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206 Communications of the Moscow Mathematical Society

Projection of 0-dimensional complete intersections onto
a line and the k{m, 1)-conjecture

V.V. Goryunov

The concept of the projection of a surface from a fibre space to its base was introduced in {3],
and the equivalence of projections was defined in the natural manner. In this note we provide a list of
simple projections of 0-dimensional complete intersections from c2 to ¢l, and we prove that the
germs of complements to the bifurcation diagrams of some of these are Eilenberg-MacLane spaces.

1. Theorem 1. The germ of a projection of a 0-dimensional complete intersection from (€2, 0) to
(€1, 0) is simple if and only if it is equivalent to the germ at zero of the projection (x, u) v—> u of
one of the complete intersections f = (fy, f4) = 0 indicated in the table.

In the table, » is the dimension of the base of the miniversal deformation of the projection (see
[31), and N is the multiplicity of the point {0} = {f-1(0)}.

Notation b4 v N
Ay, 1=>0 (z, utth) p pH1

Xn 1 2<k<l (zk+u, zb) k+1—2 1
Upsoy n 22 (224 u”, uzx) n42 n-+2

Vs (22, u?) 5 4

Vs (34 u?, ur) 6 5

The full contiguity diagram of the projections in Theorem 1 is as follows:

-é~—-[/<~——

AVV//

AN

2. Let F: (€% x c’, 0) - (C2 0) be a miniversal deformation of the germ of the projection

(z, u} = u of the complete intersection f = 0, and let A € C¥ be the deformation parameter. We

denote by F a representative of F defined forjzj<e,|lu]l<e|r|l<p e<p<1. Weset
My, = (F |p= const) 1(0)

Definition. The germ at zero of the set of those values of the parameter A for which II(M)) consists

of fewer than N points is called the bifurartion diagram £ < CY of the germ of the projection of the

zero-dimensional complete intersection f-1(0) from (€2, 0) to (C1, 0, (z, u) ¥ u .
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A bifurcation diagram has two components: £ = 3; |J £, , where 2, corresponds to the
appearance of multiple points in My, and Z ,to the fact that distinct points on M, have the same
u-coordinate (this component is empty for 4,).

Conjecture. Let 3 be the bifurcation diagram of the germ of a simple 0-dimensional complete
intersection from (€2, 0) to (CL, 0). Then the germ at zero of the space C"\Z is a k(m, 1)space.

3. Theorem 2. The conjecture is true for the projections A“, =20 Xp,p, k=2,
Xoy 13235 Upsg, n > 2.

Proof. All the projections in Theorem 1 have quasihomogeneous miniversal deformations with

positive weights in the deformation parameters Ay, ..., A,,. For such deformations the diagram

o CV is defined globally, and the assertion of the conjecture is equivalent to that for the whole
v

space CVN 2.

A,

The theorem follows from the fact that the definitions of the bifurcation diagram of the projection of
A, and of that at zero of a function with a critical point A, coincide [1].

Xy gy v =2k — 2,
Miniversal deformation:
(u + }\.11' + e . + Kk_llk'l }“k + }“k+l‘z + e ‘+‘ xzk_th—Q + .Ik>.
Weset A" = (Ays -+« Apo)e A" = (hy, . - -, Agp_s); let W < Ch-! be the complexification
of the system of mirrors of the Weyl group A, _;, A < Ck-! the bifurcation diagram at zero of the
function with critical point Ah ;- It is not difficult to show that the map C%2 2\ Z—

—-CR-IN\ (A, (A, A") > A" gives a locally trivial fibration with fibre Ch-1\ W. Thus, C22-2\(Zisa
k(m, 1)-space.

Xopv= i

Miniversal deformation:

(@ 4w, b+ hpl=t 4 o0 b dgr + Ay

Let €/ be the space with coordinates Xy, ..., xj, ¥ C C! the system of mirrors of the grovp Dy let
Ay < D be the subgroup generated by the reflectlons in the diagonals x; = x;, | i</ < l. For
the singularity X, ;,CY\. 2 is the space CI\ Y, factored by the action of 4;_;. Hence, CI\ T isa
k(m, 1)-space, where = is a subgroup of index 21‘1 in the group BD; of generalized braids [2].

Un+2, v=mn-4 2.
Miniversal deformation:

(U Al A L Ay qu A Ay A Apggz e ur — A

== {j < C"*? [the polynomial u™*2 4 Aqu®+ + . .. + A,_qu® + A u? 4 Aggqh4ou 4
-+ A%+, has a multiple root}. It is easy to see that C™+2+_ 3 is a regular double covering of (7~
where Z = {(A;, . .., A,42) € C"* | the polynomial o™+ 4 Appm+l 4 ... 4 A, ;18
+ A,v? 4 Ayyyv + Ayr g has a multiple or a zero root). Hence, C?+2\ X is a k(rr, 1)-space.
where 7 is a subgroup of index 2 in the group BC, 1, of generalized braids [2].

Remarks. a) For the singularity I, ; o . £, is the bifurcation diagram at zero of the complete '
intersection (x2+ 4", ux),2, = {h,4, = 0). As Knérrer has shown in [4],for n = 2 the g
€3\ 2, has a non-trivial group 3.

b) It is not known whether the k(n, 1)-conjecture is true for the projections X},;, 3 < k <
and V.
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