A WEAK KAWAMATA-VIEHWEG VANISHING THEOREM ON
COMPACT KAHLER MANIFOLDS

THOMAS ECKL

1. INTRODUCTION

Using a subtle version of the Bochner technique, J.-P. Demailly and Th. Peternell
were able to prove one instance of the Kawamata-Viehweg Vanishing Theorem for
(even singular) Kéahler manifolds:

Theorem 1.1 ([DP02, Thm. 0.1]). Let X be a normal compact Kihler space of
dimension n and L a nef line bundle on X. Assume that L*> # 0. Then

HY(X,Kx+L)=0
forq>n—1.

The aim of this paper is to use the same methods to prove a weak version of
Kawamata-Viehweg Vanishing on compact Kéhler manifolds for all ¢ > n — v (L),
which also works for pseudo-effective line bundles. It is only a weak version, because
we have to tensorize Kx + L with the upper regularized multiplier ideal sheaf
of a singular hermitian metric on L:

Definition 1.2. Let X be a compact Kdahler manifold of dimension n and L a
pseudo-effective line bundle on X. Let hyin be a hermitian metric with minimal
singularities among all positive singular hermitian metrics on L. Then the upper
reqularized multiplier ideal sheaf J, (L) is defined as

Te(L) = [ T(his).
e—0

This multiplier ideal J, (L) is certainly not optimal: there are examples of nef
line bundles where it is not trivial, see [DPS94, Ex.1.7]. At least, it is conjec-
tured (and true in dimension 1 and 2) that it equals the ordinary multiplier ideal
j(L) = j(hmin)~

So the main result of this paper will be

Theorem 1.3. Let X be a compact Kdhler manifold of dimension n and L a
pseudo-effective line bundle on X of numerical dimension v = v(L). Then

HI (X, OKx+L)® Js (L) =0
forq>n+1—-v(L).

It will be proven as a corollary of
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Theorem 1.4. Let X be a compact Kdhler manifold of dimension n and L a
pseudo-effective line bundle on X of numerical dimension v = v(L) with a positive
hermitian metric hyy, with minimal singularities on L. For every € > 0 there
exists an 0 < € < € such that the homomorphism

HYX,0(Kx +L)® J(hit)) = HI(X,0(Kx + L) ® J(h}9))

min min

induced by the inclusion j(hl‘“/) C J(h:te) vanishes for ¢ >n+1—v(L).

min min

This theorem implies theorem 1.3, since the ascending chain of ideal sheaves
J (hinfrf), € — 0, gets stable at some point by the Noetherian property, hence
for ¢ small enough

T (i) = T (i) = T+ (L),
But then the homomorphism between the cohomology groups becomes an isomor-
phism, and the involved vector spaces must be 0.
The Bochner technique consists of using the Bochner-Kodaira-Nakano inequality
to prove the vanishing of certain cohomolgical classes, see [Dem00, §4] for an ap-
plication to classical vanishing theorems. The main obstacle to use this technique
in our case is that the Bochner inequality is only true for smooth metrics. This
was circumvented by Demailly in [Dem82] who observed that for a compact Kéhler
manifold X and Z C X an analytic subset, X \ Z has a complete Kéhler metric. Us-
ing Hormander’s confirmation of the Bochner inequality for complete metrics (and
elements of certain function spaces) in [Hor65] Demailly constructed sequences of
complete metrics converging to the original Kahler metric and got vanishing results
by going to the limit. This limit process is successful despite of the metrics changing
all the time, since there is a uniform bound for all the occuring norms, and because
one can compare the different metrics.
So in our case we start with a careful construction of singular hermitian metrics
he on L which are smooth outside an analytic subset Z. (section 2). They are
composed of a (sufficiently small) part controlling the eigenvalues of the curvature
form (they are essential for the Bochner inequality) and another part controlling
the multiplier ideal sheaf (and hence the singularities) of the metric. The first is
produced by applying the Calabi-Yau theorem as in Boucksom’s thesis [Bou02], the
latter is constructed with the equisingular approximation theorem of [DPSO01].
Then we use the Bochner technique for complete metrics on X \ Z, converging
to the starting Kéahler metric w and go to the limit, using the uniform estimate
in section 5 and comparing the different metrics following the results in section 3
(which more or less repeat the inequalities in [Dem82, §3]).

