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SIMPLE PROJECTING MAPS 

V. V. Goryunov UDC 517.27 

This paper provides a complete list of simple germs of projecting maps of submanifolds 
(some of them singular) on a space of the same or smaller dimension and enumerates all con- 
tiguities of simple projecting maps of hypersurfaces. Two particular cases -- the classifica- 
tion of projections of surfaces in general position in R ~ 2 �9 �9 �9 on R and the classlflcatlon of 
simple projecting maps in C l -- were published earlier in [I, 2]. 

Definition. A projecting map of a submanifold V of a total space of a bundle E on base 
B is a triple V § E § B consisting of an embedding and a projection. An equivalence of pro- 

jecting maps Vi § Ei § Bi, i = I, 2, is a commutative 3 • 2 diagram whose vertical arrows are 
diffeomorphisms, h:E1 + E2 and k:Bl § B2, such that hV1 = V2. A projecting map V § E' § B is 
said to be stably equivalent to the projecting map V + E ~ + B if V is embedded in E' as a 
submanifold of the total space of subbundle EcE'. 

Analogous definitions are given for germs. 

We denote by n and p the dimensions of the fiber and, respectively, the base of the 
bundle, and use m for the codimension of V in E. Locally E~K ~XK p,B~K p , where K = R, C, 
and the projection E § B is the projection on the second factor. Let V = f-l(0), where f 
belongs to the space ~'~(n+p) of germs at zero of infinitely differentiable, analytic (holo- 
morphic), or formal mappings from K n • K p into K m, and f(0) = 0. We denote by x = (xl,...,x n) 

the points of the fiber K n and by u = (ul,...,Up) the points of the base K p. For simplicity, 
the germ of the projecting map (x, u) * u of the surface given by the equations fl(x, u) = 
0,...,fm(x , u) = 0 will be referred to as the projecting map f. 

Definition. Two germs of projecting maps at the points Tl and T2 are said to be t- 
s if they become equivalent after shifting T] and ~2 to 0. The codimension of the 
projecting map f is the codimension of its equivalence class in the space ~in+p). 

Definition. A germ of projecting map is simple if it has no modules (continuous in- 
variants with respect to t-equivalence). 

One can show that a projecting map of finite codimension has a sufficient jet of finite 
order. This reduces the classification of simple projecting maps to the formal case. From 
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TABLE 1 
CodimenJ 

p 1o A(x, u) sion [ Notatior~ 

Smooth hypersurfaces ( grad fl x=O, u=0 ~ 0) 

1 Ao 0 1 0 A o 

t X ,  ~ ~ 0  u ~ - -1  X!~ 

~ Xli, ~ > 0 uie i (x) 0 ~(V 

X u, ~ > 1  

AI~, ~ / > 3  

A W i~>/4 

~ 1  ~e i (x) + g (% . . . . .  %) % (~), 

g ~ Y v '  "v>0 

~- - I  ,'~ 

.u--2 

+ E 
i = 1  

~ - - 2  

+ q4 + E Gxl-9 
i = l  

u 

k 

3 

4 

2 

3 

3 

4 

5 

'u~x l !  ~ 2 UlX 1 @ u 2 A 3 

~xl + u2 

A4 ul~ 1 • ulx~ + % 

LtlZ 1 - t - / / 2  

2 3 2 + UlXl_~U~ UlX 1 _ 

.Yv  
Xg. 

h A~ 

x A~ 

2A~: 

2 0 
A 3 

~A~- 

2AO 

2AI 

2A~ i 

Singular hypersurfaces (grad f[ x=0, u= 0 = 0) 

t A 1 _+ u ~ ~t--t B~ 

:> t A 1 g (ul, up), ge~ Y~ v Vv 
�9 . . , A 1  

t Aia, ~ > i ux 1 ~t C~q 1 

A 2 U2 

u~x 1 ~- q >~2 

2 

3 

2 

2k 

] ? 4  

A 2 "2 

2Ah ~- 
2 

Giusti's work [3] one extracts the following result. 

Proposition. For n m m every simple projecting map is stably equivalent to some pro- 
jecting map with one of the following three values for the dimension parameters: I) m : ] 
(hypersurface); 2) n = 2, m = 3; 3) n = 2, m = 2. 

