PROJECTION AND VECTOR FIELDS, TANGENT TO THE DISCRIMINANT OF A
COMPLETE INTERSECTION
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. If a system of equations depends on parameters, then in the space of parameters one
singles out the discriminant surface, which corresponds to bifurcations of the manifold of
solutions of the system. Among the parameters there may be distinguished ones. For example,
when one of the parameters is time and one studies reconstructions which occur in the sys-
tem in the course of time. In such a situation it is necessary to be able to reduce a func-
tion of time on the space of parameters to normal form by diffeomorphisms which preserve the
discriminant. At the infinitesimal 1evel this requires knowledge of the algebra of vector
fields on the discriminant [5, 71.

The basic result of the present paper is a description of generators of the algbera of
holomorphic vector fields tangent to the discriminant of a complete intersection with an iso-
-lated singularity. Earlier, Looijenga proved that this algebra is a free module over the
ring of holomorphic functions on the ambient space [13]. Unfortunately, this theorem is
nonconstructive and consequently inapplicable for example, to the problem of classification
of functions or mappings defined on the space containing the discriminant.

The proof of the theorem on basic fields on the discriminant is based on a number of
properties of a one-parameter deformation of a complete intersection (Secs. 1 and 2). Such
a deformation defines a projection to a line of a complete intersection Y of dimension one
greater than the dimension of the deformed manifold. We recall that by projection to a line

is meant a diagram Y'Q,C”ﬂ-ﬁ-C‘where the first arrow is an imbedding and the second is a
nondegenerate linear projection [3]. The restriction of p to Y (height function) can have
critical points (a singular point of the submanifold is considered critical for p). In Sec.
1, where we give all the necessary definitions, we introduce the multiplicity p of a critical
point of a height function as the maximal number of Morse points at which it splits under a
small deformation of the complete intersection Y.

It turns out that the number u is closely connected with the codimension T of the orbit
of the projection with respect to an equivalence which we call Ri-equivalence, since it is a
natural generalization of the corresponding concept for functions on smooth manifolds [2,
Vol. 1]. . Projections of two submanifolds are considered Ry-equivalent if the submanifolds
are carried into one another by a biholomorphism of the ambient space which commutes with
the projections and induces a translation on the base of p.

In Sec. 2 we show that just as for functions on smooth manifolds, for a height function
w =1+ 1 (Theorem 2.1). This fact is basic for the constructions of Sec. 3, where we con-
- sider vector fields tangent to the discriminant of complete intersections and projections.
The discriminant of a projection is the discriminant of the complete intersection Y [ p™! (0)
multiplied by a complex linear space (the definition is given in point 1.4).

The basic vector fields on the disc¢riminant of a projection are given by decomp031t10ns
of products of the height function by the velocity of an Ri-versal deformation into veloci-
ties of deformation with coefficients which depend only on the parameters of the deformation
(Theorem 3.1).

The basic vector fields on the discriminant of a complete intersection can be found in
the following way (Theorem 3.2). We single one out from the parameters of a versal deforma-
tion of a complete intersection, A,. Let the axis 0A, have finite intersection index p with
the discriminant. The restriction of the versal deformation to the 0A, axis defines a pro-
jection to a line, while p is exactly the multiplicity of the critical point of the function
Ao (the height function in the present case). We write generators of the module of vector
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fields which preserve the discriminant in factorizations as products of powers of the param-
eter A, by the velocity of the versal deformation into velocities of deformation with coef-
ficients which are polynomials of bounded degree in A,. The relation gy = v + 1 guarantees.
us that the fields found in this way really generate the whole module of vector fields tan-
gent to the discriminant.

In Sec. 4 we consider the bifurcation diagram ¥ of a projection to a line. This object
can be considered the bifurcation diagram of a complete intersection, because one gets it
from the discriminant of a complete intersection (possibly multiplied. by a complex lin-
ear space) in the same way as the bifurcation diagram of a smooth function from the discrimi-
nant of the smooth function — as the ramification manifold of a stable projection of the
discriminant along a line. We show that the algebra of vector fields preserving I is a free
module over the ring of holomorphic functions on the ambient space, i.e., like the discrimi-
nant, the bifurcation diagram of a projection is a free divisor in the sense of Saito [14]
(Theorem 4.1). Generators of this module can be constructed by expansions analogous to the
expansions of Terao—Bruce [14; 8] for fields on the bifurcation diagram of a function.

