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THE POINCARE POLYNOMIAL OF THE SPACE OF FORM-RESIDUES

ON A QUASI-HOMOGENEOUS COMPLETE INTERSECTION

V. V. Goryunov

Suppose that quasihomogeneous functions f\,. . .,fn e C[zι, . . . , z m ] , η < m, give in C m a complete

intersectionXo with an isolated singularity at the origin, and let degz.=A-, deg fj = Dj(i = 1 m;

/ = 1,. . .,«).Then(see [1]), the non-singular fibre Xe of the map/= </ ] s. . .,/„): (C m , 0)-> (C", 0)

has the homotopy type of a bouquet of μ spheres of dimension m-n, and it was proved in [2] that

μ = dimp© m /7 where O m = C{zx, . . ., z m } , and/ is the ideal generated by the coordinate

functions and all «-minors of the Jacobian matrix of/. We represent an arbitrary element in Hm~n(Xe; C)

as a form-residue

q dz1A- • -A dzJdfxA. · -A dfn, q 6 Gjl.

η m
Weset Q=GmII, Gn = C{ylt ...,yn), B= 2 Dj— 2 A<- and denote by pH(i) the

i = l i = l

Poincare polynomial of the graded ring R.

THEOREM.

η m

n jD · / ρ Γ Α •

/ i. X
i = l i = l

n . £>,·

PROOF. For η = m the formula is obvious. We consider the case η <m. L e t ^ P , d},p > 0, be the

complex of germs at zero of holomorphic differential forms on C m . We write Ω^ for the factor-complex

Ω? = ΩΡ/#ιΛΩΡ-1 + . . . . + dfn ΛΩΡ"1.

It is proved in [2] that the sequence

d d d d

0 -*- f*O C^Qj-^Q}-* ...—^Qf-n-1—>dQf~n-i->'0
' *- η / / ι f

is exact . Considering t h e grading deg z ; = deg dzi=Ai(i=l,...,m) and using the fact that

Ρ/,Οη(ί)=Π (1-Α- 1 (see [3]),
we obtain } i

mnI A nm-n—I m

. 7 = 1
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since m-n-l
1 , sn-m-2

> (— s)h s - 3 — — mod (sm~n) and (— l)"*-n = — ress=o - 7 7 — ·

ft=0

We consider now the map from dil'T~n~ to Slm of multiplication by d/x Λ· · ·Λ dfn and, on

dividing the holomorphic form of highest degree in C m by dz1 /\. . ,/\ dzm, we identify n m with Gm.

Then we obtain a map df: dn'T~n~l -* Om of degrees. It is proved in [2] that df is an embedding and
η

that ©m/Imi2/ is a free f*Gn -module of rank μ. Thus, if M= 0 m / / ( l m df+ 2 fj(Fm),

then

PM(t) = (PG (ί)-ίΒΡ^.η_,(ί))[1 ( 1 - A .
/ .7 = 1

which coincides exactly with the expression for Pg{t) in the statement of the theorem. But since it is
clear that

η

I ^> Im df -\- 2 fjOmi dim Μ = dim ζ> = μ,

we have

η

I = lmdf-\- 2j fj(5m and M = Q.
j=i

COROLLARY. The polynomial PQ(U is reciprocal for η = 1 and η = m - 1.
In the remaining cases the polynomial is not reciprocal, in general.
We remark also that if η = m - 1,

./j = det ! ~—Vizi a n ( j Jn = / ; ,

then the element of highest weight in Q has the form

m

i, i=l
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