr+u=0}.

The point x = 0, u = 0 is a singular point of the curve V) and hence is a critical point
for the function u. Therefore, for AD®'(0) the only critical value of the function u must
be zero.

The critical points of the function u on V' (or V?) at the zero level are multiple roots
of the polynomial gy (or py).

Let

pr=x5 1] (x;,—a)" andg, =xto [T (x,—0))"3,

where g # aj' # 0 # bj = bjr.
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Just as for Ag9 # 0, computatlon of the number r; for a critical p01nt (a;, 0, 0) [or
(0, bi, 0)] of the function u on V? (or V') different from the origin gives ri = s; — 1 (or
r; =ty — 1).

For the origin

t.
ro=dime & uf (X150, x50 ] (6, — @)t +u+ xfo [T (62— )",

gy [ I (i — @'ty —xp [ e T (%2 — )" =s0+ 2,

Thus, at the level u = 0 there have coalesced at different places

r—to+so+2<si—1>+2<tj—1)
is0
Morse critical points of the function u. Since

So‘FE §;==F, and tO—l-Et-—l

70 © IO
then r<I-1ka=v(Cpr-+1.
Equality is achieved only for p; = x%, qy = xg, i.e., for A = 0.
Thus, $1(0) = 0 for f€Ce,;.
The case Fu, M 2 4: F=(%21 %3 +MXo+ Aoy pr (X2) - 24 X195 (X2)), where for p = 2k + 1

plz_ﬁf2k—‘l—)\/3x§—l+ P +}\'k+1x2 and q7v=}“k+2x§—2+ e _]_ 7"27“

for w = 2k + 4

Dr=AsXET1 L bRy and = Xof - A aX BN oo Moy

It is not hard to see that the coordinates x, of critical points of the function u on
the curve V) at the level u = u® are multiple roots of the polynomial.

Q=(pa+u+ (% F %o+ o) 45
of degree p — 1 = v(Fy,).

After computations analogous to the case Cg, 67 but more involved, noting that V) can have
only one singularity, we obtain:

if V) is a smooth curve, then r=3r, <v(F)—1;
1if Vy has a point of self-intersection, then r< <V (Fu);
if V) has a cusp point (here A1 = A2 = 0 and u’ = 0), then r< v (Fu)-+1.

In the last case equality is possible only for Q = xg_l. Hence 9~1(0) = 0 for the series
F as well.

4, The assertion on the triviality of the highest homotopy groups is valid also for

certain projections of multiple points onto the complex line (for the notation see part 2 of
Sec. 2).

THEOREM 9 [12]. The germs of complements of bases of miniversal deformations to the
bifurcation diagrams of the simple projections X ks k 22, X5,7 23 and Uy, M 2 5 are the
spaces k(mw, 1).

For the projection Xp 7 m is a subgroup of index 21-1 in the group of generalized braids
BDz; for Uy it is a subgroup of index 2 in the group of generalized braids BCy—; [7].

Whether a similar theorem holds for the singularities Xk,7> 3 <k < 7; Vg; Vg and Iaq,b
is unknown.

We note that for the projection Us(x? + u?, ux) one of the components of the bifurcation

diagram (corresponding to coalescence of points of the set Fy = 0) coincides with the bifur-
cation diagram of zeros 3cC+ of two quadrics in C?. Knorrer showed in [22] that the space

*\ L' has a trivial group mz. He also proved that the complement to the bifurcation diagram
of zeros of two quadrics of general position in C® is the space k(m, 1) [22].
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TABLE 3

n Notation F=(ft, f2)
>2 A, (X, xl)
>1 | Ay, By
' (X fa(xa, oooy Xpoyy ),
. , u>2
oo Ay w fa— is the projection (¥1s -+« Xn-ps B)>L of the
C, Fa hypersurface onto the 1int analogous to the
boundary projection
>3 | Dy B |
>1 By, u>2 (At 2t )
) Cp 1>3 (xma+xg+x£+“.+xf+u,m)
>
F * ‘ (24 022 x4 ..o F Xt t+u, x;)
1 Xpp k122 (x*+u, x%)

5. We consider the problem of classification of projections of full intersections with
boundary, i.e., of surfaces in €M*! on which there is distinguished a submanifold of codimen-
sion 1.

The definitions of equivalence, stable equivalence, abutment, simplicity, codimension,
and versal deformation are obvious.

THEOREM 10 {13]. Any simple germ of a projection of a full intersection with boundary
onto €' is stably equivalent to the germ at zero of the projection (x, u) » u of the hyper—
surface f1 = 0 with boundary fi = f, = 0 where £ = (f1, f3):CP*! > C? is one of the mappings
of Table 3.

The codimension v of the projection ik,Z is equal to k + 7 — 2 while for any other pro-
jection it is 1 less than the lower index of the symbol denoting it. All abutments of the
projections of Theorem 10 are indicated in [13].

Let A—Fj, MCY, be a miniversal deformation of projection onto the axis of u of the hy-
persurface f; = 0 with boundary f; = f2 = 0. We set

Vi=F3l0), V,=F10).

The germ of the set of those X for which at least one of the manifolds V; or Vi is singular
or the function u is not a Morse function on at least one of them we call the bifurcation
diagram ¥ —C¥ of the boundary projection f.

This definition in the cases A;~Fy leads to bifurcation diagrams of projections of the
same name, while in the cases Bj-Fff it leads to bifurcation diagrams of corresponding func-
tions on a manifold with boundary. The complements to these diagrams are Eilenberg-MacLane
spaces.

THEOREM 11 [13]. Let % be the bifurcation diagram of the boundary projection ik,l-
Then the germ of the space CV\ %, v=£k-4-1—2, 1is the space k(w, 1) where 7 is a subgroup

of index (k%-a_-l>kk”’2 in the braid group of (k + 7 — 1) strands.