The author thanks V. I. Arnol'd for interest in the work and also A. G. Aleksandrov for
helpful discussions.

1. R+-Equivalence of Projections

1. Suppose given on (**1 a nondegenerate linear projection p: G —C.
Definition. By a projection of a submanifold Y ¢, C*! to a line is meant a diagram Y G

¢S ¢ o[3].

We fix a coordinate function u on the base of p. Its restriction to Y will be called
the height function.

Definition. Projections of submanifolds Y,, Y, C ("l are Ry-equivalent if there exists
a biholomorphism of the ambient space carrying Y, into Y,, which preserves the projection p,
and on the base of p induces a translation u »> u + const.

Taking the graph of a function on C* as Y (u is the value of the function), we see that
the equivalence introduced is a natural generalization of the concept of Ry-equivalence of
smooth functions [2, Vol. 1]. The previously considered equivalence of projections [3],
under which an arbitrary biholomorphism was induced on the base of the projection, corresponds
to RL-equivalence of functions.

2. As projected submanifolds we consider complete intersections of positive dimension:
Y = £71(0), where f: (Cr+1, 0) - (C™, 0), =codim Y { n. For brevity we shall speak about a
projection of a complete intersection f 1(0) to a line as a projection f.

We shall use the following notation:
0% . is the space of germs at the point z e Z of holomorphic maps from Z to C™;
Oz,.= O, 2
mz . is the maximal ideal in Oz,
(, u) = (xq, ..., z,u) = Cot,
For fE@g;m,o we set
Ti=f* Mem o) Olni1, o + Ocnsn, o <0f/0a1s - . ., 0f [0z,

T = T; + Cdf/ou is the tangent space to the germ of the Ry-equivalence class of the
projection f.

We introduce Qf==@$HL0/T?

Definition. By the Ri-codimension of the projection f is meant the number T = dimcQ;.

Obviously

Proposition 1.1. If t < « then the complete intersections {f (z, u) = 0} C€** and {f (z, 0) =
0} — C* have isolated singularities.

Projection of the manifold f(x, u) = 0 to a line is a one-parameter deformation of the
complete intersection f(x, 0) = 0. Ry-equivalence of projections corresponds to a more rigid
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equivalence of deformations than usual: change of the parameter of deformation is prohibited.

We shall not consider the Rj-classification of projections to a line. We only note that
the list of simple singularities is the same as in [3].

3. We consider a k-parameter deformation of the projection F: (Cn#1tk, 0) — (C™, 0), A <= C*
being the parameter of deformation, F |4 = f.

Definition. A deformation F is called infinitesimally R+-versal, if its initial speeds
OF/0h; s i =1, ..., k, generate the linear space Qf.

In the obvious way one also defines an Ri{-versal deformation of a projection. By an ob-

vious theorem the concepts of Ry-versality and infinitesimal Ry-versality of deformations are
equivalent. The dimension of the space of parameters of an Ry-miniversal deformation is t.

A k-parameter Ri-versal deformation of a projection f is also:
a) a k-parameter versal deformation of the complete intersection f(x, u) = 0;

b) a (k + 1)-parameter versal deformation of the complete intersection f(x, 0) = 0 (u
being an additional parameter).

We shall call the space C@F, (u, A) & C1*F, an extension of the space of parameters.

4. Definition [4]. By the discriminant A of the projection f is meant the discriminant
of the complete intersection f(x, 0) = 0, which lies in the extended space of parameters of
an Ry-versal deformation F.

Thus, A C C* is the set of critical values of the projection (x, u, A) » (u, 1), re-
stricted for F = 0.

5. Let ¥ be a representative of the germ of an Ry-versal deformation F EEOQHH«& of the
projection f. Let us assume that on the set ¥, = £71(0) [a representative of £ 2(0)] the
height function u has a unique critical point (x, u) = (0, 0). Here a singular point of a
complete intersection is considered critical for the height function.

Definition. For almost all sufficiently small values of the deformation parameter X the
function u has the same number of critical values on the complete intersection Y, = {F l—const=
0}. We call this number the multiplicity of the critical point (x, u) = (0, 0) of the height
function on the germ £ = 0 and we shall denote the multiplicity by u.

Example. If f = x? + u?, then p = 2.