Remark. Since the technical details of the strategy described above are quite in-
tricate and treated in a very summary way in [DP02], the author decided to give
all the steps in full details, for his own safety and for the convenience of the not so
experienced reader — of course without claiming any originality. The expert may
skip section 3 alltogether and skim over the functional analytic details in section 4.

2. THE CONSTRUCTION OF THE METRICS

As explained in the introduction, we construct metrics h. for arbitrarily small €
composed of two parts, and the first part is produced by using

Theorem 2.1 (Approximative Singular Calabi-Yau theorem). Let X be a compact
Kihler manifold of dimension n with Kahler form w such that fX w" =1, and let
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a € HYY(X,R) be a big class containing a Kdhler current > dw. Then for every
€ > 0 there exists a closed positive current T, € « with analytic singularities such
that

Te(x)" > (1 = dc)v(a)w(z)"
almost everywhere, 6. — 0 if € tends to 0, and the multiplier ideal J(T) contains
J (Tmin) for a current Trin in o with minimal singularities in afow].

Here, v(a) denotes the volume of the class «, defined by Boucksom [Bou02, 3.1.6]
as

o) i=sup [ Tz,

T Jx

where the 7”s run through all closed positive currents in o and Ty is the absolute
continuous part of the Lebesgue decomposition of T' ([Bou02, 3.1.1]). Since « is
big, there is a closed positive current in « bigger than ew for some ¢, and v(a) is
positive.
The proof of the theorem is contained in Boucksom’s construction of the current T’
(with arbitrary singularities) solving the Monge-Ampeére equation

Toc(z)" = v(@)w(z)"
almost everywhere ([Bou02, Thm. 3.1.23]). His idea was of course to use the
ordinary form of the Calabi-Yau theorem (where a contains a Kéhler form and T
will be a form satisfying the Monge-Ampere equation everywhere). To be able to

do this, he proved a singular version of Fujita’s theorem about the approximative
Zariski decomposition ([Bou02, Thm. 3.1.24]):

Theorem 2.2 (Singular Fujita decomposition). Let o € H»'(X,R) be a big class.
For all € > 0 there exists a sequence of blow ups with smooth centers i : X - X
and a decomposition

proa=p+{E},
where (3 is a Kahler class and E is an effective R— divisor such that |v(a)—v(B)| < €
and T (1uER]) > T (Toin).

Proof. The additional statement compared to [Bou02, Thm. 3.1.24] is the inclusion
of the multiplier ideal sheaves. To get it, we must go through the proof of Boucksom:
It starts with a sequence of Kahler currents T} € o with analytic singularities such
that

/ TP, — v(0).
[ 1

These T, may be chosen in such a way that J(Tx) O J(Tmin): Apply Theorem
3.16 in [Eck03] to o — dw and get a sequence of currents T}, € a — dw with analytic
singularities such that

[ @ = via—s0)

Note that by construction the potentials of T}, are not less than the potential of a
current 7} . with minimal singularities in (o — éw)[0], hence J(T}) D J(T},in)-
Now set Ty, := T}, + 6w and Tyip := T}, + 0w.
Next, we resolve the singularities of T}, and find a sequence of blow ups in smooth
centers, py : X — X, such that the Siu decomposition ([Dem00, (2.18)])

wTy = [Ek] + Ry
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consists of the integration current of an effective R-divisor Fy and a smooth positive
residue current Ry. Since Ty is big, u*T is also big [Bou02, Prop.1.2.5], hence there
is a § > 0 such that for a Kéhler form w on X

,u*Tk = Ry + [Ek] > 0w.