5. Rectification of Vector Fields

In this section we consider still another property of projections which is analogous to
the property of isolated singularities of functions. It turns out that in a neighborhood of
the bifurcation diagrams of zeros of a number of projections it is possible to rectify vec-
tor fields while preserving the diagrams.

1. We call the tangent space to a manifold A at a singular point § of it the limit of
tangent spaces at regular points (if this limit exists).

Examples. 1. 1In the space C® of coefficients of polynomials of degree 4

xtt-ax?+4-bx--c
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we consider the set corresponding to polynomials with multiple roots (a swallow tail). The
tangent plane to it at zero is ¢ = O.

2. The Whitney umbrella is the surface in C? given by the equation
x2=y2?,
The limit of the tangent spaces to the umbrella on approach to zero does not exist.

For simple functions on a manifold with boundary there is the theorem of Lyashko.

THEOREM 12 [17]. Let vy and vz be vector fields defined in a neighborhood of the bi-
furcation diagram of zeros of a simple function on a manifold with boundary and transversal
to the tangent plane to the diagram at zero. The germs of the fields vi and vy are equiva-
lent relative to the group of germs at zero of diffeomorphisms of the enveloping space which
preserve the diagram.

Examples. 1. Any field v transversal at zero to a swallow tail can be reduced to the
local normal form 3/dc by a diffeomorphism of C® preserving the swallow tail.

2. In three-dimensional space with coordinates (x, vy, z) we consider the cylinder A

x2=y8

over a semicubic parabola and a field v of general position. From Theorem 12 and its exten-—
sions to the projection Cs; (see Theorem 13 formulated below) we find: in a neighborhood of a
general point of the cusp edge of the set A the field v is transversal to A and can be taken
into the field 3/9x by a diffeomorphism preserving A while at exceptional points of the edge
v is tangent to A and is locally equivalent to the field 3/3y +3z/3x.

2. Let F(x, u, A) be a miniversal deformation of the projection (x, u) » u of a full
intersection f(x, u) = 0 onto the line; let v be the codimension of this projection. The
bifurcation diagram of zeros W of the projection f lies in C**V.

We consider the germ at 06C'*" of a smooth vector field v, v(0) # 0. Let u' be the time
of motion along v from the germ at 0 of some smooth hypersurface transversal to v; let A' be
local coordinates on this hypersurface. We carry A' by the field v to C1 p=0/du’.

Let G(x, u', A') be the notation for the mapping F in the new coordinates:
G(x, ', N)=F (x, u(u’, M), h(w, NM)).

G gives a deformation of the projection (x, u')~»u' of the surface g(x, u') = 0 where g =
G |p—o; MECY 1is the parameter of this deformation. W is the bifurcation diagram of zeros of
the projection g as well.

THEOREM 13 [11, 14]. Suppose that the projections onto lines of the surfaces
f(x, u)=0 and g(x, u')=0

are equivalent and G is a miniversal deformation of g. If the projection f is simple, then
there exists a germ of a diffeomorphism of the space (C'*V, 0) preserving the diagram W and
taking the germ of the field 3/3u into the germ of 3/d3u’'.

Remarks. 1. The assertions of Theorems 12 and 13 for the singularities Ay, Dy, By are
equivalent.

2. In [14] Theorem 13 is formulated only for full intersections of positive dimension.
However, it is easy to see that the scheme of proof presented below goes through also for
simple projections of multiple points and for simple boundary projections.

Example. A versal deformation of the boundary projection Ko F=(x24u, x24+Mx+A) . The
bifurcation diagram of zeros has two components (Fig. 3):

Wi: u = 0: the component consists of those (u, A) for which the function Fi1(-, u, A) has
the critical value 0;

Wa: (u — 22)2 + uprf = 0 (the Whitney umbrella): the component consists of those (u, A)
for which 06C? lies in the image of the mapping F(-, u, A).

By Theorem 13 for iz’z two fields transversal at zero to the planes u = 0 and u = A, are
equivalent relative to the group of diffeomorphisms preserving the umbrella and u = O.
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We note that Wz is the bifurcation diagram of zeros of the projection X2,2 (not a bound-
ary projection). 1In this case we find that fields transversal only to the plane u = A2 go
over into one another by diffeomorphisms preserving only the umbrella.

3., Theorem 13 can be proved by following the proof of Theorem 12 in [17]. 1In this case
the mapping ® is used (see part 2, Sec. 4).

However, it 1s possible to proceed otherwise, namely, as in [13] in an analogous problem
for quasihomogeneous projections which makes it possible to prove Theorem 13 not only in the
holomorphic case but in the C” and analytic cases as well. For this we note that the exis=-
tence of the required diffeomorphism is equivalent to the existence of a germ at 0 of the
change of coordinates

x=x(x', W', M), u=u'+a()), A=1())
and a germ of a nondegenerate matrix M(x', u', ') such that
G, w, N)y=M(x', v/, N\)F(x(x', w', M), u'+a(}), A(M)).
We denote by & the group formed by the germs at O of the changes and matrices of the
form indicated.

The result of the exposition we present for the special case fGCQ'u2?3 . Let F be a
quasihomogeneous miniversal deformation of the projection Cu:t

F =t A1 oo huox? X+ Ay

G is induced from F:

G=x" LA (W, W)= oo hua (@, MYX2u (', M) X0y (@, M), 20, 0)=0, A(0, 0)=0,

g =Q0)=6Cp and (u', A') » (u, A) is a diffeomorphism. Therefore, up to changes of coor-
dinates u' and A' permitted by the group § it may be assumed that the principal part G (see
[3]) has the form

Qo= gt My N X x (b - burh/), a0,

A simple computation shows that the versality of G is equivalent to the inequality g =
ub. We shall prove that in this case the mapping G is ¢ —-equivalent to G°.