To critical values of the height function on the manifold §A there correspond in C** the
u-coordinates of the points of intersection of the line A = const with A (a representative of
A). Hence u is the index of intersection of the line A = 0 and A in C"*, which coincides with
the index of intersection in €% of the plane A = 0 and the set C of critical points of the
projection (x, u, X) » (u, A) restricted to F = 0 [13, Sec. 4]. If Is,C Ocn , is the ideal

generated by the coordinate functions of the map f and all m-minors of the matrix (3f/3x)
then by [13, Sec. 4] we get

Proposition 1.2. :=dhncOCwH,JI%.

COROLLARY 1.3. The discriminant A is defined by the Weierstrass polynomial of degree
g in the variable u:

A= +a s Mut+.. Fod)=0} oc Ok
The corollary follows from the propriety of the map A — C*¥, (u, &)+~ A.

6. Finally, we recall the definition of another object considered below. Let F be from
point 5.

Definition [3]. By the bifurcation diagram 3 - C* of the projection f is meant the
germ at zero of the set £ of those values of the parameter A for which the height function
has, on YA, less than p critical values.

For hfzgf the height function is a Morse function on Y). The diagram I consists of
three components in general:

g corresponds to the degenerate critical points of the height function on the smooth
manifold ¥y
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In corresponds to the coincidence of critical values of the height function on smooth
¥, (Maxwell stratum);

Lg corresponds to nonsmooth sets Y.

Under the projection (u, A) > A these components are the images, respectively, of three
subsets of the discriminant: cuspidal edge, set of self-intersections, closure of the set of
critical points of the restriction of the projection to a stratum of higher dimension.

£ is the branching manifold of the covering A — CF, (u, )+~ A

2. Multiplicity of a Singular Point of the Height Function and

Codimension of the Projection

THEOREM 2.1. pu =14+ 1 for 0 < pu < o,

The theorem follows from several assertions proved below.
1. LEMMA 2.2. If 0 < p < e then df/ou && T}

Proof. Let this not be so. Then there exists a germ at zero of a vector field v = 4§, +
U0, + . - -+ U0k, on €1, such that vf = Bf, where B is a germ of an m x m-matrix. The field

v is tangent to the manifold f = 0 and can be dropped with respect to the projection p: C»1 —
C. It follows easily from this that v is also tangent to the set C, of critical points of
the height function on f = 0 (C, is the manifold of zeros of the ideal I¢, of point 1.5).
Since y > 0 one has C, D {0}. Consequently, C, also contains the germ of the phase curve

I' # {0} of the field v, passing through 0. Hence, dimC, > 0. But this is impossible be-
cause dimg Ocns1, e, = p << .

2. LEMMA 2.3. Let f=(f-..fm) = (z1...2zou") M, where M is a constant (n + 1) x m-ma-
trix, r > 1. For generic choice of M, u > 7+ L.

Proof. We consider a small deformation f:f=(q (%) . . @n (Zn) Gusz (W) M, where s PSPPI N
are polynomials of degree r, whose derivatives have no multiple roots.

The critical points of the height function on f = 0 are defined for generic choice of
the matrix M by the equations

@, (x) - - g (@) =0, 1<hH<. .. <im<n
Straightforward combinatorics give the number of these points:
w = Cpt (r — 1yr-tm-1p™,

To estimate the codimension T we consider complete intersections f = 0 and [ |Ju=g = 0.
Let t' and <" be their Tyurina numbers. Considering the corresponding quotient spaces and
using the (quasi)homogeneity of f (due to which T;=udf/ou ), we get: T+ 1% + v (in fact
it follows from what follows that for n > m here the equality holds, as for functions on a
manifold with boundary [1]). For a quasihomogeneous complete intersection of positive dimen-
sion, the Tyurina number coincides with the Milnor number [10]. One can calculate the latter

m
for £ = 0, for example, as 2}(——1P”us, where pg is the number of critical points of the func-
§==1
tion fy-gt+, on the set f, =...= fy_g = 0 [2, Vol. 2]. ug is the number of common zeros of
all (m — s + 1)-minors of the matrix (@ (fy, . . ., fmos1)/0 (z, w)) Oon f; = ... = fms = 0. Combina-
torics gives
He = ngf (r — 1)ni-(m-s)pm-s,

Consequently, for n > m

m

T4+1 < Z‘ (— 1)s+1 C;{‘;i (r— 1)n+1—(m—s),.m—s + 2 (_ 1)1+1 cr -t (r— 1)"'(’"‘”7‘""‘“‘.
=1

§=1

It is easy to see that the number obtained from the summation coincides with the number
p calculated previously.

