MONODROMY OF THE IMAGE OF A MAPPING

V.V.Goryunov

Consider a germ of amapping €0 — c™ g of afinite left-right (2-) codimension.

Let a representative f be defined on a sufficiently small ball D c €" . Let flo D -
C**L be a stable perturbation of £.D.Mond [10] has praved that the image of f), | in

¢! ig homotopy equivalent to a wedge of a finite number of n-dimensional spheres.
We shall denote tlis finite number by © . It has also been shown by de Jong and van
Straten [71 (see also [10]) for n=2 that ¢ is notless than the A-codimension of the
germ of £ at the origin and © coincides with this codimension if the germ is
quasihomogeneous (for mappings of a line into a plane the corresponding statements are
almost trivial, but it is easily seen that if the pair (n, n+1) is out of the nice dimensions
[2],ie n>6,then the same staternen(s are falge). Thus, the image V of a stable

perturbation of 2 map-germ €2 — €3 is analogous to a Milnor fiber of a funetion with
an isolated eritical point. In the present lecture we continue this analogy and define on 'V
(which is a variety with non-isolated singularities) vanishing cycles and an index of
intersection with a vanishing cycle and describe the monodromy of the stable image.

0. Mappings of a line into a plane. For betier visnalization we begin with the
simplest case of 4 map-germ 1 ©,0 » €2,0 . This case already contains several points
useful for the higher dimensions.

When we perturb our germ in a generic way we get an immersion of a smooth
curve into a plane. The only singularities of the image of this perturbation are nodes. The
image is homotopy equivalent to a wedge of circles the number of which is equal to the
number of the nodes.

A smooth base A of an A-versal deformation fy of f contains a bifurcation
disggram L which is the sct of the values of the deformation paramelcrs A
correspending to non-stable pertorbations. L has three components according to the
number of possible local degenerations of the image in generic one-parameter famities of
maps from € to €2 . Real representalives of thése degenerations are as follows:

i) acusp > >
>( 2 — —

ii) contact of two sheets s
—_— —_—

P — K= X

iii) a triple point



In each of these cases one can easily sec a one-dimensional cycle on the image
which vanishes when A approaches the bifurcation value.

Consider a loop @ In A\Z with a base point A, - The circulation along this loop
defines by the lifting homotopy 2 family of mappings of the image V of fy, W the
images corresponding to different points of @ and, finally, a mapping to V itself. This
last mapping induces an antomorphism hy of H¥) called a monodromy operalor
along @ . When @ mms over the whole fundamental group of A\L we get a subgroup
TcAutH, (V) called the monodromy group of the image of the initial map-germ f.

Consider 2 path ¥ in A from A to some repular point A, of I.Suppose only
its end to be in & . Consider aJoop in A\Z which goes from g by ¥ tosome point A’
close to its end, then goes round I in the positive direction in a line transversal to I,
and etuns 10 Ao by T again. We call such a loop a simple loop. 11{A\Z) is generated
by simple Joops. The monodromy operator along a simple loop {called Picard-Lefschetz
operator) is defined by the events taking place in H; when we are going along the small
circle around I . The lifting homotopy comesponding to this circle gives an
automorphism of the image of f;, which is the identity out of a small neighbourhood (in
this neighbourhood the image of f: degenerates if we locally approach I ). Thus, we
have localized the problem of the description of the monadromy of the image. We need
now the description of the monodromy in the generic one-parameter families 1-iii.

Let us go, for example, Tound the component of % corresponding to the cusp-
degeneration. A-versal 1-parameter deformation of the cusp can be wrilten as it
2,340t Take aloop ty: A=-exp(2mit), T €
[0,1). The map [_; sticks together the points
t=*1 . In the complex Fig.l.t=0 e isthe
f_y-preimage of the vanishing cycle, A isthe
preimage of a generator of the closed first
homology of V . A Ieprsents how “big"
cycles on the "big” stable image come to the
small neighbourhood in  which the
degeneration is localized.

LeT T As T isrunning from 0 to 1, the points
oo icki h i d the origi
L & el sticking together are going roun gin
DL P ot and, finally, interchange. The events with the
=== cycles are shown in Figs.1.t=1/2 and %=1,
Fig.1 Wesee that hy, 1ok -2, Ap A-2e.

The similar drawings for the case of the contact of two sheets are given in Fig.2.