This inequality remains valid, when we subtract an integration current of divisors,
hence Ry > dw. But Ry is smooth, hence is a Kéhler form. Furthermore, we
have [ x i ae = / 5 Ry. Finally, as T} is a current with analytic singularities, its
potential may be locally written as

¢k =0k +c- log(z |fil?),

where 6, is a C*° function, and an easy calculation shows that
Wik = 1O + - log(>_ | f{1?) + ¢ log |gx?,

where g, is a local equation of Ej and > |f/|* vanishes nowhere. Consequently,
T (p[Ek]) = T (Tk), and

pro={R} +{Ep}
is the desired decomposition, if we choose k big enough. O

To prove the approximative singular Calabi-Yau theorem, let us take a modification
1 X — X and a decomposition pu*a = 3+ {E} belonging to € as above. Let @
be a Kéhler form on )~(, and set ws = p*w + dw. For all § > 0, ws is a Kéhler form
on X , hence by the usual Calabi-Yau theorem, we can find a Kahler form 6. ;5 € 8
such that

(8) ~

o

0..5(x)" = 3{

for all z € X. Now set T, := 1. (0.5 + [Ec]) which is a closed positive current with
analytic singularities in p(F,). Furthermore, choosing § small enough and using
the properties of 3 and 0. s, we see that

T(z)" > (1 —d)v(a)w(z)"™

almost everywhere, and 6. — 0 if € tends to 0. Since the multiplier ideals only
depend on [E.], the inclusion of multiplier ideals in the theorem remains true. O

The construction of the second part of he uses

Theorem 2.3 (Equisingular Approximation). Let T = a+i09¢ be a closed (1,1)
current on a compact hermitian manifold (X,w), where a is a smooth closed (1,1)
form and ¢ a quasi-plurisubharmonic function. Let v be a smooth real (1,1)- form
such that T > ~. Then one can write ¢ = lim,_. 1 ¢, where

(a) ¢, is smooth in the complement X \ Z, of an analytic subset Z, C X;
(b) (¢,) is a decreasing sequence, and Z,, C Z,41 for all v;
(c) for everyt >0

/ (e72% — e~ 2ov)qy,
X

is finite for v large enough and converges to 0 as v — +00;
(d) J(tdy) = J(te) for v large enough (“equisingularity”);
(e) T, = a+id0¢, satisfies T, > v — €,w, where lim, _, o €, = 0.
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Proof. See [DPS01] or [Dem00, (15.2.1)] and especially the remark after the proof.
d

Now, let X be a compact n-dimensional Kahler manifold with Kéhler form w and let
L be a pseudo-effective line bundle having a hermitian metric ho, with a curvature
form ©y,__ (L) of arbitrary sign. Let T, be a closed current with analytic singularities
in ¢;(L)[—ew] such that
ver(l) +e)

2
as in the approximative singular Calabi-Yau theorem above. In particular
J(T. + ew) DO JT(Tmin) where T, is a current with minimal singularities in
(c1(L) + ew — ew)[0] = ¢ (L)[0].
There exists a hermitian metric h. = hooe 2?< on L, such that

O (L) =T.
([Bon95],[Eck03, Lem.4.1]). Next, we observe that
v(er(L) + ew) > €7 (e (D) w150

for all 0 <! <n ([Bou02, p.86]), hence there is a constant C' > 0 such that

v(e1 (L) 4 ew) > Cen V1),

(Te + ew)™ >

Let Amin = hooe 2% be a metric with ©5(L) > 0 and minimal singularities, and let
e | 9 be an equisingular regularization of ¢, such that

%6 = hoge Ve

satisfies @71 > —ew in the sense of currents. The metrics considered in the follwing
are given by

hi*® = hoo exp(=2(8(1 + )¢ + (L= 8)(1+ 5)2)

where § > 0 is a sufficiently small number which will be fixed later. Note that ﬁi"‘s
is really a metric on L, since ho remains unchanged.