G° is a versal deformation of the projection g’ = G%|yr= and is quasihomogeneous. The
weight of u' 1s nonzero. Hence,

G =8x,u gov— ago/()x ) +$u’ag0/0u, +C( 0G°; b’ lx'=0 )
=Eopx,u' (g()’ ago/ax > +C { agO/au’, aGO/a}"l, lh'=0> .

Therefore,

‘ Berur =B { GO 0G0 Y+-Bpo ( 8GO0, IGYOMY ) + 81 B
where my <&, is a maximal ideal.

By Wassermann's lemma [24] the last term drops out. The equality hereby obtained means
that G’ has zero codimension relative to the group % to which parallel transports have been
added. TUsing the Mather-Wassermann technique [18, 24], it is possible to prove that such a
mapping is finitely % -determined (cf. Theorem 1, Sec. 1). The element G — G° belongs to
the tangent space to the & -orbit of G. TIts quasihomogeneous components have degrees
greater than G°. Therefore G is ¥ -equivalent to G°.
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It is now not hard to achieve the equivalence of G° and F by quasihomogeneous transfor-
mations of the group ¥ (see [3]).

Analogous arguments prove Theorem 13 also for the other simple singularities.

4, We shall now indicate the geometric meaning of the conditions of Theorem 13 imposed
on a rectifiable field v for nonboundary projections of full intersections of positive di-
mension. There are two conditions:

1. Projections onto lines of the surfaces £ = 0 and g = 0 are equivalent.
2. G is a miniversal deformation of the projection g.

We denote by W' and W" the cusp edge and set of self-intersection of the diagram W; TgA
is the union of all tangent spaces at zero to different components of the set A; Z 1is the
factor algebra of the algebra L of vector fields on cttv tangent to W by its subalgebra L,
preserving the origin. We recall that if f6Cs: , then 1 + v is the lower index of the sym-—
bol denoting the simple projection.

We consider conditions 1 and 2 for all cases of simple projections.,
The cases Ay, Dy, B, C 7, 2 <k <17, Bty u' < 7.

1. v(0) is transversal to T¢W (for C2,2 and F7 ToW consists of two hyperplanes and one
hyperplane for the other singularities.

2. It follows from 1.
The cases Cy, Fg.
1. v(0)eToWN\T W =C\C"1 (Fig. 4).

2. The diagrams of zeros in the cases considered are cylinders over the diagrams of
zeros Ay-1 and Cz 3. Therefore, the factor algebra % 1is nontrivial and isomorphic
to the line. Condition 2 is equivalent to the fact that [o, I](0)4ToW where 7 is
any representer of a generator of & . We note that for Cy this coincides precisely
with the condition ¢ # pb in the proof of Theorem 13.

The case Fs. Here the diagram of zeros is a cylinder over the diagram of zeros Cz,z.
In suitable coordinates A4,..., As6C8
ToW ={ =0} {hy=0}, T W' ={h;=0hy=0},
TW ={h; =h3=0} U {hy=hs=0} (Fig. 3).
1. v QT WNT W UTW").

2. Jo, LJ(0O)¢T W’ @Cy (0) where [ is a representer of a generator of the algebra £=L/[,~

C.
The case Fy. W is a cylinder over a semicubic parabola with a two—-dimensional genera-
tor.
1. Q€T W', but [v, v/](0)¢T,W where v’€L, v’ (0)=20(0).
2. The mapping $—+7}Cﬂ7}“72 L+ Ly—~[v, I]O)mod T W', 1is an isomorphism (it can be shown
that this mapping is well defined).
The case By. W is smooth and L=CH-1,
1. At zero v has tangency of order p — 1 with W, i.e., for any €L, v’dD;=zJKD, we
have

D). .., 02 O)ETW, oh—1 ()T W,
where vk is the k-fold commutator of v with v',
vt=[...[[v, v'], ¥'],..., V']

2. The mapping of & into CH™' whose k~th coordinate function is equal to [vK™1, 7 +
Lo]1{(0) mod Ty¢W is an isomorphism.

All the conditions enumerated here of the contact of the field v with the diagram W are
satisfied for fields of general position on €'*V, i.e., the field obtained by a small pertur-
bation of the field v has near zero the same singularity v has at zero.
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5. Zakalyukin carried Theorem 12 over to quasihomogeneous (not necessarily simple)
functions on a smooth manifold in the form of an assertion regarding the stability of a vec-
tor field transversal to the bifurcation diagram of zeros [16]. 1In this form Theorem 13 also
carries over to quasihomogeneous projections onto the line.

Let F(x, u, A) be a quasihomogeneous miniversal deformation of a projection (%, u) = u
of a full intersection (possibly with boundary), and let v be the codimension of this pro-
jection. The bifurcation diagram of zeros W —C!* 1is defined globally.

THEOREM 14 [13]. The vector field 3/3u is stable at 0eCt*¥: if v is a holomorphic field
defined near zero sufficiently close to 3/3u, then there exist a point ¢€C* near 0 and a
germ of a diffeomorphism

(C*, W, 0)—~(C*, W, q),
taking the germ at zero of the field 3/8u into the germ of v at q.
A similar assertion holds in the real case as well.

An analogue of Zakalykin's theorem for functions on a manifold with boundary follows
easily from Theorem 14 as a corollary. TFor this it is necessary to observe that if

18
H (x, x)=h(x)+xl+2xiq>i(x)
‘ 2

is a quasihomogeneous, miniversal deformation of the function h on the manifold C™ with
boundary x; = 0, then (H(x, A), x1) 1is a miniversal deformation of the projection (x, A1) ~+
X1 of the hypersurface h(x) + A1 = 0 with boundary h(x) + X1 = x1 = 0.