Here it is maore convinient to consider the equation y(y+x242)=0 for the local family of

" the images. In this case therc are two independent closed 1-cycles represented by Ay and

A, in the preimage. The loop 0 A=-exp(2nit), 1 € [0,1), provides by, er -0, Ap
Ay-e =12

" Rex Fig.2

Similarly, for the triple point the local monodromy is the identity on the compact
and closed homologies.

Let us introduce an intersection index of two 1-dimensional cycles on the image
V of a stable perturbation of a map-germ €~ €2 . This index is calcolated by the points
of transversal self—intersection of V. Consider only the points in which the both cycles

change local branches of the image. If in the
y/
X—Z X&z

given point the change of the sheets for the
motion along the cycles is in the same
direction, we declare the index to be 2 in
this point. If the directions are opposite we
declare the index tobe 2.

This form is symmetic on Hy(Y}, not skew-symmeiric as it could be expected
from an jnlersection of one-dimensional cycles. The explanation of the symmetry is as
follows. Let Vo C € be the preimage of the self-intersection of the stable image. Then
our intersection number is the index of intersection in Vy of the boundaries of the
preimages of the cycles under consideration. We shall extend this definition to the case of
maps €2 €3,

The indices of self-intersection {e,e) of the vanishing cycles i-iii are 2,4 and §

respectively. The indices of intersection of vanishing and closed cycles in Figs.1 and 2
ara 2. Consequently, we get

Theorem 0. The Picard-Lefschetz operator on FHy(V) corresponding to a simple loop
going round the cusp or contact component of the bifurcation diagram is the reflection

‘ ch c-2(cele/(ee)
in the plane orthogonal to the vanishing cycle e . The Picard-Lefschetz operator
corresponding to the triple point is the identity.

As the intersection index comes from the preimage of the self-intersection, the
monodromy of the image is achuaily defined by the monodromy of this preimage.

Remarlk. The cycles vanishing at the cosp and at the contact comrespond to short and long
vanishing cycles appearing in the theory of functions ona manifold with a boundary [%,3L
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Example. Consider a map-germ th 12,2k 11, Ts bifurcation diagram I coincides
with the set of irregular orbits of the Weil group By , i.e. with the set of polynomials
ek xk-1, g gl with a zero or multiple root (see Fig.3 for k=3). These roots
correspond to the cusp and contact
degeneration respectively. The monodromy
group of the image is generated by the
Picard-Lefschetz operators of the simple
Toops lying on the gencric line £ shifred
from the origin to some base point A, . This
group coincides with the reflection group
By . The intersection index on the stable
image is given by the Dynkin diagram By
(1l i '

Fig3

Now we e starting with our main topic of maps from €2 to €3 . In many points the
consideration is similar to the one just carried out. Sometimes we repeat the definitions.

1. Vanishing cycles. Consider an A-versal deformation fy , A € (A0), of amap-

germ f: €2,0 — €©3,0.. For a generic value of the deformation parameter the image of

has only stable singularities: Whitney umbreilas and transversal intersections of two or
three smooth sheets. There is an  A-bifurcation diagram X in the base A of the
deformation: T is the set of all the values A for which the corresponding member Ty of
the versal family has upstable mulfi-singularities. Generally L has 3 components which
correspond to the following A-codimension 1 degenerations of the image:

19, fusion of two Whimey umbrellas;

20, tangency of two sheets of the image; ~

30, a smooth shect passes trough an umbrella;

40, wngency of a smooth sheet and of a line of transversal intersection of two other
sheets;

50, 3 smooth sheei passes through a point of transversal intersection of three other
sheets.

In Fig4 for special real forms of these degenerations we show the local character
of the corresponding real parts of the surfaces Im fy, for values of A close to the
bifurcation onmes. The complement in B3 of any of the surfaces drawn has just one
connected component with compact closure. It is easily seen that the boundary of this
component is homeomarphic to the two-dimensional sphere, determines a non-trivial
elementin Hy(Im £ , 2) and collapses lo a point when A tends to the bifurcation value,
This boundary we shall call a vanishing cycleon Imfy , A ¢ E.

Now we are going-to define a distinguished set of vanishing cycles on the stable

image. In order to do this consider a generic line £~ €1 passing through 0 € A, Shiftit
in a generic way from the origin. The new line £’ imersects the diagram X
transversally in a finite number v of points (Vv is the intersection index of £ and Z).
Choose a non-bifurcation point L, on £'. Consider on £° a system of v paths 7,
without mutnal or self intersections, going from A, to the points of the set 2'nI .
Enumerate the paths clockwise according to the order in which they leave X, . We
contract one cycle ¢; on the siable image V=Im flo when moving along the path ¥ .