Ei“ is smooth outside an analytic subset Z. C X. Its multiplier ideal is controlled
by subadditivity ([Dem00, (14.2)]):

j(ﬁi—i-s) - j(hf(Hs)) . j(ﬁg—a)(ws)) C j(ﬁgl—é)(us)) _ j(h(lﬂs)(ws))

because of the equisingularity. Locally, the Holder inequality shows that
f |f‘26_2[6(1+s)¢5+(1_5)(1+S)w6]de <

(f |f|2€72(1+s)¢5de)6 . f |f‘2672(1+s)w5de)17§’
hence
T(het) N T (hfin) = T (hynfin) © T (he™),
where the first equality comes from the properties of h..

Finally, we check how the eigenvalues of the curvature form are controlled: By
construction,

05, +2ew 0(On (L) + ew) + (1 = 0)(O5 (L) + ew) + ew

; (O, (L) + ew) + ew.

e
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At each point x € X \ Z,, we may choose coordinate systems (z;j)i1<j<n resp.
(w;)1<j<n which diagonalize simultaneously the hermitian forms w(z) and T, + ew
resp. ©; + 2ew, in such a way that

w(z) =1 Z dzj NdzZj, (Te +ew)(z) =1 Z /\g-e)dzj A dZ;
1<j<n 1<j<n
resp.
w(z) =1 Z dwj A dwj, (07 + 2ew)(z) =1 Z X;-e)dwj A dw;.
1<j<n 1<j<n
Let )\gé) < ... < )\Sf) and Xge) <...< ng). Changing from z; to w; by a unitary

transformation, the )\ge) ’s remain the same, and the inequality between the currents
from above implies

Al > 62l e,
by Weyl’s monotonicity principle [Bha0l, p.291]. On the other hand, the Monge-
Ampere inequality satisfied by T. tells us that
A AD > oL enr)

almost everywhere on X.

3. COMPARISONS OF THE METRICS

Let Z. be the analytic subset such that ﬁe is smooth on X \ Z.. By [Dem82,
Prop.1.6], for every € > 0 there is a sequence of complete Kéhler metrics (we ;) on
X \ Z. converging from above against w. = w.

Let D4 be the space of all (n,q)- forms with values in L and coefficients in
J (h}#) ® C>(X) and compact support in X \ Z.. Let L7 be the L?-completion
of D2 with respect to the norm

||“||g7t5: /X\Z ‘ulf\"’qwe,@izi“dv%ﬂ

€

including the case t = 0, where A\™? w,; ® hl** denotes the metric on (n, g)- forms
with values in L and coefficients in J (h!7%) ® C>°(X) naturally induced by w, ; and

We t

lAziJrS. The volume form dV,,, , equals —5*.

The operator O defines a linear, closed, densely defined operator
ge,t : LZ’tq — LZ%qul.
An element v € L'} is in the domain Dy if 9(u), defined in the sense of dis-

tribution theory, belongs to LZ’tqH. That 9. is closed follows from the fact that
differentiation is a continuous operation in distribution theory, and the domain is
dense since it contains Dy d.

Since 5€7t is densely defined, there is an adjoint operator 5;, and because 5€7t is
closed,

*

(0e)” = Des-
(cf. [SN67, p.29]). Let Dp- ~denote the domain of the operator 5; in L.
Let A be the adjoint of the operator L which multiplicates with w, that is
La=wAa, (Aa|B)er = (0] wAB)et
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for all forms o, 3 € L. (The scalar product above is taken in every point
ze X\ Z.) ’

If @ is a real (1,1)-form we define for all ¢ =1,...,n a sesquilinear form 6, on the
fibers of Q' ® L by setting in every point z € X \ Z,

X\Z.
9q<aa ﬁ) = <9Aa|ﬁ>e,t

for all o, 8 € Q?él\lze L ®L.. If 0 = O is the curvature form of the metric fzi*s on

L, a term of the form (§A«|B)., occurs in the Bochner-Kodaira inequality:
Bl 4 1Tl 2 [ (Ocatul)esdVi
X

On D4, this inequality is valid by the usual computations ([Dem00, (4.7)]).