For n = m, considering that f; = 2} + a;u”, @; = const, i =1, ..., m,we see by the direct
calculation that T + 1 = m(r — 1)r™ = y.

3. We choose a representative F of the Ri-miniversal deformation 17E5025u+ﬁ0 of an
arbitrary projection f. Let the map F be defined on the product X x U x A of neighborhoods
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of zero in the spaces C*, €, and C* . On these neighborhoods we impose the following condi-
tions:

a) the height function has, on ¥, = f1(0), a unique critical point (x, u) = (0, 0);

b) for any A & A all critical points of the height function on ¥i -{F la=const = 0} 1lie
in the product X' X U, X' x U < X x U.

We denote by W the image of F. 0 = W C™
LEMMA 2.4, p<CT+ 1

Proof. Let Oz be the sheaf of holomorphic functions on Z. We consider on F = 0 the
coherent sheaf of Oa -modules

W = OFs 0/ OposyCOF [0y, . . ., OF 02y

Its support is the set C of critical points of the restriction to F = 0 of the projec-
tion (%, u, A) = (u, A). In fact, if (z, u) = ¥i, but (z, u, A) & C, then the stalk of the sheaf
in the numerator coincides with the stalk of the sheaf in the denominator. Now if (z, u, A) =C,
then as minimum % w3 = Oa,a [the minimum is achieved if (x, u) = Y, - is a Morse critical
point of the height function].

The map n: C — A, (z, u, A) = A, is proper of multiplicity p. Hence the direct image m.%
is a coherent sheaf of Oa -modules. We show that in some neighborhood of the point @ <= C*
the sheaf n,¥ is generated by t© + 1 elements.

In fact, it follows from the versality of F that 0f/du, 0F/0A, h—o,. - -, OF/0A h—o generate
the linear space

O%xv,0.0/{f* Mw,0) OFxv. 0.0+ Oxxu,o,0<0f/02,, . . ., 0f/dx,>}.

By the preparation theorem this means that 0F/du, 0F/0A,, . . ., OF/0A: generate the stalk
#w,0,00 as an Op,9 -module. It follows from the coherence that n*(aﬁvoux ng (0F/0h,), .. .,
iy (0F/0M;) are generators of the sheaf =} over a neighborhood of zero in A" C A C Cv

Thus, for A& A’ the rank of the module (w,#} is not greater than t + 1. Lemma 2.4
now follows from the fact that for a generic value A the height function has, on YA, only
Morse critical points, there are p of them, and each of them makes a contribution of 1 to
the rank of (my3h .

4, Proof of Theorem 2.1. We continue the study of the representative F of a miniversal
deformation of an arbitrary projection. For some sufficiently small value XA, let the height
function have, on the manifold Y)!, critical points of multiplicity Py, .- . W. Since u is
the intersection index of the line X = 0 with the discriminant in the extended parameter
space Cv% one has'p=p; + ...+ ;.

It follows from the coherence of the sheaf n,7% and the preparation theorem that for
the codimensions of the corresponding projections (v --4) 4+ ...+ (t, +1) <t} 1.

Using Lemma 2.4, we have p=p, 4+ ... + << (u+D+. ..+ (@m+1D)<<7+1, while p;: <1
1, i=1,.. .10

Taking as the deformed projection f, the singularity of Lemma 2.3, we get: u =1 + 1.
Consequently, pj = 114 +'1 for all i.

Since any projection can be obtained by a small deformation of the projection of Lemma
2.3 (for suitable r), this finishes the proof of the theorem.

5. COROLLARY 2.5. Let F be a representative of a miniversal deformation of an arbi-
trary projection £, and the value A" &= (€' of the deformation parameter be sufficiently small.
Then 8F/0u p—p, OF/ON; p=pry . . ., OF /0hs h—sr is a basis for the (1 + 1)-dimensional linear space
(e Mg, (T

6. We consider representatives A and 5 of the discriminant and bifurcation diagram of
the projection f, and also the covering A > A, (u, A) » A, where A C C* is a sufficiently
small neighborhood of zero.

COROLLARY 2.6. The tangent planes to the manifold A at points lying over a nonbifurca-
tion value A" CC A, are in general position (form a coordinate cross after parallel transport
to one point).
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An analogous assertion has long been known for singularities of functions on smooth
manifolds [12].