6. The stability we have considered relative to a group of diffeomorphisms preserving
the diagram of zeros holds also for direction fields 8/3u. No restrictions on the initial
projection are hereby required. Stability follows directly from the stability of versal de-
formations of projections (Theorem 3, Sec. 1).

Somewhat more follows from Theorem 3: an analogous assertion regarding projections onto
bases of arbitrary dimension.

Let WcCr* be the bifurcation diagram of zeros of the projection (x, u) » u of some
full intersection (the definition of W is obvious). Let AEC' be the parameter of a versal
deformation. Then the fibering (u, A) » A and the fibering CP*V > CV sufficiently close to
it are locally equivalent relative to the group of diffeomorphisms of the space cP+V pre-
serving W.

If a versal deformation F(x, u, A) of projection onto CP is quasihomogeneous, then in
the formal case infinitesimal equivalence of the fiberings (u, A) » X and cP*V + €Y can be
realized by means of fields v = (vl,...,vp, Vp+l’---’Vp+v) tangent to W such that Zo;dvi/
ouj = 0. Here oj are complex numbers for which there exist no relation IZojwjAj = 0, where
Wi,...,w, are the quasihomogeneous weights of the variables ui,...,up and A1,...,Ap are any
positive integers. The proof follows the proof of Theorem 13 of part 3.

Example. Taking all aj = 1, we obtain in the real case an equivalence of fiberings
which preserves not only W but also the volume element in each of the fibers A = const.

CHAPTER ITII

CLASSIFICATION OF SIMPLE PROJECTIONS
In this chapter we present a classification of simple germs of projections
V—E—B,

for which the dimension of the manifold V projected is no less than the dimension of the
base B of the projection. We call them projections "onto." As before, it is assumed that
V is a full intersection.

6. Nonsimple Deformations of Full Intersection

Projection of V onto B defines a family of submanifolds in fibers of the bundle E > B —
the family of intersections of V with the fibers. A germ of the projection V -+ E - B gives
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a deformation of the submanifold Vo of a labeled fiber. The codimension of Vg in the fiber
coincides with the codimension of V in E. The equivalence class of full intersection Vg is
an invariant of the equivalence of projections we consider. Hence, for simplicity of the
projection V > E - B simplicity of the full intersection Vy is required.

We recall that the projections V -~ E' = B and V » E" - B are called stably equivalent
if E' and E" can be imbedded as subbundles in some bundle E + B and the projections hereby
induced are equivalent.

We denote by m the codimension of V in E and by n the dimension of a fiber of the bundle
E - B.

The next result follows from what has been said and the classification of simple full
intersections (see [6]).

THEOREM 15. Any germ of a simple projection "onto" is stably equivalent to some pro-
jection for one of the following three values of the dimension parameters: 1) m = 1 (a hy-
persurface); 2) n =3, m=2; 3) n =2, m = 2,

The classification of simple singularities in these three cases is contained in the re-
spective Theorems 16, 18, and 19 presented below.

We shall present a number of considerations used in the classification.

As before, we write the mapping E - B in local coordinates in the form
(x, u)~ u, x6K*, uekK?,

where K is the field of real or complex numbers. Equivalence of projections induces on the
space of local equations f(x, u) = 0 of manifolds V the action of the group of pairs (h, M),
where h(x, u) = (X'(x, u), U(u)) is the germ of a fibered diffeomorphism, and M is the germ
of a nondegenerate m X m matrix:

(b, MYf=M(h*f).

The labeled full intersection Vy is given in the fiber enveloping it by zeros of the
mapping fq = f]u=0' Let ¢(x, A), AEK*, be a versal deformation of the full intersection
fo(x) = 0. As any deformation of the surface fy = 0, the deformation f£(x, u) is induced from
¢ for some mapping of the bases ‘

A: (Kp, 0)—(K+, 0):
there exist a germ on E of an m X m matrix N, N(O) = E, and a p-parameter deformation X of
the identity mapping of K% such that
N(x, u)f(x, u)=0(X(x, u), A(4)).

The mapping A inducing the deformation £ plays a basic role in the classification of
projections.

We recall that we call the tangent space TgA to the manifold A at a singular point § of
it the limit of the tangent planes at regular points (if it exists).

The base of the versal deformation ¢ is decomposed into equivalence classes of full
intersections. Let Z be one of them.

The mapping A is transversal to the class Z (A@Z) if the image of its differential at
zero is transversal to the space TyZ in ToKM (in particular, the rank of the differential is
not less than the codimension of Z in the base of ).

The concept of transversality introduced does not depend on the choice of ® and A.

Theorem 1 on finite determination (Sec. 1) makes it possible in the classification of
simple projections to restrict attention to the formal case.

It is not hard to see that the technique of Arnol'd for reducing functions to normal
form by means of a spectral sequence [5, 7] carries over to the theory of projections.

We present several assertions which enable us to guarantee the absence of simple pro-
jections. We hereby speak of the projection (x, u) » u of a surface f = 0 onto a p-dimen-—
sional base as a p-parameter deformation f of the full intersection fo = 0, fy = f|u=0.
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Proposition 1. We suppose there exists an abutment fo, = go of full intersections.
Suppose that the full intersection gg = 0 has no simple p-parameter deformation. Then £, =0
also has none.

For simplicity of the projection f simplicity of the full intersection f5 = 0 is re-
quired. Any simple full intersection has a guasihomogeneous, miniversal deformation f4(x) +

w
EShﬂxx) with positive weights of all variables. Here ej,...,e; is a monomial basis of the
1

space
& I{fo* m(m)&S +-8,(0f1dx,) }.
We assume that the weights aj of the variables XA; are ordered: o1 2 az 2...2 o, > O.

Suppose that the rank at zero of the mapping A is equal to g — 1. Then there is a num~
ber s, 1 < s € y, such that the deformation f can be reduced to the form

[
Je w)y=ro(0)+ N wei(x)+h (e (x), (0

i=1, izks

where u = (ul,...,ﬁs,...,up+l) are the parameters of the deformation, and the derivative at
zero of the function Ag with respect to all uj, j > s, is zero.