We next formulate the classification results for each of these three cases. 

I. In Table I X~ (or Yv) denotes one of the normal forms of simple singularities of 
functions of n (or p -- ~ + 1) variables, i.e., X, Y = A, D, E (see [4]; for example, Ap: 
• -I • x~ • ... • x~); if the collection of arguments of function g appearing in Table I is 
empty, we consider that g~Ni, g=0; el,..., eL is a monomiai basis of the local ring of the 
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2 0 
p--2: A4 

\ 
2.3  ~ 2 . 2  '+ 2.~ 2----. 

A 3 ~ A  5 ~ A  3 ~ A  3 ~ A ]  - - - " A  3 " - - ' ~A  5 ~ A 3 

20  "2 + - . 7  
A 3 ~ A  3 ~ 

A 8 A 7 A6 A 5 A4 A 3 ~  A2 At V 
A 2 ~ A  2 ----,.--A 2 ~ A  2 ~ A  2 ~ A 2 - A2-~ ,~ -A  2 ~ A 2 

/ \ 
~ 2 A 4 2 +  --2A3Z ~ 2A2• _ _ _ -  A22 

AT A 6 ~  A5 A4 ~--~%" A3 ----D.- A ~  A I 
? A ,  ? / , D  - - ~ A f D - - ~ A  7 A . I  / A  , A, - - A ,  =- 

�9 - -  A? a ,/-T~A, ".'z ~ ' ' 'A  , ' . / - ~ A ~ ' - - A ?  4 / . /  / /" / /  
E8 E7 ~6 A t - ' ~ A ~  - A t 

p~3: ~,~-----~, < ,> • (4=Ao) 

x~ ~' 

Af 

. . . ~ A ) u ~ A  H ~ " ~ A ~ . f  f 

F i g .  1 

function f0, with e M = Hess f0; q = • • ... • u~; and function ~(~) 
values: 

assumes the following 

~121 31415161718191101~11 
• 61 7 

THEOREM I. A germ of projecting map of real hypersurface is simple if and only if it is 
equivalent to the germ at zero of the projecting map (x, u) + u of a manifold f = 0, where 
f(x, u) = f0(x) + A(x, u) is one of the functions appearing in Table I. 

The projecting maps displayed in Table I are pairwise nonequivalent up to the arrange- 
ment of signs in the form q and the normal forms X~ and Y~. For p = I, Ay = Az. 

For all simple projecting maps of singular hypersurfaces the given hypersurfaces have 
isolated singularities. 

Remark. The projecting maps of smooth hypersurfaces were classified by Arnol'd [I] for 
(n, p) = (I, 2) and for codimension at most 2. They are all simple. 

Definition. We say that the projecting map f is co~t~g~o~s to the projecting map g, and 
write f § g, if one can produce a projecting map equivalent to g by an arbitrarily small per- 
turbation of f. 

Arnol'd observed that the list of simple projecting maps of hypersurfaces on the line 
(p = I) is identical to the list of simple functions on manifolds with boundary (A~, BM, C~, 
DM, E~, F~; see [5]): the boundary is the preimage of zero under the projection (x, u) § u. 
Accordingly, the continguity diagrams of these objects coincide too. 

One can show that for p ~ 2, up to transitivity (X § Y, Y § Z ~ X * Z), there exist 
only the contiguities of simple projecting maps of surfaces indicated in Fig. i. 

The complex list of germs of simple projecting maps of hypersurfaces differs from the 
real list by the absence of series {2A~• k ~ 2} (in the C-case the latter is contiguous to 
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, , , ' \ + / \ +  
C + ~ C ~(k *~ ) . /C 'z: ,2 

/ \ )% 
F~< +I.§ ~ F t <  § Ak+t-/ F2.k + I A2k~ f 

+ + ~ H  + 

Fig. 2 

a projecting map containing a module in the normal form) and by the fact that everywhere in 
Table I the sign • is replaced by +. 

2. THEOREM 2. For n = m + I ~ 3 a germ of projecting map is simple if and only if it 
is stably equivalent to either a simple projecting map of hypersurface or to the versal de- 
formation of some simple curve in K 3. 