_ Proof. Let (x', u') be a Morse critical point of the height function on the manifold
Y)t. The tangent space to A at (u', A') is the image of the tangent space tol (C C"*v under
projection along the x-direction. F = 0 is a part of the equations which define C. Hence the
vector B = (Bg P1s - - -» Bx) lies in Ty.anA only for

T
BuOF [0t |, w1y + D BiOF 00 |, w, 1y = O mod (9 foy | (&', ', M), .. OF 0y [ )-

Consequently, the vector B is tangent to A at all py = t + 1 points corresponding to
critical values of the height function on V)., A’ & £, only if, in the stalk (my¥),

T
BoOF 0w + Zi BiOF [0h; = tmprn (gl
But by Corollary 2.5, this is only possible for =P, =... =P =0.

3. Vector Fields Tangent to the Discriminant

1. Let F'EE(?Z}H+EO be an Ry-miniversal deformation of the projection f. By virtue of
the Rj-versality there exist decompositions

i=0,...,T.

T n
u 0F/67»J = Z 1247} 6F/07»l —I— 2 haJaF/[ixs mod F* (mcm 0) O:Inn.{.]_-}.‘c o
i=0 s=1 ’ ’
Here vij(A) and hsj(x, u, A) are germs of holomorphic functions; A, = u but A = (A .. ., A
2. Let 635 be the Kronecker symbol.
THEOREM 3.1. The algebra %a of germs at 0 < G+ of holomorphic vector fields tangent
T

to the discriminant A of the projection f, is generated by the fields vj:=.§}(v” — 8;u)0, ,
j=0,...,7 as a free Ogis ,-module. =0
' n
Proof. a) We lift the field vj on €147 to a germ of a field v} = v; - Eihﬁa%° It
§=1
follows from the decompositions of point 1 that v5 is tangent to the manifold F = 0. Hence,
v is tangent to A.

b) The fields v,,...,v; are independent over the ring Ot because
vo/\vl/\.../\vr=det(vi,-——6,-,-u)8u/\6h/\.../\ém,

where § = det(vij - Siju) is not identically zero on C** (the functions Vi do not depend
on u).

c) 8§ = 0 is the equation on the discriminant.

In fact, since the tv + 1 vector fields vy,...,v; are tangent to the t-dimensional mani-
fold A one has {§ =0} = A and § is divisible by the equation of A. But § is a Weierstrass
polynomial of degree y = 1 + 1 in the variable u. By Corollary 1.3, precisely this poly-
nomial defines the discriminant.

d) We show that any field v, tangent to A, belongs to the module C%HK0<?m' < U
Analogously to point c,
vo A\ AV ANV AV AN e A Ve =P80, N\, A\ ... N\ O,
where Bj(u, A) is a holomorphic function.

Then v = oo + . . - + BeWs. In fact, v — (Bovo +... + Be)=0 outside A (since at any point
outside A the vector fields vy,...,v; form a frame), and hence, by continuity this is also
true everywhere in CI*7.

3. Acting by analogy with points 1 and 2, we give generators of the algebra of vector
fields which preserve the discriminant of a complete intersection.

Let the map G: (C*1+% 0) — (C™, 0) give a miniversal deformation of the complete inter-
section £, =0, A= (Ay, ..., A) be the deformation parameters, x =C". The discriminant of
go: A C C* lies in the parameter space.
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Let the deformation parameters be chosen so that the 0\, axis has finite intersection
index p with A. We denote by g the restriction of G to A; =...= Ay = 0. By Theorem 2.1 we
have

= dimcO)ns1 ,/{8% (M m o) Ogniy o + Opnia <08/02y, . . ., 08/0z,) ).

Since G is a miniversal deformation of the complete intersection g, = 0 one can take

a basis of the p-dimensional space considered in the form of the restrictions to Ay =...=
Ag = 0 of the elements

8G/ONg, -« - <, M I0GIOhg, 3GIOMy, . . ., MTIOGIBM,, . . ., 6G/oN,, . . ., A5G
where py + py + ... F px = p

This follows from the preparation theorem.