Proposition 2 (on Reduction). Let 20y 2> og. The absence for f;, of simple deformations
of the form (1) with (u — 1) parameters implies their absence also with a large number of
parameters p Z M.

The classification theorems we formulate pertain to the real case. We point out the
differences in the complex situation after the theorems.

7. Singular Projections of Hypersurfaces

1. Suppose that the germ of the manifold V projected is given by the single equation
f(x, u) = 0. 1If the projection is simple, then the function fq = f‘u=o is also simple and
hence has one of the normal forms [3] '

Ay, p> 0T L2+ L b

Du, 18 >4:x12x2 i x’;_l ‘_‘}_" X32 i o i .xng;
Egxldt+xttx?+ ... +x,%

EpxBtxixdtx?t ... 252
Eg:x13+XQ5 ix?}? i A —*_.— xﬂz'

The abutments of these functions are the same as for the analogous boundary singulari-
ties (they are indicated in Diagram 1 in part 3, Sec. 2).

In Theorem 16 presented below f(x, u) = fo(x) + A(x, u); X, (or Yy,) is one of the simple
singularities of functions of n (or p — pu + 1) variables, i.e., X, Y = A, D, E; if the set
of arguments of a function g contained in Table 4 is empty, then we assume that géA;, g = 0;
€1,...,e, 1s a monomial basis of the ring &./(0fo/0%:) , and e, is the Hessian of f; (the ele-
ment of maximal quasihomogeneous degree); q = iuﬁ ... % ué.

THEOREM 16 [15]. A germ of projection of a real hypersurface is simple if and only if
it is equivalent to the germ at zero of the projection (x, u) » u of the manifold f = 0 where
f is one of the functions of Table 4. :

The function u (u):

|2 314]5(6]7]8]9]10]>11
%]2]®]3]546]5]7]6] 7

All the projections indicated are pairwise inequivalent up to permutations of signs in
the form q and the normal forms Xy and Y,,. For p = 1 AY = Aj.

The abutments of simple projections for p = 1 are enumerated in Diagram 1, part 3, Sec.
2. TFor the remaining p any abutment is obtained by a finite composition of the abutments
indicated in Diagram 6.
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Diagram 6

Remarks. 1. The projections of smooth hypersurfaces with (n, p) = (1, 2) through co-
dimension 1 constitute precisely the list of Arnol'd of all possible projections of general
surfaces from three-dimensional space onto the plane [1]. All these projections are simple.

2. As a whole, the complex list of simple projections of hypersurfaces differs from the
real list only in that in place of the sign * it is necessary to insert the sign +, and it
is also necessary to drop ZA%. Qver C this series abuts a projection containing a modulus
(a continuous invariant) in normal form.

2, 1In Table 5 below the functions Pg, Xg, Jio are as follows:

Pyt x84 x2 4 X2+ PxiXoxs £ X2+ Lo £ x5
th :txl4+§x]2)<:22 i)Cg4 i')C32i e ixnz;
St X3Pt £ X8 £ X kL X

Here P6C is a modulus. We denote by rkA the rank of the mapping A at zero; the dots denote
terms of higher degree of quasihomogeneity.

THEOREM 17. Any nonsimple germ of the projection of a hypersurface abuts at a germ at
zero of a nonsimple projection (x, u) » u of the manifold f(x, u) = 0 where f is one of the
functions of Table 5 (here again £ = f, + A).

Remark on Table 5. Let F be the set of all functions of the form f, + A where A runs
through all values indicated in the corresponding graph; let O be the germ of the orbit of
F in &«u relative to the equivalence group of projections with transports. The codimen-—
sion of € in &.u is the "codimension" indicated in the graph.

Some abutments of the projections of Table 5 to simple projections are indicated in
Diagram 7.

3. Theorems 16 and 17 are proved by means of all the tools indicated in Sec. 6. The
complete determinant of singularities in our problem is too broad (cf. [3]). Therefore, for
illustration we present a small part of it consisting of five lemmas giving the classifica-
tion of the projections of hypersurfaces for pairs (m,p), fofA, , from the hatched region of
Fig. 6 (the region is considered with boundary).

4

ez
1

Fig. 6

- NN

p

2802



Codi- s
o fo ‘ . A (x, ) mension Notation
Smooth hypersurfaces (grad fly_g 4o #0)
>1 A | 0 o | 4
1 Xy p>0 | u p—1 l Xy
u
>p | Xp u>0 > uie; (x) 0 Xy
1
p—1
> uie (x)+
¢ >1 ! v X
wo b +g(uy, -0 up) ey (x) w
gery,, v>0
1 T (o ) 2T
>/ [
S IV WS B R k Ak
+ 2 (uixl— ), 1< k<n ()
1
my x4 g
A, p>4 n=2 % Al
B — B
. + 2 (mx] N
1
utxy + 02+ 0y 3 2Af
A;
2%+ l 4 24,0
Ui Xy U X, iy 2 I ’Af
2 WXy + Uy 3 ' 2A,0
A, Uy X, 4y x0° - | 3 l A
uyxy® 0y, +u 4 "’A.zi
Uy X2 4ty | 5 A
Singular hypersurfaces (8rad f 1,9, 4~0="0)
1 A, + " p—1 B,
¥y
>1 A, g(m, ... up), gEeY, v 4
Apr u>1 ux, B Cuy1
1
u? 3 Fa
>2 A, wmx,+q 2 A2
2 ulttulttutx, kB>2 2k 2ARE

Thus, let f4€4, and n = 1.

LEMMAS.