Hoérmander ([H6r65, Lem. 5.2.1]) showed that for the complete metric we ¢ (¢ > 0)
the forms in D¢’ are dense in Dy N Dy~ , wart. the graph norm

=%
?,t + ||5‘e,tUHf,t .

Hence we have the Bochner inequality for all u € Dg_ . N Dy E

w=ull?, + 119 pu

To really apply the Bochner technique we still need some comparative inequalities
between the different metrics we ¢:

Lemma 3.1. [[u|lcy<|ullc; for allu e L7 and all 0 <t <t
Proof. This is just Lemma 3.3 in [Dem82]. O

Consequently, we have a linear continuous operator f, : L — L7} with norm
7
[ foll< 1.

Lemma 3.2. The diagram

ng fa n.q
Le,t Le,t’
eyt # By
n,q+1 n,q+1
€t Le 7t’

? fat+1 ’

18 commutative.
Proof. Let vey be any element of L} such that O is defined. Since D} is dense
in Dy | there is a sequence of smooth forms (v(z))nEN in D4 such that

(n)

Ue,t — Vet ave,t 4’8571;11€7t

strongly in the (¢, ¢)-norm. Now, the derivation of smooth forms in D¢ w.r.t. et

and .+ do not differ. So the two limits above exist and are the same for the (e, ')-
norm because of lemma 3.1. O

Again, let 6 be any real (1,1)- form. If a € L} we define |aly in every point
z € X \ Z. as the smallest number > 0 (perhaps infinite) such that

(@l B)e,e” < lalF(0AQIB)c.c
for all g€ L.

Lemma 3.3. The (n,n)- form |a|3dV,,_, decreases if t increases.
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Proof. This is just Lemma 3.2 in [Dem82]. O

Lemma 3.4. For all § € L/, we have

1
2 2
dv, . < dV,. .,
L |ﬁ‘0 We,t — /}; )\1 + . + Aq |ﬁ We,t We,t
where A1, ..., \q are the q smallest eigenvalues of 0 with respect to we 4.
Proof. There is an orthonormal base dz1, ..., dz, of Q?{g 2. . such that we can write

. n
We,p = ;;dzj Ndzj,
. n
= %ijdzj NdZj, A €R.
j=1
8 e L ? may be written as
8= Z Bydzi A ... Ndz, NdZj R e,
[71=q
where e is any section in L which makes the dz; A ... Adz, A dzZ; ® e orthonormal

g .
in L.}'. We verify

Aﬁ:Q Z Z(—1)n_jﬁde21/\.../\Cl/,Z\j/\.../\dZn/\dzJ®€
| 7|=g—11<j<n

(d/z\J meaning that we omit dz;), and

0,(8.8) = (OABIB)es =271 D" > NiBjuBis =271 > O M\)IBsI*

|J| =q— 11<5<n |J|=q jeJ
Now,
2 [{(B|u)e, f|2 . |B|5f |“|e1 [u |gf _
1815 = SUPu tGRufey S SUWPu Ruar.: = 1OlEs  SUPw Rl =

o 2 Xg= g lusl? 1
- |5|e,t Sup,, Z\J\ q(ZJEJ Dus? = |ﬂ‘et)\1+ D

where u = Z\J\:q ugdzy A ... Ndz, NdzZ; ® e as above. The lemma follows. [l

4. THE BOCHNER TECHNIQUE

Let K[ be the L?- completion of D4 w.r.t. the metric

gm0 oo U, ips Ve

in the space of all forms with L _ coefficients, and let ICZ’tq be the corresponding

sheaf of germs of locally L? sections on X (the local L? condition should hold on
X and not only on X \ Z,).

Lemma 4.1. For alle > 0, the L? Dolbeault complex (ICZ&EQO) is a fine resolution
of the sheaf Kx @ L ® J(hlt).
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Proof. X\ Z. can be covered by open subsets U C X which are Stein, lie relatively
compact in another Stein open subset U’ C X, and on which L is trivial. On these
U’s we can show the d- Poincaré lemma.