The set &4 ..., &y Of cycles is called distingnished.

Fig.4

Theorem 1 . A distinguished set of cycles generates the group Hy(V,Z).

Proof. The line £’ induces a mapping F" C3 ¢t N e &L, Ael', This
mapping is stable because £’ is transverse to %.Let W =~ \/83 be its image. The exact
homology sequence of the pair (W,Y) collapses to:



0 —— Hy(W) — Hy (W, V} — Hy(V) — 0
Here the central member is a free group of rank ¥, generated by the classes of the
thimbles which contract in W the vanishing cycles g; € V along the paths 7, (cf. [ 6D
Consequently, the cycles e; generale Hy(V).

The mapping F' we used here isa perturbation of a mapping F induced from the
versal deformation by the line £ , passing through OeA.

Corollary. ¥ = o{f) + o(F) .

Note that Theorem 1 and its Corollary are also true for mappings € — €2 and

C3 4.

2. Operators of local variation, Consider some path y(@) ,t€ [0, 11,in A\Z which

starts at &, . The covering homotopy defines a mapping V = Im gy — Im Fy1) (which

may be considered to be a diffeomorphism). If the path is a Toop we gel an
automorphismof V.

Definition. The image of the natural homomorphism T (ANE, Ag) — Aut H(V, Z) is

called the group of monodromy of the germ £: €20 —C30.

Asusual [2 ; 3, chd4 ], in order to describe the monodromy group, we consider
first the automnorphisms of the stable images induced by circulation along smatl loops
going round different components of the bifurcation diagram Z-.

So,let A, be aregnlar peint of the diagram Z and y, be the point in which the
image Im f3_ has its only unstable singularity. Tt is easily seen that one can choose a
small ball B = €3 centered at y, and a very small neighbourhood U < A of ke point
A, such that the fibration over U with fiber Im f3 \ (Imf, MB) is trivial
Consequently, circulation in U along a loop @ based at A’ round L defines a
homeomorphism of the stable image Im £+ which may be taken io be the identity out of
the set Y = Im )y » B . Thus, this circulation adds to an element A € H(Y.9Y) iis
variation Vargh € H(Y) . As the latter homology is non-mrivial only in dimension 2,
we got Vargh=0 if dimA£2.

We write out the groups Ho(Y, aY) = Hzc'(Y } (homology with closed supports)
for all our five codimension 1 degenerations, pointing out their generators  4; . These
generators wo shall be concemed with during all further considerations. The calculations
of the groups are goite elementary and we omit them.

10, Z,®Z . The generator Ay of Zj isthe self intersection of Y . The generator &g

b
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of Z is constructed in the following way: in the case under consideration the fj.-
preimage of the self intersection is homeomorphic to a cylinder; let o be the generator
of this cylinder folded in two by fj:; contract in €2 by a closed two-dimensional
thimble; the £y —image of this thimble is the generator of Z.

20, Z. A, is made up by gluing together two closed thimbles which contract in two
sheets the generator of the one-dimensional closed homology of the self intersection (the
self intersection is homeomorphic to a cylinder). :

30, Z,® Z. Ay is the self interseciion. Ag is the real three-faced angle,
"vertical”with respect o the three-faced angle of the vanishing cycle (see Fig.4).

49 and 50, Z2 and 2% respectively. The gencrators are analogous (o the generator
A4 of infinite order in the previous case. .

Asin each case HZ(Y) = Z , the variation operator sends any element of finiwe
order to zero. In order to describe
the action of Varg on the free

summands choose orientations for
\7 the generators.
2 First recall the definitions

*"Tl of some sets, related to the multiple
selfintersections of the stable
‘ image \:’:Imf;,‘0 [8,111

The space €2 contains a
curve V, which is the preimage of
the self imtersection. V., has
2 transversal self intersections which
are the preimages of lhe triple

0:1 points. Thi’ normalisation of Vy is
l the curve ¥, < €2 x €2 which is
the closure of the set of the pairs
(xy, X3}, Xy ¥ %, such that
flo(xi) = fj, (xa) - Vz contains

the preimage V3 of the points of
self intersection of the curve Vy

under the projection (%, , X2
b X2.

Example. In Fig.5 these sels are
shown for a stable perturbation of
the singulatity Hy: x,y b %, ¥?,
xy+yS.