The list of simple curves in C 3 not equivalent to plane curves is given in Giusti's 
works [3, 5]. The corresponding real list differs from Giusti's list by the arrangement of 
the signs + and -- in certain normal forms (the curves S and T8) and by the addition of a 
new curve Tv (x~ + x~ = 0, x~ + x~ = 0) which is C-equivalent to TT. 

The list of contiguities of those simple projecting maps which are described by Theorem 
2 is the same as in the case of hypersurfaces, except for the fact that X~ and Z~, are now 

curves in K (whlch are no longer necessarily plane). versal deformations of simple . 3 - 

3. The simple germs of projecting maps of surfaces on manifolds of the same dimension 
are deformations of simple 0-dimensional complete intersections in K2. Therefore, before 
carrying out the classification of simple projecting maps for n = m = 2 we must write the 
list of the indicated complete intersections. 

The C-case is treated in Giusti's work [3]. 

The real list consists of the following maps from (R 2, 0) into (R 2, 0) (our notation 
differs from Giusti's): 

A~, , > 0 (~,, x~ +~) 
C~,,, 2 < k < Z  (x~.,, ~ ,"+4)  
~ ,  ~ ~> 3 (x~ + x~, 

4- m 
~ , + ~ ,  ,~ >~ ~ (x~ +_ x~, x~x~) 

F ~m + ~ , ,~ > 3 ( :4  + x ~ , x ';  ) 

F2~+a, m ~ 2 (x~ --[- x2, 

c~o (x~, 4) .  
+ 

If at least one of the numbers k and ~ is odd, then the singularities Ck, ~ and Ck,~ are 
equivalent. Singularities H~m, and H~m' are also equivalent. For the field C we have that 

+ + 
for any k, ~, and ~, Ck,7 ~ C~,~, C2k ~ Ck,k, and H~ ~ H~. In all these cases the upper in- 
dices are omitted. 

Using the list of contiguities of simple 0-dimensional complete intersections in C 2 
(see [3]) it was not hard to show that all the contiguities of the corresponding real sin- 
gularities appear in Fig. 2. 

We next formulate a theorem on the classification of simple projecting maps of surfaces 
on manifolds of the same dimension. We shall use the notations: f(x, u) = f0(x) + A(x, u); 
e I .... ,ep for the monomial basis of the space ~2(2)/{</o~, ]02> -~(2) +~I(2)<0/o/0 x>}, x----(xl, x~), 
ordered according to weight: wt ei ~< wt ei+ I (see [3]); g for a real simple function of class 
Yv, v > 0, i.e., Y = A, D, E (as in Theorem I, if the collection of arguments of g is empty, 
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TABLE 2 
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+h l,,) ~ -~)  

h(.) .-=+u~+:+q, r > t  

~] ,,#{ (~) + (%_~ + g (% . . . . .  %))x 
i = l  

•  (X) 

~ 1  

< r < •  

X elo (z), 

i=l  

2k 

r+s 

"9 

k+l 

3 I 

4 

2C2k 
'2,2 

c+,Yv 
2,2 

c~:~ 

C~,2 

xY~ 
Ix 

r 
C2,~ 

r'd 
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% 1 , - 1  ~ ~ 0%~. Cl,._1~t. =Cl .+ l 

i 
A + L - - I  

1 < ~ 2  

A 2 k _ t  

202k  2~2(k -1 )  V 
2~2 ~ L'2~,2 ~ A  2 

20 r',s ~ 2 C ,  ;,'-~ S ~ 

C ~ , , k  7 - t ,k  r ~,t 
2,2 ~ C 2 ~ 2  ~ ~ ~ 2  t k > ~ k  t 

l.,f =~- C +  ~ A~__f C2~2 "2,2 ~ ~ ~ 2 

./4"/.': 
4' 