First, as Stein sets, U CC U’ may be embedded as analytic subsets into some
CN. Hence we can find a smooth plurisubharmonic function ¢» on U’ such that
i00v > 2 w for some constant A > 0 on U (w, o = w is smooth on U). Furthermore,
|| is bounded on U by some constant M > 0. Subtracting M we still have a
plurisubharmonic function, which we also call 1, satisfying

—2M < <0 and 00y > 2 w.

This implies that the metrics A1t* and hlT5e=2¢ are comparable on U, and
Oj145 -2, = Aw, for A sufficiently big.

Since h!** and hl+5e=2% are comparable, we can interchange them in the metric for
KZ(U). So, given g € K'(U) with dc,0(g) = 0, we know that [ [g|? dV., < oo,
hence also [ |g]2,,dV., < oo with the new metric, and by lemma 3.4

1
2 < ) .
/X |g‘@ﬁl+se—2wdv“’ = /s q)\|g|€’dew < 00

Therefore, we can apply theorem 4.1 of [Dem82]: There exists a (n,q — 1)- form f
with L2  coefficients in U such that

loc
5670(f) =9

and

1
/ [flE0dVe < / [flEpdVe < / SlolZ Ve < e / 912 0@Veo-
X X x 4q X

Finally, the L? condition forces sections holomorphic on X \ Z. to extend holo-
morphically across Z. ([Dem82, Lem.6.9]). The L? condition implies that the co-
efficients lie in 7 (h!**). Consequently, the complex is a resolution, and it is fine
because of the existence of partition of unities. O
Now, let us take a cohomology class {#} € HY(X,O(Kx + L) ® j(h:nfrf/)) IfU is
a covering of X with Stein open subsets U,, the class {3} may be represented by
a Cech cocycle

(Bag-ag e, € C1ULO(Kx + L) © T (W) © CHU, O(Kx + L) © T (REH)).

Let (¢),) be a C* partition of unity subordinate to Y. Taking the usual De Rham-
Weil isomorphisms between Cech and Dolbeault cohomology, we obtain a closed
(n,q)-form in Kgbq of the form

B= > Bagrag@Pag Ao A0,

In particular, this form has coefficients in J(h!T) @ C®(X). We want
to show that 3 is a boundary in K'j for some ¢ > 0, hence
{3} =0 € HI(X,0(Kx + L) ® J(hl*)). This implies theorem 1.4 because of
the inclusion 7 (h1+s) ¢ J(hll D1+,

min
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The reasoning starts as follows: 3 is also an element of K Z;fq for any t > 0, because
of lemma 3.1. Every L? form u € D5+ . C K may be written as u = uy +ug with
uy € ker O.; and w € (ker d. )" = im 5; C ker 5;,

since 567,5 is a closed operator, hence ker 5€7t is closed. Using 3 € ker 0 and the two

inequalities in lemma 3.3 and 3.4, we get (O ; denotes the curvature form of fzi*s
on X \ Z, plus 2ew, ;)

|<Bu>ci P = | <Bur > ?= |fX\Z€ (B,u1) e, dVe, |?

< Sz (B, ua)eeldVe, ,)? <

< (fX\Ze Bo.. V(Ocihurur)e dV,, ,)? <

< fX\ZE ﬁ(%)f,,,deg,t 'fx\z€< ethurfur) e dV,, , <
< Jxw B3, AV, Jxvz Ocihurlur) e dVe, , <

< fx\ze 3\&5,0)_‘_,{_%;((;,0) |/6|g,0dee,0 : fx\ze <®5atAu1|u1>57thwe,t'

. . Y _*
uy is an element of Dy ,N D5, since u; € ker Oc ¢, ug € ker 0, , and u; = u — us.
et et ’