Fig.5 For any vanishing cycle e
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the dimension of its intersection with a multiple self intersection decreases by 1 when
the multiplicity of the self intersection increases by 1. Consider the closure of the flo_
preimage of the set e MregV in €2, The boundary of this closure is a one—dimensional
cyclein V,. The closure of the m-preimage of 8eymregVy has boundary §;e C V3
(possibly empty)-

Let the cycle e vanish for the above mentioned valne A =%, . Let Yy and Y,
be analogues of the sets Vy and V3 for Y=Tmfy nB. Consider some generating
cycle Ae Hoel(Y) of infinite order. It has boundaries 8,4 € H(Yy) and 834 €
Hy(Y3). 844 = 0 iff 84¢ = @. Define the index of intersection of closed and compact
cycleson Y :

(ByA ,Bye) if B3e =0
(A,e)=
(54A,84c) if 83640

Indices on the right are taken on Y, and Y3 respectively.

Theorem 2. Consider a complex line transversal to the bifurcation diagram X at its
regular point A, . Let © be a small loop on this line which goes round A, once in the
positive direction. Then the variations VaryA of the basic elements of Hop{ Y , dY ) of
infinite order, such that (A, e) >0, are the following:

10, -2e 29, ¢ 30 -2e 40, -e 50, 0

The cases 20, 4° and 50 were investigated in [ 12}, secalso [ 3, §4.1 ) The
formulae 1% and 3° are easily obtained by consideration of the action of Varg on
H,S(Y,) and HgfY5) (cf, e.g. [2,sect2.1121]).

3. Index of intersection with r vanishing cycle. The description of the operators of
local variation suggests that in order to deseribe the monodromy group of a map-germ

€2 — €3 we need to define an index of intersection with a vanishing cycle.

Return to the situation of section 1 where we defined a distinguished set of
vanishing eycles. Let ¥ be one of the distinguished paths on a generic line £ which
leads from the distinguished point A €L to ong of the bifurcation points A, € Y'ME. Let
& be the cycle vanishing along v, A’ be a point of y close 1o its end and V' = Im f3:, The
group Hy(V) is generated by cycles which have one-dimensional intersections with the

curve of self intersections of V'. By use of the natural homomorphism Hy(V") ——
Ht(V") we set for a compact cycle ¢ on V':
. (8oc,82e) i 836=0
(c,e)=
(Bc,83e) if 83640

The indices on the right are taken on Vy' and Vy'.

We define the intersection index with e on H3(V) transfering the cycles from V
to V' along 7.

The indices of self intersection of the vanishing cycles 10-50 are equalto 0.0,
6, 12 and 24 tespectively.

For two vanishing cycles e and ¢ on 'V we have:

if 8e=03¢'=0 then {e.c')=-(e,e);
if Bae# 04 8q¢’ then (e,e')=(e,e);
if Sge#0=53e’ then (e',e)=0,
but not necessarily (¢,e'}=0.

In the first two cases the intersection index can be computed on ¥ without
transfering the cycles onto the corresponding almost-bifurcational images. In the third
case the index is zero as the cycle &' can be removed from the cycle € by an isotopy in a
neighbourhood of e. In the fourth case the index may be non-zero as in order to calculite
it we use only isotopies in a small neighbourhood of the cycle e,

Thus, the matrix of intersections of the vanishing cycles (when we order them in
some way which can differ from the ordering in the distinguished set) has a block

structure:
Ay O )
* Aql

where the matrix A is skew-symmetric and Ay is symmetric.

4. Picard-Lefschetz operators, The group ®1{ ANE, X, ) is generated by ¥ classes of
simple Toops @; on £\E which correspond to a system of distinguished paths ¥; {the
simple loop w; staris at Ay, goesalong ¥ vploa point clase 1o the end of this path,
circolates round the end point counterclockwise and refurns fo Ao by 7Ti). Consequenily,
the monodromy group s generated by automorphisms hyy, of the group Ha(V) induced
by circulations along the simple loops. The automorphisms g, are called Picard-
Lefschetz operators. Their description follows from the Theorem 2.