Now by the preparation theorem there exist decompositions
: k n
M'0G 0k = Dv;;0G/0h; + 3\ hy;0G/0w,mod G* (e ) Ofmirsr ,  J=0,...,k,
i=0 s=1 ’ !

where hgj(x, A) are germs of holomorphic functions, vij(A) are polynomials in the variable A,
of degree strictly less than pj.

THEOREM 3.2. The algebra ¥, of germs at 0 = C** of holomorphic vector fields tangent
K

to the discriminant A of the complete intersection g, = 0, is generated by fields v; = (vi; —

1=

6“-}»:;") Oy J = 0,...,k as a free 0C1+k,0 -module.
The proof completely repeats the proof of Theorem 3.1 (one uses the fact that 8§ = det x
(v;; — 6”-7&.‘1') has degree u in A, and consequently § = 0 is the equation of the discriminant).

Remark. For m = 1 and g = g0 + Ay, Theorem 3.2 is Zakalyukin's theorem on vector fields
which preserve fronts [5].

4, Example. On C* we consider a multiple point of g, (z)=(af + 2i, z,2,) =0, P = q > 2.
This is a complete intersection Ip,q from Giusti's list [11]. A miniversal deformation is:

Gz, A) = (] + Apazd ™ 4+ .o F Mmy R ) Apagead T o ATy, 342y + Apign)-

This same map (with A, replaced by u) defines an Ry-miniversal deformation of the pro-
jection G, , [3] of a curve from C* to a line. Hence u = p + q and all uj = 1. One can get
a basis for s by Theorem 3.1 as well as by Theorem 3.2. For the initial singularities of
the series we have

p=q=2

Uy = (2Ag, Ay, Aoy 2M5); ‘
v, = (—6Aghg, 4ho — AT, —8As, Aidg);
v2 = (—6AAg, —8hg, 4ho — A2, Aphg);

= (4hg — 20h,, —3A,, 37»1, Ao)s

=3,q=2
= (BAq, 4y, 2Ry, Ay, 5?»4)
= (—12h3hy, g — Ahy, BA; — 243, —15?»4, Asha);
= (—3hghghs + 90AZ, —6A2 4 20,A2 — 36Azhs, 2TAo — 15MA, + 423,
—6Ashy, OMA, — 2).27»4),

Uy = (—6AAy, —8hohy, —10A,, 4hy — A3, Aghy),
Uy = (—2hAs + 4dhohy, —3Aohg + DAy, —4hg, —3hy, Ag)-

The deformation of the singularity Ip,q we have described is quasihomogeneous. Consider-
ing the weights and linear parts of the basis vector fields it is easy to prove the following
assertions about normal forms with respect to the group of biholomorphisms of the space Crtg
which preserve the discriminant of Iy 4 (cf. [4, 5, 71).

Proposition 3.3. The germ at 0 & CP* of a holomorphic function in general position for
= 2 reduces to normal form Ap-; and for q > 2 has moduli.

Proposition 3.4. The germ at (O = Cr*¢ of a hypersurface in general position for q = 2
reduces to normal form A,.; = 0 for q = 3 < p to normal form A,y + Apyy = 0, and for the re-
maining values of p and g has moduli.
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5. We formulate an assertion which gives more convenient formulas for generators of
the module Yo in the case of a quasihomogeneous complete intersection.

This time let G(x, A) be a quasihomogeneous (k + l1)-parameter miniversal deformation of
quasihomogeneous complete intersection go = 0 of positive dimension, wj be the weight of the
parameter Aj. The Euler field e = wehoh, + ... + wihd), preserves the discriminant. Let

®(A) be the matrix of multiplication by a function ¢ (z) and the O , -module
@ZL@H{H,O HG* (mcm,o) OZ‘mm,‘O + O(ﬁ+k+1,0 0G0z, . . ., 0G[0xy)}
in the generators 0G/ok;, i =0, ..., k:

k
3G/0h; = D) @,;0G /0.
i=0

% exists due to the versality of G, but is defined up to addition to its columns, of
columns composed of the components of any fields from ¥,.

Identifying a vector field on C™! with the column of height k + 1 of its components,
it is easy to see that @e = ¥%,.

Let I be the ideal in O¢n ,, generated by the coordinate functions of the map g, and all
m-minors of its Jacobian matrix. It follows from the quasihomogeneity of g, and the condition
n > m that the linear space OCnJ/I is (k + 1)-dimensional {10]. Let @ - -+ ¥k be representa-
tives of a basis of this space, and &;,...,% be the corresponding matrices of multiplica-
tion.