Consequently, we can apply the Bochner inequality on u;. As Ju; = 0 we get that
the second integral on the right hand side is bounded above by

=k
10 cun |12 + 2qellur |2, < |12,

¢+ 2qeull?,,
and finally

1 —x
@uﬁg/A B2 Vi (17 2, + 2qe|ul?),
0eal < [ S e (Pl + 20l

where the term 2ge|[w||2, comes in because O, differs from the curvature form of
fALi“‘S by 2€we ;.
Using the uniform bound C, = [ WWL 0dV., , we apply the Hahn-

Banach theorem as in [Dem82]: < 3,u > defines a linear form on the range of
the densely defined operator

T:L} — L&~ 1@L€t, ur—>5:tu+2qeu
(with domain Dy = Dy- ) Hence there exists an f. ; = ve t®2qew€ : € L” AT 169L2’tq

such that B
< B,u >>e =< fet,0 Ut 2geu>>c .

Consequently, 8 =T fc 1 = Oc Vet + we+ With

2,<Ce

lvelIZ: +

Furthermore, O we; = 0f = 0, and ve ¢, we ;s are both contained in K}’
The estimates of section 3 tell us that the metrics of the v.; and w.; in the
L? Space L""F1 resp. L} are uniformly bounded for all t, > ¢t > 0. Since

etVet lleto — || Wet lle,to |, the same is true for 5€7tv57t. Consequently,
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the sequences of these elements converge weakly as ¢ — 0, and we have three weak
limits in the respective spaces:

n,qg—1 a
Vet = Ve € Loy 7y Oepver — vl GLeto, We téwEELetO

Note that these weak limits are the same for every choice of ty > 0: The spaces LZ}%
all contain the dense subset D4, hence weak convergence is transmitted through

C,€?

the continuous maps between them.
Claim: Oc 4yve = V...
Proof. On the one hand, we have
L D Ve s U e g =K VLU e gy

for all u € Dy~ - because of the weak convergence. On the other hand, the com-

0
mutativity of the diagram in lemma 3.2 and again the weak convergence show that

< aetvetau >>et0 =< 8etovst7u >>et0 <<U€taa u>>et0

<<v6,6 JU D o =K e Ve, U ey, -

Since Dy« is dense in L} the claim follows. O
e to ’

By standard properties of weak convergence,

|| Ve He,toS liItILiglf H Vet He,tm

and similarly for || O, ve |le.r, and || we ||er,- Consequently, these three norms are
uniformly bounded by C. for tg > 0.

Now, we restrict the integral defining the (€,¢p)- norm to compact subsets
K C X\ Z.. Of course, we get || Ve |leto,k <|| Ve ||le,ty, hence the new (e, tg, K)-
norms of v, are still uniformly bounded by C¢ in ¢y > 0. Furthermore, as w; | w,
we see that ||velle o, k=1 Ve |le,0,i , and monotone convergence tells us that || v,
exists and is < C.. The same is true for || e ovc|le0 and || we [|e.o-

As B = 0. Vet + weye for all ¢, B = e 0Ve + we remains true. Furthermore,
41 regp. K'Y

€,0

8670w67t = 86 twe+ = 0. Hence, ve and w, belong to K"

For the last step we note that the almost plurlsubharmonic weights 1, defining he
form a decreasing sequence, and consequently,

ulleo<lulleo  Vue KIg,
if € < e. This implies || we ||e,,0<|| we ||¢,0 for some fixed €y > 0 and € < ¢y. Since
|| We ”e,OS Oe = 2(]5 : Cev

we conclude using the estimate in section 5 that || we |l,0— 0 for € — 0. But
the norm of w. measures the distance of § from the closure of the subspace of
boundaries in K/ ™4 So it only remains to show

Lemma 4.2. The subspace BEO L c K% of boundaries in the Dolbeault complex

€0, 0
(Ko 4, 0) is closed.