Theorem 3. The Picard-Lefschetz operators comesponding 1o the vanishing cycles of
types 10-59 are the following:

19, ¢ p c-(cele 30,40, ¢ 15 ¢c-2(ce)e/(ee)

20, ¢ b ¢ - (cekl2 50, id

Thus, the operators 30 and 49 are reflections into the planes orthogonal to the
corresponding cycles. Operators 10 and 20 act on the subspace in Ho(V) generated by
the cycles of types 10 and 20 in the same way as skew-orthogonal reflections in short
and long cycles of a function on a manifold with boundary (cf.[1]).
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5, Examples. 1.Recall that the list of A-simple map-germs €2 — C3 contains as a

subset the list of simple function-germs on 2 half-plane: Ay, By, Cx, Fg [9,31].
Moreaver, contact classes of curves on the x,z-plane with a boundary z=0 are in one-

to—one correspondence with 2-classes of mappings €2 — €3 of corank 1 and with
stable permrbations without triple points: a corve g(x,2)=0 corresponds to a mapping
Y b %Y ye(y2) . We meet here vanishing cycles only of types 1 and 20. A
distinguished set of vanishing cycles is a basis in Hp(V) . The intersection form, which
we have introduced on Ho(V) , coincides with the intersection form of a function on a
half-plane [ 11. In this simation cycles of type 10 correspond to short cycles of the
boundary singularity and cycles of type 20 correspond to long cnes. Tt is easily seen that
this cosrespondence may be continued up to the comespondence between hypersurfaces in

the manifold €8 with boundary €11 and corank 1 mappings €" — €M1 with no

triple points on the stable image . This leads to the appearance of Weil groups Ay, By,
Ci» Dy» By and Fy and their skew-symmetric analogues in the theory of mappings

€ — €1 ag the monodromy groups of the corresponding simple singularities.

2. The complement of the list of simple boundary singularities in the list of A-

simple mappings €2 —s €3 consists of one infinitc series Hy, k22: x,y b x, ¥3,
xy+y3k-1, Trhas rk Hy(V) = k butits disiinguished set of cycles contains k+1 elements
(a stable perturbation of Iy is shown in Fig.5; two cycles of type 30 are clearly seen
there; the third one, of type 19, is equal fo the difference of the first two for some choice
of otentations). For an appropriate choice of a distinguished point and a system of
distinguished paths on a generic line in the base of the versal deformation of the
singularity Hy, one gets the following Dynkin diagram:

123"
<: ! > o G
149 44 54° 64° K+ .4”
137

oy=e2-¢3

Here we have indicated the type of each vanishing cycle. The skew-symmetric

(B3¢ = 0) and the symmerric (33¢; # 0) parts of the diagram are separated by a dashed
linie. In the symmetric part the weight of an edge is one sixth of the intersection index of
the corresponding cycles; in all the other cases the indices and the weights coincide.
Weight 1 is omitted. The operator h of classical monodromy {we go along all the simple
1oops consecutively beginning with the fast one) sends:

g Hey, b e-€p-gy4, ey e3-€1-€4, eg b ~egyp, 4555k,

41 P —CatHe G- 1Hek2--Fogtle|

1§

The characteristic polynomial of the operator h is equal 0 (A1),

3. Every non-simple germ €2 — €3 which has triple points on rhe stabilisation
of its image is adjacent to the singularity P4 X,y W % xy+yd, xy2+oy? (o # 0.1/2,
1, 3/2 ). The Dynkin diagram of Lhis singularity is the following:

I
i 61—62—334-C4+65=0

The edges in the skew-symmeiric Jeft part of the diagram are oriented (rom the
i-th vertex to the j-th one in such a way that the index (&, ¢; yis equal to the weight of
the edge. Here
hi &b -eyt2es, e2b eteqtdes, eypecpfes, eqbepfegiegtes, &5 B -g3tes |
det (AT-h) = (A-1)(A3-1).

6. Remarks. 1. For mappings @0 -— C™ | n>2, the sitvation is hypothetically the
following. Far degenerations of topological A-codimension 1, an n-dimensional sphere
must be contracted on the stable image. It is expected that the action of the Picard-
Lefschetz operators is described by a matrix of intersections of a distinguished set of
vanishing cycles which has block-triangular structure with alternating symmetric and
skew-synmeiric blocks on the diagonal. See also {51.

9. One more possible generalisation is a description of monodromy of the

discriminant of a map-germ g : €"0 - CP, 0, n>p . According 10 [4] the

discriminant of a stable perturbation of an  A-finite-codimensional germ g is homotopy
equivalent to a wedge of a finite number of (p-1)-dimensional spheres. Here the

restriction of g to the set of its critical poinis is the analogue of a mapping " — crl

This work was partially done during the author’s stay at“the University of
Warwick supported by SERC.
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