t- +_ ~ A r ~ f  r I -  A r 
03,/" . C2,Z" 0 2 ~ 3 ~ A  4 t 

7 A11 2 ~ A1 
C5, z " A~+ C2, 5 A 3 

.... [ % ]  
2,-, f, S ~ . ~ S  

~2 ,q  ~ 5  * S > l 

2 fTf ~ '~1 
02,2 A 5 

2 "k ' - "~A l<  k >  l 
C2~2 5 

2,1 ~ A1  
2,2 A5 

Y~ w.~, 
X , u , ~ X ,  u , p>~,~"C:~Y.,-..-.,',~W..,, 

Af v 
x~, - . - . -x , . , ,  p ~ 

X % / . ~ Z ~ u ,  P ~ / u -  1 , /~>/ ,F4=~X~,~%~ 

~ Z vp, , ~ - - > x ~ z ,  , R 2 and Z u' ~es imple0 -d imens iona l  
completeinte~ect ions ~ 

Fig. 3 

2 
we consider that g~N1, g=0); q = • u~_... + u~; ~, for the class of fo. If not otherwise 
stipulated, we write the normal form C +2,2 as (x~, x~). The complete intersection C~(x~ + x~, 
x~) is equivalent to C + 2,2" 

THEOREM 3. A germ of projecting map of real surface on a manifold of the same dimension 
is simple if and only if it is stably equivalent to either a simple projecting map of hyper- 
surface for n = I, or to the germ at zero of the projecting map (x, u) + u of the manifold 
f = 0, where f is one of the maps appearing in Table 2. 

Remarks on Table 2. 

a) The value ~ (in series F~0) is not known exactly (possibly, ~= ~). 
+ 

b) In the last row of the table X~ designates one of the singularities Ck,~-Gl0. 

All surfacesappearing in this table are singular for p = I (with isolated singularity) 
and smooth for p > I. 

One has the following equivalences of projecting maps over the field C: 

C + C~.  2 ~ k ~ l ;  h , l  ~ , , 

c + , Y v  - , Y v  + , V  - V h,l ~C~,l  , C~,l ~C1~,} 2 ~ k ~ l ;  

~v2k ~ ~h,/~+'v, 3 ~-~ k; H ~  4~ ~ H ~ " ,  F ~ 9 .  

The complex list of simple projecting maps for n = m is obtained from the list of C-simple 
projecting maps of hypersurfaees for n = I and Table 2, in which the projecting maps indi- 
cated above are identified and the sign • is replaced by + in all normals forms. 

Some contiguities of projecting maps appear in Fig. 3 (where projecting maps stably 
equivalent to projecting maps of hypersurfaces are denoted by the same symbols). 
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For the field R and for p = I, and for the field C and p = I, 2, the list of contigui- 
ties given here is exhaustive modulo transitivity. For the remaining cases this is possibly 
not true. 

4. In conclusion, we indicate the codimensions C and Co of the sets of simple project- 
ing maps of nonsingular and, respectively, not necessarily singular surfaces, depending on 
the values of the triple (n, m, p): 

a) n = m = I pl tl21~>3 
C Ioo  131 2 

n = m = 2 pl 11213,4 I5 -91~>10  
Clool31  2 I i I 0 

n = m /> 3 - -  t h e  s a m e  a s  f o r  n = m = 2 ,  e x c e p t  f o r  t h e  c a s e  p = 9 :  C ( 9 )  = O; 

b )  n = m + 1 = 2 p I 1 ] 2 - - 6 1 7 1 ~ > 8  

C I 7  ] 2 I l l  0 

n = m + 1 /> 3 --  t h e  s a m e ,  i f  p ~ 4 ,  5 ,  6 ,  o t h e r w i s e  C = 1; 

c )  n = m + 2 = 3 o r  n > m + 2 ~> 4 :  

p l l l 2 - S l 6 i > ~ v  
cI61 2 I11 0 

n = m + 2 >/ 4 - -  t h e  s a m e ,  i f  p ~ 5 ,  6 :  C ( 5 )  = 1 ,  C ( 6 )  = O; 

d )  f o r  a l l  n a n d  m, n /> m, C 0 ( 1 )  = 4 a n d  C 0 ( p )  = C ( p )  f o r  p >/ 2 .  

The author is deeply grateful to V. I. Arnol'd for formulating the problem and for his 
constant interest in this work. 
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