THEOREM. The fields $ge,...,Ppe are free generators of the é%mu,o-module Hx of vector
fields tangent to the discriminant of an isolated singularity of the complete intersection
go = 0 of positive dimension.

The proof of this fact is given in the author's paper in Vol. 33 of the series '"Current
Problems of Mathematics" (Itogi Nauki i Tekhniki VINITI AN SSSR).

4. Vector Fields Tangent to the Bifurcation Diagram of a Projection

1. We continue to consider an Ry-miniversal deformation F of the projection f. Since F
is versal, there exist decompositions

T n .
wWoF|du= D w;;0F [0h; + D) hy0F [0z, mod F* Wy ) Ofnirse o J=1,...,7
i=0 s=1

Here wij(k) and hsj(x, u, A) are germs of holomorphic functions, Ay = 0 but A = (Ay, . . ., Aq).
THEQOREM 4.1. The algebra %¥s of germs at 0= C* of vector fields tangent to the bifurca-
T

tion diagram I of the projection £, is generated by the fields wj; ==2810”6M; j=1,...,1, as a
free tho -module. =1

The theorem follows from the three lemmas proved below.
2. LEMMA 4.2, The field wj is tangent to X.
Proof. We lift wj to a germ of a vector field on C”””l% _.w]ﬁ—(ww-—-u)a + Elhwa

It follows from the decompositions of point 1 that wi is tangent to the manifold F = 0. Con-
sequently, the image of this field under projection in the x-direction on C*7, the field
w; = w; + (wy; — u’)d,, is tangent to the discriminant of the projection f. Consequently, the
field wj itself, obtained by projection of wJ on C® in the u-direction, is tangent to the
branching manifold of the covering A—C', i.e., to the set X.

3. LEMMA 4.3. The algebra %; is generated by the fields w;,...,w; as an O , -module.

Proof. By a theorem of Lyashko [6], any germ of a vector field w, tangent to I lifts
from C° to €™, to a germ of a field w', preserving the discriminant A

w = w — %0, x = ¥ (u, 1).

The function y is defined at least up to the equation of the discriminant. By Corollary
1.3, x can be assumed to be a polynomial in the variable u, of degree no higher than 71:y=
T

JZ; %i (V) u’.
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T
We show that w= ) y1;
=1

For this, we consider on C?J, the germ of a vector field

T

n=uw'— Zj Y5 -

This field is independent of u. 1In fact, for its A-component this is obvious, and the
coefficient of 3, is equal to

T T .
— = D Wy — W)= — o — JE; Ao
j=1 =

On the other hand n is tangent to A. Hence, if we pass to representatives of the terms,
then for A & I the vector (1) is tangent to the discriminant at all p = t + 1 points of
the set & " {A = const}. It follows from this, by Corollary 2.6, that (1) = 0. Since I is
a hypersurface in (T, one has that n is identically zero.

4, LEMMA 4.4. Among the fields w,,...,w; there are no relations.

Proof. Let us assume that a relation exists:

It

1 (M) wy=0..

J

We 1ift it to a relation on CY* among fields from A,: -

vi(Mw —xu,A)ya,=0.

T«

3

The fields wy, ..., wy are tangent to A. Hence the field x3, is also tangent to A. But

for A& X the direction of the vector 3y is transverse to the manifold A. Hence for A &
3, vanishes at any point of A [} {A = const}. Consequently, X = 0 on A.

Now we consider, on the discriminant, the u-component of the relation among the fields

jgl %3 (M) (i (1) — ).

This polynomial of degree no higher than T in the variable u, vanishes identically on
A. Hence, by Corollary 2.6, x; =...= x¢ = 0.

This finishes the proof of Lemma 4.4, and with it, that of Theorem 4.1 also.

Remark. For m = 1 and f(x, u) = f,(x) = u the assertion of Theorem 4.1 coincides with
the assertion of a theorem of Bruce [8] on vector fields, tangent to the bifurcation diagram
of the function f,.

5. For practical calculations it is convenient to express the generators of the module
%y in terms of the generators of the module ¥, . We show how to do this (cf. [14]).