1. Let u > 0 and rk A = y. Then fGA[.

2. Let p=1, rkA =pu — 1 and AbAy1.. Then fEAY:.

3. Let p>2, rkA=p—1, AfAs—1 but AdAp_o. Then the projection f is equivalent

p—2
to XM b ap g V4Rt g, ooy Bp) xB—2 2 uxi-l, wherehiny,_, has degree no higher than x{u)—1.

i=1
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TABLE 5

? fo A(x, 1) Codimen= |\ ation
-| sion
A, Bulxy+ u?
As | Bux?+ u? 4 Xy
1
D, ux,+puaxe
Ps Xo» 10 u p—2 X,
A, , Buxi 2 tulx, fuat ...
4 2A%
2 A, Buaxy® +uPxy fus+ .. #
As WXy -+, ... 3 2A,
S -
> max {3, A () x{7H,
H__Q}{ Ay 0>2 < ! p—pt+d | 4, (p—2)

thkA=p—2

u s
Sy xih
T

>p—1 Ay pn>3 3 Ayp—1)
tkA=p—1, Ap4, ,
n—z
T+
1
oy my, +pud +
>u Ay p>2 ( o 3 4,
p
£ kapt) AT
s
+ay g2
w
>p—1 Dy, By | Dhi(w)ei(x), AgD,_, 2 X
1
>
hi (1) e; (%),
p—2 Dy, E, <l T 2 Xy(u—2)
CrkA=p—2
< max {0 d
2p—3 | Py Xo Jyo 12,7\1- (2) es (x) pt——p--,l} X”,
n—1
e (x)+
Ay Dy, !
>p+1l E, +g(uw coes ) ey (%), v 1 lev
' g0)=0, gE¥V,=Ps
Xor J1o

Tf the quadratic part of the restriction #Alm—1-0 is hereby nondegenerate, then f€Aj . Other-
wise f nonsimply abuts Aj.

4. Let u 23, rkA =y — 1 but AjjAun—2. Then f is nonsimple and belongs to the class
Ay(u — D).
11

5. Let w22, p=>3and rkA =y — 2. Then f is nonsimple and belongs to the class
Au(u —2).

We note that Lemma 4 implies the absence of simple projections of hypersurfaces with
singularities for p = 2 and feéX,, where p = 3.
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L 2,% 1, %
Ay o Ay Ay

! Lk 21
AS_‘CM o AH A‘f

! ? 2, +
»,—D, Ag—"h,

Xr=lyt s if there is a corresponding abutment
M

of singular functions

d v %
X2y, P WS-, i Xz,

xlaz  pmp-3, U X2
M ﬂ_zyp_,/u' H M -2

Diagram 7

8. Projections of Manifolds of Codimension 2

2 2
/’A "u
Rl AN
Ay it
A A
] 1
A A
-1 M1
o o E*/DA1
T A
\DA1 \EA1
Du =1
g
A e 2
- LAV T
- 1
J=1 E s Yy 2y

1. THEOREM 18. A simple projection of a manifold onto a space of dimension 1 less is
simple if and only if it is stably equivalent either to a simple projection of the hypersur-—

face or to a versal deformation of a simple germ of a curve in three-dimensional space.

The list of simple curves C® not equivalent to plane curves was obtained by Giusti [19].
Any such curve can be given by equations f3 = 0, where f; is one of the mappings of Table 6.

The analogous real list differs from Giusti's list by the placement of the signs + or —

of (S, Tg) and addition of the singularity T7(x% + x%, x% + x%), C-equivalent to T7.
v g

All abutments of the projections of Theorem 18 can be obtained from the list in Sec. 7
of abutments of simple projections of hypersurfaces by the addition of abutments of versal

deformations Xﬁ +-ZX..

We note that all abutments of simple curves are so far not known.

were added to the diagram of abutments compiled by Giusti.
abutments pass, respectively, through the curves E; and Ug:

Wo—Eqp: (2 643 — 4652, %, -+ 4293%x,2 - 20385, 05 — €252,

TABLE 6

We—>Ds, Zg—Dq and Zy¢—Dsg

Indeed, the first two of

Type

Sy u25
T,
T,
T,
U,

fo Type Fo

x4 g+ 257 ey U, IAEE NS
X x4 a0, xaxs U, . X1% 4 X9 X3
X34 X2P x5t XX Ws X2+ x50
XiE 4 X 4 X%, Xox We X2 4 xax47,
x4k Kok, XXX Z, x4 x50

Zyo X1 F XaX4?,

x5%, Xixe
XX+ xg*
X8 x1X;
Xt 4 X3 X5
X% 4 x5t
Xa% + X,

For example, in [11]

these
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TABLE 7

T}’Pe fo Type . ) fo
CEp 2<h<l | xxy, xftml | Famyy m>3 |+ 2+ 2% 5"
Ezk, k>3 X2 X, xF Famiar m>2 _x1?+x2’,_x,x2”‘
H%—l—a! m >4 X2 F ™, Xyt Gy x5 Xyt

450, %5 4 x42 — 163%x; - 208e8x, - 16e8x5);
Usg—> Dy (2 X903+ 263x, +etx;,

3 3 1
XX+ X652 —3ex2— 3 2 X+ 8352 - 5 stxa).

2. Before presenting the classification of simple projections of manifolds onto bases
of the same dimension we recall the classification of simple plane O-dimensional full inter-

sections (by Theorem 15 our projections in the present case are deformations of multiple
points of the plane).

The simple multiple points in C? were classified by Giusti [20, 6]. The corresponding
real list is given in Table 7 (our notation df¥fers from that of Giusti).

Depending on the parity of the indices in the real case and always in the complex case,
singularities differing only in sign are equivalent. Over C,Con~ Ch,n

All abutments of real multiple points are obtained by composition of a finite number of
abutments of Diagram 8.