Proof. Let Z*%, C K['{ be the space of cocycles with respect to 9, and let
1 KM% be the correspondmg sheaf. Let U be a covering of X with Stein

€0 ,O €0 ,O
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open subsets as in the proof of exactness of the Dolbeault complex in lemma 4.1.
By the usual DeRham-Weil isomorphism,

zm 20U, 2%

HIYK™) = ——<00 _ — _ T
( 60,0) aKZ)”%fl 8ZO(U1KZO’?071)

So we have to prove that 9Z°(U, K% ") is closed in ZO(U, 21%%) with respect to
the L? norms on every set U in U.
Note first that

9:COU, KM — COU, 2

60,0 60,0
is continuous, by definition of the norms, and surjective, by exactness. Hence 0 is
an open map, by Banach’s open mapping theorem. Its kernel is C°(U, ZZ)’)%_l).

Next, COU, 291 and Z°U, K™% 1) are closed in CO(Z/{,IC:LO’?O_l), since 0 is a

€0,0 €0,0
closed operator, and equality is conserved when going to the limit. Consequently,

the sum of these two spaces is closed, too, and its complement is open. But then
AZOWU KL +COWU 2547 = (2 U K5 )
is closed in CO(U, Z)) and also in Z°(U, Z]%). O
5. THE UNIFORM ESTIMATE
The aim of this section is to prove

Lemma 5.1. Let 0 < s < §'. For every smooth (n,q)- form 3 with values in L and
coefficients in J(h1t5) @ C>,

q¢ 2
z <0y 1PleodVeros
/X )\ge,O) 4ot )\((16,0) ,0 ,0

tends to 0 for e — 0.

Before starting with the proof, set \; := 5\56’0) and \; := )\5.6’0).
Now, by construction we know that \; > d\; + ¢, and
AMAgit A > A1 Ay > Cen™,

hence ) 1
- = < <oV )Y
Mt t A A ‘ Agri - An)
‘We infer
= ae < min(1, =) < min(1, ¢’ e (/D () X))/
76.—m_mln(,a)_mln(7 € (q+1... TL) )
q

We notice that
/ Agt1 - AndVy, < / (On (L) + ew)" " T Aw? < (e1(L) + e{w})" " Hw}? < C”,
X X

hence the functions (Ag41 ... A\,) Y/ are uniformly bounded in L' norm as € tends
to 0. Since 1 — (n — v)/q > 0 by hypothesis, we conclude that v, converges almost
everywhere to 0 as € tends to 0. On the other hand,

|mie = |ﬁ|iw6—2(5(1+S)¢e+(1—5)(1+S)we) < ‘m%w6—2(5(1+3)¢e)6—2(1—5)(1-*-8)1@.

Our assumption that the coefficients of § lie in J (hHS/) implies that there exists a

min

p' > 1such that [ [8[2 e 2 (1=9)1+)qV, < 00, no matter how small § is. Let
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p € (1,00) be the conjugate exponent such that 1% + 1% = 1. By Holder’s inequality,
we have

/}(76‘5|26de < (/X ‘6|}2100672p5(1+s)¢5de)1/p(/x ryff|6|%Loo672p/(1+s)(17§)wde)1/p/.

As 7. <1, the Lebesgue dominated convergence theorem shows that

[z 18 e waran-avay,
RALR

converges to 0 as € tends to 0.

For the first integral, we argue as follows: The ¢. may be constructed such that
the Lelong numbers v((1+ s)¢., ) are bounded from above by the Lelong numbers
v((1+ s)y, ) in every point € X (see again Theorem 3.16 in [Eck03]). On the
other hand, there is a constant C' such that v((14 s)y,z) < C for all points x € X,
by [Bou02, Lem.3.11]. Hence, V(l%qbe,x) < 1, and

/ e~ CIO+0e gy < oo
X

by Skoda’s lemma [Dem00, (5.6)]. Adding sufficiently big constants to ¢. we can
even reach that the integrals above are uniformly bounded. By choosing § < 1/(pC),
the integral [y |8[2_e=2P90F)%<qV,, remains bounded and we are done.
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