Let st (2, u, M) = A, 5 (U, A) = A, Ag = u, A= (hy, .. ., Ay) Let V = (v) j— be the matrix of
the decompositions of point 3.1, i.e., the matrix of multiplication by u in the Og,, -
module

JT* (O:‘nn+1+'t,o/{F* (mcm,o) 02ﬂ+1+‘5,0 + Oc‘n+1+’|7’0 <6F/ax17 LI 0F/axn>}) :
T

udF[oh;= D\ v;;0F[0);.

Writing a vector field as the column of its components, we get from Theorem 4.1

COROLLARY 4.5. Generators of the module ¥y are given by the formulas

w_, = ﬂl* [Vj-—lvo], j = 1’ e Ty
T
where vo== D) 00, =V, + ud,.
o

6. We consider the projection C}ﬂ(x§+—x§%-u71ﬁh)
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Using the algorithm of Corollary 4.5 and the vector fields of point 3.4 (p = q = 2,
A, = u) we get basis fields which preserve L: Wy = (Ay, Ay, 24;3) is the Euler field;

wy = (A3 + 32hshg, AS + 32AAs, —ATA; — Adg);
wy = (A3 — 36A%A, + 288AAZ — AA3hg, AD — 36AAIA, -+ 288A,05 - 4y, B4A5 — 176A A5 — Atk — Aahg).
The equation of the bifurcation diagram of C, , (cf. [9]):
det (w;;) = (409673 ++ T68AAME + 27Afh, — 6ATAIA, + 27A3hs ATAD)(AT — ADA, = O.

The first, second, and third factors correspond, respectively, to the components Z4, Zp, and
g of point 1.6.

Proposition 4.6. The germ at 0 = C® in general position can be reduced to the normal

form A, + A3 + @), + PA3 = 0, @, P= const by a biholomorphism of the space C3 which preserves
the bifurcation diagram of the projection C, ,.

LITERATURE CITED

1. V. I. Arnol'd, "Critical points of functions on a manifold with boundary, the simple
Lie groups By, Cy, F,, and singularities of evolutes," Usp. Mat. Nauk, 33, No. 5, 91-
105 (1978).

2. V. I. Arnol'd, A. N. Varchenko, and S. M. Gusein-Zade, Singularities of Differentiable
Maps [in Russian], Vol. 1, Nauka, Moscow (1982); Vol. 2, Nauka, Moscow (1984).

3. V. V. Goryunov, '"Geometry of bifurcation diagrams of simple projections to a line,"
Funkts. Anal. Prilozhen., 15, No. 2, 1-8 (1981).

4, V. V. Goryunov, "Singularities of projections of complete intersections," in: Current
Problems of Mathematics [in Russian], Vol. 22 (Itogi Nauki i Tekhniki VINITI AN SSSR),
VINITI, Moscow (1983), pp. 167-206.

5. V. M. Zakalyukin, "Reconstruction of wave fronts which depend on a parameter,' Funkts.
Anal. Prilozhen., 11, No. 3, 76-77 (1977).

6. 0. V. Lyashko, "Geometry of bifurcation diagrams," in: Current Problems of Mathematics
[in Russian], Vol. 22 (Ttogi Nauki i Tekhniki VINITI AN SSSR), VINITI, Moscow (1983),
pp. 94-129,

7. V. I. Arnol'd, "Wave front evolution and equivariant Morse lemma," Commun. Pure Appl.
Math., 29, No. 6, 557-582 (1976).

8. J. W. Bruce, "Vector fields on discriminants and bifurcation varieties,'" Bull. London
Math. Soc., 17, Part 3, 257-263 (1985).

9. M. Golubitski.and D. G. Schaeffer, Singularities and Groups in Bifurcation Theory, Vol.
1, Applied Mathematical Sciences, Vol. 51, Springer-Verlag, New York —Berlin-—Heidelberg
(1985).

10. G.-M. Greuel, '"Dualitdt in der lokalen Kogomologie isolierter Singularitéten,' Math.
Ann., 250, 157-173 (1980).

11. M. Giusti, "Classification des singularitées isolées d'intersections complétes, Pre-
print. Ecole Polytechnique (1977).

12. E. Looijenga, "The complement of the bifurcation variety of a simple singularity,"”
Invent. Math., 23, No. 2, 105-116 (1974).

13. E. Looijenga, Isolated Singular Points on Complete Intersections, London Math. Soc.
Lect. Notes 77, Cambridge Univ. Press (1984).

14. H. Terao, "The bifurcation set and logarithmic vector fields,'" Math. Ann., 263, 313-321
(1983).

113