In Table 8 presented below we retain the notation of Theorem 16 with the sole differ-
ence that now ei,...,e; is a monomial basis ordered with respect to weights of the space
EL{So* (m(2)E2+8,(0fo/0x, )}, X=(X1, £);

Xu is the class of fq. Sometlmes, with spec1al mention, we wrlte the normal form Cz ,2 as
(xf, x3). The singularities Cy (x5 + x%, x%) are equivalent to C¥ , 2

THEOREM 19. The germ of a projection of a real surface onto a manifold of the same di-
mension is simple if and only if it is stably equivalent either to a simple projection of a

hypersurface or to the germ at zero of the projection (x, u) = u of one of the manifolds f =
0 of Table 8.

The value of % (in the series Fig) is not known exactly (it is possible that x=00),
. . .. +
In the last row of the table X, 1s any of the singularities Ck 7-G1o-

Over ‘the field C projections differing only in the placement of the 51gns + and — are
equivalent; the index deformations C,k and Ck,k and also the singularities “c3t ,2 and 2k
are the same.

Diagram 9 presents some abutments of the projections of Theorem 19. Among them are all
abutments of real singularities for p = 1 and complex singularities for p = 1, 2.

THEOREM 20. Any nonsimple projection of a manifold onto a space of the same dimension
abuts either one of the nonsimple projections of Tables 5 and 9 or one of the projections

v .
X' (XueCF,, Cs,y, Fy=+F, Gy Yo€Pg, Xy, Jy), or some deformation of a bordered multiple point
in RT.

Goer T el bhone - 0 a4
s 7 .
kot =—="CF p =Ty 2 2{k+1) C 2
/ ' \ , \
Fuegsq > Fyee Agre-1, ; /Czk\A
2k+1 k-1

Cz“ g —— H'L\/fﬂ" 1\F . /Fg
'8 1O\H;

C3 pmy~— Hi D,

Diagram 8
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TABLE 8

odimen+ .
P fo A(x, u) rzion 1Notat1on
Cip 2<k<l,
527, r>21 (0, u) ”_1 Xu
| Fuop>7
Cyr (%% %a7) (x:% 1) 4 Fs
C2 3 (u, 0) 5 Fs
C£2 (41, s+ mkx), k=1 2k 2C2’f
2
(y + 2" X2, 1y +u,5xy), 2 TsS
C >
l1<r<s rs 2.2
(g 4 usx, s+ hx,) ) +,Yy
v Cy 5
h=us+ g (s ..., up) '
>3 h=u1kiuaz+q, k21 k41 Cgﬁz
ct 2, X% - 3 3
2,20 (%1% Xo h=utu+q 3 Cs o
h=ut 4+, +ul+
Z —1| ¢kt
+ ¥ ks, 133 |°F 2,2
>4 5
]
b=yt ug® o uld + )k ug 4 cil?
5
_ n—1
Cop Fa e (x) + Yy
1 v Xu
Cfpy 1>2
! + gy oy up) ey (X)
. c (Uay g+ asxs Fugxs?+ r cr
>p—1 2.3 +(ud +9) x,), r>1 2.3
-1
(uz, 3wl g x +
Cy,, 1>3 !
. gt +ha)
b=t 4g Uy ...y tp) v cyY
Cs,p L>3 h=iu{+2+q, r>1 r Cg,,
u—1
F1, Fg, Fyg 21 sier () + (g + v F:v
sp—1 + g (uys «ooy up)) ey, (%)
p—1
uie; (x)+ (14" +q) ey (%),
Fie ; (x) -(o q) 40 (%) r Flro
I<r<x>4
p—1
2imer () + v
Glﬂ 1 v Glov
+ (o + £ (210s +-0» Bp))eso(X),
eg=(x2" 0), e50=(0, x;x,%)
n
>p X, 3 wiey (x) 0 xy
1
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Ck e-7—Ck e = Ck-1,e

2exce 0 X

26K \<e(c1fe=c,+g)

e +
Ch o7 Ck 2=Ck-1 0
" ! \ 1
k»2 Auve-s
I Cafk-1) (2= 8p) Fu—Fu-1
BT Cok 22 l+ -1
2,2k 2(k-1) hok-s cs»/"s"”=1""’[_2_]
2k __ e efk=1)___ v s .
Coe ™ Cap Ay » 25;'2—'43 , §>1
!
2.8 r's! . 2p1,1__ 4A
Cz,z_"zcz,'z » Py eye CorA3!
Rl
e N TR N ST U e WY
’ ) t]
611__. *Mt—1 271_—AA1
b0y 832 25
W,
/"f /AQ' ,‘(“2'_.,(#;", PIpE=Yy— Wi
AN e
. A . _
I e A
r-4 Aq t,AI'-1 f S, Apoq
Xy ==Xy '—X Lp =LA
A A A
r Pe1 [, | 2 M
Lo Co Ge ™Ay Co5™ s
X)}_—-Z)l' E X2y, Kuand Zy'= 'si_mplg multiple -
roots in R
Diagram 9

Diagram 10 shows the position of the projections of Table 9 in the hierarchy of projec-

tions relative to simple singularities.
3. We present the codimensions C and Co of sets of nonsimple projections 'onto," re-
spectively, of nonsingular and not necessarily nonsingular surfaces depending on the values

of the dimensional triples (n, m, p):
= = pl1121=3,
a)n=m=1, ACIEINEL

n=m-=2, p11]213415-91>10
Cloof312 |11 0 °

n =m2 3: the same as for n = m = 2 except for the case p = 9: C(9) = 0;

*0 -1 ' o
L7k L5 X MR
2, % 2,11 2 2,— % 2.2 2

L5 X ) Cz,z" €23

+ Ay +,% ~ e p—t™ —) %
£y ,(2)=Cy g=—03, )=y ~—Cy;

3421 41,2 + M
02T %2 2% O, e (m-1)—=Cx 2
¥ N3 3,2,2 3,1,2 - ) A
Ly 2C22 Coy %04, Ck,e(i‘ 1) Ce
3% a31 31,3 ?
Lo Cya Lo 02,3(4)——62,3
M i x Y %
Xy lp=2) =Yy W Vns x*/x#
: v M 2
Xplp-1)—=Yy, i Xy Yty ! Xp

Aq ~
- =RV _
X#(}A-U'—"Xﬂ, X FrrfeiFg Fipr b Coey Cpel 2)

Diagram 10
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Qi | ¢ | e FK e
FrtnF Puo fn=y
g
. e nE
WOy g</ ) g e +W+ p<
!
0= 2L =1 +ondrngng+ n =y
Yo LN
. S
+t «(x)%2 (n (x) tatn z¢ redn T CF
iy e ()% (n) 4 + (x) M UES %) g : _rW Gx ‘g'x)
: +tn T ntngt ftn =y mn._mD
v ¥y 72 y
. TN NSHNI_A
€ .« N N g
v TEovy g<1 7% ¥ v 'a
gt m=y
z<t ‘o="""itmglye
3 £z 4
€ (Cx (m) y + 0 ot F T+
4 Bxvn - txtn 4 n ‘tp) N.NU ¥ d
*am
vz +eng it ot =y g2
A+U“en~v T.x. i Byip LT
z 0T eIy 6.5 By el Y 7)
G-y Ay =y iz
1 I=n< 3 e e=vis
z | VTEwy q—i=vyy|e<)'gg=% "% 1= %) @/ fq) 2z
£0
B v..T
g e e @0 | 4| qiran
1 1—d=vs JW&V*.%I.E& L — airari
gy Iy @'ty . (M| g="@ x)a/fa) s 0 €
. . o 4
[ —d €2y c—re || 0 | e [1=@ ) alfan o
@—) "x g—r=vu g<4 e <Gy | TH 8 (ng *m) H
4 ‘ z— v _
<6 1] iz~ 1'% -
#H 74 T2 7FD 9 (nd o+ g n) "9 F
; X — r
z ot n.:u'_l;N'T *ntng -+ (2% “5'%) 9 (Pxng *m) vHImU
_:nmo 14 d m.mnv g< -
4+ ntn4 4 n=1y + .mumU ¢ (4 -+ 2xng - Txm o) NMU
uoTs uots! .
UOQEION | -UOWs (%) vy oy d uope10N] —rranr (nx)y of d
=-1poD ~1p0D

6 ATV
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b) n =m+ 1 = 2,

2-617
i1

JARN >8
Cl7]| 2 0

|
!
n=m+ 123 the same if p # 4, 5, 6; otherwise C = 1;

c)n=m+2=30orn>m+ 224

n=m+2 24 the same if p # 5, 63 C(5) = 1, C(6) = 0;

d) for any n and m, n 2 m,

Co()=4 Co(p)=C(p) for p>2.
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NEWTON POLYHEDRA (RESOLUTION OF SINGULARITIES)

A. G. Khovanskiil UDC 512.761

Some results are presented on the resolution of singularities and compactification
of an algebraic manifold determined by a system of algebraic equations with fixed
Newton polyhedra and rather general coefficients. Resolution and compactification
are carried out by means of smooth toric manifolds which are described in the first
half of the survey.

The Newton polyhedron of a polynomial depending on several variables is the convex hull
of the exponents of the monomials contained in the polynomial with nonzero coefficients. The
Newton polyhedron generalizes the concept of degree and plays an analogous role. Discrete
characteristics of a joint level line of several polynomials inmultidimensional complex space
are the same for almost all values of the coefficients and are computed in terms of Newton
polyhedra. Among the discrete characteristics computed are the number of solutions of a sys-—
tem of n equations in n unknowns, the Buler characteristic, the arithmetic and geometric
genus of full intersections, and the Hodge numbers of a mixed Hodge structure on the cohomo-
logy of full intersections. '

A Newton polyhedron is defined not only for polynomials but also for germs of analytic
functions. For germs of analytic functions of general position with given Newton polyhedra
the multiplicity of a joint solution of a system of analytic equations, the Milnor number
and zeta function of the monodromy operator, the asymptotics of oscillating integrals, and
the Hodge numbers of a mixed Hodge structure on vanishing cohomology are computed; in the
two~dimensional case and the multidimensional quasihomogeneous case the modality of a germ of
a function is computed.

In the answers quantities characterizing both the sizes of the polygons (the volume and
the number of integer points contained inside the polygon) and their combinatorics (the number
of faces of different dimensions and the numerical characteristics of their abutments) are
encountered. These and other results connected with Newton polyhedra can be found in the
works [1-9, t1-16, 18-24, 26-28].

A large part of the computations with Newton polyhedra is carried out by means of toric
manifolds. "Elementary" computations in which it is possible to get by without their help are
are most often exceptional. The basic step in applying toric manifolds consists in the ex-
plicit construction of a resolution of singularities and subsequent nonsingular compactifica-
tion of the joint level line of several polynomials having sufficient general coefficients
and fixed Newton polyhedra. The present paper is devoted to toric manifolds from the point
of view of their applications to the resolution of singularities and compactification.

In the first half of the paper we present a detailed construction of smooth toric mani-
folds. Usually the description of these manifolds is presented in terms of spectra of rings
which are common in algebraic geometry but are little suited for specialists in mathematical
analysis. In our exposition the entire algebraic apparatus is reduced to linear algebra and
to the simplest properties of integral lattices.

The second half of the paper is devoted to theorems on compactification and resolution
of singularities. 1In the first of these (part 2.4) a nonsingular compactification of a joint

Translated from Itogi Nauki i Tekhniki, Seriya Sovremennye Problemy Matematiki, Vol.
22, pp. 207-239, 1983.
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